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ADVERTISEMENT.

This second volume completes the first part of the work. Considerable

additions have been made to it in the notes, for the purpose of introducing

the late improvements in the calculation of the attractions of spheroids, and

in the determination of the figure of the earth. The third volume, being

the commencement of the second part of the w^ork, will be put to press

immediately, and will require for its completion, about the same time as the

preceding. The two remaining volumes will follow at similar intervals.
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THIRD BOOK.

ON THE FIGURES OF THE HEAVENLY BODIES.

CHAPTER 1. ON THE ATTRACTIONS OJ" HOMOGENEOUS SPHEROIDS, TERMINATED BY SURFACES OP

THE SECOND ORDER J

General method of transforming a triple differential into another, relative to three different

variable quantities [1348'
—

1356'"]* Application of this method to the attraction of spheroids

[1356""—1361] . § 1

Formulas of the attractions of a homogeneous spheroid, terminated by a surface of the second

order [1368, 1369] §2

On the attraction of a homogeneous ellipsoid, when the attracted point is placed within, or

upon its surface. Reduction of this attraction to quadratures [1377, 1379], which, when the

spheroid is of revolution, change into finite expressions [1385]. A point placed within an

elliptical stratum, whose internal and external surfaces are similar, and similarly placed, is

equally attracted in every direction [1369^] § 3

On the attraction of an elliptical spheroid upon an external point. Remarkable equation of

partial differentials, which holds good relatively to this attraction [1398]. If we describe

through the attracted point, a second ellipsoid, which has the same centre, the same position

of the axes, and the same excentricities as the first, the attractions of the two ellipsoids will

be in the ratio of their masses [1412""] §4,5,6

Reduction of the attractions of an ellipsoid, upon an external point, to quadratures [1421, 1426],

which change into finite expressions [14::i8],
when the spheroid is of revolution. ... § 7

CHAPTER II. ON THE DEVELOPMENT OF THE ATTRACTION OF ANY SPHEROID IN A SERIES. . . . C3

Various transformations of the equation of partial differentials, of the attractions of spheroids

[1429—1435] §8

Development of these attractions, in a series, arranged according to the powers of the distance

of the attracted points from the centre of the spheroid [1436, 1444] § 9

Application to spheroids, differing but liltlo from a sphere ; singular equation, which obtains

between their attractions at the surface [1458] §10
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A very simple result of this equation is, the relation between the terms of the series, expressing
the attraction of a spheroid, upon an external point, and those of the radius of the spheroid,

developed in a series of functions of a particular kind [1463, 1467]. These functions are given
•

by the' nature of the attraction [1465'] ; they are of very great use in the theory of the figures
* and motions of spheroids, as well as in the oscillations of the fluids which cover them. . § 11

General theorem [1470] ; expressing the double integral of the differentials which depend upon
the product of two of these functions. Simplification of the expressions of the radius of the

spheroid, and of its attraction, when the origin of the radius is fixed at the centre of gravity

of the spheroid [1480', 1483^*] §12

On the attraction of a spheroid upon a point placed within it [1496] ;
also of a stratum upon

a point placed within it [1501]. Conditions which are necessary, in order that the point may
be equally attracted in every direction [1502] §13

On the attractions of a spheroid, differing but little from a sphere, and formed of strata, varying

according to any law [1505, 1506] § 14

Extension of the preceding researches to any spheroid whatever
;
reduction of its attraction to

a series of a very simple form
;
new solution of the problems of the attractions of elliptical

spheroids which results from this method [1507
—

1563] § 15, 16, 17

CHAPTER III. ON THE FIGURE OF A HOMOGENEOUS FLUID MASS IN EaUILIBRIUM, AND ENDOV^^ED

WITH A ROTATORY BIOTION 199

General equation of the surface in a state of equilibrium [1564]. The ellipsoid satisfies this

equation [1574"]. Determination of this ellipsoid. The gravities at the pole and at the

equator are in the ratio of the diameter of the equator to the axis of the poles [1578"].

Two elliptical figures, and no more, can satisfy a given angular motion of rotation [1.597"] ;

and relatively to the earlh, supposing it to be homogeneous, the equatorial diameter is to the

polar axis as 680,49 to 1, in the most oblate ellipsoid [1603"] ;
and as 231,7 to 230,7 [1592"],

in the least oblate ellipsoid. A homogeneous fluid mass cannot be in equilibrium with an

elliptical figure, unless the duration of its rotation exceed the product of 0<''^i',1009 [=2^ 25"^],

by the square root of the ratio of the mean density of the earth to that of the mass

[1605'] § 18, 19, 20

If the primitive duration of rotation be less than this limit, it will increase by the flattening of

the fluid mass
;
and whatever be the primitive impressed force, the fluid, by means of the

tenacity of its particles will finally attain a permanent elliptical figure, of a particular form,

to be determined by the nature .of these forces. The axis of rotation is that passing through

the centre of gravity, and which was, at the commencement of the motion, the axis of the

greatest momentum of the forces [1607"—1614""] § 21

CHAPTER IV. ON THE FIGURE OF A SPHEROID," DIFFERING BUT LITTLE FROM A SPHERE, AND

COVERED BY A FLUID STRATUM IN EaUILIBRIUM 241

General equation of equilibrium [1615] § 22

Development of this equation, when the forces acting upon the fluid depend upon the centrifugal

force of the rotatory motion, upon the attractions of the fluid and of the spheroid, and upon

the attraction of foreign bodies [1616^'"'] § 23

Equation of equilibrium, when the spheroid and fluid are homogeneous and of the same density

[1636]. Expression of the radius of the spheroid [1644], and the gravity of its surface [1647].
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If there be no foreign attraction, this surface will be elliptical, and the ellipticity will be f of

the ratio of the centrifugal force to gravity [1648] ;
the diminution of the radius of the

spheroid, from the equator to the poles, will be proportional to the square of the sine of
*

"

th'e latitude [1G4S'"], and if we take the radius, and the gravity at the poles, for the unit of

measure and of gravity respectively, we shall find, that the increment of gravity is equal to the

decrement of the radius [1648, 1648'J §24,25

A direct demonstration, independent of series, that the elliptical figure is then the only one

which corresponds to the state of equilibrium [1649"
—

1676""] §26

In some cases, a homogeneous fluid mass, surrounding a sphere, can have an infinity of different

figures of equilibrium. Determination of these figures [1676^
—

1701] §27,28

General equations of equilibrium of the fluid strata, of variable densities, which cover a

spheroid [1702] §29

Examination of the case in which the spheroid is wholly fluid [1709'"]. If there be no foreign

attractions, the spheroid will then be an ellipsoid of revolution [1731']. The densities will

diminish, and the ellipticities increase from the centre to the surface [1731"]. The limits of

the oblateness are between -f
and

g-
of the ratio of the centrifugal force to gravity [1732"'].

Equation of the curve, whose elements are in the direction of gravity, from the centre to the

surface [1734] §30

Simplification of the expression of the radius of a spheroid covered by a fluid in equilibrium,

supposing the origin of the radius to be fixed at the centre of gravity of the whole mass

[1734'"], and that it turns about one of the principal axes [1755] § 31, 32

Very simple expressions of the force of gravity [1769], of the length of a pendulum [1770],

and of the length of a degree upon the surface of the spheroid [1774], in terms of the radius

[1765], An easy method, which results, for verifying by observation, any hypothesis that may
be imagined, relative to the laws of the variations of the degrees and of gravity [1777^"].

The hypothesis of Bouguer, according to which the variation of the degrees from the equator

to the poles is proportional to the fourth power of the sine of the latitude, is incompatible with

the observations of the pendulum [1787"]. Reason why the aberrations from the elliptical

figure are much more sensible in the degrees of the meridian, than in the lengths of the

pendulum [1777"] §33

If the strata of the spheroid be supposed elliptical, the figure of the surrounding fluid will also

be elliptical. The variations of the radii of the earth, of the degrees of the meridian and of

gravity, will then be proportional to the square of the sine of the latitude [1795
—

1796].

The whole variation of gravity from the equator to the pole, divided by the whole expression

of gravity, will be as much above or below f of the ratio of the centrifugal force to gravity at

the equator, as the ellipticity is below or above the same quantity respectively [1806]. . § 34

Expressions of the attractions of elliptical spheroids upon an external point [1811", &c.]. § 35

Of the law of gravity at the surface of a homogeneous fluid spheroid, the attraction being as any

power of the distance [1817] § 36

Method of noticing the terms depending on the square and higher powers of the centrifugal

force, in the investigation of the figures of spheroids, covered by a fluid in equilibrium

[1820"
—

1839]. We can satisfy ourselves that the equilibrium of the fluid is rigorously

possible ; although we cannot ascertain this figure, except by successive approximations

[1839"] §37
C
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CHAPTER V. COMPARISON OF THE PRECEDING THEORY WITH OBSERVATIONS 353

Equation of the curve of the terrestrial meridian [1844"], and of that traced by geodetical

operations [1845", 1848, 1850], Expressions of the longitude, of the latitude, and of the

azimuth angle, corresponding to the extremities of the geodetical line, traced upon the earth,

either parallel or perpendicular to the plane of the celestial meridian [1876
—

1942]. General

expression of the radius of curvature of a geodetical line [1947]. Among all the geodetical

lines, which commence at the same point, there are two, perpendicular to each other,

corresponding to the greatest and to the least of the radii of curvature [1963', &c.]. These

radii being given, and also the positions of these lines; it is easy to deduce from them the

radius of curvature of any geodetical line, passing through the same point [1964]. An

osculatory ellipsoid may always be described at any point of the surface of the earth
;

manner of finding it [1964'] § 38

Method of determining the elliptical figure, in which the greatest variation from the measured

degrees, is the least possible, independently of the signs [1968^] §39

Method for determining the elliptical figure, subjected to the two following conditions : First,

That the sum of the errors of the measured arcs, noticing the signs, is nothing ; Second, That

the sura of the errors, taken all positively, is a minimum [1995"] § 40

Application of these methods to the degrees of the meridian, measured in Peru, at the Cape of

Good Hope, in Pennsylvania, Italy, France, Austria, and Lapland [2009'"]. In the elliptical

hypothesis, we cannot avoid an error of 189 metres
[
= 207 yards] [2014] in some one of

these degrees. The ellipticity corresponding to this minimum of error, is -^yt [2013']. The

elliptical figure, in which the sum of the errors of the measured arcs is nothing, and the sum

of the errors taken positively, is a minimum, has for its ellipticity Tj-yg- [2018']. This figure

gives an error of 336 metres [=367 yards] in the degree measured in Pennsylvania [2018'].

Principal results of the operations made in France, by De Lambre and Mechain
;

these

measures can be reconciled with the elliptical figure by altering the observed latitudes

4''j4 [=1»,3] [2025]. The ellipticity corresponding to this minimum of error is
x5-|j-;^ [2025'],

and the degree of the meridian, bisected by the mean parallel of latitude, is 99984,8 metres

[=109347 yards]. This ellipsoid, which may be considered as the osculatory ellipsoid of

France, satisfies also very nearly the measures made in England, Italy, Austria, and even

those made in Pennsylvania and Lapland. The arc measured in France, compared with

that of Peru, gives -j^ for the ellipticity of the earth [2034]. Length of the metre, deduced

from these measures [2035]. Whatever be the figure of the earth, if the degrees of the

meridian decrease from the poles to the equator, the radii of the earth will increase, and it

wUl be flattened at the poles [2035'"—2037"i] §41

Application of the methods of § 39, 40, to fifteen observations of the length of a pendulum

vibrating in a second. We may reconcile all these observations with an elliptical figure, by

supposing an error of tit^^w of this length [2043"]. The ellipticity of the figure,

corresponding to this minimum of error, is -^^^ [2044]. Determination of the most probable

elliptical figure of the earth, deduced from these observations. The ellipticity of this figure

is ^1- [2048']. General expression of the length of a pendulum vibrating in a second

[2054] §42

On the figure of Jupiter [2057] ; its observed oblateness is witliin the limits assigned to it by

the tlieory of gravity [2067] § 43
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CHAPTER VI. ON THE FIGURE OF THE RING OF SATURN 492

General expression of the attraction of the rings, whatever be their generating figures

[2074—2091]. Application to the case where the figure is an ellipsis [2091'—2095]. . § 44

A ring being supposed fluid and homogeneous, the equilibrium may subsist with an elliptical

generating figure [2098—2109] ;
determination of this figure [2102']. The duration of the

rotation of the ring is the same as that of the revolution of a satellite, which would revolve

about the planet, at a distance equal to that of the centre of the generating figure [2109^].

This duration is about 0<iay,44 [2110] for the inner ring of Saturn §45

For the stability of the equilibrium of the rings, it is necessary that they should be irregular

solids, whose centres of gravity do not coincide with their centres of figure [211G""]. . § 46

CHAPTER. VII. ON THE FIGURE OF THE ATMOSPHERES OF THE HEAVENLY BODIES. ; ^[g

General equation of this figure [2122]. The solar atmosphere cannot extend to the orbit of

Mercury [2128^] ;
it has not the lenticular form which the zodiacal light appears to have, and

in the case of its greatest oblateness, the polar diameter is to the equatorial diameter in the

ratio of 2 to 3 [2128^1] § 47

XI

FOURTH BOOK.

ON THE OSCILLATIONS OF THE SEA AND ATMOSPHERE.

CHAPTER I. THEORY OF THE EBB AND FLOW OF THE SEA 526

Differential equations of the motions of the sea, when attracted by the sun and moon

[2129,2130] §1

Application of these equations to the case in which the earth has no rotatory motion, and the

depth of the sea is constant [2135^']. General expressions of the height of the sea, and of

its motion in this hypothesis [2157]. The equilibrium of the sea is not then stable, unless

its mean density be supposed less than the mean density of the earth [21G2]. . . . . §2

Application of the same equations to the case where the earth has a rotatory m'otion, and the

depth of the sea is any function whatever of the latitude [2175
—

2177]. Differential equation

of the oscillations of the sea, in this hypothesis [2183]. It is not necessary to integrate

this equation rigorously ; nothing more is requisite than merely to satisfy it [2191']. The

attractions of the sun and moon produce three different kinds of oscillations
;
in the first, the

period of the oscillations is independent of the rotatory motion of the earth
;
in the second,

this period is about one day ;
and in the third, it is nearly half a day [2193—2195*']. . § 3, 4

Investigation of the oscillations of the first kind, supposing the earth to be an eUipsoid of

revolution [2195*'']. Determination of these oscillations, supposing the depth of the sea to

be nearly constant [2205""]. The part of these oscillations, arising from the motion of the

nodes of the lunar orbit, might be considerable [2207"] ;
but these oscillations are destroyed
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by the resistance which the sea suffers in its motion [2208]. In consequence of this resistance,

the oscillations of the first kind become nearly the same as if the sea were, at every instant,

in equilibrium under the attracting planet [2221'"] § 5> 6

On oscillations of the second kind [2222]. Determination of these oscillations, supposing the

depth of the sea to be nearly constant [2240] § 7

A very simple expression of the oscillations of the second kind, supposing the earth to be an

ellipsoid of revolution [2253]. The difference of the two tides of the same day depends on

these oscillations [2254]. This difierence vanishes if the depth of the sea be everyAvhere

the same § 8

On oscillations of the third kind [2262]. Determination of these oscillations, supposing the

depth of the sea to be nearly constant [2280] § 9

Numerical expressions of these oscillations, and of the ebb and flow of the sea, in several

hypotheses, relative to the depth, supposing it to be everywhere the same [2280"
—

2307].

By increasing the depth of the sea, the oscillations of the third kind approach very rapidly to

be the same as if the sea, at every instant, were in equilibrium under the attracting planet

[2308] §10,11

Determination of the ebb and flow of the sea, in this last hypothesis [2316]. The two tides of

the same day will then be very different at Brest, in great declinations of the sun and moon

[2319], Now as this is contrary to observation, the proposed hypothesis is inadmissible. § 12

CHAPTER II. ON THE STABILITY OF THE EaUILIBRIUM OF THE SEA. glQ

First theorem. The equilibrium of the sea is stable, if its density be less than the mean density

of the earth [2319"] § 13

Second theorem. Supposing the earth to be a solid of revolution, the equilibrium of the sea is not

stable, if its density be equal to, or exceed the mean density of the earth [2356^]. . . § 14

CHAPTER III. ON THE MANNER OF NOTICING, IN THE THEORY OF THE EBB AND FLOW OF THE

SEA, THE VARIOUS CIRCUMSTANCES, IN SUCH PORT, WHICH HAVE AN INFLUENCE ON THE TIDES. 629

Equations of the height and motion of the sea, whatever be the law of its depth [2372
—

2386].

The oscillations of the second kind vanish if the depth of the sea be constant
; they cannot

vanish, for every part of the earth, except in this hypothesis [2391']. No law of the depth

can make the oscillations of the third kind vanish in every part of the earth [2398"]. . § 15

Theory of the oscillations of the sea, noticing all the local circumstances which can modify these

oscillations in any port [2400'^]. This theory is founded upon the two following principles :

The state of a system of bodies^ in which the primitive conditions of the motion have disappeared

by the resistances which it suffers, is periodical, like the forces which act on it [2404"].

TT^e whole motion of a system, disturbed by very small forces, is the sum of the partial motions,

which may be impressed upon it, by each force acting separately.

Expression of the height of the tide, which results from these principles, supposing the sun and

moon to move uniformly in the plane of the equator [2419
—

2428]. The local circumstances

of a port may make the oscillations of the third kind vanish ; they may also prevent the lunar

and solar tides from being proportional to the respective forces of the moon and sun [2436].

Lastly, it can happen that the greatest and least tides may follow the syzygies or quadratures,
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by any inten'al whatever. Expression of the height of the tides, including these different

cases § 16, 17, 18

Expression of the tides, supposing the motions of the sun and moon, and their distances from

the earth to be variable [2439"]. We may reduce the action of each of these luminaries to

that of several bodies moving uniformly in the plane of the equator [2445"] § 19

General expression of the tides, in the case of nature, in which the sun and moon move in orbits

inclined to the equator [2455"]. This gives rise to the oscillations of the second kind

[2462] §20

CHAPER IV. COMPARISON OF THE PRECEDING THEORY WITH OBSERVATIONS 668

On the heights of the tides near the syzygies [2464]. The mean absolute height of the tide of a

day, is the half sum of the morning and evening tides [2471]. The total tide is the excess of

this half sum above the intermediate low-water [2475]. Expression of the mean absolute

height of the tide of any day near the syzygy [2472, 2482]. Expression of the total tide of

the same day [2477,2483] §21

Development of these expressions near the equinoxes and solstices [2499, 2502]. ... § 22

Table I of the mean absolute heights and total tides, observed at Brest, during the years 1711,

1712, 1714, 1715, and 1716, one day before the syzygy, the day of the syzygy, and the four

following days, in twenty-four syzygies near the equinoxes, twelve syzygies near the summer

solstice, and twelve syzygies near the winter solstice [2510
—

2512] § 2.3

Expressions which result from the interpolation of these heights, in the aggregate of all the

syzygies [2513, &c.]. Determination of the interval by which the maximum of the tides

follows the syzygy. This interval at Brest is l^ay,50724 [2544] § 24

The total tide which would take place at Brest, if the sun and moon move uniformly in the plane

of the equator, would be in its maximum equal to 6°>et.^2490 [2577']. The interval of two

successive tides of the morning and evening, near the syzygies, being taken for unity ;

the diminution of the total tide, counted from the maximum, is, by observation, equal to the

square of the time multiplied by 0™*'*,1064 [2562]. The theory of gravity gives the same

coefficient [2588] §25

According to observation, this coefficient is 0"»^'-,1319 [2590] in the syzygies of the equinoxes,

and O^et-,0811 [2592] in the syzygies of the solstices, being nearly the same as by the theory

[2593']. The tides of the solstices are less than those of the equinoxes, and the ratio of these

tides is nearly the same as that of the square of the cosine of the declination of the sun or

moon to unity, conformably to the theory. The small difference in these results may be used

to determine the influence of local causes upon the ratio of the action of the sun or moon. §26

The variation of the distances of the sun from the earth, has a small influence upon the tides
;

and in this respect the observations are conformable to the theory [2606] § 27

The effect of the variations of the distances of the moon is very sensible in the tides. Table III

of the total tides in twelve syzygies where the moon was in the perigee, and in twelve

syzygies where it was in the apogee [2607]. The excess of the total tides of the perigee above

those of the apogee, is exactly the same by observation as by the theory [2623]. This excess

is very proper to make known the influence of local circumstances upon the ratio of the

actions of the sun and moon, and it follows that, at Brest, this influence is insensible [2625],

D
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The inequalities of the second kind are small at Brest; they amount only to 0fnet.j-|83

[2629] §28

Expressions of the mean absolute heights of the tides, and of the total tides, near the quadratures

[2632, 2033]. Development of these expressions, in the quadratures of the equinoxes and of

the solstices [2636—2640] § 29

Table IV of the mean absolute heights and of the total heights of the tides, observed at Brest,

during the years 1711, 1712, 1714, 1715, and 1716, on the days of the quadrature, and on the

three following days, in t%venty-four quadratures near the equinoxes, and in twenty-four

quadratures near the solstices [2646, 2647] § 30

Expressions which result from the interpolation of these heights, in the whole of these

quadratures. The minimum of the total tides follows the quadrature by the same interval

with which the maximum of these tides follows the syzygy [2663]. If the sun and moon

move uniformly in the plane of the equator, the magnitude of the total tide in its minimum

will be 3raet.j0990 [2703]. The comparison of this tide with that of the total tide at its

maximum, makes the action of the moon nearly triple that of the sun, when these luminaries

are at their mean distances [2706]. The interval of two successive tides of the morning
and evening, near the quadratures, being taken for unity ;

the increment of the total tide near

the quadratures, counted from the minimum tide, is, by observation, equal to the square of

the time, multiplied by the coefficient Onifit-,2272 [2682], being nearly the same as by the

theory §31

In the quadratures of the equinoxes, this coefficient is 0'net.j3i23 [2717'] ;
it is O'net-,1421

[2718'] in the quadratures of the solstices
;
the theory gives nearly the same results. The

effect of the declinations of the sun and moon is very sensible in the tides near the

quadratures [2718'"]. This is conformable to the theory § 32

At Brest the evening tides exceed those of the morning near the vernal equinox; the contrary

takes place near the quadratures of the autumnal equinox, conformably to what ought to

obtain by means of the oscillations of the second kind [2722] §33

Expression of the times of high-water, and of the intervals of the tides near the syzygies

[2725—2736] § 34

Table of the hours of the total tides of Table I, on the days of the syzygy, and on the three

following days [2738, 2739]. Expression of these hours, and of their daily retardations,

near the maximum. This retardation is, by observations, equal to 0''^y,027052 [=38'" 57*]

[2745]. Comparing it with the theory, it gives the action of the moon nearly triple that of

the sun [2757"]. Confirmation of this result by a great number of total tides, observed at

some distance from the syzygies [2769] §35

The daily retardation of the tides is about one eighth part greater in the syzygies of the solstices

than in those of the equinoxes [2771, 2772] ;
which agrees nearly with the theory [2777]. §36

The daily retardation of the tides, near the syzygies, varies very sensibly with the distances

of the moon from the earth [2777']; one minute [=32^,4] of variation in the apparent

semi-diameter of the moon, gives 258" [i=223«] of variation in this retardation [2783]. This

result is entirely conformable to the theory [2793] § 37

Expression of the hours and intervals of the tides near the quadratures [2794—2805]. . § 38

Table of the hours of the total tides of Table IV, relative to the quadratures [2806, 2807].

Expressions of these hours, and of their daily retardation, near the minim^um of the tides.



CONTENTS OF THE SECOND VOLUME. XV

This retardation, according to observation, is equal to 0<iay,052067 [2809] ;
it is nearly the same

by the theory [2831]. This retardation is greater in the quadratures of the equinoxes than

in those of the solstices, in the ratio of 13 to 9, according to the theory; which is nearly

conformable to observation [2839] § 39

According to the theory, the retardation of the tides, in the quadratures, varies with the distances

of the moon from the earth [2841'] ;
but this variation is only one third part of what it is

in the syzygies. This is confirmed by observation [2847] § 40

Numerical expression of the heights of the tide at Brest [2853]. Formula to determine the

greatest total tides which obtain in ports near Brest [2858] § 41

A simple formula, which can be easily reduced to a tabular form, to determine the hour of

high-water [2868] §42

Recapitulation of the principal phenomena of the tides, and of their agreement with the theory

of universal gravity [2869"—2877] §43

CHAPTER V. ON THE OSCILLATIONS OF THE ATMOSPHERE 793

General equations of these oscillations [2878—^2884]. Their determination is reduced to that

of the oscillations of the sea in the case of a uniform depth [2884']. Numerical expression of

these oscillations, in an hypothesis sufficiently near to the truth, to give a correct idea of the

action of the sun and the moon upon the atmosphere [2892]. This action may be rendered

sensible by the comparison of a great number of very correct observations of the barometer,

between the tropics [2894']. It cannot produce the trade-winds [2902]. The sign of the

declinations of the two bodies appears not to have any sensible influence on the modifications

of the atmosphere [2904'"] §44

FIFTH BOOK.

ON THE MOTIONS OF THE HEAVENLY BODIES ABOUT THEIR OWN CENTRES OF GRAVITY.

CHAPTER I. ON THE MOTIONS OP THE EARTH ABOUT ITS CENTRE OP GRAVITY 802

Differential equations of these motions [2905—2907]
*

§ 1

Investigation of the momenta of inertia of the earth, relative to its three principal axes

[2908—2962]. The sphere is not the only solid in which all the momenta of inertia are

equal [2940] General equation of the solid possessing this property [2939] §2

Development of the disturbing forces of the motion of the earth about its centre of gravity, in

a series [2966—3003]. This series is reduced to its first term, if the surface of the earth be

elliptical [2987']; and we may always determine the moon's motion, in this hypothesis,
without fear of any sensible error [3003] §3

Differential equations, approximating very nearly to the motions of the equinoxes and the
nutation of the axis of the earth, referred to a fixed plane [3009—3048] §4
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Development and integration of these expressions, noticing the motions of the orbits of the

earth and moon [3050—3089] § 5

Expressions of the motion of the equinoxes [3100], and of the inclination of the axis of the

earth to the apparent ecliptic [3101]. The actions of the sun and moon upon the terrestrial

spheroid, changes considerably the variation of the obliquity of the ecliptic, and the length of

the year, which would take place by reason of the displacing of the solar orbit [3113], and it

reduces these variations to nearly one fourth of their value [3115]. These differences are

not sensible till two or three centuries after the given epoch [3116] §7

The variations of the rotatory motion of the earth are insensible, and this motion may be

supposed uniform [3120'] § 8

The variations of the mean day are likewise insensible, and its duration may be supposed

constant [3152] §9

Examination of the influence of the oscillations of the sea upon the motions of the solid part of

the earth about its centre of gravity [3152']. Analysis leads to this remarkable theorem
;

The phenomena of the precession and nutation are exactly the same as if the sea form a solid

mass tvith the spheroid which it covers [3287] § 10, 11

This theorem obtains, whatever, be the irregularities of the depth of the sea, and the resistances

which it suffers in its oscillations [3346]. The currents of the sea, the rivers, earthquakes,

and winds, do not alter the rotation of the earth [3351] § 12

Numerical expressions of the inclination of the axis of the earth, and [of the position of the

equinoxes upon a fixed plane, and upon the earth's orbit [3377
—

3380]. Formulas of

the variation of the stars in right-ascension and declination [3383, 3384] § 13

Results which we obtain, from the phenomena of the precession and nutation, relative to the

constitution of the earth [3408, &c.]. The phenomena are the same as if the earth were an

ellipsoid of revolution [3409]. The oblateness of this ellipsoid is comprised between the

limits -g^j- and 3^^^. Development of the phenomena which depend upon the figure of the

earth. Their agreement with the theory of gravity [3419'—3432] § 14

CHAPTER II. ON THE MOTION OP THE^MOON ABOUT ITS CENTRE OF GRAVITY 933

Astronomical theory of the real libration of the moon [3433] §15

Differential equations of the motion of the moon about its centre of gravity [3437
—

3439].

Finite expression of the actual libration [3456], The mean rotatory motion of the moon is

exactly equal to its mean motion of revolution about the earth [3460'] ;
and they both

participate in the same secular inequalities [3461], in consequence of the earth's attraction

upon the lunar spheroid §]16

Expressions of the motions of the nodes, and of the inclination of the lunar equator to the

apparent ecliptic [3487—3531]. The mean motion of these nodes is equal to that of the nodes

of the lunar orbit [3556]. The descending node of the lunar equator always coincides with

tlie ascending node of the orbit [3556]. The mean inclination of the lunar equator to the

apparent ecliptic, is constant [3555]. The secular motions of the ecliptic do not alter these

results [3532] §17

Results which we obtain from the libration of the moon, relative to the figure and constitution

of the lunar spheroid [3559, &.c.]. The difference between its momenta of inertia, relative
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to its principal axes, is greater than it would be in the case of homogeneity [3580], or in the

case where it is supposed to have been fluid at its origin [3589] . § 18

The action of the sun upon the lunar spheroid, has no sensible influence upon the motions of this

spheroid about its centre of gravity [3593] § 19

CHAPTER III. ON THE MOTIONS OP SATURN'S RINGS ABOUT THEIR CENTRES OP GRAVIXy. . . 970

Differential equations of these motions [3660
—

3662]. Integration of these equations

[3663, 3674, 3675]. Were it not for the rotation and the oblateness of Saturn, the rings, by

means of the attraction of the sun and of the outer satellite of Saturn, would cease to be

in the same plane [3690]. The action of Saturn always retains the rings nearly in the plane

of its equator, and also the orbits of the six nearest satellites [3692]. As the satellites of

Uranus revolve in the same plane, it follows from the theory, that this plane is that of the

equator of the planet, and that it revolves rapidly about its axis [3693']. . . . § 20, 21, 22

IN THE COMMEIVTART.

Among the svijects treated of in the notes, we may particularly notice thefoUomng :

ji n f^

Theorem on the attractions of an ellipsoid upon an internal point,
—

I
(

— =4w ri370g'],a h c
L ©J

by Mr. Le Gendre.

Similar formula for an external attracted point, HtH—=^v .
——^ [1428x1.a b c a'^Y

^

Maclaurin's formulas on the attraction of an ellipsoid upon an external point [13796].

Attractions of a prolate spheroid [1385a].

Important improvement, by Mr. Ivory, in the computation of the attraction upon an external point

[1428a—^]. Extension of this method, by Mr. Poisson, to other laws of attraction [1428/—o-].

Theorem on the attraction of an ellipsoid, by Mr. Ivory [1428^]. On the attractions of spheres [1428<p].
Additional term necessary to be introduced in La Place's differential equation of the second deo-ree

for the attraction of a spheroid [1430c—^]. Forms of the equation used by Mr. Poisson [1447y, v].
On the attraction of spheroids, by Mr. Poisson [li47d—v].

On the differential equation upon the surface of a spheroid, differing but little from a sphere, discovered

by La Place. Restrictions in the use of this formula [1459a r].

Attraction and mass of a sphere, composed of concentrical strata, of different densities [1505a, &c].
General expressions of functions of the forms FW, Y d), Y'^\ Y^^\ FW) [1528a e].

Development of the function /(jj,, «), or f{d, «), in a series of the form 2.F(0 [1530^—^']. There
can be but one development of a function in this form [1533i']. Method of treating this subject by
Mr. Poisson [1532a—1535/c]. These series converge [15354].

Definite integrals of the forms ft^dt.c-tt, &c. [15346—r].

Formula to determine the product 1.2.3..*, when * is very large [1534x].

General expression of the integral /J^ J^ F(i). Z^) .d^.dii [1548c--A].

Several definite integrals [1531m, 1544a, &c., 1548i—f].

£
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Mr. Poisson's demonstration that the results of diverging series are not to be depended upon [1548^
—

X].

Mr. Biot's theorem on partial differential equations [1558f], and on the attraction of spheroids [ISSB/].

La Grange's integral of the fundamental equation for the attraction of a spheroid [1558k
—

^'].

Mr. Poisson's method of noticing the second and higher powers of a, in the development of the

function V, corresponding to the attraction of a spheroid [1560«—1562^].

Principles of equilibrium of a fluid, by Newton [15635] ; Huygens [1563e] ; Bouguer [1563/*] ;

Clairaut [1563p, u, X]- Additional principle proposed by Mr. Ivory [1563u] ; objection to it by

Mr. Poisson and others [15634, <S£c].

Attraction of a spheroid, supposing the particles to attract each other in the direct ratio of their

distances [1570g-].

Definite integrals of the forms fd 6 . sin." ^ ; fd 6. cos."d [1654&—/].

Integrating by parts [1716a].

Expressions of the attractions of a spheroid referred to polar co-ordinates [1811^, I].

Differential equation of parallel planes [1849a].

Equation of an ellipsoid [14286, 1363, 1840a, 1503a].

Corrections of the expressions of the radius of the spheroid, &c. given by the author [1963&
—

1968c?].

Several expressions of the lengths of the radius of curvature and arcs of the meridian on the surface

of an ellipsoid [1969/—1970*].

Imperfection of the method of the least squares when applied to geodetical observations [1995c].

Proposed correction of this method [1995n]. Method of Boscovich [1995a].

Defects in the measures of the degrees of the meridian used by the author [2009c
—

k].

Calculation of the oblateness, from the measures of the degrees of Peru, India, France, England and

the corrected measure of the degree in Lapland [2017a
—

p].

On the property of an inverted pendulum [2038c].

Oblateness of the earth, from observations of the pendulum used by the author, correcting some

mistakes in his calculations [2054A;
—

n].

Table of the latest and most accurate observations of the pendulum, made in different parts of the

earth [2055/"]. Deductions from these observations [2055^—2056a]. The oblateness deduced from

all these observations does not differ much from t^^-^ [2056z].

Mayer's method of combining many observations [2056j3].

Methods of computing the values of continued fractions [22906
—

22936].

The three angular velocities^, q, r, about the principal axes are equivalent to the angular velocity s,

about the momentary axis [2977e].

Apparent obliquity of the ecliptic according to Schubert, corrected by La Place [3113g"
—

u] ;

maximum variation of this obliquity ±1'^ 22'» 34« [3113t>].

Formulas of the precession of the equinoxes and of the obliquity of the ecliptic, by Mr. Poisson,

Dr. Brinkley, and Mr. Bessel [33806—33805].



THIRD BOOK.

ON THE FIGURES OF THE HEAVENLY BODIES.

The figures of the heavenly bodies depend on the law of gravity at their

surfaces, and as this gravity is the resultant of the attraction of all their

particles, it must also depend on their figures ;
therefore the law of gravity,

at the surfaces of the heavenly bodies, and their figures, have a mutual

connexion, which renders the knowledge of the one necessary for the

determination of the other. In consequence of this, the investigation

becomes very difficult, and it seems to require an analysis specially adapted

to the subject. If the planets were entirely solid, they might be of any

figures whatever ;
but if they be, like the earth, covered with a fluid, all the

particles of this fluid must be so situated as to be in equilibrium ;
and the

figure of the external surface will depend on the form of the included nucleus,

and on the forces which act upon the fluid. We shall suppose generally,

that all the heavenly bodies are covered by a fluid
;
and in this hypothesis,

which actually takes place on the earth, and may very naturally be supposed

to take place in the other bodies of the system of the world, we shall

determine the law of gravity at their surfaces. The analysis we shall use is

a singular application of the calculus of partial differentials ;
in which, by

simply taking the differentials, we shall obtain some very general results,

that could not have been found except with much difficulty by the usual

methods of integration.

CHAPTER I.

ON THE ATTRACTIONS OP HOMOGENEOUS SPHEROIDS TERMINATED BY SURFACES OF THE SECOND ORDEB.

1. We shall, in the first place, determine the attraction of a body of a

given figure. We have already found in ^ 11 of the second book [469, &c.]
the attractions of a sphere, and of a spherical stratum

; we shall now consider

the attraction of a spheroid, terminated by a surface of the second order.

1
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Putting X, y, z, for the three rectangular co-ordinates of a particle dM
of the spheroid, and supposing the whole spheroid to be homogeneous, and

[1346] its density equal to unity, we shall have*

[1347] dM=dx.dy.dz.

[1347] Let «, 6, c, be the rectangular co-ordinates of the point attracted by the

spheroid, and A, B, C, the attractions of the spheroid upon this point,

resolved parallel to the axes of x, y, z, respectively, and directed towards the

[1347'] origin of the co-ordinates. It is evident from § 11 [453] of the second book,

that we shall havef
Attraction / \ 7 7 i

ofasphe- j /•/*/' (^
—

x) . d X . d y . d Z
roidofany A= / / /

— r !

point.

[1348] B = rrr ^^- ^^ • ^ ^jli^if . .

C=s rrr {c
— z).dx.dy.dz ^

-^-^J
\[a^xf-^{h-yf-^{c-zf\V

all these triple integrals must be extended to the whole mass of the spheroid.

Under this form the integrations are very difficult
; they may however be

often rendered more simple, by an appropriate transformation of the

differentials. The general principle of making such transformations is as

follows.

[1348] We shall take into consideration the differential function P .dx .dy .dz,

P being any function of x, y, z. We may suppose a: to be a function of the

variable quantities y, z, and another variable quantity p. Let this function

[1348"] be x=
(p.(yyZ,p') ; then we shall have, by supposing ^ and 2 to be constant,

[1348'"] dx= ^,dp^ ^ being a function of y, z, and j?; and the preceding differential

[1346o]
*

(918) This value of dM is easily deduced from [452}, by writing x, y, z, for

•^'5 y') ^i respectively, and putting p= 1 .

f (919) IVIaking in [453] the change of x', y', z\ into x, y, z, as in the preceding note ;

putting also a, 6, c, for x, y, z, respectively, we shall get the value of .^ [1348]. The values

[13466] S^ c, are easily deduced from A, by changing a, x, into b, y, and c, z, respectively, and the

contrary. The same changes being made in \/{{x
—

oc')^-\-{y
—

y')^-]-{z
—

z')^], [455a],

[1348a] it becomes \/{(a
—

a;)^ -f- (6
—

y)^ -f- (c
—

z)^], representing the distance of the particle

dM from the attracted point, which will be used hereafter, particularly in [1448a], where it

is called /.
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will become ^ . P .dp .dy . d z. To integrate it, we must substitute in P
the value of x= cp.(y, z, p) [1348"].

In like manner we may suppose, in this last differential, y =: 9'. (z,p, 9), [1348""]

q being another variable quantity, and 9'. (z,p, q) being any function whatever

of the three variable quantities r, /?,
and q. We shall have, by supposing 2

and p to be constant, dy = ^' . dq, /3' being a function of 2, p, q. The [1348 v]

preceding differential will by this means become of the form /3 13'. P. dp.dq. dz, [1348"1

and to integrate it, we must substitute in ^ P, for y, its value <p'
. (z, p, q)

[1348""].

Lastly, we may suppose z equal to 9". (p, 9, r), r being another variable [l348vii]

quantity, and 9". (p, q, r) being any function whatever of p, 9, r. We shall

have, by supposing p and 5 to be constant, dz= ^''.d r, ^" being a [1348""]

function of p, q, r
;

the preceding differential [1348"] will thus become

^ . ^' . ^" . P . dp . d q. d r, and to integrate it we must substitute in f3 . p'. P, [I348i^]

for z, its value 9". (p, 9, r) '[1348^"]. The proposed differential function

will be, in this manner, transformed into another, relative to three different

variable quantities p, q, r, which will be connected with the preceding, by Fromrect-

the equations other co.

x=^.{y,z,p); y=^<^' '{z,p,q); z = <f>'\(p,q,r). [1349]

We must now deduce from these equations the values of |3, |3', |3".

For this purpose we shall observe, that they give x, y, z, in functions of

the variable quantities p, q, r ; we shall therefore consider the three first

variable quantities as functions of the three last. ^" being the coefficient of

dr, in the differential of 2;, taken in the hypothesis that p and q are constant,

[1348'"'], we shall have

^'=(^)- [1350]

|3' is the coefficient of dq, in the differential of y, taken upon the supposition
that p and z are constant [1348']. We shall therefore obtain |3', by taking [1350^

the differential of y, supposing p to be constant; and eliminating dr, by
means of the differential of z, taken upon the supposition that p is constant,
and putting dz= 0. We shall thus get these two equations,*

*
(920) The calculations in this section are exactly like those in [297

—
303"], changing

o, b, e, p, into p, q, r, s, respectively, and using d\ d,y as in [299a, &, &;c.] By this meani^,

[299] becomes as in [1351], and [300] becomes as in [1352].
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»-Oi)""+(S-'''=
hence

[1352] dyr^dq
*^''*^ ^'''^ VrJ-\dqJi

W)
~''

therefore

/dy\
fdz\__/dy\

/dz\

[1353]
\dqj

'

\drj \drj
'

\dqj

m
'

[1353'] Lastly, p is the coefficient of dp^ in the differential of x, supposing y and z

to be constant, [1348"] ; hence we get the three following equations,

If we put

dp) \d~q)' \dr) \dp) \drj' [^d q)

[1355]

4_f^vri_^vr^^vr^vr^v(^^)\dqj \drJ
'

\dpj \dqj
'

\dp,

"^UJ *

\dpj
'

\d q) KTr) \dq)' \dp)
'

The value of <?y thus obtained being put equal to its assumed value ^dq, gives p' as in

[1353]. Again, the same changes being made in [301], we shall get [1354], and [302]

changes into [1355], also [303] into [1356]. Putting the value of dx [1356] equal to its

assumed value [1348'"], |3 dp, we find

|3
= ^ i ..

fdy\ {d2\__{dy\ fdz\
\dqj'\drj \dr)'\dq)

This being multiplied by ^^ [1353], and by (3", [1350], we get ^ . p'. p"= f, as in [1356"].

[1355o] Substituting this in P .dx .dy .dz^ ^. ^' .^" . F,dp . dq .dr, [1348«], it becomes

i.P.dp.dq.dr, asin[l356'"]
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we shall have

dx =^
.d P

which gives

^ =

(©
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makes with a right line, drawn through the attracted point, parallel to the

[1356^] axis of x\ and q the angle which the projection of this radius upon the plane
of y, z, makes with the axis of i/, we shall have

[1357] x= a— r.cos.p ; y=b— r.sin.^.cos.^' ;
z= c— r. sin. p. sin. g.

[13571 This being supposed, we shall find* s = — r^ . sin. p ;
and the differential

[1355/]

Adding this to (a
— x)^=r^ .cos.^p, and putting cos.^p -f-sin.^p

= 1, we get

[1355e] T^={a— xy + {b
—

yf-{-{c
— zfi hence we find

c— 2r= r . sm.p . sin. q ;

which will be of use hereafter, [1357a].

To obtain a correct idea of the limits of the values of z

r, p, q, we shall suppose a spherical surface yxzQ^ to be

described about the attracted point c as a centre, with a radius

equal to cjI. To prevent confusion, this is drawn separately in

tlie annexed figure ;
in which the points x, y, z, are those where

this surface intersects the lines cb, cC, cd, drawn through c

parallel to the axes of x, y, z, respectively ; the letters of

reference being the same in both figures. Then x is the pole of ths great circle yQz y
and

if through x and A, we draw the quadrantal arc xA% it is evident that the angle Acx=p,
and ycQ^= q, cA = r. If there be an attracting mass placed near A, we may determine

the attraction of one of its elements in the following manner. Draw the quadrantal arc

xBb'q infinitely near to xAa'^, and perpendicular to the arc yQ,z, also the arcs

AB, afb', parallel to Qg-, and infinitely near each other. Then we may suppose a

particle of the body placed at A to be of the form of a parallelopiped, whose base is ABb'al^

and its height, measured on the continuation of cA, AA'= dr. Now as in note 168, Vol.

I, page 181, we have Q^q= rdq, AB^Qq . sm.Acx= r d q.sm.p, and

Aa'=r dp. Hence the sides of this parallelopiped AB, A a, and the height of it, are

respectively rdq. sin. p, rdp, and dr
-,

the product of these three gives the mass

of the particle r^ .sm.p . dp . dq.dr [1357"].

[1355gr]

[1355fc]

[1355i]

c-:)

*
(922) The values of x, y, z, [1357], give

r.sin.;,j (^)
= ^

'

[1355*] (^)
= — r.cos.p. cos. y; (^\

= r.sm. p .sm.q;

^^^
==— r . cos.p . sin. q ;

^^^j==--r.sin.p.cos.gr

—
cos.p ;

: — sin. p. cos.
5^ ;

—
sin.p.sin. q.
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dx.dy.dz [1356'"] will, by this means, be transformed into*

— r^ .sm.p.dp.dq^dr; [1357'1

this is the expression of the particle dM, and as (iM is positive, we must, if

we suppose sin.|>, dp, dq, dr, to be positive, change the sign of the

Hence we obtain

0-(^)-(57)-(^)=—^-i--'*
— ^'•^•«»-'

=— r . sin.2 p . (sin.^ q + cos.^ q)
=— r . sin.'p ;

(^A\ . (^-^\
_m J^-^)^\

-«i"-i'-<^*«-^-«^-«-^°^-9 >
; [1356a]

\dr/'\dpj \dp/ \drj I — r.sia.p.cos.p.sin.q.co3.q)

/dy\/d^\/dy\

= i^.sm.p. cos.p . (cos.^ q-\-sin.^q)
= t^.sin.p. cos. p.

Multiplying the preceding expressions respectively by

(g)
= ,.3b.^, (lf)=0, (^)=-COS.p,

•we obtain the three following expressions,

Adding these products together, the first member becomes equal to the value of s [1355], and

the second member, by putting cos.^p4~ sin.^2'= 1, becomes —
r'.sin.p; hence 11356«]

£=— r^.sin.p, as in [1357'].

*
(923) This expression of dx.dy.dz =— r^.sm.p .dp .dq.dr, has also been

obtained, in a very simple manner, from values similar to [1355/*] j taking the differentials

so as to make x vary with r, y with p, and z with q ;
which will leave dx^ dy, dz, as weU

as dp, dq, dr, independent of each other. The differentials [1355/] are very easily taken C^^^^l

in noticing these conditions, because these expressions are designedly so arranged that in the

second members only one quantity occurs which is considered as variable. Thus in finding— dx from the first of the equations [1355/], the quantity r of the second member is the

only one which is considered as variable, y, z, being independent, and therefore constant. In
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preceding expression ;
which is the same thing as to change the sign of f,

[1357'"] and to suppose s= r^. sin. p. The preceding values of A, B, C, will

tfT^X- therefore become*
roid upon

^Lr*" ^ =fffd r.dp.dq, sin. p . cos. p ;

Second
"'™- B :=fffdr. dp, dq.sm.^'p. COS. q;

C =fffd r.dp.dq. sin.^p . sin. q.

It is easy to obtain these expressions in another manner, by observing that

[1358'] the particle dM may be supposed equal to a rectangular parallelopipedf whose

finding dy from the second, p is considered variable, and r, z, independent or constant ;

lastly, in finding
— dy from the third equation [1355/], q is considered variable, and

r, p, independent or constant ;
hence we get

rdr rdr rdr dr

^[r2— (6
—

yjii—i^c
—

2)2] a— X r.coa.p cos.p
'

[1357a] J r^ dp. em.p. cos.p r^dp.sin.p .cos.p r^dp .sm.p .cos.p rdp.coa.p .

"
V/ [r2 . sin]2jj ,

—
(c
—

zf] b—y r. sin. ^J. cos. 5 cos.q
'

— dz ==rdq . sin. p . cos. q.

The product of these three expressions is

dr r dp. cos.p , . o j j j—dx.dv.dz= .
— .rdq. sm.p.cos. o= r**. sin.p . dp .dg.dr,

'' COS. p COS. q

[13576] as in [1357"]. Now from [1347], dM= dx.dy .dz represents a particle of the mass

of the spheroid, which must be a positive quantity ;
and if we take, as usual, the differentials

dp, dq, dr, positive, we must change the sign of the preceding expression, and we shall

[1357c] have dM=dx .dy .dz= r^. sm.p .dp .dq .dr, as in [1357", &lc.]

*
(923a) From [1355e] it appears that the denominators of A, B, C, [1347], are r*;

also dx.dy.dz= r^.sm.p.dp.dq.dr, [1357c]; substituting these in [1348],

and putting in the numerators the values of a— x, b— y, c— z, [1 355c], they become,

by a very easy reduction, of the same forms as in [1358].

[1359a] ^ (924) This is proved in [1355A]. Now if the particle
dM= r". sin.p .dp.dq.dr be

placed at the points, fig. 1, page 5, its attraction on the point c, in the direction cA, will be

^ or ^, This, resolved in the directions ch, cC, cd, parallel to the axes x, y, z,

dM ch dM Cc dM cd ,
. , Fl'^'i'iA r1

Will be represented by
-

.
-

; -^-j-^; ^ •

;^,
;

and smce by [13556, cj

[1359o'] c&=a—a?=r. cos.p; Cc=6—y=r .sin.^^.cos.^; ct?=c—z= r.sin.p.sin.g;

dM dM ^^ '

J4c=r, these forces will becoMte "—.cos.p-,
—

. sin-j? . cds.
<? ;

—
. sm.p.sin.j ;

as in [1359].
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three sides are dr^ rdp, and rdq.sm.p, and that the attractions of

the particle, parallel to the three axes x, y, z, are respectively

dM
-—.ces.p;

dM
sm. p . COS. q ;

dM .—^ . Sin. p . sm. q.

The triple integrals of the expressions of A, B, C, must be taken within

such limits as to include the whole mass of the spheroid. The integrations

relative to r are easily found
;
but they are of dififerent forms, according as

the attracted point is situated within or without the spheroid. In the first

case, the right line passing through the attracted point, and terminating at

the surface of the spheroid, is divided into two parts by that point ;
and if

we call these parts r, and /, we shall find*

A =ff(r + . dp . d q . sin. p . cos. q ;

B ^=ff{r -\- r') . dp ,dq . sm.^p . cos. q ;

C =^ff{r -{-r') . dp.dq . sin.^ p . sin. q ;

[1359]

[1359']

Attraction
of a sphe-
roid upon
a point
within its

surface.

Third
form.

[1360]

*
(925) To show more sensibly the limits of these attractions, we shall suppose the plane

a;cQ of the figure, page 6, to form, by its intersection with the surface of the proposed spheroid,

a curve efE F, as in the annexed figure, which is drawn separately to avoid any confusion

in the lines. Then for all the points situated in this curve, the angle

q is constant
;

and if we draw any line cfF intersecting the surface

in the points /, F, the value of p for all points situated on the line

fF is constant. Hence if we have any integral of the form

fffP. dp .dq .dr, in which P is a function of p, q, r, and the

integral is to include the whole mass of the spheroid, we may first

consider p, q, as constant, and take the integral fP . d r, supposing
r only to be variable, the limits of this integral being between the

values cf=r^, and cF=r'. The values r^, r, depend on the angle
and on the situation of the plane a: c Q, corresponding to the angle q ; therefore

r^ and r'

will be functions of p and q. Substituting these values of p, q, in the preceding integral

fP.dr, it will become a function of p, q, which we shall denote by P', and then the

preceding integral will become ffP'.dp.dq. If we now draw ce, cE, tangents to the
curve efE F, we may take the preceding integral relative to p, or fP'.dp, considering
q as constant, and limiting the integral by these tangents ; observing that these limits are
determined by the situation of the plane xcQ, or by the value of the angle q, so that

fP'. dp, after the integration and substitution of these limits, will become a function of q,
which we shall denote by Q, and then the integral fffP.dp.dq.dr==fq.dq. Now

3

[13596]

[1359c]

[1359cfl
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[1360']

[1360"]

Attraction
of a Bphe-
roid upon
an exter-

nal point.
Fourth
form.

[1361]

FIGURES OF THE HEAVENLY BODIES.
[IVIec. C6I.

the integrals relative to p and q being taken from p and q equal to nothing,
to p and q equalkwo right angles.

In the second case, if we put r for the radius at the ingress into the

spheroid, and r' for the same radius at the egress, we shall have

A =^ff(r'
—

r) . dp .dq. sin. p . cos. p ;

B =ff(r'— r) . dp . dq. sin.^|>.cos. q ;

C =ff(i^'— r) .dp.dq. sm.^p . sin. q ;

the limits of the integrals relative to p and q ought to be fixed at the points

taking this integral, from the least to the greatest value of q, we shall obtain the required value

of fffP. dp.dq. dr.

If this reasoning be applied to the equations [1358], the quantity which we have called P
will be independent of r. Thus for the first of these equations, P= sin. p . cos.p, and

fP .dr= P .fd r = P.(r-{- constant). This integral, commencing at the point /, where

r=r,, is fP. dr== P. {r
—

r) ;
and if it terminate at the point F, where r= r', it

becomes fP.dr= P.[r'
—

r). By this means, the equations [1358] become as in

[1361]; the point c being supposed to fall without the body efEF. The integrals of

[I359e] [1361], relative to p, must be made from the angle p=xce to p = x c E, and since

at the point e, orE, the values r^, r', are equal, or /— r^=0, these limits must be determined

by the values of p corresponding to r— r^=0. Again, a little consideration will show, that

if the plane xcQ^ fig. p. 6, 9, revolve about the axis xc, this plane will be tangent to the spheroid

at the points corresponding to the least and greatest values of q ;
and on each of these planes

a line may be drawn similar to ce, or cE, touching the spheroid, and making r'—r^=0;

consequently the limits of the integrals of [1361] relative to p, q, are determined by the

[1359/*] equation /— r^=0, as in [1361'], the mark on r^ being rejected, since the letter r in

[1360, 1361] is the same as that we have denoted by r^. In all the preceding calculations it

has been supposed that the point c falls without the body, so that the least value of r is positive.

Supposing now the point c to approach towards f, fig. p. 9, till it becomes at /, and negative

as at c
fig.

4
;
we must then make r negative in [1361], and it will

become as in [1360]. In this case the limits will be changed ;
for

while Fcf revolves in the plane of fig. 4, from any line Q c Q',

through a semicircle, that line will pass over the whole plane FefE,

and if we suppose a semi-revolution to be made about the axis QQ',

the figures similar to FefE corresponding to all these points of

revolution, will include the whole spheroid ; consequently in this case

the limits must be taken, from p and q equal to nothing to p and q equal to two right angles,

as in [1360'].
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where r'— r = 0, that is where the radius r is a tangent to the surface of [1361]

the spheroid.

2. We shall apply these results to spheroids terminated by surfaces of the

second order.* The general equation of these surfaces, referred to three fhe^^wnl

rectangular co-ordinates a:, ^, z, is

{)= A-\-B,x^C.y-\-E.z^F.x^^H,xy-^L.f^M.xz-^N.yL-^0.^. [1362]

The change of the origin of the co-ordinates introduces three arbitrary

quantities, because the position of this new origin, referred to the first,

depends upon three arbitrary co-ordinates. The change of the position of

the co-ordinates, about their origin, introduces three arbitrary angles.f [1362^

Therefore if we make, at once, both these changes in the preceding equation,

we shall obtain another equation of the second degree, whose coefficients

will be functions of the preceding coefficients and of these six arbitrary

quantities. If we then put the coefficients of the first power of the

co-ordinates equal to nothing ;
and also those of the products of each two of [1362"]

the co-ordinates, we shall determine these arbitrary quantities ; and the

*
(926) The computation of the attraction of an ellipsoid, partially treated of by Newton

in his Principia, was extended by IVIaclaurin, in a geometrical solution, remarkable for its

elegance and simplicity, to the determination of the whole attraction upon any point, within or

upon the surface of the ellipsoid of revolution. The same result was afterwards obtained by
La Grange, in an analytical form, by a change of the co-ordinates, upon the principles

explained in [1348', Stc] Le Gendre extended the investigation so as to embrace all points,

whether within or without the surface of the ellipsoid. Finally La Place obtained the general

attraction of any ellipsoid, in all cases, whether the principal axes were equal or unequal, and

upon any point without or within the surface
; by the method given in this chapter. Since

the publication of this method, a great improvement has been made by IVIr. Ivory, in which

the computation of the attraction of any ellipsoid upon an external point is reduced, by his

analysis, to the much more simple case, of finding the attraction of another ellipsoid, upon an

internal point, or upon a point situated in the surface of the ellipsoid. IVIr. Ivory has also

treated the subject in a very elegant geometrical manner, in the Encyclopedia Britannica,

under the article Attraction. In conformity to the plan adopted in these notes, we shall give

the necessary illustrations of the calculations of the author, and shall afterwards show how the [1360a]

same results can be obtained by Mr. Ivory's improved method.

t (927) An example of this is given in [171], where the change of the axes x, y, z, into

^///j Viin ^iin depends on the three angles d, 4-, (p.
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general equation of surfaces of the second order will become of this very

simple form,*

[1363] a;2_|_^y9_J_^^2^^
.

the second uudcr which form we shall hereafter consider it.
order, or

ellipsoid.

In these researches, we shall notice only bodies terminated by finite

[1363'] surfaces
;
and then m and n must be positive. In this case the body will be

an ellipsoid, whose three semi-axes are what the variable quantities x, y^ z^

respectively become, when the other two are equal to nothing. We shall

*
(928) Changing the origin of the co-ordinates, we may put in [1362] x = a-\- x\

yz=z^-\-y', z= 'y-\-y', and it becomes of this form

[1362a] = Ji'-i-B'a/+C'y'+E'z'+ F'x'^-{-H'a/y'+L'y'^-{-M'a/z' + JV'y'z'+O'z'^',

in which A', B', C, Sec, are functions of the ten coefficients A, B, C, Stc, and the

three quantities a, |3, y. If we change the positions of the axes a/, y', z', into three other

rectangular axes x„n y///^ ^///^ we shall have, as in [172a], cc'=.^oa;^^,-[-jBoy,«+ C*o2r/^, ;

y'
= Ai x„,+ Bi y^,^ + Ci z,,^ ;

z'= A^ x,,,+ B^ y,,,+ Cg z,„ ;
the coefficients ^o, -^or

Co, .^1, &;c., [171a], being functions of the three arbitrary angles ^, 4', 9. Substituting

these in [1362a], it becomes of the form

[13626] Q=Ji'-\-B'x,,,-^C''y,,,-^W%,,-\-F''x^^^Wx,,,y,,,-\-Uy,^^^^^

in which the ten coefficients ./2", 5", &;c., are functions of the ten coefficients A, B, C, Sec,

and the six arbitrary quantities a, ^, y, ^, 4-, 9 ;
and we may generally use these six

arbitrary quantities to make six of the coefficients of [13626] equal to nothing. Thus if we

determine a, ^, y, S, 4^, <p, by means of the six equations B"=0, C"=0, E"=-0,

H"= 0, M"= 0, JY"=: 0, it will become = A"+F" xj+ L"yJ+ 0"zj ;

which, by neglecting the accents on
x^^^, y^,^ z,,,, may be easily reduced to the form [1363]

x^-\-my^-\-nz^— l^. If the coefficients M', F% L", O", were each equal to nothmg,

or of the form §, we must retain one of the coefficients, B", C", kc, which was put equal

to nothing, and use instead of it one of the retained terms A", F", &c. Thus if instead of

putting B"= 0, we put A"=^ 0, the equation will become

= B" x,„ -I- F" x„f+ L' y„r + O" zj ;

but it is not necessary to notice particularly these cases, because the form [1363] corresponds

very nearly to the figures of the heavenly bodies.
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thus have* /c, -7=, -7=, for these three semi-axes respectively, parallel [1363"]

ym yn
to the axes of ar, y, z. The solidity of the ellipsoid will bef

M = 7=- ; [1363"']o . ymn

supposing always that * represents the ratio of the semi-circumference of a circle [1363""]

to its radius.

*
(929) If m were negative, the equation [1363] would become x^— my^-\-nz^= kr^.

Now if we suppose z to be a given quantity, and k^— nz^= G, this will become

c^— my^=G, or x^=mi/^ -\- G, and by putting y= cd
,

x would also become

infinite. The same result would be found by putting n negative. Again, when m and n are

positive, it is evident from the equation [1363] that a:=:±v/'l'^
—

^l/^
—

w~^} j therefore

the greatest value of x is found by putting y, z, equal to nothing ;
and if we put this value of

X equal to x', the preceding equation will become x' =k. In like manner from [1363]

we obtain v = ±{ ) ; z= dz[ —
) ;"^

\m m m J \n n n /

from which it is evident that the greatest value of y is found by putting x= 0, «^ ;

and the greatest value of z, by putting a? = 0, y= ; and if we put y', z', for these

greatest values, we shall get

as in [1363"]. It may be observed, that the double sign of the radicals, in the values of a?,

y, z, just given, proves that if any two of the co-ordinates, as y, z, are given, the other,

a?= ±\/l^— fny^
—

nz^l, will have two values, equal to each other, but of different

signs ; which indicates, as in the ellipsis, that the origin of the co-ordinates is at the centre of
[l363i]

the ellipsis or ellipsoid.

f (930) From [1347] we get M=fdz.fdy.fdx; and fdx, integrated from

— X to +a?, is 2x^2 .y'\k^—mf— nz^]-, hence

M=2.fdz.fdy.s/{I^—mf—nz^]. If we put ija^^^I^, it becomes

M=2.^m.fdz.fdy.^\R^— y^. But

fdy.y^\m—f\=\y.^{m— f]J^\m.(^^rc.^m.^+con^mX,
as is easily proved by differentiation. This integral is to be taken from the least to the greatest
value of y, corresponding to any given value of z or R. Now if we divide [1363] by m, and

4
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Now if in the preceding equation we substitute for ar, y, z, their values in

p, q, r, given in the preceding article, we shall get*

substitute the preceding values of R, we shall get y^= R^ ; and it is evidentm
from this, that the least value of y is — R, and the greatest is + R, corresponding to

j?= 0. At both these limits, the term %y->/\R^
— y^ of the preceding integral is 0,

[1363c] and it becomes fdy.^\R^— y^^R^.2xc.sm,^=iR^.':(',
hence

M^'i(,y'm.fdz.R^= ',(.\/m.fdz}^^-
= ~.f{h^.dz— nz^.dz)

= ——Ak^z— i n 2^ 4- constant L

This integral, taken from the least to the greatest value of z, that is from — to

rf. 4 "Jf

[1363d] —1- is M=^—7=r.p as above. The same might have been obtained from
yn o .ymn °

geometrical considerations, by observing that if planes be drawn perpendicular to the axis of

a?, the sections formed by the planes and ellipsoid will be similar ellipses ; and the areas of

these ellipses will evidently be in a constant ratio to the circles, formed by the intersection of the

same planes with the surface of a sphere, whose radius is k, and centre the same as that of the

ellipsoid. Now the semi-axes of the ellipsis, thus formed, by the plane passing through the

k k
centre of the ellipsoid, are ——

,
-—

, ri363a1, and the radius of the corresponding' ym yn "- -^

k k
circle is Jc. The area of the circle is to that of the ellipsis as k^ :-— . -—, or as

* ym yn

1 :

y
—

, [378m], and the solidity of the sphere must be to that of the ellipsoid in the

[1363e] same ratio. But the solidity of a sphere, whose radius is k, is f * . k^, [2756, &£C.] ;

consequently that of the ellipsoid must be ^—~=, as in [1363'"]. If the body be

formed by the revolution of an ellipsis
about the axis of x, so that m= n, its solidity will

be 4 * .
-

; and if we put k= \/m = 1 — a, it will
^ m ' '

'

[1369a]
become |*'(1 — «)• If we put, for the sake of symmetry.

Axes of an t j.

[13696] v/m v»

the preceding value of the mass of the ellipsoid M will become
Mass of an

[1369c]

*
(931) Substituting the values of x, y, z, [1357] in [1363], and arranging its terms

according to the powers of r% it becomes as in [1364], and by using the abridged symbols
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r^,{cos.^p + m. siu.^p.cos.^q+ n.sm.^p. s'm.^ q]

— 2r .{a. COS.p -]- mb .sin.p .COS. q-\- nc .sin.p .sin. q]= J(^— a^—mb^— nc^ ;

[1364]

[1365], we get Lr^— 2lr= Jc^—a^— mb^— n(^; hence

I±\/\ri-\-(k^— a^— mVi—nc^).L]

n .T l—\/R
This, by means of the value of R [1365], changes into [1366]. Hence r=—-— ;

/= \^ ; whose sura and difference are as in [1367]. The values of r-\-r^ and

fJ— r, thus found, being substituted in [1360, 1361], give respectively [1368, 1369]. It

was observed in [1361'], that the limits of the integrals of [1361] must be where /—r=0,

which corresponds to R= [1367] ; therefore the limits of the integrals of [1369]

must be found by putting i?= 0, as in [1369']. [1370a]

If we divide the values of Jl, B, C, [1368], by a, 5, c, respectively, and add the quotients,

we shall get

-4-T + -= ^'ffdp .

dq.—jr^
.<-. cos. p + -.sm.p. cos. 5+ -.sm./>.sm.g'>. [13705]

The integrals are to be taken from p= to p= *, and from y := to q^^"^,

[1360']; now since cos. (*
—p)=— cos. p, cos. (*

— q)=— cos. 9, we may, in [1370c]

the terms multiplied by /, neglect those containing only the first power of cos. p or cos. g,

because the positive values are destroyed by the negative ones, as is done in finding A [1370'"] ;

and we shall thus have

-
. cos. p=cos.^p ;

-
. sin.jp.cos.2=m.sin.^p.cos.^5' ;

-
. sin.p.sin.5'=» .sin.^p.sin.^5' ; [1370rfl

The sura of these three expressions is equal to the value of L [1365] ; substitutmg it in

[13706], the quantity L will vanish from the equation, and its second member will be reduced

to 2 .//dp .dq. irfn. p ; but fdq== -r, between the proposed limits §'= and [13''0«]

g-=* ; hence the preceding expression becomes 2 if.fdp . sin.p= 4 ir, because [1370/']

fdp.sm,p=l— cos.p, taken so as to vanish when p=0 is equal to 2, when p=ir.

Hence the equation [13706] changes into

^, 5
, C_^ [1370ff]

~~T' T~r ~ 4<. Theorema b C
by Le
Gr«ndre.

This theorem was first discovered by Le Gendre.
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therefore if we suppose

I=a. COS. p + mb. sin. p . cos. q + nc. sin. p . sin.
q,

[1365] L= cos.^p + m . sin.^p . cos.^ q + n. sin.^p . sin.^ q^

we shall have

[1366] r = l^-^^ '

L

hence we deduce /, by using the positive radical, and r by using the negative ;

we shall therefore find

[1367] r + r' = ^; ,^_r=^:^;

and we shall get, for points within the ellipsoid,

J c) p pdp . dq . I.sm,p .cos.p ^— 'JJ ^ ;

Attraction

Boi^por B = 2, rr ^^•^^•^•^^"•'^•^^^•g .

an internal •' •/ r 'an internal

point

[1368] C =2 f f ^P-^g'-^-^^"-^y -^'"-g .

and for points without the ellipsoid,

A o ^ pdp .dq . sin. p .COS. p .\/r

''''"''''°'' „ cy ^^dp.dq .sm.^p.cos.q.\/R^ — "^'JJ f ?

of an ellip-

soid upon
an exter-

nal point.

[1369] ^^^j,j.dp.dq.sm.^p.sm.q.s/R,^

these three last integrals ought to be taken between the two limits

[1369'] corresponding to R = 0.

3. The expressions relative to points situated within the ellipsoid being

[1369"] the most simple, we shall begin by examining them. We shall observe,

in the first place, that the semi-axis of the ellipsoid k does not enter into the

values of / and L [1365] ; consequently the values of A, B, C, [1368], are

[1369'*] independent of k
; whence it follows, that we may increase at pleasure the

strata of the ellipsoid above the attracted point, without changing the
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attraction of the spheroid upon that point, provided that the values of m and [1369""]

n remain constant.* Hence w^e obtain the following theorem.

A point placed within an elliptical stratum, whose internal and external [1369 ']

surfaces are similar and similarly placed, is equally attracted in every Attraction

direction. IjCf
Btratom.

This theorem is an extension of that ^e have demonstrated in § 12 [469'"]

of the second book, for a spherical stratum.

We shall resume the value of A [1368]. If we substitute the values of

/ and L, [1365], it becomes

^ ^ dp . Jgr.sin.p.cos.j3.{a.cos.p-f mSsin.p.cos. y-[-wc.sin.p.sin.g| ^

•^ "^ COS. p -j- m . Sin/ p . cos. q-f-n . sm.p . sin.'* q

the integrals relative to p and q,
must be taken from p and q equal to nothing [I37(rj

to^ and q equal to two right angles, [1360']. It is evident that we have in

general

fP . dp . cos. p = ; [1370"]

P being a rational function of sin.p and cos.^p ; because the value of

p being taken at equal distances above and below a right angle, the [1370"']

corresponding values of P . cos. p will be equal and of contrary signs.f

therefore we shall have

A= 2a.ff
ip.dg.^n.p.c^.'p ^_

cos.^p -{-m .sin.^p .cos.^q-\-n . sin.^ p .sm.^q

*
(932) If m, Tij remain constant, the expressions /, L, [1365], corresponding to the

same attracted point, will be constant; consequently A, B, C, [1368], will not be varied

by increasing k
; the limits of p and q being and two right angles, which are not affected

by these changes. The theorem [1369''] corresponds to any ellipsoid, whose three principal

semi-axes may be unequal, and is an extension of the theorem of Newton for ellipsoids of

revolution. Princip. Lib. I, Prop. xci. This theorem is demonstrated in another manner

in [1503].

f (933) Sin. p= sin.
{if
—

p), and as cos.p=— cos. (*
—

p), we have

cos.^p
= cos.^

(ir
—

p). Hence if P= func. (sin.p.cos.^p), it will remain

unchanged by writing *—p for p, and the two elements of the integral fP. cos.p .dp

corresponding to the angles p and ir— p, will be represented by

P .dp. cos.p-\- P .dp .COS. (*
—

p)= ;

5
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If we integrate this relative to q, from q = to q equal to two right

angles, we shall have*

because cos,.p-\- cos. (*
—

p)
= 0. Now the limits of this integral being p= and

p^ir, there must be the same number of elements depending on cos.p as on cos.
{ir
—

p),

[1370A] consequently the whole integral fP. dp. cos. p= 0. The value of .^,[1370], by

altering the arrangement of the terms, may be put under the form

-- dp.dq. sin,j) . coa.^p
•^ ^^^^ v^ C0S.2p -[- TO . sin.s^) . C0S.2 5 -[-

n . sin.2|7 . sin.2 5

^ ^ (m 6 . sin.^y . cos. q-\-nc. sm.^p . sin. q) . cos.p ^
i

"^ 'JJ cos.^p-\-m.Bin.^p.coB.'^q-\-n.3in.^p .sm.^q' P' ^'

The coefficient of 2 . cos. p . dp .dq, in this last term, considered only as it respects

the variable quantity p, is a function of sin.p and cos.^p. Putting this, as above, equal

to P, it becomes 2 .//P . cos.;? .dp.dq, or 2.fdq.fP . dp . cos. p ;
and as

fP. dp . cos.p was shown in [1370A] to be equal to nothing, this term must vanish, and

the remaining terra of A will become identical with [1371].

*
(934) Putting sin.2g'=l

—
cos.^g-, in [1371], it becomes

^^ dp.dq.sin.p.cos.^p ^ dp.sin.p .cos.^p „ dq
[1371aJ A=^2a.Jj ^.^g^^ + n. sin.2^

—
{n
—

m). sin.^p . cos.2 q
— "^^'J {n—m).s\a.^p

' J m—coa.^q^

^_ cos.2 p J-n. sin.2 p , - , . . i i .

[1372o] using for brevity B^=
^n—m).ainJip ',

the part of this mtegral relative to q,

which we shall call ?r, is ^=fm—los.^q
' If we put cos.5

=
v, which

gives (^9= -^^^,
we shall get ^^f[m-v^).V{l-^)'

^o avoid

1 22

the radicals, we shall put v= —
-;
—-

, whence
1 -f- Z'*

,/n-.2N__^£_ _^,__ii^ _:Z^l_= _^^, and
V^^^ *^ — 1+ 22'

^^—
(l+ z2)2' v/(l-»2) 1+2^

(1+ 22)2
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the integral being taken from cos. p = 1 to cos. p =— 1 . Put

cos.p= x, and let M be the whole mass of the spheroid, we shall have,' by [1372^

which is free from radicals ; and as the denominator of this last expression is divisible into the

two factors D . {1 + z^)
—

{l
—

z^)^ D . {I -{- sr^) + {1
-^

sr^),
the expression

of JV may be put under the form

w=-.r\ -
\

- ID -^
^i).(l+ 22)

— l-|-z2^D.{l+ z2)+ l— 225

~!D**^i)— l+(i)+l).z2+^V/)+14-(Z)— l).z2

1 p dz
^

1 p dz—
B.{D-\.\)

' J
g^+z2 +i).(Z)_i) •^^;+22- [13726]

Now
•^SfR^

^
U"^;

• ''"• '""s- ' ' (^ '

^ dz /D_l\i m — l\i^d ^W+^^ V^+ l/
* "''• ''°^' "" *

V^+l)
' ^51] Int.

The limits of the integral [1370'] relative to 5, are
g'
= 0, g'=«'; and as t;= cos.^,

1 z2 1 1}

the limits of v must be 1 and — 1
;

but v= ——-
gives sr^= -——

; therefore

at the first limit, where v= l, z=
;

and at the last limit, where v=—1, z= 00
;

consequently the arc whose tangent is z . (
j.

-

,
,
)

> or z .

( j , must

be a right angle, or ^ if, and

Substituting these in W, [13726], it becomes

4f

Dy[{D-{-i).{D-i)] Dy[m-i]'

and by resubstituting the value of D f1372a], which gives JD^—l= '^^•^P-^^-^"fP

we get '''^ —
v/[(cos2p-{-n. sin2;,).(cos2p4-m.sm.2|))]

' ^^"^^ "^ [1371a] becomes

a n r df . sin.p . C03.2jj o i. • •

Ji — iait.J ^ [(cos.2p+ „ . sin.2j,) . (cos.2;,+m . sin.2p)]
• Substituting for cos.^+n .

sin.''^?
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U3,n §2[1363»], ^=4^, therefore ^ =
!^,. hence we

shall have

[1373] ^^nr-Jc,

the integral being taken from x = to x=\*

its value cos.^ p + n . (1
— cos.V) = n .

|
1 +

('-'^

—^^ . cos.^^ \,

also cos.^p + m . sin.^p = m . 5 1 + (-——) . cos.^p | ,

L1372C] it becomes as in [1372] ; and as the limits of p are p= 0, and
;?
=

»', [1370'],

these limits must correspond to cos.^= 1, and cos.p=— 1, as above.

*
(934) The value cos.p= x gives dp . sin.^ =— dx, and from [1372"]

7^"^ 2^5- Substituung these m [1372], we get

^ ^aM ^
— x^.dx

the limits of the integral being x=l and x=— 1, [1372c]. But as the term x^

only occurs in the value of A, its sign must be the same from a? = 1 to a;= 0, as

from a;=0 to x=— 1. Therefore we may take the integral between the limits a?= l

and x=0, and double it. If we change the sign of —dx m. A, we may change the limits

so as to be from a;= to x=\ ;
and then we shall have the same value of A as in [1373].

In the formula [1373], and in other parts of this work, the limits of the integral are

connected with the sign /, according to the notation proposed by the Baron Fourier, and now

generally used. These limits were not given in this manner in the original work. According
x"

[1373a] to this notation, f ^
P.dx denotes the integral of P.dx from x^=^af to x=a/' ;

S'g°s the lowest term x' corresponds to the commencement of the integral, the upper term to the end.

r^
^

If there be more than one sign / corresponding to different elements dx, dy, dz, k,c., the

limits connected with the signs / are to be taken in the same order as the elements are arranged

f . in that formula. Thus /, f^P.dx.dy denotes, that the first /

[13736] corresponds to the integration relative to the first element dx, and the second sign f
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If we integrate the expressions of B, C, [1368] in the same manner, we

may reduce them to simple integrals, but it is easier to deduce these integrals

from the preceding value of A. For this purpose we shall observe, that this

expression may be considered as a function of «, and of the squares of the

semi-axes of the ellipsoid, J<^, -, -, [1363"], parallel to the co-ordinates [1373^

of the attracted point a, b, c. Putting therefore k'^ for the square of the

7/1

semi-axis parallel to &, consequently k'^.m and k'^.-, for the square of [1373"]

the other two semi-axes,* B will be a similar function of b, kf^, hf^ . wi,

and k'^ ,-. Therefore to obtain B, we must change, in the preceding [1373"']

expression of A, a into 6, k'mtok, or —7=-, m into -, and w into -: ri373""l

corresponds to the second element dy. I had used in these notes a somewhat similar method [1373c]

of notation, previous to the publication of that by the Baron Fourier. A like notation is used ^'S"
t

with the sign 2 of finite integrals, thus 2o=^0 -f ^1 -f ^2 + ^n + "^i > represents ^0
*

the sum of i-\-l terms of the general form w2„, commencing with w^o and ending with A^. [1373rf]

*
(935) The square of the semi-axis parallel to 5, or -, [1363"], being put equal to

K^j gives lc^= T(!^ .m. This value of 1c^ being substituted in the expressions of the squares
k^ k^

of the semi-axes parallel to b, a, c, [1363"], namely
-

, k^, -, they become respectively

k!% k'^.m, kf^.-. Comparing these with the values before used for the serai-axes

parallel to a, b, c, namely, P, -, -, it appears that the former may be derived

1 n
from the latter, by writing kf for k, m for -

,
and - for n. Making these changesmm 00

in [1373], and writing also b for a, we obtain this value of

„ 3b. M p '^A^

1—- 1—* 1 5
J

~
TO

^ TO w— w 1 mi
ana as —— m— 1,

—^— —— ,
— == —^ this expression becomes

identical with [1374].



22 FIGURES OF THE HEAVENLY BODIES. [Mec. Cel.

hence we get

3bM ^i mF .x^ dx
[1374] B =

Putting

k^ /:
V/jn-(.-i)...J.|i

+
C-=--).^j'

[1375] X =

we shall obtain*

B= SbM /*^ f'dt
f ^-^
^0 \^.(^_zz^^AK \x

[1376] F '

J^ ^,
J (^^"""Vfp- 5i

I f^~^A ^-^H

'

*
(936) The value of x [1375] being substituted in the factors of the denominator of 5

[1374], putting also for brevity JJi= 1 + (-^—)
• ^^ JV= 1 -f (—

—
)

• i^ we get

,
I

, , >, a __ 1 I (?ra
—

1) . ^^ __ m 1 __ 1_ .

i-\-[m i).x i i- ^ _j_ (J
_ ^) ^2 m + (l

— m).<2 i_^(Lii:?\ f2^ jjf
'

""V « ;-^ ""^"^m+ (l— m).i2
—

m+ (l— »i).t2 i_|, (i=i!?)
j2

~"
JJf

*

[1376a] Hence Q I + (,n~ 1) .

a:^^
.

^1
+ (^) .^«^]^= (3^ .^)^

=
^'.

Moreover

the differential of a:= {m f-^ + (1
—

m)}"* [1375] is

mi-^dt dt dt
dx=

4 .9 w^ . r^ m^ . t^

and wa\ii . or= , J
—R = 1 I /i-'«\ ,2

—
7i<r > nence

m + (l-m).f^-l+(^)-'^ ^

w^ . a;2 <Za;=—=^ .
= —

. Dividing this by the denominator -jjj, [1376a],
mKM^ M^

we get
—

^ , for the terms under the sign / in [1374], which agrees with [1376].

2

The limits of t are obtained from [1375], which gives i^=
f^z^^:jy^r

'^^^^' ^^®"

or
a;= 0, becomes i = 0, and when a?=l, becomes i^—

i_j_^_i
—

^'

<= 1. These limits are as in [1376'J.
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the integral relative to t, must be taken between the same limits as that

relative to x, namely, from ^ = to ^ = 1
;

because a: = gives [13761

/ = 0, and x = \ gives t=\.

Hence it follows, that if we put

^—"^
x2.

1—
"_x'2. F r^

"^"^^
ri3771

we shall have*

^=^-r-^v
If in this expression, we change h into c, x into x', and the contrary, we

shall obtain the value of C. The attractions of the ellipsoid A, B, C, [1378']

parallel to its three axes, will therefore be given by the following formulas, of a'tfeiiTp'-

a point

3aM ^ o 3bM /d.xF\ ^ ScM ^d.\'F\ surface"'

*
(937) The value of F [1377] gives XjP= /„ (X-^ +a^j-i . {l+X'^ . r^)-Kx^dx, [1378a]

whose differential, relative to X, is

Now this definite integral is taken between the same limits, x= 0, a?^ 1
, as those of

t [1376] ;
so that we may change x into t, and the preceding expression will become the

same as that in B [1376]. Hence B will become as in [137S]. Changing in this b into c,

X into X', and the contrary, it is evident that B will be changed into C, [1379]. Lastly,

A [1379] is as in [1373, 1377.]

The values A, B, C, [1379], represent the attraction of the ellipsoid, upon a point whose

co-ordinates are a, 6, c, situated upon its surface or within it, and resolved in directions parallel

to the axes of the spheroid, a, p, y, [1 3695]. If we denote by A^, B^, C,, the values of these

attractions at the extremities of these axes a, ^, 7, respectively, we shall obtain A^, B^y C^,

from A, B, C, [1379], by putting a, p, 7, for a, fc, c, respectively ;
whence we shall get

Comparing these with [1379], we get

A =^ — . A,,
a '

which were first demonstrated by Maclaurin.

Maclau-
rio's

Fonnulas.A = -.A,, B= -.B„ C=.-.C,,« ^
'

y
'

[13796]



24 FIGURES OF THE HEAVENLY BODIES. [Mec. Cel.

We may observe that these formulas take place for all points within the

[1279'] ellipsoid, and therefore for points infinitely near to its surface
;

hence we

may infer that they must take place also for points situated on the surface

itself.

Hence it appears that the determination of the attractions of an ellipsoid,

[1379"] depends only upon the value of F. This is a definite integral ;
but it has

all the difficulties of an indefinite integral, when X and x' are indeterminate.

[1379"'] For if we represent this definite integral, taken from x = to x = l, by

[1379""] (p.(x%x'2), it is evident that the indefinite integral will be a'^cp.(xV,x'V) ;*

so that the first being given, the second will also be known. The indefinite

[1379^] integral is not in itself possible,! except one of the quantities x or x' is

nothing, or x= x'
;

in these two cases the body is an ellipsoid of revolution,

[1379"] and k will be its semi-axis of revolution, if x and x' are equal.J Now in this

last case

[1380] F=f^ -^^, = ^ •
i

^- ^^^- ta"g- ^
^

•

*
(938) The function F, [1377], by developing the denominators according to the powers

of X^ x^
,
X'^ x^, becomes

[1379c] r=/a;2t^a:.(l — ix2a^2_^^/2^2_|_^c.) = a^a— tV>^'^'
— tV>-"^' + &c.).

The part within the parenthesis is a function of X^ x^ ,X'^ x^, which we may represent by

(J)
. (X^x^ ,

X'^ x^), and then we shall have J^== x^ .
cp

. {>? x^
,
X'^ x^), which, on account

of the factor x^, is when x= 0, and when x= I, it becomes F=
cp

. (X^,X'2) ;

so that this last being known, we may easily deduce from it the indefinite integral, by writing

X^ a;^
,
X'^ x^ for X^

, X'^, and multiplying by x^.

[1379d] t (938«) The meaning of the author is, that this integral cannot be obtained by circular

arcs and logarithms. This integral can be easily obtained by means of elliptical functions of

the second and third form, as Le Gendre has shown in Vol. XI of the JVIemoirs of the

Academy of Arts and Sciences of Paris, and in Vol. II, p. 525 of his Exercices de Calcul

Integral. The form of the integration, in the case of the attracted point being without the

surface, is also the same as for the internal attracted point, as Le Gendre has shown in the

same volume, p. 529
;
where he has treated the whole subject in his usual elegant manner,

and has given some new theorems on these attractions.

J (939) The three semi-axes of the spheroid parallel to the axes x, y, z, are in [1363"],

k k
represented by k, --, -—

: and the two first equations [1377] give^ •' ym yn



IIL i. §3.] ATTRACTION OF AN ELLIPSOID. 2b

To deduce from this the partial differentials l~—
j,

and
(-

'

j
,

which enter into the expressions of B and C, we shall observe that*

(-^)+f-(^)-^-(T+^^)^dF= — .

' ^ ' '

X

now we have, when x is equal to x',

.XF\ _ fd.-)^
dx J

~
V 7Xd.-KF^_(d_.J^^^^ djK^dj^^^ ^^^^

thereforef

i^-:^-^ .d'K=l.-KdF+F.d-K =— .d.\^F. [1383]

\ d\ J
2 ' 2X

-=1-|-X^, -=1-|-X'2, therefore these three serai-axes become respectively k, [1380a]

k .\/{l -{- X^), k.\/{i-{- X'2). Now when X, or X', is nothing, two of these semi-axes

become equal to k, and the surface must then be an ellipsoid of revolution about the other

axis
;

and if X= X', the two semi-axes parallel to y, z, must be equal to A; . y/( 1 -|- X^),

and the surface must then be an ellipsoid of revolution about the axis of x. When X= X',

we shall have, from [1377], F=/---—--; and if we put Xa?^a/, or a; = -, it

becomes

^^^^J^[J^^==^^'J\^''-Y^^)^\A'''^^''''''^^^^^ [13806]

This vanishes when a?=0, and when a?=l, it becomes F=-.(X— arc. tang. X),

as in [1380], which corresponds to an oblate ellipsoid.

*
(940) F being a function of X, X', we have the complete differential of F, or

(^)
=
r(Tr-)-I--^-

In like manner we have
(^)

=
i,(^)_l.i..

These being substituted in the preceding value of dF, it becomes as in [1381].

t (941) Substituting in [1381] the values [1382], it becomes

dF=^^^ ('^-^^\-F ^^
X v rfx /

*

X
*
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Substituting the value of F, we shall get

/d.-KF\ J C x }
(

—
;

—
)
= TT-^ • \ arc. tanoj. x > .[1384]

[1384'] Hence we shall have, for an ellipsoid of revolution, whose semi-axis of

revolution is k,*

Attraction . 3 U .M .

t::iC ^= TTTa- • {^
— arc. tang, x} ;

sold of A. . A
revolution,
on a point , , ,
situated

2^
O . JVl

in, or JtS= —75
within its 2 /t
surface.

[1385] c =

.M ( X >—
;: . < arc. tang, x

;

—-
> ;

3c .M ( X >
—7^
—= . < arc. tans;, x —-

> .

2P . x3 (
^

1 + x^ >

—-—
j
.dX= ^'KdF-\-Fd'K,

and the second member may be put under the form — .d .>? F, [1383], as is easily* X

proved by development. If we substitute the value of F [1380], we shall find

(d.XP\

1
I ( , arc. tans'. X "i ^ Carc.tang.X rf. (arc. tang. X) ")

d\ / 2x'
•

(

"~
X > 2X

•

( ^;2 ^rf^^ 5

rfx

1 (arc.tang.X 1 ) 1 ( X >

as in [1384].

*(942) SubstitutingthevalueofjP [1380], and (^^) or (^^) [1334],

in [1379], we shall obtain the values of A, B, C, [1385].

When the ellipsoid of revolution, about the axis of x, is prolate,
'k^=X'^ [1377]

becomes negative, and we must change X into X . ^/ZIi in [1380
—

1385]; by which

means arc. tang. Xsszy"——^ [51] Int. becomes

arc. tang. (v/-l . X)
= /_i ./j-—

= | . /_i.y
J y^^ +3^ J

= *.V/=T. {~log.(l — X) +log. (1 +X)} =^ . v/=3.1og. (j^) ;
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4. We shall now consider the attraction of spheroids upon an external

point. This investigation is much more difficult than the preceding, on [1385]

account of the radical \/R in the differentials, which makes it impossible

to find the integrals under that form. We may render the integrations [1385"]

possible, by a suitable transformation of the variable quantities of which the

integrals are composed ;
but instead of this method, we shall use the following,

which depends wholly on the differentiation of functions.*

If we put V equal to the sum of all the particles of the spheroid, divided by [1385"]

their respective distances from the attracted point ; x, y, z, being the F""<^tion

co-ordinates of the particle of the spheroid d M, and a, 6, c, those of the
[1385""]

attracted point, we shall havef

v= r ^

Attraction
of a pro-
late ellip-
Boid of
revolution

and the values [1385], corresponding to a prolate spheroid, become

3a.M C, , /1+ X\ ) ?f»Pf.<>-

^ ^ ' -'
revolutioi

p 36.Jlf ^
X /l±2i^> ^"^"tBitu-

surface.

^=2k^3- Inr^
—

^-log-
[jZ:^) \

•

[1385a]

The semi-axis of revolution being k, the equatorial semi-axis k . \/i— X2 .

*
(943) This method of finding the attraction of an ellipsoid upon an external point has

been greatly simplified by Mr. Ivory, as will be seen hereafter in [1428a—tf],

f [944] This expression of V is similar to that in [455], changing x, y, z, xf, ]/, z\ p, n386o]

into a, b, c, x, y, z, 1, respectively, as in [1346a, 6], and using dM [1347]. The same

changes being made in [453], will produce the first value of A [1387], and this is

evidently equal to —
(rf~) '

deduced from [1386], and agrees with what has been

proved in [455', 453], changing as before x into a. Again, as V [J 386] is symmetrical in

a, b, c, and by [1387] —
\'d~) represents the attraction of the spheroid in the direction

parallel to a, the attractions in the directions parallel to b, c, must evidently be represented

^^ ~~
\db)

'
—

(rfl)
' respectively, as in [1388] ; these forces tend to decrease the

co-ordinates, so that the forces
(j^)j [jb)' (rfl)'

tend to increase them, as
[1387a]

evidently appears from the notation and figure used in note 921, page 5.
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[1386'] Then putting, as before, A, B, C, equal to the attractions of the spheroid,

parallel to the axes a*, y, 2", and directed towards the origin of the co-ordinates,

we shall have

(a— x).dM /"dV
[1387] A =f

^ '

^(^a
—

xf-\-{h
— yf-^{c— zf\^ \da

In like manner we shall find

^db J
'

\dc

Hence it follows, that if V he known, we may deduce, by differentiation, the

[1388'] attraction of the spheroid parallel to any right line, supposing that line to be

one of the rectangular co-ordinates of the attracted point, as we have already

remarked in the second book, § 11 [455'"].

The preceding value of V, developed in a series, becomes*

Value of

^^^^ r -. , , \2ax-\-2by-{-2cz— x^— y^
—zH

genes, i 1 I 1 i ! £_! £ >

Serofd. p._ /• dM )'-^^' a^+ b^+ c^

[1389]
V/a2+ 62 + c2*\ ^2ax-i-2by-}r2cz— x^— y^

— z^^ , ^^

[1389*]
This series is ascending, relative to the dimensions of the spheroid ;

and

ri389"l descending, relative to the powers and products of the co-ordinates of the

Value of attracted point. If we notice only the first term, which is sufficient, wheny when

tracted
^^^ attracted point is at a very great distance, we shall find,

point is at

a very
great T7 •/«
distance. y

[1390] V/a2 + 62+ c2'

*
(945) The term under the radical in [1386], namely, (a

—
x)^-\-{b

—
y)^-{- (c

—
z)^,

being developed, may be put under the form

a^j^li^c^^^2ax-{-2by+2cz— x^—f— z^),

and if for brevity we put a^-\-b^-{-c^=a'^, 2ax-\-2by-\-2c z— x^— y^
— z^= b',

, the expression [1386] will become

dM
^rdM(,__LY^^f^J^,Uj^^.Lj^^,^:ij^Uc^,*"

J^{a'^-b')
^

a' \ a'^J
-^

a'
'

V
^ ^

fl'2
^ ^

a'4
^

7'

which, by resubstituting the values of a'% b', becomes as in [1389],
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M being the whole mass of the spheroid. This expression will be more [l39(y]

accurate, if we place the origin of the co-ordinates in the centre of gravity

of the spheroid ; for we have, by the property of this centre,*

fx.dM=0; fy.dM= 0; fz.dM=0; [1391]

so that if we consider the ratio, of the dimensions of the spheroid to its [13911

distance from the attracted point, as an infinitely small quantity of the first

order, the equation

will be exact, except in quantities of the second and higher orders. We
shall now investigate the accurate values of V, corresponding to an ellipsoid.

5. If we use the symbols of ^ 1, we shall havef

V= f =fffrdr. dp. dq.s\n.p = \.ff{i^^
—

r^) .dp. dq.sm.p.

[1392']

[1393]

*
(946) The expressions [1391] are the same as in [124], changing m into d M, and

2 into /. Now the terms of V [1389], depending on the first power of x, y, z, using a' as

in the last note, are

/-^.i.{2ax-^2hy + 2cz)= ^^.fx.dM+^^.fy.dM+^^.fz.dM;

and these vanish by means of the formulas [1391]. Therefore if we neglect the squares and

higher powers of a?, y, z, in [1389], we shall have V= f = .

as in [1392].

t(947) Substituting s/{{a
— xf-^{b—yfJr{c— zf\=r [1355e] in [1386], [i393„j

we get y=J — , which is also easily deduced from tlie definition of r, V, [1356"",

1385'"] ;
and if we use the value of dM [1357c], it becomes

^=fff^ dr.dp.dq. sin. p =ffdp .dq. sin. p.frdr.

Now frdr= \r^-{- const. =^\r^— i rf, supposing the integral to commence with

the least value of r, denoted by r,
. If the greatest value of r be r', the complete integral will

8
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Substituting the values of r and r' found in ^ 2 [1367], we shall find

[1394] F=2 rr <^P'^9-^^n-P-J^'\/R
'JJ jj

We shall resume the values of J, B, C, corresponding to an external

attracted point, given in § 2, [1369],

^_2 r r dp.dq. sin, p . cos, p . y/g

[1395] B = 2. rr ^/^•^y-s^"-V-cos.y.v/l ^

Q cy
r^ r. d'p .dq .sin.^/? .sin. q.\/~R

[1395']
Since at the liniits of these integrals we have \/ii

=:
[1369'], it is

evident, that if we take the first differentials of F, A^ B, C, relative to any

[1395"] one of the six quantities «, 6, c, k, m, and n, we may neglect the effect of

the variations of the limits
;

so that we shall have, for example,

/d V\ w V^ }

(, da )

For the integral X —
t2 ' towards these limits, is nearly

[1396'] proportional to R^ ;* which renders its differential nothing, at these

be |r'^— I r/^. Ghanging r^
into r, to conform to the notation [1360"], we shall get

fr dr= ^ .{f^
—

r^), and .the preceding value of F'will become

V=^ .f{r'^
—

r^) .dp .dq.sm. p,

as in [1393].

[13936] Multiplying the values of r'-\-r, r'— r, [1367], we get r'^— r^= —
j^^

—
;

hence we obtain the expression of V [1394].

*
(948) The expression of V [1394] is similar to that of ffP'. dp.dq [13596],

putting P' = ^'"•^_^-^ ^ ^hich makes V=fd q .fP' dp. The integral

[1397a] fP' dp is to be found upon the supposition that q is constant, [1359c], and the limits
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limits. This being supposed, it is easy to prove by differentiation, that if we

put for brevity

a.A + b.B-i-c.C = F, [1397]

of the values of ^ are the angles xce= p^, and xcE=p', in the annexed figure,

which is the same as in page 9
;

these limits being the values of p, q'.
_ c'

to be found by putting r' — r^= 0, or R=
;

as will appear q .

from [1359c, e,/]. The values of p,,p', being functions of q,

the integral fP' dp will become a function of q, which in [I359rf]

is called Q, and then V^f ^dq. The equation /2= 0,

from which p,, p', are determined, becomes, by means of jR, /, L,

[13G5],

0=
f
a . cos. p -\-mh .sin.jo . cos. q -\-nc . sin. p . sin. q]'^

X

-|- ^P— a^—mh^— nt^\ . {cos.^p -{- m .sm.^p. cos.^q-{- n. sin.^p sm. q]
. [13976]

This equation will give p, and p' in terms of a, b, c, m, n, k, q ',
and if any one of these last

quantities should be varied, the angles p^ and p' would also vary. Thus if a be changed into

a-\-da, the limiting angles p^ and p' will become p^ -f (j^) -da, and p' -\- (~) . da.
[13976']

This is also evident by geometrical considerations. For if we continue the line xc to c',

making cc'= da, the lines drawn from c', tangents to the curve efE F, will not in

general be parallel to the tangents ce, c E
; consequently the angles, which these tangents

make with the line x c t\ will be varied by this increase of the value of a. Therefore, by
this increment of the value of a, the quantity which we have above denoted by Q, will be

varied in two different manners. First, by the variation of Q, on account of the value of a

contained in it explicitly ; this variation being usually expressed by i~\.da. Secondly,

by the variation of Q, on account of the value of a contained implicitly in the limiting angles

p, and p' ; which angles vary by (^')-^«>
and

(-^\.da, \\'Z91b'\ The effect

of this second cause of variation may be computed in the following manner. In the annexed

figure, which is similar to the above, but is drawn separately for

distinctness, the line cfF is supposed to be drawn infinitely near

to cE, the limit of p'. The integral f F' dp will be affected by
the action of all the particles contained in the space fgFE ; but

this mass being called m, and its mean distance from the point c being

/'^. [-393],

[]397c]

cE = r",

nearly ^ .

its effect on V, or on will be

Now if from the point E we let fall upon Ff the

perpendicular Eg=t, it will nearly bisect this line Ff= r'— r=
p in ^ J p being [1397^^
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we shall have, between the four quantities B, C, F, V, the following
equation of partial differentials,*

[1297d] used for brevity. This small arc FEf may be considered as a circular or a parabolic

arc, on account of its being infinitely small
;

and the area m'= fgF E, considered as

parabolic, is by a well known rule equal to f . Eg . Ff= § ^ .
p. If we suppose D to be

the diameter of the circle of curvature corresponding to the point E, Eg will be its versed

sine, and Fg := | p =: sine of the arc FE
; thus, by the nature of a circle, we shall have

nearly, D.Eg= Fg^ = 4 p^ ;
hence Eg — t= ^, Substituting this in

1 2 t/7?
m'= §^.p, it becomes m'=— .p^; but p

= ?•'— r = '

, [1367]; hence

4 i
the value of m' becomes m'= ^r-zr-r- . i?^ . Therefore this variation of V, or

m! . 4 5.

[1397e] -j7
is ^DU " ' "^^ * ^°^^ ^^ ^^^^ P°^°^ "^ *^^ quantity R is nothing, and in general,

for the points near to E, the values D, L r", do not vary much, for all the particles of the

mass m'
;

therefore the variation of F' is nearly proportional to R^. This quantity and its

differential both vanish when 72=
;

therefore we may neglect the second cause of

variation in the value of F, and it is evident that what we have said relative to V [1394] will

also apply to the values of A, B, C, [1395]. For if we compare the elements of F [1394]

with those of .^ [1395], we shall find that they are in the ratio of -
: cos. p, or, by

J- -1— r'

[1367],
—-—

rcos.p, which is nearly as /' : cos.
jo ; and as this is nearly constant

for all those points mf of the spheroid which are near the limits, we shall get the required part

COS* 7)

o( A, by multiplying that of F^ [1397e], by
—^ nearly. Hence it is evident that

this part of A will be of the order R^
;

and in the same way we may prove that the

corresponding parts of B, C, are of the order R^
;

and these expressions, as well as

their differentials, will vanish when R= 0. Hence in all cases, when finding the partial

differentials of F, A, B, C, [1394, 1395], relative to a, b, c, m, w, k, we may neglect the

[1397/"]
variations of the limits of

jo^, p. The limits q^, q',
o( q, depend on the same principles ;

therefore we may also neglect the consideration of these limits, in finding the partial

differentials of F, A, B, C. Hence it follows, that in finding the partial differentials of

F", A, B, C, it is only necessary to notice the first cause of variation, mentioned in [1397c],

namely, that which arises from the explicit values of a, b, c, m, n, k, contained in these

quantities.

*
(949) To investigate the equation [1398] a priori, we may find the partial differentials

of F, A, B, C, relative to a, 6, c, m, n, k, and connect them by constant coefficients
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^_^ a^+ 6^+c^-F^ /. Sd^\ fdF\\ , ,^, ,j, ^, orpfZi

+^-C^)-^-Kf)-*-6T)-^!

of partial
diifeien-

tials for

finding the
attraction
of an ellip-
soid upon
an exter-

nal point.

n dF\ _ ^ (dV\ _^l (1) [1398)

dc J
^' \dc+ ,^.{'^-^].c.U^)-h-{-^)-C

-^•(™-i)-0-^-(«-i)-0-

[1398a]

g, h, i, Sic. Then take these constant quantities so as to make the terms depending on the

same cosines and sines disappear, and we may obtain the proposed formula. We shall not,

however, use this method, but shall proceed according to the directions of the author, by

means of the differentiation of the quantities ?^, A, B, C, F.

We shall use, for brevity, the following abridged values of x, y, z, A;', S, G ; observing,

hovsrever, that these values of x, y, z, differ from those used in
<§> 1,2. We shall then, from

[1365, 1395, 1397], get the following values of /, L, R, F,

X= cos. p, y ^^ sm.p . cos. q, z = sin.p . sin. q,

A/= k^— a^ — mb^— nc^,

G= a . COS. p-\-h . sin. p . cos. q-\- c. sin. p . sin. q
= ax -\-h y -\- cz^

J==aa?+m6y4-wcz, L=x^^my^^nz\ R=P-\-{Jc^—a^—mb^—n(^).L=I^+J(f.L,

F=2 .ffd p . dq . s\n. p . R^ . L-' . G.

^3 _|_ y2 _|_ ^a __ cos.^p + sin.^^ . (cos.^ q -\- sin.^ q)= cos.^^ + sin.^p
= ^ •

Comparing together the values [1394, 1395] and that of jF [1398a], we shall find that they

all contain the factor 2dp .dq . sin.p, under the sign ff; and if the equation [1398] [13986]

become identically nothing, by means of these values of V, A, JB, C; it must also be

identically nothing, if we neglect 2 .ffdp .dq. sin. p, in all these quantities. Therefore

we may put, instead of [1394, 1395],

V=IRi.L-^, A=:Ri.L-^x, B= Ri.L-'y,

C= RKL-^z, F=Ri.L-^G. ^^^^'^

9
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We may eliminate B, C, and F from this equation, by means of their

values [1387, 1388, 1397],

we shall thus have an equation of partial differentials in V only. We shall

now put

[1399] V= o /- .V=M.V,^ . Y mn

Now collecting together all the terms of the second nnember of [1398], depending explicitly

on V, and calling the same k^ u'
; putting also k^ u" for the rest of those terms, the

values u', u", will be as in the following expressions, and the equation to be demonstrated

[1398<f| will be Jc^ u'+ k^ u"= 0, or u' -f u"= 0, and we shall have

/ 1 / 9 I 10 , 9 ,2^
1 /dV\

,

_ (m—1) , /dV\ (n—1) /dV\
u'= i . (a^ -\- b^ 4- c^— k^) .

-
.

I

—
) + V— .b .[

—
)
— --—-

• c .
(
—-

:^ \
~ ~

J k \dkj~ 2m \dbj 2n \dcj'

[1398

From F, F, [1398c], we obtain the following partial differentials; observing that /, L, G,

[1398a], do not contain k
; that L does not contain b, k ;

and G does not contain m, k :

(^:)=*«-•«--'•(^:)-«'•«^-•(S)•

/dV\ /dF\ /dF\ .

It is not necessary to write down the values of
\~J^)

'
I ^7/ ' \dn)

'
^^"^^ ^^

may be derived from
(^) , (^) , (^) , respectively, by changing b, m, y,
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M being, by ^ 1, [1346], the mass of the ellipsoid; and instead of the [1399]

variable quantities m and 7i, we shall use ^, w, found by putting

(^")-^^ -(^")-^^

B=

6 = • At
;

^ = • «^
; [1400]

(

—-
) ,

into c, n, z, C= —
( ^— ) ,

and the contrary ;
as is evident from [1398/"]

\do J \ac /

the values []398a], observing that these changes do not affect the values of k, I, L,

R, F, G, S.

From the values /, L, R, [ISQSa], we get, by observing that x, y, z, are independent

of k, b, m,

(^)="'y' (^)='2'' {^)=y'' (^)=y'

Making the changes mentioned in [1398/'], we may obtain (^)i (^—V &c.
\dc / \dn/

Substituting these in [1398/], we shall get the values of f—\ f~\ &c.,

from which we may obtain the values of u', u", [1398e]. The object being to prove that

0=u'-\-u" [1398cri is an identical equation, the demonstration will not be affected, by [1398A]

multiplying all the quantities [1398c, /], by the common factor 2 R^ . L^, because all

these quantities
{jj^p \7b)' ^*' °^^"^ °°^^ '° ^ ''"^^^ ^°^"^' ^^ °^ ^^^ ^^^^

degree in u', u"
; and this multiplication will render the quantities more simple. After

performing this multiplication, we must substitute the values [1398^], and we shall get the [1.398t]

following system of equations, neglecting this factor in the first member.
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& is the difference of the squares of the two semi-axes of the spheroid,

V=2IR, A= 2RL.x, B= 2RL.y, C= 2RL.z, F=2R.GL,

\dk
[—\=2k.IL,

(—\=2R.my-\-L{2my.I—27nb.L)=2m.{{R+P).y—b.IL}=2m.{S.y—b.IL),

(~] = GL.2k.L= 2k.GL%

f~\=GL.{2my.I—2mb.L)-^2RL.y,

f^\=GL.{2l.by
—

b^.L-\-k'y^)
— 2RG.yK

(J

'T/'\ /f] Ji^\ //7 7i^\—
j, [~j~)i V";^")' by changing b, m, he, as in [1398/"'].

Hence we get the four following expressions, of which the fourth may be derived from the

third, by making the changes of b into c, m into n, y into z, he, as above.

V= 2IR,

[1398Z] —f'^^Yb. (^\
=— {m—l).b.{S.y—b.IL) = {mb^—b^).IL—{m—\).by.S,

-{^^) '''(!-£)= inc^-c^).IL-in-l).ez.S,

Adding these four equations together, the first member becomes equal to the value of u',

[1398e]. The coefficient of IL, in the second member, neglecting the terms of the sum

which destroy each other, is equal to a^ -\- m h^ -]- n c^— k^ == — /</ [1398a] j and the

coefficient of — »S is (m
—

I) . b y -{- (n
—

]) .cz, which, by using the values /, G,

[1398a], is evidently equal to /— G
;

hence we get

[1398ni]
u'= 2lR—k'.IL—{I—G).S= SG-i-I.{2R— kf,L— S)= SG',

because the coefficient of /vanishes; since the substitution of S= R -{- 1^ [1398a]

[1398m'] makes it 2R— kf .L— S= R— k' . L— I^, which becomes nothing by using the value

of R = P + Jif.L [1398a].

We shall now compute the value of u" [1398e], by means of [1398/i], from which

we get

b . (^^ =GL.{2mby ,I—2mW.L)+2b .RL.y,

[i:398»] —bB= —2b.RL.y,
— m . (— ) =GL.{—2mby.I+mb^ L-^k'mf)-]- 2RG.my%
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which are drawn parallel to the axes of y and x
;
and w is the difference

whose sum is

h.(^-£\ —hB—m.(^ = GL.{—mh^.L— Ti!.mf)+2RG.mf

= mG.{—b^.L^-{-{2R— I(f.L).f]. [1398o]

If we multiply this by ,
and substitute 2R—hf.L=S, deduced from [1398ni'],

we shall get the second of the three following equations. The third of these equations may

be deduced from the second, by changing 6, w, y, into c, n, z, respectively, and the

contrary, as in [1398/']. The first of these equations is obtained by substituting the values of

i.(—d'—V—c''+k'').j.(~)—F={—a'—V—c'+lc').GV—2R.GL,

Adding these three equations together, the first member of the sum is equal to u'' [1398e] j

hence, by connecting and reducing the terms of the coefficient of G L^, we get

n" = {—a^—mh^—nc'-irT^).GL^—2R.GL^{{m—\).f+{n—\).z'\.SG. [1398?]

Now the value of R [1398a] gives

{~a'— mU'— n(?+ ]c').L=^R—P = 2R—S, [1398a];

and if we subtract oc^ -i^ y^ -\- z^= \
, from L

[ 1 39Sa], we shall get

{m-\) .y^ + {n—\) .z' = L—\
',

hence, by substitution in this last value of u", we obtain

u"=:^{2R^S).GL—2R.GL + {L— \).SG. f1398^]

Rejecting the terms which mutually destroy each other, it becomes «"=— S G. Adding
this to u'= S G, [139Sm], we get u' + u"= 0, which is the equation required to be

proved in [139&rf], and is equivalent to the equation [1396].

10
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[1400'] of the squares of the semi-axes which are drawn parallel to z and x ;*

so that if we take for the axis of a:, the least of the three axes of the spheroid,

s/l and y/ro will be the two excentricities. We shall then findf

\dn)
~

^^^'l 72*V^/+2^^'

k k

[1400a]
*
(950) The three semi-axes parallel to a?, y, 2:, are a=k, /3

=—-, 7=—, [13696],

respectively, and a being- supposed to be the least of these quantities, the excentricities will

be denoted by \/{^^
—

a^), \/(7^
—

"^)i [377", 378m]. Substituting these values of

«5 ^, 75 we get

[14006]

^{f-.-) = [^-kf
= k . (l^y

=
v/«, [1400],

^if-a^)=
(^'-;^)*

= k .

(I^)4=j/„, [1400].

f (951) In the first members of [1401], F" is a function of k, m, n
;

in the second

members, F" is a function of k, 6, vs
'^

the constant quantities a, b, c, being common to both

hypotheses. Hence in finding ("77:))
or ^'\~7k)^

in the first of the equations

[1401], we must suppose, in the second member of this equation, k to be contained in T^,

explicitly, also implicitly, by means of ^, w, which are in v [1399]. So that from

V= Mv, [1399], we shall have

m=m-+^-C;^+---m-(M)+^-
/dv\ /d-a'

\d7^)
'

\dk

the two first terms arise from the explicit values of k, and the two last from the implicit values
;

and we may observe, that in conformity to the usual rules for finding partial differentials, the

quantities m, n, are considered as constant, in finding this partial differential (
—

j
,

relative

to the independent variable quantity k of the first member. Now from [1363'"] we get

/dM\ _ JT^.k^ __ 4 ^ . fcs 3 _^ 3
^

\dk) \/mn S.\/^n'k 'k'
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V being considered, in the first members of these equations, as a function of

a, b, c, k, m, and n ;
and v in the second members, as a function of «, 6, c, [1401']

6, OT, and k. If we put

we shall find*

F=^MQ, [1403]

and from [1400] we find

/d6\ n—m\^, 2& /dzi\ /1_„\ 2«

hence [1401a] becomes

,-)^M:i..+M.(^:)+M.(^y-i+M.{^).f.,
fdV^
\dk

multiplying this by A:, we easily obtain the first of the equations [1401]. In like manner from

V=Mv, [1399], we obtain
(IT)

=
(^')

. „+ JM .

(If)
.

(^) , because (1401c]

4 * . A3
V contains m implicitly in &. From M = . to~* [1363'"] we get

fdM\_ 4^.k3 -f_ 4^. A3 J M —'
\dm/ 3.t/n*^ S.y/^'Sm

*

2jft
'

/ d d\ A2
and from ^=(m-i — 1).^^ [1400], we find

(
— )=_m-2.F= -. [1401rf]

Substituting these in [1401c], we get the second of the equations [1401], and the third

may be found in the same manner ; or more simply, by changing m, ^, into n, -a, and the

contrary.

*(952) In V=Mv [1399], the value of M= ^'''!?- , does not contain
«j •ymn

a, b, c; so that if we take the partial differentials of V== Mv, relative to a, b, c, and

use [1387, 1388], we shall get

-^=(^:)=^-(£> --=(^r)=^-(^> -Hj^h^-o-
Multiplying these respectively by

—
a,
—

b,
—

c, and adding the products, we shall find

<.^ + *5 + cC=
-^.|<,.(^)+».(^)+..(lf)|,
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and we shall obtain the values of ^ - \~JTrn ( }> ( \ bydk J \dm J \dn ^

[U03!] changing, in the preceding values of k .

(-^) » ('Jj '

(T~ )
'

^ ^"^^

— Q. Moreover, V and F are homogeneous functions of a, b, c, k, t/J,

^, of the second degree. For Vis the sum of the particles of the spiieroid,

divided by their distances from the attracted point [1385'"], and each particle

[1403"] having three dimensions, V must be of the second degree, as well as F,

which is of the same degree as F.* v and Q are therefore homogeneous
[1403'"] functions of the same quantities, of the degree

— 1
; we shall therefore

have, by the nature of homogeneous functions,!

or F=—Mq, [1397, 1402], as in [1403], Now from the equation [1399],

V=Mv, we have deduced the equations [1401], and if we compare [1399] with [1403],

we shall find that the second may be deduced from the first, by changing V into jP, and

[1402a] ij into —
Q. Making the same changes in [1401], we shall obtain the values of

-Q' (£)' m' t'-i.

*
(954) V being of the second degree in a, b, c, 7cj the quantities

^—m' ^=-(^0' '—m' c-^''-]-

must be of the first degree, consequently F=aA-\-bB-{-cC [1397] must be of the

4*.A;3
second degree. Now M= 5

—7= is of the tliird degree in k, and by ri399l

v=—; consequently v must be of the degree
— 1. In like manner, by [1403],

JP

Q= —
: must be of the degree — 1 .

f (955) If we for a moment put ^^= 6', \/zi
=

ijS, the quantity v will be

homogeneous in a, h, c, &', xs', k, and of the degree
— 1 . From the nature of such functions,

as expressed by the equation
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which equation may be put under this form
f,

We shall in like manner have

This being supposed ;
if in the equation [1398], we substitute the values of

V and F, and their partial dififerentials given above, and also for m and n

their values [1400],

'» =
FTl'

" =^' f'"«'i

we shall get^

in which ./3 is a homogeneous function of the degree m, in a, a', a", &tc., we shall have

A= v, a'= b, a" = c, &;c., m=— 1
;

hence

-(rj+^-(ri)+-(^)+-(r;)+-(£)+*-(^)=-»-

Now as V contains 6', only as it is found in 6, we shall have (t^)
=

('T")
•

("~p)) ^^^

the differential of ^^= 6, is 2d'.d^=:d6, or ^,=2^=^^=— , hence

(^)
= 7-Q' °'

^'(rff^^^^^-Q-
I^t^e same manner from t^^^^,

we obtain z/ . (—j
= 2 « . (— j

. Substituting these in [1404a], we shall get [1404],

the three first terms of which are, by [1402], equal to Q. This being substituted, it becomes

^+ ^^-(^)+^''-(^)+^-(^)
= -^' «sin [1405]. Again, as t; and Q

are both homogeneous functions of the same quantities [1403'"] of the degree
—

1,

we may proceed in the same manner with Q, as with v ; therefore we may change v into Q,
in [1404], and Uius obtain [1406].

*(957) From [1406'] we get m— l=-^ n^l=^, also from

[1400] J^ .

(^^)
=—

^, ^'
(^V^)

= — «
; hence [ 1 398] becomes

11
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o=(«H.+.).[.+iQ-i.;«.(4a)+*.(4i)H-.(ii)|]

6. Suppose the function v to be developed in a series, ascending according

[1407'] to the powers of the dimensions of the ellipsoid, and therefore descending

The first of the equations [1401], by substituting the value of the first member of [1405],

becomes k . (^\
= M.{—v—Q -{-Sv)

= M . {2v
—

Q). The value of

—
J may be deduced from the first equation [1401], changing v into — Q, as in

[1403'] ; hence we get

but from [1406] we have

hence ^-Q =M.[-. ^ + {a. {^)+, .(^) +..{^)]l
a„a

lastly, the values of V, F, [1399,1403], give V—F=M.{v-\-q). Substituting

these in the top line of [1407a], namely

it becomes equal to
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relative to the quantities a, 6, c
;

then this series will be of the following

form,

V = C7(») + U^'^ + C7('> + C/(=^ + &c.
; [1408]

The coefBcient of k^M in this expression, is

[1406], and by the substitution, in these first terms, of [1407a], they become

Again, from [1388],
— B=(—j, hence

[140761

n-H^)-'^=mM7^)-\db

Bu. from [1399, 1403], we have i •

(^)
= i ^.

(^j^), (^)
=-;K.Q ;

Aerefore Q-J .

(^^)_B
=

_.«.[(lf)
_

J .

(^)>. Wuhiplying U«.

by —
b6, we get the next term of [140Ta],

The factor of —
eta, may be computed in the same way, or derived from the preceding,

by changing b, B, into c, C, and the contrary ;
hence

If in
Ij^j [1401] we change v into — Q, we shall get (;i— ) [1403']. Substituting

the value of m [1406'], and then multiplying by tt-;— ,
we shall get the next term of

k-'-\-d

Changing in this m, ^, into n, w, we shall obtain the similar part depending on (~^ ,
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[1408'] C7(% m\ U^^\ &c., being homogeneous functions of «, 6/'c, -it;* \/i; \/^/
and separately homogeneous relative to the three first, and to fhe'-three last,

of these six quantities, the dimensions relative to the three first are always

decreasing, and the dimensions relative to the three last are*alvvays

increasing.* These functions are of the same degree as v, being all of the

[1408"] degree —1 [1403'"]. ^

-
"

If we substitute the preceding value of v expressed in a series [1408],
in the equation [1407], and put 5 for the degree of C/^'^ in terms of k,

[1408'"] y/6y s/^i consequently
— s— 1, for its degree in «, 6, c, [1408«] ; in

like manner, 5' for the degree of C7^*+'^ in terms of A;,^7, ^Z^, consequently

Adding together these different terms of [1407a], as they are found in [I407&, c, f/, e, /],

and dividing by the common factor M, we shall get

In this the coefficient of /c^, neglecting the terms which mutually destroy each other, is

— ^^ • V^)' "lal^ing this term equal to — ^F .

(-^j ;
and the expression

[1407^], by small alterations in the arrangement of the terms, becomes as in [1407].

*
(958) In [1389, &;c.], V is developed, in a series ascending relative to the dimensions

of the spheroid, and descending relative to the powers and products of the co-ordinates a, 6, c,

V ...
of the attracted point ;

therefore
''^'^m [1^99] can be developed in a similar

function, corresponding to the form assumed in [1408]. Each term of V [1389, 1403"] is

homogeneous and of the degree 2, and each term of v is also homogeneous and of the degree

— 1
^

in terms of the co-ordinates of the attracted point a, b, c, and of the dimensions of the

spheroid, represented as above by k, \/6, \/«. Now each term of v being homogeneous in

a, b, c, k, \/6, s/zs, and of the degree
—

1, ascending relative to k, \/^, s/-!^,
and descending

[1408a] relative to a,b,c; it follows that if any term of i>, represented by U^\ be of the order 5 in

terms of k, \/&, ^Z^, it must be of the order — s— 1 in terms of a, b, c, so that the

whole terra may be of the order — 1, in a, 6, c, k, \/6, s/th.
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5'—i-l5*.for its degree in a, b, c; we shall have, by the nature of

homogeneous functions,*

[1409]

and we shall get, by rejecting terms of a higher degree in k, ^4, \/^, [1409']

than the terms which are here retained,!

*
(959) The equations [1409] are easily deduced from [1403a], putting a'=:6, [1409a]

a"= c, also A= U^\ m=— {s-{-l) for the first equation [1 409] ,
and A= U^'+^\

Tn= — (s' -f- 1), for tli6 second of those equations.

f (960) If we, for brevity, use the sign 2 to denote the sum of the terms of the second

member of [1408], so that it maybe denoted by i: . (7^, the expression of Q [1402]

will become Q= 2.<a.f_-—
j

-\- b .(——-) -^ c . (——
ji; which, by means of

the first of the equations [1409], becomes -^2 . [s-\-l) . C/^'^, so that we shall have

Supposing now the coefficient of a^ -\- b^ -{- <^, in the first line of [1407], to be [1410a']

represented by S, and all the other terms in the second and third lines of that equation to be

represented by T, we shall get

and if we use the value of Q [1410a], we shall find

as is evident from the first of the equations [1409]. Substituting this in the preceding value

of S [1410.1'], it becomes S= v + ^ Q— ^ l .{{s -j- If .W^, and by using «, Q,

[1410a], we get S= 2 .
{

1 — ^ .
(5+ I)

— J . (.+1)2| . t7»=— 2 . ^ ,.(,+ 3). C7« [hiqc]

Again, from [ 1 4 1 Oa], we get Q_ ^ r=— 2 .
(*+ 3

)
. [^(o^ ^^d by taking its partial

12 ^
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differentials, we obtain b 6 .

(^\
— hb6. (^\

=— 2 .
(s+ f)

. 6 ^ . (^^) , also

czi .
(

—
)

—
h <^^*

(J")=^
— ^ • (*~l~?) • c* •

(
—

-1
—

]
;

hence the two lower lines of

[1407], which constitute the value of T, become, by using in the terms depending on Q, the

value of Q[ 14 10a],

[1410rfJ
/fJTT(0\') C ///r7('>\")

_i.(«+«).s.S(.+l).t7«i-i«.:=.^(.+«.(i^)^-^«.:s.|(s+j).(f!i^)^;

and if we alter the arrangement of the terms, putting for brevity W^"^ equal to the numerator

of the second member of [1410], or

_i. (s+l). (« + «). l/a-(s + J). 6«.(^)-(»+ f).c«.(:^);

we shall get T=2 . W^^, and then from [14106, c] we shall have

[1410/1
= ~(a« + &2+ c2).2.^..(. + 3).17«4-2.^«.

Now each term of W^^ [1410e], is evidently of the same order in a, b, c, as the quantity

U^"^, and the correspondmg term of the same order depending on

—
(a2 + 62 _|_ c2) . 2 . 1 , . (5+ 3) . C7«

,

must be that arising from the next term U^^^\ which by [1408'"] produces

—
(a2 -f 62+ c2) . I / .

{s'+ 3) . £/"«+",

so that we shall have, by putting this equal to nothing,

=— (a2 4- J2 _|. ^) . J ^/ . (y _|_ 3) . £7«+i) _|_ «P^W,

[1410c]
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This equation gives the value of U^'+^\ by means of U^''^ and its partial

differentials ;
now we have

rm I . [1411]

since by noticing only the first term of the series, we have found, in

^ 4, [1392],* M

hence

m+i) — ^^ ,, .^^ ,

as in [1410] ;
and [/"(i+i) ^jn ^g of the same order in k, ^6, y/w, as W% and will

therefore from [I4i0e] exceed by 2 the order of U^\ so that we shall have s'=s-\-2, [1408'"]. [1410A]

This value of C/^'+^^ will make every term of the equation [141 0/] vanish, from U^^^ to

the last term ?7(''+^^, retained in [1408], except the two following

—
(a2 + i2 _^ c2) .

1 s .
(s + 3) . W^ + fr(''+')

;

of which the last is neglected on account of its smallness, in [1409'], and the other vanishes

because it is multiplied by the factor s, corresponding to U^^\ which is shown in [1412^] to be

s = 2 i = 0. Therefore the general expression of U^''^^\ [1410], being used in [1408],

will give the value of v, which will satisfy the equation [1407], neglecting terms of the order

mentioned in [1409'].

*(961) SubsUtuting[l408]in [1399], weget V=M.{U^^^-\-m^-^U^^^-\-hc.), and [1411a]

by [1408'"], the functions U^°\ U^^\ U^% &c., are arranged according to the order of

the powers of k, \/6, \/ts, so that, if these quantities be considered as infinitely small in

comparison with a, 6, c, the first terra C7^% will be much greater than the rest, and by

retaining only this term, it will become V= M . £7^"^ ; but the value of F" corresponding

M
to this case is V=

, ^
. ^ , , [1392] ; making these equal to each other, we get

^^"^"^
/(aa+ fca-fcs)

' t^^^'^' Pitting now t"=0 in [1410], the first member will

become ?7('>, and the second member will contain C7<°^, and if we substitute the

preceding value of C/^*^, we shall obtain Z7^'>. Then putting i=l, in [1410], we

shall get f7("2> in terms of C7< >
; and, by proceeding in this way, we may obtain die

general value of «= t7(o>+ Z7 ('>+ m^+ &c. [1 408] .
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Therefore if we substitute this value of U^^\ in the preceding formula

[1410], we shall obtain that of C/^'^
;

and then, bj means of U^''\ we
shall obtain that of C/^^\ and so on for others. But it is remarkable that

[U\^] none of these quantities contain k. For since U^^^ [1411] does not contain

/c, it is evident from [1410] that t/^'^ will not contain it f and not being
in U^^\ it will not be in U^^\ and so on for others

; therefore the whole

series v= U^^^ + C/^^^ + C/^^^ -f &c. will be independent of k
; or, in other

will therefore be the same for all elliptical spheroids, similarly situated,

which have the same excentricities ^^ and y^^. Now by ^ 4,t

[1412"']
_ M . (^ , —M. (^-^ , —M. (~\

, express the attraction of the

[1412"] words, {~\ = 0. The values of

d aJ \d b^

[1412""] spheroid, parallel to its three axes
; therefore the attractions of different

tSem"* ellipsoids, which have the same centre, the same position of the axes, and the
on the ...
o"andup-

'S^^^ excentricities, upon an external point, are to each other as their masses.
sold.

It is evident from formula [1410], that the dimensions of U^^\ U^^\

[1412V] C/^% &c., in \/l, \/^, increase by two units, so that s= 2i, s'^2i-]-2;t

*
(961a) U^'^^ [1411] does not contain A:, therefore (——_j=0. Hence the term

(d
U^^^\———

j
will vanish from the value of U^^\ deduced from [1410],

therefore (
)
= 0, vi^ill also vanish from C7^-\ he.

f (962) From V=M.v [1399] we get

-o=---(£)-. -m=-'Hf:)-' -(f)=-^-(?c)'
because M does not contain a, b, c, [1363'"]. Hence from [1387, 1388], we find

[14x^1 ^=-^.(^); s—^i^)-' ^=-^-(:£)-'

A, B, C, being the attraction of the spheroid in directions parallel to its three axes [1347"].

X (963) We have found in [141 OA], that if 5 and s' represent respectively the degrees of

[7« jjiM)^ in k, ^6, ^zi, we shall have in general s'= s-\-2. If t = 0, we

have by [1411] s= 0, hence s'= 2 corresponds to U^^l Now putting i=\, the
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we have also, by the nature of homogeneous functions,*

therefore the formula [1410] will becomef

value 5 corresponding to V-^^ will be s= 2, and s'=s-\-2= 4: will correspond to U^^^.

Proceeding in this way, we find in general that s=2i, and s'= 2i-\-2j correspond

to C/« and m+^\ as in [14 12^].

*
(964) C7(*) [1408'] is homogeneous relative to \/d, \/-us,

k
; and it is proved, in

[1412'], that it does not contain k, it is therefore homogeneous in y/d, ^•cf, and by [1412'']

it is of the degree s^^2i, or in other words, it is homogeneous in 6, zs, and of the degree [14126]

^s= i. Therefore if we put A=U'^\ a ^6, a!=i'ss, m= i, in the equation

[1403a], we shall get 6 . (^^) + « • (^^)
= » • U(^\ as in [1413].

f (965) From [1412'], Z7® does not contain k, therefore f£E!!!.\==o, also

s=2i, [1412^]. Substituting these, and [1413], in ^« [1410e], it becomes, without

reduction,

f^<o=-(2.•+l).«^(i^)_(2i+l).[.•„.f/»-«..(«^)]

-(T).(^+'.).f^<»-(2.-+«.*..(^)-(..-+#).o..(^);

or by connecting together the coefBcients of U^"^ and (____) it becomes

»'"= (2.-+ 1) .(:^) .(_«» + ««) _(2,-+ l) . U">.liu + i.{»+ ^)i

—
(2i+ f).c«.(^^)

— i.(2t+l).{d + (2i+l).w}.t7».

Substituting this and s'= 2i-{-2 [1412'], or i «' .
(«' +3)= (i+1). (2t+ 6), in

t^-CH-u [I410g], it becomes as in [1414].

13
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ri«4i rr». ^^^'
+ '^ '(^-'^ {^)-^^' + '^ '"i^)} ,,,[1414] C7(»+^)=/

^ '^ ^
> . (4)

^-(2z+ f).c^.(^^')-i.(2i+l).{^
+ (2i+l>;.^«^

(i + 1 ) . (2 ^ + 5) . («^+ 6' + c^)

~

We shall have, by means of this equation, the value of v [1408], in a series,

[14141 which will be very converging, when the excentricities ^I and \/^ are very

small, or when the distance \/a^+ ^^+ t^ f''oi^i the attracted point to the

centre of the spheroid,* is great in comparison with the dimensions of the

ellipsoid.

[1414"] If the ellipsoid be a sphere, we shall have ^= 0, and X3= 0, hence

[/(')=: 0, £/(')= 0, &c.
; thereforef

and

M
[1416]

V=
(a2+ 62+ c2)i'

*
(966) The distance of the attracted point c, flg. 1, page 5, from the origin K, is

[1416a]
Kc = ^{KH^ +HP +fc^) = v/(a^+ i^ + c^), [1355/>] ;

the origin of the co-ordinates K being at the centre of the ellipsoid [13636].

f (967) In the sphere the excentricities, \/6, y/w, [14006], are nothing ;
and by

[14126], £/« is of the degree 2i m\/6y \/^\ therefore £7('>=0, C7(2>=0, &c.,

and [1408] becomes v= TJ^^'^= {a^ -^-h^ -\-^)-^, ['411], as in [1415]. Substituting

this in V^=:Mv [1399], we get F'[14I6]. If the whole mass of the ellipsoid JIf were

collected in the centre of the ellipsoid, its distance from the attracted point would be

^(a2_|_58^g2) [1416a], and the corresponding value of V [1385'"] would be

71 f"

^^^ .
,

which is equal to that in [1416] corresponding to the spherical mass
;

and

as this value of V is the same function of a, b, c, the values of

•^=-o> ^=-(^:)' ^=-(f)- ['-'-]'

representing the attractions in directions of the axes, will also be the same in both cases, as

is observed above.
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hence it follows that the value of V is the same as if all the mass of the111. m I r L • Theorem

sphere were collected at its centre, ihereiore a sphere attracts a pointy uactTonof

without its surface, as if all its mass were collected at its centre ; which result
* *''''*'*

. . , [1416']
we have before obtained in the second book, § 12, [470"].

7. The property of the function v, of being independent of k [1412'],

furnishes a method of reducing its value to the most simple form, of which [1416"]

it is susceptible. For since we can vary k at pleasure, without changing the

value of V, provided we preserve the same excentricities ^6 and \/^ ; we [1416'"]

may suppose k to be such, that the ellipsoid may either be infinitely flattened,

or reduced to such a form that its surface may pass through the attracted point.

In both these cases, the investigation of the attractions of the ellipsoid [1416""]

becomes more simple ; but as we have already determined, [1379, 1385],
the attractions of an ellipsoid, upon a point placed at its surface

;
we shall

suppose k to be such, that the surface of the spheroid passes through the

attracted point.

If we put k\ m', n', in this second ellipsoid, for what we have called A;, w, [1416^]

w, in ^ 2, [1363'], relative to the first ellipsoid we have considered
;

the

condition that the attracted point must be at the surface of this second
[1416»»]

ellipsoid and therefore a, 6, c, co-ordinates of a point of this surface, will give*

a^ + w' . 6^ + n' . c^ == A;'
2

; [I4i7]

and since it is supposed that the excentricities \/7, ^, remain the same,
we shall have,t

(^)-^'-'= m-'- CT. [1418]

*
(968) This is deduced from [1363], accenting the letters m, n, k, to make it correspond

to the second ellipsoid ; and its general equation becomes ar^ -}- m' y^ -\- n' z^^ l(f^. Now [1417ol

by hypothesis, the attracted point, whose co-ordinates are a, b, c, is situated in this surface
;

therefore the preceding equation ought to be satisfied, by putting a:= a, y=b, z= c
',

and this substitution being made, it becomes as in [1417].

f (969) The equations [1418] are deduced from [1400] by accenting the letters m, n, k,
the excentricities 6, zi, remaining unchanged [1416'"]. From [1418], we get m', n', [1419],
hence [1417] changes into [1420].
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Hence we deduce

[1419] . m'=——--: ' n'= ^

we shall therefore have, to determine Td, the equation

li«0] «^+ _Zl_.6^+_^.,.
= A.- (6)

It is evident from this, that there is but one ellipsoid, whose surface will pass

through the attracted point, ^ and to remaining the same. For if we suppose

[I42(y]
6 and TO to be positive, which we can always do, it will be evident that when

k'^ is increased by any quantity, which may be considered as an aliquot part

of k'^, each of the terms of the first member* of this equation will increase

in a less ratio than k'"^
; therefore, if with the first value of /c'^, there was an

[1420"] equality between the two members of this equation, this equality would not

take place with the second value of k^. Hence it follows, that k^ has but

one real and positive value.

[1420'"] Now putting M' for the mass of this second ellipsoid ; A, B'<, C, its

attractions parallel to the axes of a, b, c
; alsof

[1421] ,

X'' a X
F=f'

v/(l+>.^a;2).(l +X'2.a;2)
'

*
(970) Dividing [1420] by A/ 2, it becomes

a2 52 c2

[1420al Fa+ife^iT^+i^M^""

If we now suppose 6, to, to be positive, and increase A/^ each term of the first member will

decrease ;
and if we decrease Jc*^, each term of the first member will increase

;
hence it is

evident, that there is only one value of A^^ which can render the first member equal to the

second, and thus satisfy the equation [1420fl] or [1420].

f (971) The equations [1421] are of the same form as in [1377], and the limits of the

integral!^ are the same, namely from a;= to x=l; but the va/wes of X^, X'^, F,

differ from those in [1377], except when m'= m, and n'=n. From these we obtain

the equations [1422] in the same manner as the similar equations [1379] were found ;
these

last differ from the others only by the accents on the letters.
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we shall get, by § 3, [1379],

^-—F^—'
^-

yf3 '\ dx J' k^ \ d^ )
^ ^

Changing in these values of A, B', C, M' into M, we shall get, from the [14221

preceding article, the values of A, B, C, corresponding to the first spheroid.*

Now the equations [1418],

givef

[1423]

.2 ^
. -x's _ =*

. [1424]

J<f^ being found from the equation [1420], which may be put under the

following form,

0^kf'—(a'+b^+ (^--6—'^).k''—{a'+ c')J+(a+b'').vi—6zi}.k'''—a'Jrz; [1425]

therefore we shall have

3rt.JW"„ j^_Sh.M fd
.\F\ ^ _ Sc.Jtf /d.\'F \ [1426]^- ~~^~ ' ~1^~

' \d^) '
~ ~f^ '

\d^)
'

Atuaction
of anellip-

These values exist for all points without the surface of the ellipsoid ; and In eXr-
' ' nal point.

to apply them to points in the surface, and even to points within the surface,

it will only be necessary to change k' into A:. J [1426'j

*
(972) It was proved in [1412""], that ellipsoids having the same centre, the same

positions of the principal axes, and the same excentricities, \/6, y/w, attract the proposed

point in proportion to their masses M, M' \ therefore by changing M' into AI, in [1422], we

shall obtain the values o( A^B, C, [1426], corresponding to the attraction of the first ellipsoid

upon an external point.

1 j_/ I __ _/

f (973) If in the equations [1423], or [1418], we substitute the values of —;— ,
—

;

—
,

[1421], they become X^ . k'^= 6, x'^.kf^= -a, as in [1424]. The value of k'^ may

be deduced from [1420], which being multiplied by {k^ -f- 6)
. (A/^ -\- w), and arranged

according to the powers of k, becomes as in [1425].

X (974) If we change ^ into k, in [1423], it will also be necessary to change m' into w»,

n' mto n, in order that the equations [1423] may not become inconsistent with [1400]. By
14
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[1426"] If the spheroid be of revolution about the axis k, so that ^ =
-m, the

equation [1420] will give*

[1427] 2A;'^ = «^ + &2 + C^— ^ + /(a2 + 62 + c2_d)2-|-4a2.^;

and we shall have, by ^ 3,t

A
Attraction •"

1/3 ,3
of an ob- K , A
late ellip-
soid of 4

revolution
'

3b . M
upon an . fJ ^^
external

-^
O i^S \3

point.
-* "' • '^

. < X— arc. tang, x i
;

.

j

arc. tang. x---^^j;

[1428] ^ 3c.M C X^ 3c.M C X )
^ = 77775

—
5 • ^ arc. tang, x

;

—-
> .

We have thus obtained a complete theory of the attraction of ellipsoids.

For the only thing that remains to be done is to integrate the differential

[1428] expression F [1421], and this integration, in the general case, is impossible,

these changes, the values of X^, X'^, [1421], will become the same as for the first spheroid,

[1377], and the expression of i^ [1421] will become the same as that in [1377], or in [1379].

Therefore, by changing k' into k, the values [1426], corresponding to a point without the

spheroid, will be reduced to the same form as those of [1379], corresponding to a point

within or upon the surface of the same spheroid.

*
(975) If the ellipsoid be of revolution, we shall have 6=-ui, and the equation [1420] will

become a^-\- ,„ , .{l^-\-c^)=k'^. ]Vfultiplying this by A^^-j-^j and arranging it according

to the powers of A;', we get ^'*— {a^-\-b^-\-(^
—

6).k'^
= a^.d, whence we deduce the

value of 2k'^ [1427].

t (976) Putting 6= vi in [1424], we get X' == X
;

hence F=f^^j~^ [1 42l'\;

and by [1380], this becomes F=—.l'K— arc. tang. X}. Hence we find, as in [1384],
X*'

(^) = ^3•l^r^•t^"g•^-I:^o^
which is also equal to (^) 5

and by

Attraction
substitution in [1426], we obtain [1428], corresponding to an oblate ellipsoid of revolution.

Me^phe"- The values of A, B, C, corresponding to the attraction of a prolate spheroid of revolution,
roid upon

*"

nKt^nt upon an external point, may be derived from [1385a], by changing k into kf.
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by the usual methods ;* that is, the value of F cannot be expressed in finite

terms, bj algebraic quantities, logarithms, or circular arcs ;t or, in other

*
(976a) These integrals can easily be obtained by means of the elliptical functions, as

was observed in [I379rf].

f (9766) We shall now explain the method spoken of in note 943, page 27, by which

Mr. Ivory avoids the complicated calculations of the fifth and sixth sections of this chapter,

and reduces the attraction of an ellipsoid upon an external point, to the more simple

compulation [1379, 1385], for an internal point; as in his memoir in the Philosophical

Transactions of London for 1S09
;
and in Le Gendre's Exercices de Calcul Integral, T. 2,

p. 512 ; or Traite des Fonctions EUiptiques, T. 1, p. 539.

For greater symmetry we shall put, as in [13696], a, ^, y, for the three semi-axes of the

ellipsoid, so that k= a,
—- = ^,

-—= y hence m^^, n= -^. Substituting ri428alym yn (S^ ^2
o l j

these values, in the equation of the ellipsoid [1363], divided by Jc^, or a^, it becomes. Equation
of the first

r2 «2 22
ellipwid.— 4-— +—= 1.

a2
'

^2

~
yH [14286]

Moreover we have from [14006], for the squares of the excentricities.

If the attracted point be on the surface of this ellipsoid, we may put x ^ a, y ==bt

z=:c, in [1 4286], and we shall get ^ +
— + -^

= 1
; and if die attracted point faU

[i428<i]

within the ellipsoid, upon the same radius, each term of the first member will be decreased, and
a2 fe2 c2

we shall have
"^
+

"^
+ ^< 1

;
if it fall without the ellipsoid, each term of the first

[1428rf']

member will be increased, and we shall have ——
I 1- — "^ 1

a2
^

p2

~
^2

-^ * •

The integral of the value of A [1348] may be taken relative to the variable quantity x,

considering y, z, to be constant. In this case we shall have

/• dx.{a— x) 1

[(a-x)24-(6_y)2+(c_z)2]^
=

i[a-xf+ {b-yyi+{c-zf]i
+ ^°°stant.

We must take the limits of this integral, from the greatest negative value of x, corresponding
to the surface of the spheroid, and denoted by —x^, to its greatest positive value,

corresponding also to the same surface, and denoted by x^ ; these values, deduced from

(1/2
22 \ A

1—
^ jj

> and then the preceding integral will become,

/,
dx .{a

—
x)

[{a-xf-{.{b-yf+{c-zf]i [{a-xf-j-{b~y)2+{c-zf]i [{a+x,f-\-{b-yfi.{c-zf]i
' ^^^^^



66 FIGURES OF THE HEAVENLY BODIES. [Mcc. Cel.

[1428"] words, by an algebraical function of quantities, whose exponents are constant,

nothing, or variable. The functions of this kind being the only ones that

[1428/]

1142%]

and the value of A [1348] will be

In the same manner we may find the integral of IB [1348] relative to y, or the integral of C
relative to z, but it will not be necessary to take these into consideration.

For the sake of brevity, we shall put,

If we suppose the attracted point, whose co-ordinates are «, 6, c, to be called P, then D will

represent the distance of this attracted point P, from the point of the surface of the ellipsoid,

whose co-ordinates are —
a?^, y, z\ and Ti, will be the distance of the same point P, from

the point of the surface of the ellipsoid, whose co-ordinates are x^, y, z
',
the line, connecting

these two extreme points of the surface, being parallel to the axis of x. The expression

[1428/] will then become

L1428A] A^ffdy.d..[^-^\

Hecond We shall now suppose a second ellipsoid to be formed, on the same centre, and with the

principal axes in the same directions, and that the quantities, represented by a, p, y, a, b, c,

[1428^1 ^/j y? ^) "^j -^j ^> -^> -^/j may, in this second ellipsoid, be denoted by the same letters

accented. We shall get, for the attraction of this second ellipsoid, upon a point P', resolved

in a direction parallel to the axis of x, the following expression, similar to that in [1428A] ;

the co-ordinates of this point P' being a', b', c', parallel to the axes of x, y, z, respectively.

[1428i] ^'=//rfy.d.-'.^i_-Lj.

This second ellipsoid, and the attracted point P, are to be so taken as to make D=D'j
J) = D/, and it appears, from [1428^], that both these equations would be satisfied, if

we had

[1428Jk] {a±:x)^-\-{h^yf + {c-zf={a':hx:f-^{b'-y'f + {c-^f.

We shall suppose the co-ordinates o', V, c', x', y',
s!

^
of the second ellipsoid, to be so taken,

with respect to the corresponding co-ordinates of the first ellipsoid, that we may have the

relations between them as in the following equations [1428/], in which fx,, v, w, are used, for

a h c

brevity, to denote the ratios of the corresponding terms, -, t,* ~j
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can be expressed independent of the sign f, all the integrals which cannot

be reduced to similar functions, are impossible in finite terms.

a= iha\ b= vb', c^uc',
[1428/]

ixx,
=

xl, ^y= y',
uz= z'',

then we shall get, by multiplying each of these equations by that immediately below it,

ax^=a' x', by= b'
i/,

cz= c' z'. [1428?n.]

Substituting these in [1428A;], we shall get, by rejecting the terms which mutually destroy each

other,

"^
_i_ ^ _L fl= ^ + ^ + -. + ^'^.' + ^y'+ -'-^

[1428tt1

or

Putting for brevity (y-^
—

i) . ^2_ g^ ^^^ jjj^^^ dividing by this quantity, we shall get [1428o]

This equation ought to agree with [14286/]. The coefficients of y^, t?, of the first members,

being compared, give v2_l = i, tJ^—\=,l.^^ by which means the second
[i428g]

, ,
a2 62 c2 a2

,
62 c2member becomes —+-_ +_, or -^+ -^-^ + -,_, as appears, by

using the values fi^ „2
_ ^2 _^ ^^ ^^^ [142&0, 5], and to make this equal to the second

member of [14286], we must put,

"^
I

^ C2

"T o2 I p H- r2ir-:
= l-

The attracted point P being supposed without the first spheroid, we shall have,

a3 62 c2

-2 +
^2
+ 72>l» [1428J'];

therefore, if we suppose s= 0, the first member of [1428r] will become > 1 ; and as

e increases, this first member will always decrease, and will become nothing, when s is

infinite. Hence it follows, that the equation [1428r] has but one real posiuve root, or value

of £. Having found this quantity, we shall get [l428o,5].

s

15



58 FIGURES OF THE HEAVExNLY BODIES. [Mec. Cel.

of"en?J-°" If the ellipsoid be not homogeneous, but composed of elliptical strata,
golds not .,,. .. .. ii>
ne™uT'

variable in position, excentricitj and density, according to any law whatever,

and the point P' will be determined by the co-ordinates [1428/]

,
a ,,6 ,

c

[1428n a' = -
,

& = -
, c'= -.

(X V w

Moreover, if we substitute the values of x^, y, z, [1428Z], in [1428&], we shall find the

following equation between a?/, y', z',

ri428 1 Comparing this with the equation of the second ellipsoid,

Equation x'^
,

w'2
,

z'2
of the -^ -{- r ^ = 1

;
second d'^ S'2 ^'2
ellipsoid.

which is of the same form as [1428i], accenting the letters as in [1428A'] ;
we shall get, for

the semi-axes of this second ellipsoid,

[1428u>] a'= afx, ^'=^v, y'
= y u.

From the equations [1428o, q, tu], we get

[1428a:] „/2_„2^s^ ^'^
— f = s, y'^

— y^=s;

therefore, by taking the differences of these equations, we shall have,

[1428y] ^'2_a'2=p2_„2^ y'2_p'2= ^2_p2^ y
'2_ „'2^ ^2

_ „2,

Hence it follows, that the principal sections of these two ellipsoids, which are situated in the

same plane, are described about the same foci [1428c].

Substituting the values of a^+s, f + s, y^ + s, [H28a'], in [I428r], we shall find,

a2
,

&2 c2

[1428Z] -+_ + - = !;

therefore the point P, whose co-ordinates are a, b, c, is situated in the surface of the second

ellipsoid M', [1428«]. If we substitute in [1428z] the values of a, b, c, a', p', /, [1428/, w],

we shall get,

o'2 &'2 c'2_
[1428«] -^+"^ + ^2

— ^»

hence it follows, that the co-ordinates a', h\ c', of the point P, are situated on the surface of

the first ellipsoid M, [1 4286].

S>"Lg
These corresponding points P, P\ are so connected, that their co-ordinates have the

points. relations mentioned in the equations [1428/, w], from which we get

[1428^] a:«'::a':a; b :b' :: pi :^ ;
c:d ::y' '.y',
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we may obtain the attraction of any one of its strata, by determining in the [1428'"]

preceding manner, the difference of the attractions of two homogeneous

therefore the homologous co-ordinates are proportional to the corresponding axes, to which

they are respectively parallel.

Substituting in [1428i] the differentials of i/, s/, [142SZ, vi], namely,

dy'= ,.dy= ^.dy, dz' = t^ . d z = '^ .dz, also D'= D, D;= D^, we [I428y]

shall get,

^=
^^.ffd..dy.[^-l]

=
^.ffd..iy.[l-l^]

[14285]

(3' 7'
A'= —-^

. A. In like manner we may computeComparing tliis with [1428A], we find

B, C
;
but these values may be much more easily derived from this value of A', by changing

what relates to A into J5, or C, and the contrary ;
hence we shall get the following system of

equations,

A'= ^.A, B^^.B,
'

C'=^.C. [1428s]
j3y ay a^

Therefore, if it be proposed to determine the attraction of an ellipsoid M, upon a point P,

situated without this body, we must proceed in the same manner as the author has done in

[1416''], and suppose a second ellipsoid M' to be formed, whose principal sections and foci

are the same as those of the proposed ellipsoid, and whose surface passes through the proposed

point P. These conditions will suffice for the determination of the magnitudes, and the

positions of the semi-axes, a', ^', y', of this second ellipsoid. We must also take, in the

surface of the first ellipsoid M, a corresponding point P', so that each co-ordinate of this [1428^

point J", may be to the corresponding co-ordinate of the point P, in the direct ratio of the

semi-axes of the ellipsoids M and M', [1428^], situated in the directions of these

co-ordinates. Then putting A', B, C, for the three forces, parallel to the axes of the

co-ordinates, resulting from the attraction of the second ellipsoid M', upon the interior point

P'
;

also A, B, C, for the similar forces of the first ellipsoid M, upon the exterior point P,
we shall have, from what has been demonstrated, [1428s],

/J— ^y a' . B= -7—, . B ;

ay
' [1428«]

by which means the second case treated of [1385'
—

1428] will be reduced to the same form

as the first [1369"
—

1385] ;
and it is upon these principles the calculations are made in

[1416"
—

1428]. The corresponding points P, P', being found according to the above

directions [1428^], the results of the preceding invesugation were enunciated by Mr. Ivory
in the following theorem, observing that the area of the principal section of the ellipsis, whose
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ellipsoids, of the same density as that stratum, of which the one has the

semi-axes are js, 7, perpendicular to the axis a, is represented by 'H.^y [378t;], and in like

manner, it, ay, le.a^, represent the areas of the principal sections, perpendicular to the axes

p, y, respectively.

"
If two ellipsoids of the same homogeneous matter have the same excentricities, and their

[1428^] principal sections in (he same planes ; the attractions which one of the ellipsoids exerts upon a

Ivory's point in the surface of the other, perpendicularly to the planes of the principal sections, will be

The™ io the attractions which the second ellipsoid exerts upon the correspondins; point in the surface of
attractions

of eiiip- the first, perpendicularly to the same planes, in the direct proportion of the surfaces, or areas,
soids

;

of the principal sections to which the attractions are perpendicular.^^

ferb^Mr '^'^'^ theorem is not restricted to the Newtonian law of gravity, but is true whatever be the

Poisson.
j^^ ^^ jjg decrease, as has been observed by Mr. Poisson. For if we suppose gravity to vary

[1428/] inversely as the power n of the distance, the expression [1428e] will become, by using the

values of jD,D,, [1428o-],

/dx.{a
—

x) 1
^

1 1 }

l(a-xf+{b-yY + (c-zy\'

Hence A [1428A] will be of the following form,

[1428X] A = ^^ -ffdy.dz .

I2^ — ~T I
,

and .4' [142Si] will become, by using the values of .D', !>/, dy, dz', [I4287],

[1428H '^-=^'nAy'd^ '\wr^--n^\=-:^

ri428vl whence we shall get A' = *—L. .Jl, as in [1428s]. Similar results will be obtained

relative to B', C. Hence .the truth of Mr. Poisson's remark is manifest.

4 w 4 T

[1428V] From [1369c] we have M=-— .a^y, M'= — . a' p' y' ;
hence we get

M a(37 J P7 M a! M a r^Ana i t ri i—=
, , } , and -7-S=— .—= —-.—, ri42Ps . In hke manner we have

M' a
|3 7

'

P 7 M' a M' a''
*- '^-^

ay Mb aS M C „ . . . . . ri a^c^ n c j
[1428v"] -r-7= TT, •

7; ; -rr = 1^, '~ • Substituting these m [1428?], we find
* '

ay' M' b'
'

a' ^' M' e^
° *

f^^^sf] -^^Zlr-*^' ^^FTW'^^ ^-71^'^'

in which A', B', C, represent the attractions of the second ellipsoid M' upon a point
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same surface as the exterior surface of the stratum, and the other the same

within its surface, whose co-ordinates are o', h', c, and these attractions may be found from [1428|']

[1379], by accenting A, B, C, a, b, c, Jc, using the values X, X', [1424], corresponding to this

second ellipsoid M'. Hence we have

Sa'.M'
B' = Sb'.M' fd.\F

(
d.\F\

^,
^c'.M' /d.X'F\

[1428^]

Substituting these in [1428|], we get the following values of A, B, C, being the same as

found Ly La Place in [1426].

3a. .If „ B= Sb.M rd.\F
A3 \ dX J' k'3

'

\~djr)'

If the co-ordinates of the attracted point a, b, c, and the excentricities 6, -a, be given, or

constant, k', [1425], and >, X', [1424], will also be constant; then the values of A, B, C,

[1428p], will be proportional to the mass Al of the attracting spheroid, as was proved in

another manner in [1412""]. Hence it is evident, from [1387, 138S], that F must also be

proportional to the mass M.

Le Gendre's theorem, corresponding to the action of the second ellipsoid, upon an

internal point, whose co-ordinates are o', i', c', is
—

-| -| = 4 * bein" the

same as in [1370^], accenting the letters, to correspond to the notation [142S|']. Multiplying

[1428p]

[1428<r]

this by
—

[142Sv'], and substituting the values [1428^']

A
a' M'

' Y
we get the following expression, for an external attracted point,

[14281],

ABC
^ a^y-

-T T -\ =4*. -7-7—7 ;

which is similar to that in [1370^].

If we suppose a= p= y, a'=
js'
=

7', the two ellipsoids will become concentrical

spheres ; the radius of the least sphere being a, that of the greatest sphere a'. If we put
*, «', for the surfaces of these spheres respectively, we shall have o? '.a!^ ::s x^^ [^75^],
andtlie equations [1428?;] will become

Tbeorem
by

Le Uendre
fur an
external

attracted

point.

[1428t1

s
B= -,,B\

s
C='-.C'. [1428.]

16
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• surface as the interior surface of the stratum. Taking the integral of this

differential of the attraction, we shall obtain the attraction of the whole

ellipsoid.

Ivory's Hence it evidently appears, that the attraction of the least sphere upon a point of the surface

spheres.*" rf ^^^ greatest sphere, is to the. attraction of the greatest sphere, upon a point of the surface

of the least sphere, as the surface of the least sphpre is to the surface of the greatest sphere.

From this it also follows, that the attraction of the least sphere upon all the points of the

surface of the greatest sphere, is equal to the attraction of the greatest sphere upon all the

points of the least sphere. The preceding theorem is proved by the author in another

manner, in Book XII, [11245].
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CHAPTER II.

ON THE DEVELOPMENT OP THE ATTRACTION OF ANY SPHEROID IN A SERIES.

8. AVe shall now consider the attraction of any spheroid whatever. We
p„„gji„„

have seen in ^ 4, [1388'], that the quantity F, which expresses the sum of V.

the particles of the spheroid divided by their distancesfrom the attracted point, [1428""]

has the property of giving, by its differentiation, the attraction of this

spheroid, parallel to any right line whatever. We shall also find, when we

shall treat of the figure of the planets, that the attraction of their particles

appears under this form, in the equation of equilibrium ; we shall therefore

enter into a particular investigation of the value of V.

We shall resume the equation [1386],

V= r
^^^

[1429]

«, 6, and c, being the co-ordinates of the attracted point ; x, y, z, the [1429']

co-ordinates of the particle of the spheroid dM [1385""] ;
the origin of the

co-ordinates being within the spheroid. This integral is to be taken relative

to the variable quantities x, y, z, and its limits are independent of «, b, c. [1429"]

This being premised, we shall have, by taking the differential of V*

*
(977) It was observed in [1386o], that the equation [1386], or [1429], might be

deduced from [455], by putting p
=

1, and changing x, y, z, x', y, z', into a, h, c, x, y, z,

respectively. Now the equation [459] was deduced from [-155], by merely taking the [1430a]

differentials; and if we make, in the equation [459], the changes in the letters just mentioned,

we shall obtain the formula [1430],

It is supposed, in the equation [1430], as in the calculations [452^
—495], that no part of

the attracting mass comes so near to the attracted point, as to render the denominator

\{x'^xf-^{^-yf^{z!^zf\^ [14306]
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[1430]
La Place's

funda-
mental
theorem
for the

attraction
of a

spheroid.
First

form.

ddV
+ ddV + ddV = 0, [or

—
4^p'],da" J

'

\ db^ j
'

\ dc^

an equation which we have already obtained in ^ 11, Book II, [459],

of the expression [455'] equal to nothing. For if this were the case, the particles of the

spheroid, situated infinitely near to the attracted point, would produce sensible terms in the

value of (
—Y ) + ( ~T~2" ) ^~ ( TT" )

' which would alter the equation [459],

or [1430], as has been observed by Mr. Poisson. This may be easily proved, by

supposing the spheroid E IF, whose centre is C, to be divided

into two parts. First, a very small sphere GH K, falling wholly

[1430c]
within the attracting spheroid E IF, its centre being the attracted

point D, and its radius DG =u, which, after all the calculations

are completed, is to be made infinitely small
;

so as to include

[1430(/] merely those parts of the spheroid EIF, which might produce

sensible terms in [1430], from the vanishing of the denominator

[14306]. Second, the spheroidal shell comprised between the

surfaces EIF, GHK. Then putting V, V", for the parts of V corresponding to

[1430e] this small sphere, and to the shell, respectively, we shall have V=V' -\- V". Substituting

this in the second member of [459], we shall get for its value

[1430/]

[1430ff]

(ddV\
/ddV\

(ddV\
\dx^')

+ Ui/V "^ WzV

KddV'\
. /ddV'\ fddV'\} ,

i fddV"\ . /ddV"\ fddV"\\

Now by hypothesis, all the particles of the shell are at a finite distance from the at'racted

^ , r , . r «n .1. . /ddV"\
, /ddV"\ . (ddV'\

pomt 2/
; therefore the expression [4o9J will give, ( —ty) + ( . ^ ) + ( , ^

)
= 0,

and the preceding equation will become

Wx2 )
+

Vdif ) '^\dz^ ) ~\ rfx2 y
"
V dy^ J '^\ rfz2 )

'

consequently the first member of this equation is the same, as it

would be, if the whole spheroid EIF were reduced to the small

sphere GHK, described about the attracted point D as a

[1430A] centre. The arbitrary radius of this sphere can be supposed so

extremely small, that even in the case where the spheroid EIF
is heterogeneous, we may neglect the variation of density in the

sphere, supposing it to be homogeneous, and of the same density

p'
as at the central point D. For greater simplicity in the
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We shall transform the co-ordinates into others, which will be more

convenient. For this purpose, we shall put r for the distance of the [1430']

calculation, we have assumed the mass G HK to be a sphere, but it is evident that we

might have supposed this mass to be of any other form.

To determine the action of this sphere upon a point in its centre D, we shall, in the first

place, compute the action of any finite homogeneous sphere GHK, fig. 7, whose radius is u,

upon any internal point G', situated at the distance DG'= r from its centre; taking [1450i]

this centre as the origin of the co-ordinates. Then if we describe, about the centre D, a

spherical surface G'H'K', passing through the proposed point G'
;

it will be evident,

from [469'"], that the spherical shell, included between the surfaces GHK, G'H'K',

produces no effect on the point G', and that the action of the sphere G' H' K', upon the

point G', is the same as if all its mass were collected in the centre D, [470"]. Now the

radius D G' being r, and the density of the sphere p', its mass will be |*p'.r^, [1363e]. [1430A;]

If this be divided by the square of the distance r^, we shall get the whole action of the sphere

upon the point G', equal to ^ifp'-r, in the direction G' D ; and this, in [470, 470"], [1430Z]

represents the value of —
( "T") ' corresponding to the sphere G' H' K', or to the

whole sphere G HK. Hence we have

^) = —^^r.r. [1430m](

This vanishes when ?-=
; but its partial differential relative to r, namely

(^) = -*"!•'> f'^1

is finite and constant for all values of r.

The co-ordinates of the attracted point G', are, in [451'"'], denoted by x, y, z ; and if

we substitute their values, in terms of r, 6, th, [460], the expression [459], corresponding to

this sphere, will become, as in [465<],

/ddV'\
, /ddV'\ , fddV'\ /ddV'\

,
2 /dV'\

neglecting the terms depending on 6, zs, as in [466'] ; it bemg evident that in this sphere the

values of V will not contain 6ot zs; so that
(-j—)

= ^j (—^)= ^' ^^- [l^^P]

Substimting in [1430o], the values of (^) » (j^) ' [1430»i, n], the second

member of that expression will become — | * p'
—

| ir
p'
=— 4 *

p', and we shall

finally get,

\-d^) + {-d^} + \-J^)
=- 4 .

p', [1430,]

17
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attracted point from the origin of the co-ordinates, 6 the angle which the

for the value of this function, corresponding to any finite homogeneous sphere, whose radius

is u, the attiracted point being situated at any place whatever, within the surface of the sphere.

The second member of this expression, being independent of r, will remain unchanged when

ri430r]
r becomes infinitely small, as is supposed in [1430fZ, A]; therefore we may substitute this

Theorem valuc iu [1430g-], and
p'

will represent the density of the spheroid at the attracted point.

attracted Hcuce we shttll get, for any spheroid whatever, when the attracted point is situated within its

within the surface,
attracting

•' '

/ddr\ , /ddr\ , /ddr\ , ,

To conform to the notation used in this article, we must, as in [1430«], change the

co-ordinates of the attracted point x, y, z, into a, h, c, and we shall get,

r,.on.- /ddV\
, /ddV\ , /ddV\ ^ ,

This is to be used instead of [1430], when the whole of the attracted point forms a part of

[1430m] the attracting mass
;

or in other words, the whole of the infinitely small sphere must fall

within the spheroid ; otherwise we could not have neglected the consideration of the angle

6, zs, in [1430p], because the sphere would become a spherical segment, and the value of V
corresponding to this segment would differ from that we have here computed for the whole

[I430i;] sphere. We have introduced the expression [or
—

4'?rp'], in the original formula, to

correct for the defect in the attraction, upon an internal point. The necessity of this

correction was first noticed by Mr. Poisson, who has also investigated it in a different manner,

as we shall hereafter see, in [1447*]. Similar corrections have been made in the formulas

[1434, 1435].

It may not be amiss to remark, that the equation [I430i] might have been deduced from

the values of A, B, C, [1379], supposing the small body HGK, fig. 6, 7, to be an

ellipsoid, whose serai-axes are as in [13696], and H' G' K' to be a similar and concentric

ellipsoid. For in [1379] we have A = '

. a, in which M, F, k, are independent

[1430i;']
of a; hence (— j

= '

, or (—)= -• but from [1387] we have

f
-—

)
=—

(

—
) ; therefore ( 1

= . In like manner, from the values
\daj \ da"^ J

'

\ da^ J a

of B. C, [1388, 1379],we get (^)= _f, (^)=_f The sum

of these three expressions, reduced by means of the formula [1370g-], becomes
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radius r makes with that of a, -a the angle which the plane formed by this [1430"]

[1430»"1
/ddV\ /ddV\ /ddV\ ^^.^1^^ A

which is the same as in [14305], the density p' being put equal to unity, as in [1346]. In

this calculation, the centre of the ellipsoid is taken for the origin of the co-ordinates ; but it is

evident that the same result would have been obtained, if the origin had been fixed at any

other point. Instead of using [1370g-] to obtain a second demonstration of the formula

[1430^, t/'],
we might use [1430?], to demonstrate the formula [1370^], as is done by

Mr. Poisson.

It is somewhat remarkable, that this defect in the formula [1430], as it was first published

by La Place, should have remained unnoticed, nearly half a century ; particularly as he

had expressly called the attention of mathematicians to the necessity of having the limits of

tlie integrals independent of the co-ordinates of the attracted point a, b, c, [1429"] ; and had

also conformed to this restriction, in the calculations of the first volume, [452, &c.]

In computing (—-—
j

,
(

^ j,
for a sphere [1430t

—
n], we have, for greater

simplicity, supposed it to be homogeneous. We shall now compute it in another manner, for

a sphere, composed of concentrical spherical strata, of different densities. This calculation will

serve as a method of showing how to find the difierentials of formidas, depending on definite

integrals, when the limits of these integrals are supposed to vary. Supposing p to represent

the density of the concentrical spherical stratum, whose internal radius is R, and external

radius R -]- d R, the mass of this stratum will be 4-!fp.R^dR, [2756]. Its integral, ri430ti,i

taken fi-om R==0 to R==r, will give the mass m of the internal sphere G' H' K',

whose radius is r. This mass will be represented by 4ir . T^
p .R^ dR. If we divide

/ftV\ A [1430t]
it by r2, we shall get, as in [1430Z, m],

—
(^-j^J

=^ - fj ? 'R''^^' Puttmg for

brevity f^p.R^dR^i^',
we shaU have

(i^^=^^.r", r" being a
[I43()y]

function of r. The differential of this last value of (——
) being taken

relatively to

r, we shall get (-j^)
=

7?
* ^'—

1^
'

(^)
• ^ finding the difierential of r", [I430z]

relative to r, we must observe that, when r is increased by the element rfr, the last limit of

the integral r"=J'\.R^dR, is increased from r to r-\-dr, by which means r"

is increased by the element
p'

. r^ rf r, corresponding to the point G' ; hence

rfr"= p'.^<ir, and
{%)

= ?-'' [1430a]
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[1431]

[1431/]

[1432]

[1432^

radius and axis, makes with the plane of the axes of a, &, and we shall

have,*

« = r . COS. ^
; & = r . sin. 6 . cos. « ; c=r . sin. 6 . sin. w.

If we also put R, &', a', for what r, 6, w, become at the point corresponding
to the particle of the spheroid d M, we shall havef

X = R , cos. 6'
; y = R . sin. &' . cos. w'

;
z = R. sin. 5' . sin. to'.

Moreover, the particle of the spheroid d M is equal to a rectangular

parallelopiped, whose sides are t dR, Rdd, Rdv^ .sm.d'
\ therefore,

dM= p.R^dR.d^ .dzs' . sin. ^

Substituting this in [14302:], we get \~d^')
~

~;r
* ^'~

";§"
* P'^^
=^ ' ^"~ 4 -^ • p'-

Using this and the value of (——
] [1430y], the second member of [1430o] becomes

ft e

[1430(3]
-—- • ^"— 4 *

p' -V- . r"= — 4 *
p',

as in a homogeneous sphere, of the density
r3

P, [1430?].

*
(978) The values [1431] are computed like those y

of [460], by changing, as in the last note, x, y, z, into

a, b, c, respectively. In this case, C is the origin of the

co-ordinates, D the attracted point, whose rectangular

[1431a] co-ordinates are CA= a, AB = b, BD = c,

CD = r, an^le ACD= 6, DAB=zi. In the

triangle CAD, we find

C.;3=Ci).cos.^CD= r.cos. d = «, [1431];

AD^CD.sm.ACD= r.sm.&',

and in the triangle ABD, AB= A D .cos. D AB, BD= AD .s\n. DAB.

Substituting the value of A D, we get

[1431a']
AB=^CD.sin.ACD.cos.DAB, B D== CD .sin.ACD .sia. DAB,

which correspond to a, h, c, [1431].

f (979) The values [1432] are obtained in exactly the same way as [1431], putting

a?, y, z, R, a, to', for a, b, c, r, ^, -us, respectively.

% (980) These sides of the parallelopiped are similar to those computed in [1355A],

fig. page 6, where they are called dr, rdp, rdq. sin.p ;
in which cA— r,
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P being its density ;
hence we shall have,* [1432"]

Function

_ /•"/•* /•^* p. R^ dR . d 6' . dz/ .sin. ^ p;

«/ J oj \/ r^—iRr . {cos. ^. cos.a'4- sin. a . sin. ^ . cos.
{-u^
—

-m)] -\- R^
'

[1433]

the integral, relative to i?, must be taken from i?= 0, to the value of

R = u at the surface of the spheroid ; the integral relative to d', must be [1433']

Acx= p, ycQ^ = q; and if we put r= R, p := ^, q= -sr',
in order to conform [14316]

to the notation of this article, the sides will become respectively dR, Rd^j Rd-c/ .sm.6f,

whose product multiplied by the density p, gives the mass of the particle

dM= p .R^dR .d 6' .d-u/ .sin. 6', [1431c]

as above
;

and the whole mass of the spheroid will be obtained by taking the integrals

between the limits mentioned in [1433', Stc]. If we put cos. a'=
/x', we shall get— dd' . sin. 6'=:d ^\ and the limits of i*', corresponding to d'= 0, d'= *, [1433"],

will be ju-'
= 1 , M.'

= — 1 . If we change these limits, so that they may be from /x'
=— 1

to [*'==!, we may put d 6' . sin. fl'= c? |x', and then the preceding value of dM will

become dM=p .R^dR. d[h' .d-c^
',

from which the whole mass M may be obtained, [1431rf]

by integrating from R= to its value at the surface R= u, from |x'
=— 1 to

j*'=l, and from -c/ == to zs'= 2 *.

*
(981) If we substitute the values of a, h, c, x, y, z, [1431, 1432], in [1348a],

P={a^xf+ (6
— yf+ (c

— zf [1432a]

it becomes

P—\r. cos. d— R. COS. d'P -\-\r.sm.d. cos. -a^R.sm.tf . cos. z/f^

+ \r . sin. d . sin. zi— R.sm.d .sm. w'p

= r^ .
{
cos.^ d -f- sin.^ d . (cos.^ *+ sin.^ *) |

— 2 jR r .|cos. d . COS. ^+ sin. 6 .sm.d . (cos. th . cos. ts/+ sin. « . sin. z/)]

+ R^.\ C0S.8 fl'+ sin.2 d' . (cos.2 «^+ sin.^ z/) \

= r^ . |cos.2 6 + sin.^^l
— 2i2r .{cos. 6 . cos. ^ + sin. d . sin. ^ . cos. (zZ-^zi)}

+ /22.{cos.2^+sin.2a'|

= r2— 2i2r.{cos.d.cos. ^+ sin. d.sin.^.cos. (w— •zrf)|-}-/22. ri432j.

Substituting this, and the value of dM [1432'], in [1429], it becomes as in [1433]. The
[]432c]

limits of the integral correspond to those pointed out in note 338, page 294, Vol. I, to which
this is similar.

18
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taken from ^' = to ^ equal to the semi-circumference
;
and the integral

[1433"] relative to w' must be taken, from w = to x;/ equal to the circumference.

La Place's Taking the differentials of this expression of F, we shall find,*
funda-
mental
theorem
Second
'''™- 'ddV\

,
COS. a /'dV\

, \~d^J ,
/dd.rV

[1434] c/a2 am. 6 dd

ddV

sin. d ,-)
= 0, [or-4*p'.r^]. (2)

This equation is nothing more than a transformation of the equation [1430].

[1432rf]

[1432e]

[1432/]

[143%]

[1432/1]

[1432£]

[1432fc]

The preceding value of f, which represents the

denominator of V [1433], or of T [1439], may
also be computed geometrically, by means of the

annexed figure; in which f:=mp represents the

distance of the attracting particle m, from the

attracted point p. C is the origin of the co-

ordinates. The lines CX=CY=CZ=\,
are taken on the axes of x, y, z, respectively ;

and

through the points X, Y, Z, a spherical surface is

described about the centre C, cutting C p in P,
Cm in M. Lastly, the arcs XP, XM, are

continued till they meet the circular arc YD E Z, in jD, and E. Then we shall have

zi= spherical angle

PM= y, we shall have, in the spherical triangle

XP= d, XM=d', YD= zi, YE = ^, BE= ^
PXM

;
and if we put the arc

PXM, [13458],

cos. 7= cos. 6 . COS. 6'
-j- sin. 6 . sin. 6' . cos.

(ts'
—

zs).

Then in the plane triangle p C m, we have Cp= r, Cm= R, pm=f, and

COS. p Cm= cos. 7 ;
hence we get f^= r^— 2Rr . cos. 7 -f- BP, [62] Int. Substituting

the preceding value of cos. 7, we shall obtain for /, the same expression as above, which is

used in [1433, 1439], namely,

f= {7^
— 2 R r . COS. y -{- R^i

=
{r^
— 2 Rr . [cos. 6 . cos. 6' -f- sin. & . sin. 6' . cos.

(-cr'
—

«)] + ^^}* >

observing that the coefficient of — 2 Rr, in both these expressions, is cos. 7, or the

[1432Z] cosine of the angle formed by the two lines, drawn from the origin of the co-ordinates, to the

attracting and to the attracted points.

*
(982) Changing x, y, z, into 0, b, c, respectively, in [459, 460], they become identical

with [1430, 1431] ;
if we make the same changes in [465, 466], which were deduced from

the former, they will become identical with [1434, 1435], respectively. Moreover, in
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If we make cos. ^=
f^,

we may put this equation under the following [1434']

form, .
La Place's
funda-
mental

d \n 2^ fd^M) {ddV\

We have before obtained these equations, in the second book, ^ 11,

[459—466].

9. We shall suppose, in the first place, that the attracted point is without

the spheroid. In this case we must develop V according to the descending [1435']

powers of r, and it will therefore be of the form* Develop-
' ment of V

for an

F=: H 2- H 3- + —r- + &C.
r r-" r^ r'^

[1436-]

deducing [465] from [459], this last was multiplied by r^, [465m], therefore the term

— 4^
p',

introduced by Mr. Poisson, [1430<], must be multiplied by r^, in [1434, 1435] [1432m]

producing the term — 4 -r
p'

. r^, corresponding to the case omitted by La Place.

"
(983) For the purpose of illustrating this method of developing F, we shall put,

cos. 5= ^-, COS. d'=fA', Po= M-, Pi=v/(1— M'*)-cos.'5r, P2==v/(1— |a2).sin.-w, []433a]

.P3'
= -Po' + A' + J'2'= f^'+ (l-M-').(cos.2*+ sin.2«)

= ^2_|_i_^2_i^ ^j433^^

also COS.
(ro'
—

is)
= COS. « . cos. to' -f- sin. -& . sin. to', [24] Int. Then the denominator

of [1433], which is represented by the factor T, [1439], will give,

Tr
=^l—^.[|Xf.'+v/(l—f/-2).v/(J—fi^'«).

(COS.*. cos. TO'+ sin.ttf. sin.
«')]+^?"^

=^1—— •[J^o-f^'+AV(i-M''^).cos.TO'+P2./(l— H''^).sin.TO']+ ^.P32?~*. [14336]

This expression of Tr is homogeneous in R, r, and of the degree : and being developed
R

according to the powers of -, will become of the form,
r

in which ^», Q(», Q®, te., are independent of R,r. Moreover, since the second [1433^]
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Substituting this value of V in the equation [1435] of the preceding article,

the comparison of the similar powers of r, will give, for any value of i,

member of [14335] is homogeneous in r, Pq, P^, P^, Pg, and of the degree 0;

its development in the second member of [1433c], must also be homogeneous and of the

degree 0, in r, Pq, Pi, Pg, P3 ;
and as Q^'^ is divided by r* in [1433c], therefore,

[1433rf]
generally, when i is any positive integer, Q^'^ will be homogeneous, and of the degree i, in

Pq , Pj , Pg , P3 ;
and if Q^'^

be arranged according to the powers of P^^, it will be of

[imd"] the form Q«= ^ + J5 . Pg^ + C . Pg^+ D . P36 + &c. ;
in which A, B, C, &c., are

separately homogeneous functions of the three quantities Pq, Pj, Pa ; it being evident that

the uneven powers of Pg do not occur in [14336], and therefore will not be found in Q(').

Moreover, to render each of the terms of Q^'^ homogeneous, we must have, j1 of the order i,

jB of the order i— 2, C of the order i— 4, he; negative values of i— 2, i— 4,

&;c., being neglected. Then putting, as in [1433a'], P3= 1, we shall get

[1433d'"] Q'= '^ -^ B -\- C -\- D -\- he.

The comparison of the formulas [14336, c] will also show, that Q^''^= 1, and that Q^'^
ri433rf""l

depends on the first power of the quantities Pq, Pi, Pg. Dividing [1433c] by r, we shall

find, as in [1441"],

[I433e] T=q^Kl+ q^^K^+ q^K^-\-hc.

If we put P4= \/{\
—

1^2)
. cos.

(53'
—

-sj),
the expression of T [1439] will give, by

[I433e'] using as above P3=l,

[1433/]

This expression of Tr can be developed, in the same form as in [1433c]. Hence we shall

get Tin the same form as in [1433e], or [1441"] ; in which Q^'^ is a homogeneous, rational

and integral function of Pq, P3, P4, of the degree i, and of the same form as [1433<?"] ;

[143%] which, by putting P3= 1
,

becomes Q"'^
= ^ + P + C+ D -f- &c. ; A, B, C, he,

being separately homogeneous functions of Pq, P4. Moreover, A is of the order i in Pq,

P4 ;
5 of the order of the positive number i— 2, C of the order of the positive number

t— 4, fee, as in [1 433rf", &;c.]
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Differen-

tial eqaa-
tion in

[1437]

[1433fe]

Substituting rf /=— d&' . sin. d', and T [1433e] in [1433], we shall get,

In the integrations of this function, |x, «, and therefore also Pq, Pi, Pq, which occur in Q^'^,

Q(-\ &:c., are considered as constant. If we perform the integrations relative to each of the

quantities Q,^^\ Q,^^\ ^c., separately, we may put, generally,

taking the integrals between the given limits of R, [t!, t^
; and we may incidentally remark,

that Q^^ does not contain r, therefore C/^'^ will not contain r. In this manner of [1433fc]

development and integration, we perceive that V^^, like
Q^'^, [1433</"'], will not contain

terms of the powers and products of Po> -Pu -Pa* which exceed the degree i
;
but it might,

as in [1433d"'], contain powers and products of these quantities, of a less order, represented

by the integral positive numbers i— 2, i— 4, &,c. It appears also, from the preceding

method of finding Q^^, t/^'\ that they must be rational and integral functions of Po> ^u -Pa* [1433fj

Finally, by comparing the expressions [1433A, t], we evidently obtain V in the form [1436]. [1433^]

Ijn*
(984) Any term of V [1430], as —

p:|rr> being substituted in the second member of

[1435], produces an expression, which we shall call "T+Tj ®^ ^® following form,

I dM- )
^

1— (*^

^ '

\ d^ /

Now as U^'"^ does not contain r [1433A;], we shall have,

r. (
''^{j)

') = VO.r.
(ii^'j^UO.i. (i+1) .r-'-.

Substituting this in [1436a], we may bring the denominator r^^ from under the signs of

19
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[1437'] It is evident, from the expression of F[1433, 1436], that U^^ is a rational

and integral function of m, \/i
— h^ • sin. w, s/l—^J^ . cos. *, depending

[1437"] on the nature of the spheroid.* When i = 0, this function becomes a

constant quantity, and in case «= 1, it is of the following form,

[1438] jTjc) = H.i^ + H'. v/r=i? . sin. ^ + H". /!=? • cos. ^
;

H, H', H", being constant quantities.

To determine the general value of C7^'^, we shall put

[1439] f^ *

^/^
— 2 it r .{cos.

d .COS. d'+sin. . sin. 0' . cos.
(ra'
—

TOJl-f-A^

and we shall havef

differentiaiion, relative to /x, -a, in the two first terms
;

and then the whole expression will

contain the factor r~'~^
;

and if we divide by this factor, we shall get,

[14366] ^(0^) rf-|(l-f^)-l^-^;^ > +U^+ i fi+ l) [7(0.
( dfJ^ )

'

1— p-2
1 -v I y

Hence the expression [ 1 435] will become,

in which W^''\ fV^'\ W^''\ &c., [14366], are independent of r. This equation cannot be

[14376] satisfied, for all vnlups of r, except we have generally W^'^= 0. This is evident
;

for if

we multiply [1437«] by r, and then put r= co
,

we shall get W^^^= 0. Substituting

this in [1437a], multiplied by 7^, and then putting r= co
,

we shall get W^"^= 0, and

soon; making generally ^^W=0, which is the same as the formula [1437].

*
(985) [/(') is a rational and integral function of Pq, Pi, P^, of an order not exceeding

[1438a] i [1433/t—7ft]. Therefore, when i= 0, the terms Pq, Pi, P^^ must be of the degree 0,

so that U^^'^ is equal to a constant quantity; and when i=l, the terms Pq, Pi, Pq,

must be of the degree 1, so that U^^=H . Po + H' . Pi + H" . P^, as in [1438].

f (986) The equations [1434, 1435] were deduced from [1433], by differentiation, in

a manner that is not affected by the triple sign of integration fff in [1433], nor by the

[1439a] value of the numerator p .R^ d R .d^ . d-s/ . sm.6'
-,

and the same resulting equation
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=
dT\) -) fddT

^•(^—^'^•(ZrJ V . \~d^) . .. rdcr-rT\ [1440]/dd.rT\

'\d?~J'd^ ) I—
I*-

This equation will also be satisfied if ^ be changed into ^',
^ into w, and the

contrary ;
because T [1439] is composed of ^ z^, in like manner as it is [1440']

of ^',
^'.

If we develop T [1439] in a descending series relative to r, we shall

1

\/i^
—

ZRr.\i>.i^-\- \/I^2 . \/l— H-'s . COS. (5/
~

-o)} + i22
'

0(0) 7? 7?2 733

r r^ TT r

Q}^ being for all values of i subjected to this equation,*

Function

get, [1433/, e], y.

Tz=
^ —

; [1441]

\/r^
—2Rr.{ cos. 6 . cos. <)' + sin. d . sin. d' . cos.

(ro'
—

'a)\-\-R^

[1441^

[1441"]

[1434] would have been obtained, if we had neglected fff^ and put

f.R^dR.d(f.di!^.s\n.((=l.

These changes being made in V [143;3], it becomes like T [1439] ; and the same change,

of T for V, may be made in [1434], or in [1435], and the last will become as in [1440],

IVIoreover, since T [1439] is not altered by changing ^, ts, into ^, •cj', and the contrary ; the

same changes may be made in [1440], as is observed in [1440'].

*
(987) If in the equations [1436, 1435], we change Finto T, and U^^ into Q^'^./P,

they will respectively become, as in [1441", 1440] ; and the same changes being made in

[1437], which was derived from [1436, 1435], it will become equal to the product of the

function [1442] by the quantity jR'
; because this factor R' is not affected by the partial

differentials relative to /*, -m, and may therefore be brought from under the sign of differentiation

relative to |x, to
;

and the whole expression, being divided by R\ will become as in [1442].
If we put /x

= cos. ^, this will become by reduction as in the two following formulas,

[1442cr, 6], which bear the same relation to [1442], that [1434] does to [1435], and they Differen-

1 1 • r /'^n tialequa-

may be computed as m l4o66J. tions in

=(^^ + ^-\ . (^) +"^ + * .
(^+ 1) . q^^ ; [1442a]

am. a ( d6 ) sin.2a
4-t.(t+ l).Q('). [14426]
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Differen

tial equa-

[1442] ( dl. )+ 1-f.^
-i-^'{^-f-i)'^ ,

and it is also evident that Q^'^ is a rational and integral function of fx,

[14421 v/^—? • ^^^' (^'— ^)' [1^33^]- Q^'^ being known, we shall obtain U^'\ by
External Hicans of the equation,*
point,

[im
CA<«=y^y; (/p. i^+^<^/^). da-, rfs-. sin. «-.§<".

If we now suppose the attracted point to be within the spheroid, we must

Develop-^ develop the value of V [1433], in a series ascending relative to r, which

fnte?nai givcs for V 'du cxprcssiou of this form,t
for an
interi

point

[1444] V=v^'^ + r . -y^') + r . v^^) _p ,^3 ^ ^o) _^ ^^^ .

*
(988) This is the same as [1433t], multiplied by r'+^, which is not affected by the

[1442c] signs of integration fff', observing also that — ditf =d 6' . sin. 6', [1433a].

f (989) The value of T [1439] is not altered by changing r into R, and R into r.

The same changes being made in [1441"], it becomes as in [1446], the quantities Q^"^

[1443a] Q('\ Q^-\ &tc., being independent of R, r, [1433JJ, and are the same in both formulas.

Substituting this value of T [1446] in [1433], we get,

[1444a] V=fffp. R'dR.d6' .dv/ .sm.6'
."^^-i- qOK ^-{- q^^ ,

'^^
+ q^'K ^^+hc.^.

Now if we put the part of this Integral depending on r* equal to r* . v^"^, i being any

integral positive number, we shall have,

[14446]
r' . vf^ ==ffff .RdR.d^.dJ. sin. «'

.Q">-j^i,

and the expression of ^^[1444^] will become as in [1444]. The signs of integration refer

to R, ^, •cj',
and we may bring r from under those signs ;

then dividing by r\ we shall get

[1444c] v<% [1 147] ;
v^'^ being, like Q^'> [1433c;'"j, a rational and integral function of Pq, Pj, Pq-

If we substitute V [144-1] in [1435], the general term r* . «(') will produce the quantity,

[1444d]
Y'^ '^'^^^ ^l 1 ^~^K r

O^-^'X^'''^):

and if we neglect the variations of the limits of v^'\ the last term, r . f—^~ '

j
,

will
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v^^ being a rational and integral function of ix, y/i—f^^.sin.^, ^i—.fi2.cos.za, [1444^

[1444c], which satisfies the same equation of partial dififerentials as U%

[1437] ;
so that we shall have [1444e, h],

.j ^-i('-'-)-mu ,(^),.,

Internal

point.

+ l).i?«. [1445]

To determine v^*^, we shall reduce the radical T to an ascending series

relative to r, and we shall get, [1443a],

T=\ + Q^'' . ^ ^Q^'^ . ^ + Q^K ~ + kc; [i446]

the quantities Q^°\ Q^'\ Q^\ &c., being the same as above, [1441", 1443a] ;

hence we shall have, [1444&], poin"

Internal

»">.

«<o= f^ /; (ft^d^.di .sia-if-Q^". [1447]

become i .
(i -\- 1) . r* . v®. In the other two terms, the differentials relative to (* and -s,

do not affect r, and it may be brought from under the signs cP, d. Then each term will have

the factor r*, and the whole expression will be equal to r* multiplied by the function in the

second member of [1445]. If we put this function equal to m/*', the whole expression of the
ri444e-|

first member of [1435], Avill become vP^ -\- r . vP^ -\- r^ . v/^^ -}- t^ . tiP^ -{- he., exclusive

of the terms depending on the variations of the limits of r, in
i;^*^, or U^'\ It "will be seen

hereafter, [1447"^], that this last part of the expression produces the term —
4irp'.r2,

[1447*], which destroys the like term in the second member of [1435], so that we shall [1444/]

finally have.

In this equation, i^*^), ii/^>, &c., are independent of r [1444e, 1445], and it exists for

all the values of r<iR. If we put r= 0, it becomes vf°^=0; subtracting this

from [1444^], and dividing by r, we get vP'> -\- r . v/^ -\- &c. = 0. Again, putting

r= 0, we find vf^'^=
; and by proceeding in this way, we get generally tiP= 0, [1444A]

as in [1445].

20
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But as the expression of T [1446] converges, only when R is equal

[1447']
to or exceeds r

; the preceding value of F, [1444], must be used

only for the strata of the spheroid without the attracted point. This

point* being above the other strata, we must determine the part of V

*
(990) If the attracted point be near the surface of the spheroid, it may happen that

[1447a] for some values of d', to', we shall have r'^R, and for other values, r<CR. This is a

much more complex form than either of the other cases, because neither of the formulas

[1436, 1444] can be separately applied to the whole surface
; and it is necessary to notice

accurately the limits of d', «', corresponding to each formula
; restricting ourselves to the use

of converging series only ; taking in [1436] those values of 6\ «', corresponding to r]>-i?,

[14476] and in [1444] those in which r <CiR. A very simple instance of this nature, mentioned

by Mr. Poisson, is that of an ellipsoid C BE, in which the origin of the co-ordinates is at

the centre C, and the attracted point anywhere on the p
spherical surface A P* P P" D, described about the

centre C, with the radius CP= r, this radius being

greater than the shortest semi-axis CB, and less than the

longest semi-axis C E. We may however observe, that

this complex case may generally be avoided ; since the C J)

attraction upon an internal point can be obtained, as in [1447'], by merely changing the

position, or the origin of the co-ordinates, so that the distance from this origin to the

[1447c] attracted .

point, may be less than any of the radii, drawn from the origin to the surface of the

spheroid.

Mr. Poisson, who first called the attention of mathematicians to this excepted case, has

altered a little the formulas of La Place, and given in an abridged and somewhat improved

form, the values of V, corresponding to the different situations of the attracted point. We

[1447(f ]
shall here give his formulas, varying however a little the notation, so as to conform to that

gj
used in this work, u is the value of the radius R corresponding to the surface of the

/', spheroid. The sign /', with the accent ahove the letter, is used to denote the integration

relative to those elements in which r^u, or where the spherical surface AP falls

f. above the corresponding parts of the spheroid BGP; and the sign /, with the

[1447e] accent below the letter, is used to denote the integration of those elements where
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which corresponds to these lower strata, by means of the first expression

of V [14361.
Attraction
of a sphe-
roid diffei-

10. We shall in the first place consider a spheroid which differs but
tie^fr"""'

little from a sphere, and shall determine the functions U^^\ U^^\ U^\ &c., [1447"]

1,(0)^ ^(1), v^^\ &c., relative to this spheroid. There exists a differential

r <Cu, or the spherical surface P P"D falls below the corresponding parts of the

spheroid PHE.

The area of the spherical surface [1432'] whose sides are RdSf, Rd -a' .sin. 6',

becomes, when R is unity, equal to sin. 6' .d(f .di:/
;

and if for brevity we put

dw= sin.ef .d6f .dz/j [1447/]

it is evident that the limits of ^', s/, [1433"], will include all the values of w? corresponding to

the whole surface of the sphere whose radius is unity. Therefore, if we use the sign 2q

of finite integrals to include all integral values of t, from t= to t^ oo
, the [1447/"']

equation [1436, 1443], may be put under the form [1447A;], corresponding to an external

point. The equation [1444, 1447] may be put under the form [1447/], corresponding to

an internal point. If we wish it to be approximative, we must use it only in those points

where R'^r ; it is therefore particularly adapted to the case of a hollow spheroid,

in which the attracted point is in the internal void space, the density p being nothing I1447g]

in that space. The combination of these two formulas gives [1447m], corresponding to the

attraction of a solid spheroid, upon a point placed below its surface
;

the first term includes

the part of the spheroid below the attracted point, and the second term the parts above the [1447A]

attracted point. Lastly, the formulas [1447«, o] represent the action of a spheroid, upon a

point, which may be either internal or external, but placed so near the surface that the value

of r exceeds some of the values of u, and is less than other values of m
; so that it becomes

[i447i]

necessary to separate the values of &', z/, corresponding to these two cases ; and if for the

sake of illustration, we refer to the above figure, the first term of [1447n] will correspond

to the part of the spheroid B G P C, where w< r
; the second term to the part of

the sphere P P"D C, and the third to the external part PP'DEH.
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[1447'"J equation in F, which takes place at the surface of a spheroid of this form,

Attracted

point,

[1447Z]

loternal
solid mass

[1447ml

Point
near tlie

surface.

Internal

[1447.] =<• {^./(/;p.iJ'+='-/ii).e<'«'] +^^. |;i-,./(/;p.ijH-¥ij).Q(o.rf«,]

[1447p] The expression [1447o] is easily deduced from [1447»], by changing, in the second

term, the characteristic f^ into its equivalent /—/', / indicating the integral for all values

of R. For by this means that second term will produce the two following,

of which the first term is the same as the first of [1447o], and the second can be connected

[1447r] with the first of [1447n], observing that f —J'
=

J* , by a mere change of the

limits ; and the result will be the second term of [1447o]. The third terms of [1447n, o]

are the same.

The limits of the integrals /', /, relative to 5', ]/, depend implicitly on the situation of the

[1447s] attracted point, or on the co-ordinates r, 6, ^. This circumstance ought to be noticed when

we take the differential of F" relative to these variable quantities ;
but upon examination, it

will be found that this has no effect on the partial differentials of the first order
;

and it will

[1447f] not therefore affect the values of the forces, resolved in the direction of the radius R, and

perpendicular to it in the direction of the meridian and parallel of latitude, which are

computed in [181 IZ], and represented by R', R", R'". This will be evident from the

consideration that the differentials of V [1447o], arising from the limits of /', and /, are

merely the elements of these integrals corresponding to the same limits, or to the points where

[1447m] u— r=
;

which also makes these elements vanish, because the integrals relative to r,

contained under the signs /' and / vanish when w = r. Therefore in taking the first
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and is remarkable, on account of its furnishing a method of computing these [1447'"]

functions without any integration.

differential of V it will not be necessary to notice these limits, but it must be done in taking [l447t?]

the differentials of the second and higher orders.

The general term of the values of V [1447^, Z, w], relative to the angles ^, \^ are of the

same nature as the function Q^'^ ;
that is, they must satisfy the equations [1437, 1445],

which are similar to [1442]. This follows from [14376, 1444A], observing that the limits of [1447i«]

the integrals in these values of V^ are independent of the two angles ^, 4- 5 but this is not the

case with the other two values [1447», o].

We have seen that whp.n the attracted point does not make a part of the spheroid, the

corresponding value of V [1447^, T\ will satisfy the equation [465], which may be put under [1447a:]

the following form, as is evident by developing the first term,

, r , , -r-r , ^ ^ , •. •• -r-r External

(^ S •
A f d^\}^ /dd V\ attracted

sin. ^ ( d& )
'

sin.2^
'

*V rfr2 /
*

[1447y]

This corresponds to the values of V [1447^, /].

When the attracted point makes a part of the spheroid, we may reduce the value of V to

the form [1447m]. Now the two parts of which this value of V is composed, being of the

same forms as those in [1447A:, Z], would like them satisfy this equation [1447j/], and make

its second member become nothing, if we were to neglect the terms arising from the variations

of the limits of r, connected with the signs of integration C, f . Therefore in

finding the value of the function [1447y], corresponding to this value of V [1447m], we need

only notice the terms depending on this change of the limits of r
; so that we may neglect [14472]

the consideration of the two first terms of [1447y], depending on dh, d-a, and restrict

ourselves to the last term r .

( '^^ j,
or its equivalent developed value [465m],

by this means we may obtain another demonstration of the correction of the formula [1430*],

by Mr. Poisson. For this purpose we shall put for brevity,

/=/^'"p./2'+2rf72; r"=
/^"p.«-*+i£Zi?; [1447^]

r' and r" will be functions of r, and the expression of V [1447m] may be put under
the form

^=2^.j/(r-'-V+r^/).Q«.rf^|. [1447y]

21
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[1447""] We shall suppose generally, that gravity is proportional.to the power n of

the distance, that dM is 3. particle of the spheroid, and / its distance from

the sign / referring to the differential d w, or to the differentials d6f, dzs', [1 447/],
'

Q^'^ being independent of r [1433c?]. Therefore if we take the partial differential qf^this"

expression relative to r, we shall get, .V -.

[1447(5] (~\ = 2* ./^— («+ 1) r-'-^ r' + i. r'-' /' + r"'"! . (~^ + r' .

(^\l.q^'Kdw.

In finding ("t-Jj (t~)' from [1447^], it changes the limit r into r-{-dr, ^ which

[1447sl
increases / by the element p.r^+^dr, and decreases r" by the element p,r—'+^-dr,

because at that limit R= r'j hence we have,

iu4ra = p--; © = -'•'-"''

consequently

/dr'\ /dr"\ -• '

therefore the terms depending on the variations of the limits of the integrals, vanish from ihe

expression of (—=—
) [14475]; and we shall only have to compute the. remaining

[1447^] term, r^ .

( ) [1447a], depending on the variations of the same limits.

Substituting [1447«] in [14475], we get for the complete value of

['«''J (^)
=

'o
•\n- (i + 1) • »•-'-V + i . r- r"] . Q<'> .dw]. ..

•

As we only have to compute the part of
( j

depending on the variation of the

limits of /, r", [1447z, p], we need only to notice the differentials of these two quantities in

this last equation, and we shall have.

Substituting the values [1447^], we obtain.
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• General

the attracted point. We shall also put °P°

V=ff^+'.dM; [1448]

.'
Herioe the term r* . ( —j [1447a, d], which represents the value of the function

[14471/], for the case under consideration, will become

'

and we shall get,

=—
rKl!^.{{2i+ l).fp.q^.dwl. [1447M.]

In making farther reductions of the second member of this equation, we shall have to use

the formulas [1476a, 1532cf, 1533m], which wiU hereafter be demonstrated. This was the

most convenient arrangement to avoid a great increase of the present note, and to conform as

much as possible to the general plan of the work. This will cause no embarrassment to the

learner, because the object of the present calculation is merely to prove that this method will

produce, in [1447*], the same result as had been found by a different process in [1430*] ;

an^ it was important to show that both methods would agree.

Thfe density p, being a function of d', z/, may be developed in a series of the form [1532a],

•

.• p=r'(»)+Y'<'>+&c. = 2r'»; ^1447^3

and if we denote by Y^% the value of F'^'^, when 6' is changed into 6, zs'into to, pinto p ;

p' being the density of the body at the attracted part, the integral /p . ^"^ .dw will be

composed of terms of the form / Y' (»') . Q« .dw, or fY' (*')
. Q« .d6'. sin. 6' .dts'

;

which vanish when i' differs from i [1476a]; and when i'=i, it becomes

/ r'» .q^'\d6'. sin. 6'.dt!/.
[1447|]

This, ill [15337n], will be found equal to ^^ . Y^^ ; therefore the second

member of [1447fjL] will become

-r2.2^.^(2i+l).ij^]=_4*.r2.2^.r(0__4^.^.p'. |;i447,]
.

and we shall finally get, when the attracted point forms a part of the mass of the spheroid,

Internal

(^^- A ^ dV\} 'i /ddV\ '^«^«5ted

1 )a.<sm. ^.{ —;
— )S f I ) ,,, T^^ point.

-J- < ^ \ dUS y_,\dvfi J , {dd.rV \ ^^ 8 ,.
sm.d ( d& )^~imJr"~ V d^ /

t^.T-.p,
[1447*]

being the same as was found by another method in [1430^].
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this integral being taken so as to include the whole mass of the spheroid.

In the case of nature, in which n = — 2, it becomes,*

L1449]
-^"7"'

which we have also denoted by V in the preceding articles, [1428"", &c.,

1386]. The function V has the advantage of giving, by means of its

[1449'] differential, the attraction of the spheroid, parallel to any right line whatever.

For if we consider y* as a function of the three rectangular co-ordinates of

the attracted point, one of which is parallel to this right line, and we put

this co-ordinate equal to r, then the attraction of the spheroid in the

[1449"] direction of the line r, towards its origin, will bef yy" . Ij-j . dM
;

consequently it will be equal to ——-
.

(

——
)

, which, in the case of

[1449'"] nature, becomes — I ——
)

, conformably to what we have before

found, [1388'].

*
(991) This tentli section treats of the attraction of a spheroid differing but little from a

sphere ;
the case of the attraction of a spheroid which differs considerably from a sphere, is

treated of [1507—1563].

The value of ^[1449], deduced from [1448], by putting n= — 2, is of the same

form as that assumed in [1386].

•j- (992) Gravity being supposed proportional to the power n of the distance /; the attraction

of the particle d M, in the direction /, will be f^. dM; but

[1448a} f=V\{n-xf-\-{h-yf+ {c-zf],

[1348«] ; hence, by differentiation,

VdaJdaj-v^\{a-xf+{b-yr^{c-zf}- f
'

The quantity, here called /, is what is named r, in [13556'] ;
and is represented by the line

^c, fig. 1, page 5. Now it is evident, that if the preceding force f.dM, in the direction

c A, be resolved, in the direction c b, parallel to the axis x, it will be

'

f^.dM.^=f^.dM.^, [13556];
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We shall noiv suppose the spheroid to differ but very little from a sphere

whose radius is a ; the centre of this sphere being on the line r, drawn [1449""]

perpendicular to the surface of the spheroid ; the origin of this line being

arbitrary, but very near to the centre of gravity of the spheroid. We shall also

suppose that the sphere touches the spheroid, and that the attracted point is on

the point of contact of the two surfaces.* The spheroid is equal to the sphere [1449»]

increased by the excess of the mass of the spheroid above that of the sphere ;

now we may suppose this excess to be composed of an infinite number of

particles spread over the surface of the sphere, these particles being supposed [I449»i]

to be negative, wherever the sphere exceeds, or falls without the spheroid.

We may therefore obtain the value of V, by determining, frst, its value

relative to a sphere, secondly, relative to the particles just mentioned. [1449''»]

With respect to the sphere, F is a function of a, which we shall denote by [1449''"]

A. If we put dm for one of the particles of the difference between the

and by substituting the preceding value of —-—
, it becomes f^ .

(-^j
.dM ;

therefore the attraction of the whole spheroid on that point, in a direction parallel to the axis

of X, will be represented by ff •(t^) -d M.

The particle dM=dx.dy.dz, [1347], is independent of a; therefore the

differential of F, [
1 448], taken relative to a, will be (^\ = (» -f-l )

. //» . f^\ . dM.

Hence
,

. (—
j =ff'' • f

—
j

. dM
;

and as the second member is equal to the

preceding expression of the attraction of the spheroid, in the direction parallel to the axis of

X, that attraction must be '

(t" )
* '^^ ^^^^ ^' 3^' ^' ^^^ arbitrary, and we may

take the axis of x so as to be parallel to the proposed line r, and then it will become

n+T
'

\d^)
' ^^ '" [1449'"]. In the case of nature, where n =— 2, this becomes

simply
—

(t~)' as above, and in [1387,1388].

*
(992a) In figure 11, let cHGD be a section of the proposed sphere, whose centre is

E; chgd the corresponding section of the spheroid, whose centre of gravity is e
; this

centre is very near to E, but may be above or below the plane of the present figure.
Now to compute the value of F, representing the sura of the particles of the spheroid,
divided each by its distance from the point c, we may first compute the value of V,

22
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spheroid and sphere, and /for its distance from the attracted point, the value

[I449i«] of V, relative to this excess, will be ff""^^ • d m. Hence we shall have,

for the whole value of F, corresponding to the spheroid.

[1450] V==A+ff^'^\d m.

Supposing now the attracted point to be elevated an infinitely small

quantity d r above the surface of the spheroid and the sphere, upon the

[1450] continuation of the line r or «
;

the value of F, corresponding to this last

[1451] position of the attracted point, will become,* ^+ ( ~3
—

]
- dr \

A will

[1452] increase by a quantity proportional to dr, which we shall represent by A. dr.

Dl d

corresponding to the whole sphere cH G D
; to which

we must apply a correction, arising from the difference of

the masses of the sphere and spheroid ;
and it is evident,

that this correction must be added, in the parts of the

spheroid, which fall without the sphere, at g ;
but subtracted,

in the points near A, rf, where it falls within the sphere. To

compute this last part, we may draw about c, as a centre.

with the radius c h=/, an arc A fl, meeting the sphere

in JH, and the spheroid in h. Then, in computing the part

of the value of V, corresponding to the mass situated upon

tlie arc hH, we may suppose the whole of that mass to be

concentrated at H
;
because the value of the mass, divided

by its distance from the point c, is the same in both

hypotheses. The part corresponding to A-H, falls within the sphere, and is therefore

subtractive ;
the corresponding mass, collected at H, may therefore be supposed negative at

H. ;
but it would be positive, in the points situated near G. Putting d m for the mass

collected at any point jH, whose distance from c is /, the part of F, arising from this mass,

will be /"+*.</ m, [1448], whose integral, added to A, gives the whole value of F,

as in [1450].

*
(993) Instead of supposing the attracted point c to be situated on the surface of the

[1449rtl sphere cHGD, fig. 11, 12, we shall suppose it to be placed at C, on the continuation

of the line E c, so that EC= r. Now F, [1436, 1437'], is a function of

r, II, /(I — M-^)
. cos. -sJ, /(I

—
f^^)

• ^^°' '^'

[14496] depending on the nature of the spheroid ;
and if we suppose r to be increased by dr=CC',

the attracted point will be at C ; moreover, as fx, -a, do not vary by this increase of r, the
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Moreover, if we put y for the angle formed by the two radii, drawn from the [1452]

centre of the sphere to the attracted point, and to the particle Am \ the

distance / from this particle to the attracted point, will be, in the first

position of this point, equal to v/2a2.(i—-cos.y) ; in the second position, [i452"]

it will be,

\/(a + d r)2
— 2 a . (a + dr) . cos. y+ a^ ; [1453]

or /-(l + i")' ^^6 integral ff^^-dm, will by this means [1453']

become.

value of V will evidently increase fcy the differential i-—\.dr',

V being the value corresponding to the point C. Hence the first J[ ^\ [1449c]

member of [1450] will become ^+ \—
—

) 'dr, as in [1451].

Moreover, \iA increase by A' . dr, as in [1452], and HC=f
change into HC =f', the equation [1450] will become

Subtracting from this the expression [1450], we shall obtain

{Tr)'^''
= '^'' '^^ +/(/'"+' -f^') • ^ "» 5 [1450a]

in which we must substitute the values of /', /. Now if the angle HEC=y, EC=r,
EH= E c= a, we shall have, as in [1432i],

p=r^— 2 r a . cos. 7 -{- «^- [14506]

When the point C falls in c, r will be equal to a, and this value of /^ will become, as in

[1452"], /2= 2 a^ .
(

I — cos. y) ; and then the point C will fall in c', making cc'=dr. [1450cJ

We shall have the value of f'^, corresponding to the point cf, by writing a-\-dr for r, in

[14506], by which means it will become, as in [1453],

/'2 :^
(a + rfr-)2

— 2 « . (a +rfr) . cos. 7 +a2

= 2 a^ .
(

I— COS. y)-\-2a.dr .{I
— cos. y)-\-dr^

If we neglect terms of the order dr^, and extract the square root, we shall get, as in
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(1454] jl+(«_±i).^j.y/^..<,,;*

therefore we shall have

[1455'] Substituting for y/"+^ . d m, its value V— A, we shall get, [supposing,

as will be shown in [1459^], n to be any positive number from to oo, or
Limits of

geneJai' uegtttive from to — 2, inclusive'],
formula of
La Place.

(dV\_ (n+1).^ n + 1 .

[1456] \J7)
-^

2-^— + T^T • ^* ^^^

*
(993a) The value of /', [1453a], gives /'«+' =/''+^ A^-^

(n+ l_Mr_
| ^

neglecting the square and the higher powers of dr. Substituting this in [I450fl], we get,

[14536] ( -7- \.dr'=Ji.dr-\-f
—-—

.
—

. /«+» .dm-, and as the sign of integration does not

[1453c]
affect .

—
,

it becomes
{~r-j

'dr= ^' .dr -\-—^ .
—

.J f''+^dm, asm

[1455]. Substituting in this the expression J'f"+'-^ . dm= V— A, [J 450], we get

(— ^.dr= A' .dr-\- ^^^ *

"f
'
(
^~ •^) ' dividing this by d r, we obtain [1456],

which is free from the integral ff'^^^ • dm. The method of eliminating this integral appears

at first to be unexceptionable ; and it was so considered by mathematicians, from the time it

was first made known, in the Memoirs of the Academy of Arts and Sciences of Paris, for

1782, till about the year 1809, when Mr. La Grange published some strictures upon it,

in Cahier XV du Journal de VEcoh Polytechnique ; and the same was done in the

[1453c?] Philosophical Transactions of the Royal Society of London for 1812, by Mr. Ivory. But it

win be shown hereafter, [1459a
—

i], that the formula [1456] must be restricted to the values

Correc- _. ^. . ^. iii-
L°"pfce'

^hich I have mentioned in [1455'] ; these restrictions are not in the original work, though it

by
'

was very apparent that for certain negative values of n, the element /"+^ . d m would be

ivOTy. infinite, and then this method of elimination might be defective and erroneous. In the case

[1453e]
of nature, where n =— 2, the solution is correct, neglecting terms of the order of the

square of the excentricity of the spheroid, and this value of n is on the limit between the true

and erronnous solutions, as will be seen hereafter, [1459s].
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In the case of nature, the equation [1456] becomes,*

The value of V relative to a sphere whose radius is a, is by § 6, equal to \>^^'^'^

which gives ^ = fff.a^ J'=— t*.a;t therefore we shall ^a
mce's

for sphe-
roids dif-

3r
'

have, ^^^^^-^
a sphere,

a .
(

—-
)
= t * . a- i- t F . (^Z; '"f ^.^a'ture"

[1458]
•(Tr)

= «'-^ + ^^- (2>

*
(994) In the case of nature, n=— 2. Substituting this in [1456], and raultiplybg

by
—

a, we get [1457].

f (995) If the spheroid dhg, fig. 11, page 86, coincided with the sphere DHG, the

particles of matter dm by which the spheroid differs from the sphere, would become nothing,

consequently ff"^^ .dm = 0, and from [1450] we should get j1= F', therefore by

M M
[1416] .4= .. 2

1^,2 c2)

=
7> [1416^,1430']; but M= ^-,(.a\ [1363e], [1457a]

the density p being equal to unity ; hence for a sphere, fig. 12, p. 87, whose attracted point is

4 a*. O?

C, radius Ec=a, and EC= r, we have .A= —-—
. If in this we change r into [1457a']O T

r -\-drj it will be increased by the quantity JX .dr, [1452] ; hence

^
3.{r-[-dr) 3r V »• /

neglecting d r^. Subtracting the preceding value of A, we get A' . dr=— z^'" .
—

; [14576]

hence A'=— -^-^ , being the same as the partial differential (-;—), which would

have given A' immediately, without going through the preceding calculations, by the method

of the author.

When the point C falls at c, infinitely near to the surface of the sphere, the distance r

becomes equal to a, and then the preceding values of A, A!, become

^=-^-_=-3_, and ^=_^^_=___ , [1457,1

(d

V\ 2 * /»2—)=:—J-Z_-|-^F, as in

[1458]. We shall show, in [1459t;], that this equation is correct, in the hypothesis here

23
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We may here observe, that this equation exists, whatever be the situation of

[1458'] the right line r, even in the case where it is not perpendicular to the surface

of the spheroid, provided it pass very near its centre of gravity. For it is

evident, that the attraction of the spheroid, resolved in the direction of the

[1458"] right line r, and expressed by —
(~T~)» ^^ ^® ^^^^ seen, [1449'"], is

always the same, whatever be the position of that line, neglecting quantities

[1458'"] of the order of the square of the excentricity of the spheroid.*

[1457rf] used, notwithstanding the defects mentioned in [1453<i, e] ; and on account of the importance

of this equation, we shall also give another demonstration of it, by JMr. Poisson, in [1561y],

by a different method from that used by the author, either in this work, or in the Memoires

de I'Academie Royale des Sciences, Paris, 1782, where this theorem was first published.

*
(996) To illustrate this, we shall suppose the body to be a homogeneous spheroid of

revolution HDGF, the axis of revolution being HG, and the inscribed sphere

[1458a] HKC'GE. Then this sphere attracts

the point placed at A' in the direction of

the radius A' C, with a force proportional to

the mass of the sphere. The parts of the

the spheroidal excess corresponding to

IKGMJVDI, and IKHEMJVFHI,

are to the mass of the sphere, of the same

order as the excentricity, or excess, CD,
is to the radius of the sphere ;

so that these

[14585] parts may be supposed to attract the point A' with forces of the same order as their masses,

in directions which we shall suppose to be A' O, A' P, respectively ;
but the former

mass, being nearer to the point A', will attract it more powerfully than the latter
;

so that if

we resolve these two forces into two others, in the directions AC and CL, perpendicular

to each other, the whole force of the sphere, and the forces in the directions A'P, A'O,

^ may be reduced to a force • A'C, and a force CL perpendicular to A'C, and falling

on the same side of A'C as the point O ; the resultant of all these forces will be the single

force P of the spheroid in the direction A'L
;

the quantity CL being to A'C, of

the same order as CD is to the radius of the spheroid. This force, resolved by the

usual method, in any other direction, as A!^, inclined to A'L, by the small angle

LA'Q^= 2z, will be F . cos. 2 2;, which may be put under the form F— 2F.sm.^z,

[1] Int. ;
therefore the force F, in the direction A'L, differs from that in the direction

[1458c]

Lq
[U58d]

[1458e]

IS of the same order as -~, the
A'^, by the quantity 2F.sin.^z; and as sin. z

term 2 sin.^ z must be of the same order as the square of the excentricity of the

spheroid. If we neglect quantities of this order, the force, in the direction A'Q, will be
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11. We shall now resume the general expression of F, [1436],

corresponding to an attracted point without the spheroid,

V= -r —^ + —
3- + &c. ; [1459]

the same as that in the direction A'L, each of them being equal to the force in the

direction A'C, neglecting quantities of the order just mentioned, as in [1458"]. [1458/]

(997) We shall here investigate the limits of the values of n, mentioned in [1455'],

between which the formula [1456] is correct. To avoid the embarrassment arising from the

attracted point being at the surface of the spheroid at c, fig. 14, we shall suppose, in the first

place, as in [1449«], that it is elevated above the surface of the spheroid at C, and that the

attracting particle dm, included between the spheroid and sphere,

is situated at the point A, on the right line EH'Ah'. To include

the most general case, we shall suppose the sphere D H' G not

to meet the spheroid at the point c, but to cut the line EC in

another point /. Then if we put Ec=p, Eh'=p', EA=p",
EC=r, Ef=EH'=a, angle CEJZ'=7, CA=f, we

shall have, as in [14506], by changing a into p".

p= r^— 2rp". COS. r + f>"^;

also, as in [1450], \\^ ^ya

V=A-\-ff-+Kdm,
-^

F being the whole value of F, corresponding to the spheroid cKgd, according to the

definition in [1448] ; A its value for the sphere H' GDf, and ff''+^ .dm, its value

for the mass m, which represents the difference between the mass M of the sphere, and the

mass M' of the spheroid, [1449^»"]. It is evident, that V, A, and ff^'+Kdm, are functions

of r; so that if we put, as in [1457&], (—j
= A', and take the partial differential of

[1459&], relative to r, we shall get,

(^^)=^+(„+.).//..(^).,„.

Multiplying [1459J] by

the sign / does not affect r,

(n+ l)

2r
and adding it to [1459rf], we get, by observing that

<"+^).^ + ("+^)
2r

2r

2r

(n+ 1)

2r

[1459o]

[14596]

[1459c]

[1459<f|

.V [1459c]
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the function C/^'^ being subjected to the following equation of partial

differentials, whatever be the value of i [1437],

Now the differential of [1459a], relative to r, gives

^ /. /df\ ^ ^ n 2r2— 2r.p".cos.r /2_L.r2_p"2
[1459/] 2/. {-^^

= 2 r-2 p" . cos. y = f ^ = ^ ^
^

^
;

hence the preceding expression becomes,

,1459,] (ir)=^._(^).^+(!Lti).K+(^.//..-...„.(r^-n,

in which nothing is neglected. If for brevity we put

[U59h] W=fp-Kdm.{r'— f%
this will become

[14590 (if) = A'-^^.A+ '-"i"!
. F+'^ . W.

\dr.J 2r ' 2r ' 2r

This formula, divided by n-\-\, represents the- attraction of the whole spheroid, upon a

point C, situated without its surface, and resolved in the direction of the radius r, no

quantities being neglected, [1449'"], except those of a less order than the terms of W. If

we suppose, with the author, the attracted point C to be at the surface of the spheroid at c,

and the point / to fall in c
;
so that the surface of the inscribed sphere may pass through

[1459A;] the point c
;
we shall have r= p

= a, and the expression [1459i] will become

which will not agree with the fundamental equation [1456], except we have W equal to

nothing, or of the order of the neglected terms a^
;

a being used, as in [1461'], to denote

[1459Z'] terms of the same order as the excentricity of the spheroid. Now in [1449"], the particles

dm are supposed by the author to be placed on the surface of the sphere whose radius is a,

so that p"
= a. Substituting this and r= a [1459A;], in fV [1459A], we get,

W=ff^-^ .dm.{a^— a^)
=

(a^
—

a^) . //""^ .dm;

tind this is neglected by the author, because the factor a^— a^^ q . without adverting to

the circumstance, that ff^~^.dm, has, in some cases, a divisor of a much less order than this

factor, which prevents W from vanishing. This defect was discovered, about the same time,

both by Mr. La Grange and Mr. Ivory.

The quantity m [1459c], representing the difference between the mass of the spheroid and

[1459m] that of the sphere, is of the order a [1459Z']. Moreover, when r=^, the factor r^—
p''^,

which occurs in W, becomes p^
—

p"^
=

(p _}- p"j . (p
—

p"), or 2 p . (p
—

p") nearly ;

and as p
—

p" is of the order a, the elements of the integral

[1469m'] W^ffr^-Kdm.{^-n
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,J'-lc--)-(T)l +
fddU^\

1— p,2

+ ^.(^+l).C7«

Differen-

tial eqaa-
tion in

[1460]

must be of the order a^, when / has a finite value ;
and these elements can become sensible

only when the exponent of / is negative, and / excessively small or nothing. Therefore in

the investigation of the value of W, we may limit the integration from /= 0, to f=f'i [1459nl

/' being a very small quantity, which for the purpose of illustration we may suppose to be of

the order a, and the question wUl be to determine, with what values of n, the expression

[1459A] ^, ^4

^=/^/"-'-^«»-(p'-n»

becomes of a finite magnitude, or of the order a, always neglecting

quantities of the order a^, as the author has done in [1458'",

1461', 1614%&z;c.] ^

The sphere is supposed to touch the spheroid at the attracted

point c [1449"], and we shall also suppose, that through this

point a plane is drawn, tangent to the sphere and spheroid. Upon
this plane, we shall describe about the centre c, with the radius

/', a circle MBD. This is drawn separately for distinctness in fig. 15, and is divided into

elementary triangles like BcD^ so that if we put the ^^ --^..^^ ,s

angle BcD^dzs, cb= cd=f, the arc bd=fdzi,
hB'=dU=df, the elementary area h B'B d, / _^r M>
included by the circular arcs hd, BBf^ will be fd-a.df.
We shall now suppose a line h Ss to be drawn through the

point h perpendicular to this tangent plane, cutting the sphere
in 5, and the spheroid in 5, as in

fig. 16, which is drawn

separately for distincmess. C is the centre of the sphere, and

also of the circular arc cs, whose tangent is cb. Then we shall have the versed sine

Lb [1459p]

c62 /2
* * ^^ 2^ ^^

2^' °®^^y- Multiplying this by the area of the elementary

base bB'Bfd=zfd-a.df, we shall obtain
fl^:^^ for the magnitude

of the rectangular prism formed upon diat base, and included between the

sphere and the tangent plane. In like manner, if we take a' for the radius

of curvature of the spheroidal arc c S, which radius we shall suppose to
^^

differ from a only by quantities of the order a a, we shall obtain the

magnitude of the rectangular prism, limited between the same base bBUd,
and the surface of the spheroid passing through the point S, by changing a into a', in the

24

fl459<7]

[1459}^
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We shall have, by taking the differential of V [1459], relative to r.

We shall represent the radius drawn from the origin of r, to the surface of

Coefficient
^^iQ spherold, by a . (1 + «

?/) ;
« being a very small constant coefficient,

ri46ri
^^^^^ square and higher powers may be neglected, and y a function of /x and

w, depending on the figure of the spheroid. We shall have, by neglecting

preceding expression, and it will therefore become J ',
—

. The difference of these

Pdf.dzi Pdf.dta {a
—

a') ^, , ^ , , , r
two expressions

—
-^,
— ——

g"-
—=

^2
—

r- 'f df.dvs^ represents the value of

dm to be substituted in [1459o], which, by this means, becomes

Now it is evident that while n has any positive value from to cx), or any negative value

between and —2, the quantity /''+2 will vanish when / becomes nothing ;
and in no

case, within the assigned limits of /, will it become infinite. In the case of nature, where

[14595]
'^=— 2, we shall have /''+2 _.yo

_.
j

. but as every element of the expression

[1459r] is multiplied by the factors a— a', p^
—

p"^, each of which is of the order a,

[I459f] [1459m, g-'],
the whole will then be of the order a^, and may therefore be neglected. This

result would not generally take place, if the negative values of n exceeded — 2, for if we

put n = — 2— n', n' being positive, the expression /''+^ =/""'= p'j
becomes

infinite when /= 0.

Hence it appears that the formula [1456] was not sufficiently restricted by the author, and

[1459m] that all negative values of n between —2 and — co must in general be excluded. In the

[1459t']
case of nature we have n=— 2, and as the method is correct for this value of w, the

formulas [1457, 1458] must be accurate, neglecting quantities of the order a^ [1459o', t] ;

[1459u>] always supposing, as in [14595'], that the difference a— a', between the radii of curvature

of the spheroid, and tangent sphere, at the attracted point, is of the order a a. With these

[1459ar] limitations, the method of the author appears to be satisfactory ;
and the objections made to

it, apply only to the cases we have here excepted.

*
(997a) As U<^^ does not contain r [1433^], the differential of [1459] relative to r,

divided by
—

<?r, will give [1461].
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4 'Jf , Or

quantities of the order a, V= -—^—
.
* Hence it follows, that in the [146^

preceding expression of F, we shall have, first, the quantity C/^"^ equal

to I
* . «', increased by a very small quantity of the order «, which we [1461'"]

shall denote by C7'^°^ ; second, the quantities U^^\ C7^^\ &c., are very

small quantities of the order «. Substituting a . (\-\-ay) for r, in the

preceding expressions of V, and — f ——
j

, and neglecting quantities of [1461""]

the order a^
; we shall have, for any attracted point situated upon the

surface.

Tjm Tjo) Tjm
l^=§*.a^(l--ay) + -— +^ +^ + &c.

-^A-7r;=*"-^-^^~2"2/)+— +-^ + -^-+&c.

[1462]

(998) As the spheroid differs from the sphere, only by quantities of the order a, the

rf.a
value of V [1428""] will differ from tiiat of the sphere 1^1^ [1457a, a^ by a quantity

[1461a]

A 3

of the order a
; so that if we subtract —^— from both members of the equation [1459],

A 3

the first member V— _' will be of the order a
; therefore the second member musto r

be of the same order ; and if we, for brevity, put U^^'>— | * . a^= t7'«», the quantity

U'^% as well as U^^\ U^\ &ic., will also be of the order a, and we shall get,

^—3r-=-r+-^+^+^'^ or F=__+-_+i^+£_+&c.; [146I6J

whose differential, relative to r, will give

/dr\ 4*.a3 . t7'»)
,
2C7W

,
3Z7(2)

, „~Wy ~ "3W- + -;^ + -73- + -74- + &c.
[1461c]

Putting r= c . (1 -f- a
y), and neglecting a^, we get

4*.a3_4*^ , 4^.a3 4^,^
~3^ 3--(l

—
«y), _^ = -__.(l— 2ay). [i46id]

Substituting these in the preceding values of T, —
(^)» we shaU obtain the

expressions [1462], observing that in all the terms depending on U'^^\ ZJW LT©), &c.,

which are of the order a, we may put r= a.
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If we substitute these values in the equation [1458] of the preceding article,

we shall obtain,*

[1463] 4„^.«2 _|_ __^ _|_ _^ _|_ __^_j. ^c^
« a^ a^ «*

Important
develop- . /.

Son^^ Hence it follows, that the function y is of this form,t

[1464] y = F°^ + y(^> + F^) + Y(^> + &c.
;

*
(999) Substituting the values [1462] in [1458], put under the form

and connecting the similar terms, we get,

ri463al n o 21 U'^'^
,

3 C/('>
,

5 f7<2>
,

«

Multiplying this by 2, we get [1463].

f (1000) Dividing [1463] by 4 a* . a^, we shall get the value of y, in the form given

in [1464] ; the term depending on £7^'^ is evidently equal to
\. i+3 ; putting this

equal to Y« [1464], we shall get C7« [1466]. Substituting this value of t/^'Mn [1437],

[1464o] the factor . a'+^ can be brought from under the signs of the differentials, and the

whole expression, being divided by that factor, will become as in [1465]. This exists for all

integral positive values of i, including also i= 0. For U^^^ [1433A;] does not contain

[1464a'l ^' ^'' -^"j ^^^ is therefore independent of (x, •«
;

hence Y^^^ [1466] must be

independent of f*. -zrf,
so that I——

j
= 0, f —-—

j
=

;
and as the factor

i.{i-\-l) also vanishes when i=0, each term of [1465] will separately vanish

when i= 0.

If we put f*=cos. ^ [1434'], and proceed with F^ as was done with V in [465w, &;c.],

we shall get,

Sd^(l-^lfP).(iI^)l\ C0S.5 fdY^^\.fddY^^\

l^ do )
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the quantities Y^'\ F^ F^>, Y^'\ &c., as well as U^'\ U^'\ m'\ &c., [1464']

being subjected to the following equation of partial differentials, dX^n*"'

tion in

therefore this expression of y is not arbitrary, but is derived from the

development of the attractions of spheroids in a series.* We shall see, in [1465']

the following article, [1479'], that y cannot be developed in this manrier but

in one form
;

therefore we shall have, by comparing the similar functions,

this general value of U^^ [1464a],

2i+l 1.1466]

General

Hence it follows, that whatever be r, we shall have,T r''^^"*"
^

' tor a ho-

mogeneous
spheroid

^_w ^ 4«v J

^^^^_^^^
y^_^_^ p- y'+5 • y^+ &c-

S
; (3)

" "''
3r

an exter-

nal point.

[1467]

Substituting this in [1465], it becomes of the following form, which is frequently used, lilu'qua-
tions in

'^(1001) Considerable discussion has arisen upon this development of the function y,

between several of the first mathematicians of Europe ;
some contending, that this form can

be used only when y is actually a rational and integral function of the quantities fx,

\/{l
—

[JL^)
. cos.Ttf, \/{l

—
(x^) . sin. « ; whilst others, with more satisfactory reasons,

assert that it is not restricted to this particular class of functions, but embraces the general

value of y, even when it contains fractional, or surd expressions, of the same quantities, as we

shall hereafter in [1530Z
—

1535A:] more fully explain.

f (1002) Supposing F'to be reduced to series, according to the powers of -, as in

[1459] ;
then if this series were given, we should know the values of U^% U^^\ U^^j &c.,

also r'(o)==C7<''>— fora3, [1461a]; allof which are independent of r [1433A;]. Substituting

these in [1466], we shall get successively Y^% Y^^'', Y^^\ Sic, and then, as in [1464],

y= Y^^^ -\- y^'^ -f- &c. So that the value of J^ being given, we may thence deduce the

value of y. On the contrary, if the value of y were given, in a series of the form

25

Second
form.

[1464c]
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To obtain the value of V, it is now only necessary to reduce y to the form

we have supposed ; we shall hereafter [1530"", IBSSi] give a very simple

method of doing it.

[1467'] If we have have y = Y^'\ the part of F, corresponding to the excess of

the spheroid above the sphere whose radius is a, or, in other words, the part

corresponding to the spherical stratum whose radius is a, and thickness

4 a* a'+^ Y®
[1467'] a . ay, will be

' '

.^^ ; therefore this value will be proportional

to y ;
and it is evident that this is the only case in ivhich this proportionality

exists.

[1467'"]
12. We may simplify the expression of y = Y^^^ -{- Y^^^ -{- Y^^^ -\- k,c.,

and make the two first terms of the series vanish, by taking, for a, the

radius of a sphere, whose mass is equal to that of the spheroid ;
and fixing

[1467""] the arbitrary origin of r, at the centre of gravity of the spheroid. To prove

this, we shall observe that the mass of the spheroid M, supposed to be

homogeneous, and of a density equal to unity, is, by § 8, [1431(/] equal to

[1467V] fl^dR.dik.dra, or hfR^.d^.dts,

y(o) _|_ y(i) _^ y(2) _|_ g^^^^ ^g might, by a similar operation, deduce the value of U^^\

U^^\ &c., and thence the value of ^"[1459]. For greater simplicity, we may express this

value of V, in terms of F^, Y^^\ &c. For in [14616] we have

.. 4^.a3 C7'(o)
,

f7(i>
,

„

3r '

r
'

r2

and from [1466], putting successively, t= 0, i=l, &ic., we have,

[1466a] C7'«»=if5.a3.Y(o>,'
m^= ^l.aKY^^\ U'^^=^.aKY^% &c.

These values of Z7^% U^^\ he., are computed, in [1466], upon the supposition that the

attracted point is upon the surface of the spheroid ;
but being independent of r [1433A:],

they will be the same for all values of r corresponding to an external attracted point, and may

therefore be substituted in [14616], to obtain the general value of V [1467], including,

however, only the terms of the order a.

We shall hereafter [1560a] give Mr. Poisson's value of V, in which all the powers of «

are retained. La Place has treated of the same subject in [1820", &c.]
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R being the radius R continued till it meets the surface of the spheroid.* [1467"]

Substituting for R its value a . (1 + a
y), [1461'], we shall have,

Mass of a
_ spheroid.

M =—'-

\-oLd? .fy . dii . cIth ;
[1468]

[1469]

in which we must substitute the value of y = F") + F^> + F^^ + &c.,

[1464], and perform the integrations. For this purpose, we shall give the

following general theorem, which is very useful in this analysis.

" If F*\ and Z^''^ be any rational and integral functions whatever of [1468']

pi, ^/TZTjJ. sin. w, and ^ i _ f^a
. cos. cj, which satisfy the following

equations,

( , (
,, ,. fd Y«\ ) ) fddY^'^\

( diJ. )^1—f*2iV'^ '

we shall have generally,

1 .n^iar •" definit

^ "
[1470]

when z, i', are integral but not equal positive numbers ; the integrals being

taken from fx
= — 1 to M'=1, and from -a^O to wssS*, 2*

[U7(y]

being the circumference whose radius is unity."

*
(1003) Putting the density p

= l in [HSlfTJ we get, by neglecting the accents

on I*', v/,

M=fmdR.dti..d'a==^fR3.dii..d'a= ^fa^.{l-{-ayf,dit..d-a

= ^a^.fd[i..dzi-\-aa^.fy.dii.dzi, [1467a]

the limits of the integrals being as in [143 Id]. But f d«=2«', and y <if*= 2. [14676]

Hence f^^f rf«.rf(*= 2fli'.2= 4«', and the preceding value of Jf becomes, by [1468a]

substitution, as in [1468].

Important
theorem
in definite
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To demonstrate this theorem, we shall observe, that by means of the first

of the preceding equations of partial differentials [1469], we have*

*.(*+ !)
^ J-

L

[1471]
V r- /

1 (A

and if we integrate by parts, relative to (*, we shall get,t

*
(1004) Multiplying the first of the equations [1469] by ^^.'f.^^^'^ transposing

t.(i-j-l)

/d Y^'^ \ /dd y^'A
the two first terms, depending on f—

^
—

J,
f

j,
and annexing the sign of

integration /, we get the equation [1471].

f (1004a) Putting, for brevity,

and integrating successively by parts, relative to f*, we shall get,

I147W]
= z«') . fr— »" . r» +/ yc) .

(y^-)
.di..;

which, by replacing the values of W, W, becomes as in [1472]. Now at the limits of the

integral relative to n [1470'] we have 1— |j.'
= 0; therefore W, W, [1471a], will

vanish at these hmits, and the expression [1 47 It] will become,

/^-•(^)-''^=/r'"-(-.")-<'-
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.
-a-.^).y«.(^)

["«]

+yyco>-l(W).(^)j K^.

Now it is evident, that if we take the integral from 1*
=— 1 to M'=1, [l472^

the second member of this equation will be reduced to its last term. We

shall have, in like manner, by integrating by parts, relative to w,*

/z..(^->.»=oo„..H-z«.(S')-y<o.(^)+/y..(^-)...;
u.«,

and this second member is also reduced to its last term, when the integral is

taken from ^= to ra= 2«, because the values of Y^'\ (
—

^
—

), Z^*^
V dzi J

(
——

j
, are the same at these two limits

; f therefore we shall have,

*
(1005) Integrating successively by parts, relative to zs, we get,

as in [1473], Now Y^'^, Z^% are functions of sin. w, cos. «, [1468'], which have

the same values at the limits of the integral zi= 0, zi= 2it
', therefore, by taking the

integrals between these limits, the two terms of [147 Id] without the sign / will vanish, and

weshallhave,
/Z^'\(^|J^^

. rft.==/r». (^^J^)
. rf«, as m [1473']. [i471e]

t(1006) Substituting in [1471] the values of
fZ^'K(j^Ydii, fZ^'\f^!^\.dia,

[1471c, e], we get,

26
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[1474] /r(o.z^^(ZM«=:_—l~./r(»-).rf^.fZ«.)
/ ^-^n—^('-^)g)n |g)i

Hence we deduce, by means of the second of the two preceding equations of

partial diflferentials,*

[1475] / Y('> . Z(*'> .di^.d^=:?^4 • /y^'^ .Z^'Kdti,d^;
t.(i4-i)

^ ^
».(*+!)

"^

VaM-/ ».(»+!) j3-j;2
'dlf'.dsi

which, by resubstituting the value of fV' [1471a], becomes as in [1474].

.

*
(1007) Transposing the last term of the second equation [1469], we obtain.

Substituting this in the second member of [1474], we get [1475] ; and if in this last we

transpose the terms of the first member, we obtain,

=
\ *^*I±i^— 1 ] .fY^^.Z'"Kdii..d'vs,

Now the second member can vanish, like the first, only in two ways ; first, by putting the

factor V^^-TT "—1=0; second, by putting / F*) . Z^*') .dfj. .dzi=zO. But
*•(*+ !)

by hypothesis, i, i', are integral positive numbers ;
and if we suppose a' >•*, we shall have

.,.,,; >> 1, but if we suppose i'<ii, we shall have '.
'

/ <1 ;
neither of

which values would therefore satisfy the equation .' ,. V,/— 1=0: but i'=i would
t.(i+l)

satisfy it, therefore the equation ^=
]

.' .7^
— 1 > -fY^^'^ . Z(*'> . d^i . dzi, when

i' differs from i, cannot be satisfied, except by putting the second factor

/Y^iKZ^i'KdfL.d^

ri475o1 equal to nothing, as in [1476]. If we substitute for dft. its value — d 6. sin. 6 and put
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Important

therefore we shall have, when i differsfrom i\ S'^lf
First

Q form.

^r^J^^J
Y« . Z('^) . di. . d^.

[1476]

Hence it is easy to prove, that y cannot be developed in more than in one [1476']

expression of the form Y(°)+F')+Y^'^+&c. [1464]; for we have generally,*

fy . Z(*> .di^.dvs ^fY^"^ . Z« . rff.. rf«. [1477]

If we could develop y in another series of the same form

yw4.y;i)4-y^(2) + &c.,

we should have,

fy.Z^'^.di^.d^^^ fYf^ . Z» . (?f* . <?z« ; [1478]

therefore

/y» . Z« .dii.dt^ =/y^*^ . Z(*> . (if* . (?w. [1479]

for brevity, as in [1447/], d 6 . sin. 6 .d-a= dw, this equation will become, for all values Theorem

of i which differ from i', integral!.
Second

Q form.

=fJf^
*
Y^^K Z^'K d6 .sm.d .dzs =fY^'> , Z^^\ dw; [1476o]

i^e integrations relative to w extending to the whole surface of a sphere whose radius

is unity.

If Y^'^ be a constant quantity, it will be of the form Y^% and from [1476a] we shall have

generally, when i' differs from

0=/Y«».Z(^.(Zm;= YW./Z^'^rfw;, or fZ^^'Kdw= 0, [14766]

Z^*') being any integral function whatever of |x, \/{l
—

f*^)
. cos. w, \/{l

—
^l?)

. sin. -a,

satisfying an equation, similar to that in [1469].

*
(1008) Substituting y= Y(W+r<i)-f-F(2)+&£c. [1464] in the first member of the

equation [1477], it becomes

/y.Z«.(?fA.d«=/YW.Z».df*.J«+/Y«.Z».rfi*.d«+ &c.

Now from [1476], all the terms of the second member, except that depending on Y%
vanish; therefore fy .Z^'Kdfi. .dvs —fY^^ . Z^'^ .dit..dzi, as in [1477]. The

expression [1478] is obtained in a similar manner. Putting these two integrals equal to each

other, we get [1479].
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[1479'] Now it is evident that if we take for Z^'^ the most general expression of

There can that kind, thc preceding equation cannot take place, except in the case

onedeve- wherc V (^)=Y <») ! therefore the function y can he developed in this manner
lopment oi / ' t/ »/ «/ J.

y only in one form.*
in the form •^ "^

2F«
.

*
(1009) If we put r/'>— r('^= r/>, and suppose, as above, that F/'\ Y^^, satisfy

the equation [1465], it will be evident that F^/'^ will also satisfy the same equation ;
and if

we transpose the term in the second member of [1479], we shall get

[1479a] /( y;(0_ Y0) . Z«. c?M' . ^^= 0, or fY^^'^.Z^^ .d^i .dzi=
-,

now this equation cannot exist, if we use the most general value of Z^'^ [1479'], unless we

have Yij-'^
=

>
* being, as above, any positive integer. To prove this, we shall find it

convenient to use the theorem [1548'] ;
and on this account the reader may, if he thinks

it necessary, pass over this note, until he shall have examined the demonstration of that

formula, which is made independently of the theorem treated of in this place.

Now if we suppose, as in [1541'"], that the part of F,/*^ , depending on the angle nzi,

is represented by X . (w2^"^ . sin. nzi-\- 5^"^ . cos. n
-kt) ;

and the part of Z^^^
, depending

on the same angle is X . (»4'^"^ . sin. nis+ i5'^"\ cos. n-m), [1547'] ; we shall have the

[14796] corresponding terms of /F,/'^ . Z^*^ .d[i..dzs=z . ^^ . (^^"^ . ^'U) _^_BCn) ^ ^/(n))^

as in [1548']. The equation [1479a] ought to exist for all values of Z^'^
; and if we

suppose it to be reduced to one term, X . ./2'^"^ . sin. n irf,
all the other terms, .4'(^),

^'(2), Stc, B'-^\ jB'C), Sic, vanishing, the integral [
1 4796] will become

(2t+l).7

and this will not vanish, while .^'^"^ retains a finite value, unless we have ./2^"^= 0. In like

manner, if all the terms of Z (*) are supposed to vanish, except X . 5^"^ . cos. n zs, the

integral [14796] will become ,^ .
,

^^"^ . jB'W ; and this will not vanish, as is° '- -*

(2t-f-l).7

required by the formula [1479a], unless we have 5^"^ = 0. In this way we find that all

the terms of F^/*^ depending on any angle n ra, vanish
;

and we shall have, generally,

F^^^^)
= 0, or F/*)

== F^*^ ; hence we may conclude, as above, that any function y can

be developed in only one manner, in a series of the form [1464]. We shall give another

demonstration of this important proposition in [1533i'].

It has been observed, that a similar result would not necessarily follow, if the function y

were represented in a series of sines and cosines of the multiples of 6 and -zrf. Since the same

function y, for a given extent of the values of each variable quantity 6, -m, may be expressed,

in this last manner, in many different ways ;
and if we have obtained two expressions of the

whole value of y in such series, we cannot generally conclude, that the similar terms of each

are severally equal in both expressions ; whereas, in functions of the form F^'^, this equality

must, of necessity, exist.
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If in the integral fy.diJ-.dvs, we substitute for y, its value [1464],

Y(0) _|_ Y'-^^ + F^) + &c., we shall have generally
= / F*> . Jfx . <? ts,

i being equal to, or greater than, unity ;• for unity, by which di^.d-m is [1479"]

multiplied, is comprised in the form Z^°>, which corresponds to any constant

quantity, independent of (Jt and w. The integral fy . di^.d^, is therefore

reduced to fY^^KdiJ^.d w, equal to 4* . Y^"^ ;* hence we shall have, [U79"']

M=l*.a^ + 4a*.a\ F°^ ; [1480]

Case in

therefore, by taking for a the radius of the sphere equal in mass to that of which

the spheroid [1457a], we shall have Y^''^=0, and the term Y^°^ ivill disappear ^^^j^h^,,

from the expression of y. [1480']

The distance of the particle dM= R'd R. dix .d^ [ 1467a] ,
from the [1480"]

plane of the meridian, from which the angle w is counted, is equal to

R yi_^2. sin. w ; t [1480"']

*
(1010) Substituting y [1464] in [1468], we get

M=^ir .a^+ a.a^ •/(Y^+ Y")+ Y^)+ &c.) . di^.d^ . Z^''\

supposing Z^^^= 1. This, by means of [1476], is reduced to

= ^ ir . a3+ a . a3 . Yo^ 4 *, [1468a] ;

observing that Y^°\ being independent of f*, m, is brought from under the sign of integration.

This value of M is the same as in [1480].

f(lOll) To conform to the present notation, we must reject the accents on ^, t*/, in the

expression of the co-ordinates of the attracted point dM [1432], and we shall have,

x=R. cos. 6. y=:R. sin. 6 . cos. zi, z= R. sin. 6 . sin. ra
; [1480a]

and if we put cos. 5 = i*, they will become, as above,

x==R,ix, y= jR.v/(l
—

fi.^)
. cos. -sf, z=iR.\/{l— (x^j.sin.xsr; [14806]

in which the plane of x y, is the plane from which the angle zs is counted, ta being 0, when

z=
;

and the plane of y z, is the plane of the equator. In this case, a;= 72 . |x,

represents the distance of the particle dM from the plane of the equator, y z, as in

[1480"'] ; y=R .\/(l
—

f*^)
• cos. zi represents its distance from the plane x z, as in [I480e]

[1480'']; and z= R.[/{l— ii^).sm.zi its distance from the plane a: y, as in [1480'"].

If we multiply these distances respectively, by the value [1480"] of the particle

dM=I^dR.dit'.d'ui, [1480rf]

27
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the distance of the centre of gravity of the spheroid from this plane,

multiplied by the mass M, will therefore be fB?dR . d[t^ . d^.^i—fxP.sin.ra ;

and by integrating with respect to R, it will be

[1480""J lfR^.(ti>..dzs. v/r=^ . sin. t^,
V

R' being the radius continued to the surface of the spheroid. In like manner,

the distance of the particle dM from the plane of the meridian perpendicular

[1480^] to the preceding, being R . s/l
—

[>?
. cos. zs

;
the distance of the centre of

gravity of the spheroid from this plane, multiplied by the mass M, will

be i/R"^ . d^i- .drs . \/\
—y? . cos. tjy. Lastly, the distance of the particle

[1480^5] d M from the plane of the equator, being R
fji^ ;

the distance of the centre

of gravity of the spheroid from this plane, multiplied by the mass of the

spheroid, will be i/R'^.iidii'.dts. The functions
f^, \/i

—
(^^ . sin. w, and

[ueovii] v/i—V • COS. «, are of the form* Z^^\ Z^^^ being subjected to the equation

of partial differentials.

[1481] o=H<'-'H^)]l(^-Sr)

and integrate the products, so as to include the whole mass M of the spheroid, these integrals

will represent, by the nature of the centre of gravity [126, 127], the products of the mass Jli,

by the distances X, Y, Z, of that centre from the planes yz, xz, xy, respectively. Hence

we shaU have, as in [1480""—1480^«],

M.X=fR^dR.iidii..dzi ^lfR"^.[>^dit..dzi',

[1480c] M. Y=fR^dR.dii.d-a.\/{l'—iiP) . cos.zi=^ifR"^ .dii. dvi.\/{l—tJ.^) . cos.« ;

M.Z==fR^dR . d[u . dT^.^{l—[>?) . sin.Ttf= 4/il'4 . Jf/- . dvi . /(I— f*^)
. sin.w.

*
(1012) The expression [1437], by putting i=l, U^^= Z^^\ becomes as in

[1481]; the same changes being made in the general value of U^^'^ [1438], it becomes

[1480/] Z(i>=iT.f/.+ £r'.v/(l
—

f^^)-sin.« + -H'".v/(l
—

f^')-cos.^; H, H', H",

being arbitrary constant quantities ;
and by assigning to them particular values, we shall obtain

corresponding values of Z^^K Thus, ^r^^, putting If= 1, H' == 0, H"= 0, we

[1480g] obtain Z(^^=
fJi.; second, putting H=0, H'=l, iZ"=0, we obtain

[1480/i]
Z^"= v/(1

—
M'^).sin. «, third, putting If= 0, H'= 0, H"==l, we obtain

ri480il
Z^^^= v/(1

—
M'^)cos.'5i; therefore the values f*, \/{l

—
M'^).sin.'2tf,

and \/{l
—

fA2).cos.'5r,

being substituted for Z^^\ in [1481], vdll satisfy that equation.
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If we suppose R^ to be developed in a series iV^"^ +iV(i? + iV^^) + &c., [1481']

N^^ being an integral and rational function of m, V^T^-m^ • ^^^' *>

^JlZjia, COS. w, subjected to the following equation of partial differentials,

[1482]

the distances of the centre of gravity of the spheroid from the three preceding [1482^

planes, multiplied by the mass of the spheroid, will be, by means of the

general theorem we have just demonstrated, [1476],*

IfN^'^^ .dii-.d-a. v/T^V • sin. «
;

IfJS/w ,dii'.dzi. ^i_p,2 . cos. IS
; [1483]

m^ is, by § 9, [1438], of the form,t

N^^^ = ^ .
fjL + J5 . \/i—fjL^

. sin. IS + C v/ 1—1*2 . cos. zs
; [148^]

*
(1013) If we substitute, in the equations [I480e], the values of Z(') [1480/],

corresponding to each of them, they will all become of the form ifR"^ .dfi^.d-a. Z^^\

This, by means of the value of R"^ [1481'], is equal to

and by using the theorem [1470], it is reduced to } fJV^^^ . Z^' .d^^.d-a. Now [1482a]

resubstituting the values of Z^'^ [1480t], we shall obtain the three expressions [1483].

f (1014) This form of JV^'^ is the same as that in [1438], changing the constant

coefficients H, H', H", into j1, B, C. If we substitute this value of JV^^^ in the first of the

expressions [1483], it will become,

i A .fii .\/{l— 11^)
. d II .fd:s . sm.'a -}- i B ./{I

—
p.^) .dij. ./. dzs .sin.^ -a

[1483a]
~f"4 ^ -fi^

—
pP) .dij. .fdvs.an.Ta. cos.zs.

Now if n be any integral number, we shall have, by taking the integrals between -0= 0,

and -sj= 2 *,

=
y' sin. n'BJ. rft:r=0 ; J' cos.ms . d7s=

; [14835]

for /sin. n'si.d-a= . cos. ?»«+"» which vanishes if «=0, and when «=:29r
ri483cl
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A, B, C, being constant quantities ; the preceding distances, multiplied by

[1483"] the mass, will therefore become ^ • ^» q
• ^' q

• ^- '^^^ positiono o o

of the centre of gravity of the spheroid, depends, therefore, only upon the

[1483'"] function iV^^^, which furnishes a very simple method of determining its value.

If the origin of the radius R, which is the point of intersection of the three

[1483""] preceding planes, be the centre of gravity of the spheroid, the distances of

JV^'^ this centre from these planes will be nothing ; therefore A = 0, B = 0,

rroS' C=0, [1483"]; hence ^^ = 0, [1483'].of the co-

ordinates
be at the

centre of

gravity.

These results exist for a homogeneous spheroid of any form whatever.

When it differs but very little from a sphere, we shall have, [1461', 1480""],

it becomes also [-
-= . The same result is obtained from

n n

fcos. n zi . d'cs= - .sin. n Si.

n

Hence the terms of [14S3a], multiplied by Jl, C, vanish ;
and in the term multiplied by B,

we may put sin.^ w= |
—

| . cos. 2 zs, and then, for the same reason, we may neglect

[1483rf] cos. 2
-zrf,

and we shall have f sin.^ vi .dzi= ^T dzs= ^ .2'K= i(. Hence the

expression [1483a] will become
I-jt

.B ./(I
—

(j.^)
. d(i = ^-jt . B .

{{i
— J M-^+ S)? the

constant quantity being taken so as to make it vanish when (*
=— 1, [1470'], and when

[1483e] (*= 1, it becomes ^ * . 5, as in [1483"]. In like manner we may compute the resuh

of the second of the equations [1483] ;
or we may derive it from the preceding calculation,

in a more simple manner. For if we change, in JV^^\ [1483'], B, C, ts, into C, —B,

BJ -{- ^ *, respectively, its value will not be altered ;
and the same alteration being made

in the first equation [1483], it will change into the second of these equations ;
and the result

[1483/] J-n-.-B, [1483e], will become i'lr.C, as in [1483"]. Again, the same value of JV-^^

[1483'], being substituted in the last of the equations [1483], it becomes

iA .f[)^^d\h.fd'ui-\-lB.f\J^d\i..\/{\
—

\)?) .fdzs . sin. w

4-
J- C/fjic?(x. v/(l

—
M-^)

. /<? ^ . cos. •sJ.

The terms multiplied by B, C, vanish, because, by [14S35],

[1483g-] yi dvi . sin. «= 0, Jn ^^ ' ^^^' "^= ^ J

and as J* cZ ra = 2 *, the whole expression will become

[1483^1] iA.fii!'dix.2i:=^i'rf.A.f^^diJ.= i':^.A.{^y?+^),

which vanishes when |x
=— J

,
and when |x

= 1
,

it becomes J*..^.§= -i*.w3,

as in [1483"].
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jl' ^a.(l -^cty), and R^ = a\ (I + 4>ay) f moreover, as y is equal to ^1483'^]

Y(0)_|_ya)_^Y(2)_|_&,c., [1464]; we shall have N^'^= 4>a.a\Y'\ [1481']; r<°>

/• • 7 /• 7 • f 1 Ji vanisheain

the function Y^^^ will therefore vanish jrom the expression of y, when wejix J^^'^^^

the origin of E at the centre of gravity of the spheroid. [I483'i]

13. If the attracted point be placed w^ithin the spheroid, we shall have,

by ^ 9, [1444, 1447],t

Y^ -y(O) _|_ r . -y(») 4- r" . v^^) + 1^ . z>(3) 4- &c. ;

,dR.dz^ .d If .sinJ .q^
[1484]

!;(••)=/. Ri—l

If we suppose this value of V to correspond to a stratum, whose internal

surface is spherical, and radius a
;

the radius of the external surface being [1484']

*
(1014a) If we retain all the powers of a, we shall have

/2'4= a^ (1 +4 a . y+ 6 a2. ya 4- 4a3 . y3+ a* . y4).

Developing y^, y', y*, in functions similar to that of [1464], of the forms

y4= rf)+ rf + &c. = 2 r»;

we shall get,

i2'4=a4.(l + 4a.2Y«+ 6a2.2F«+ 4a3.2rw + a4.2r«); [1483ft]

[1483i]

Equation
if the

origin
of the co-

all the terms Yg^'^j Y^'\ Y^'^, satisfying a differential equation similar to [1465]. Comparing
this value of 72''*, with the similar development [1481'], we get, for N^^\ the following

expression, JV^^)= a^ . (4 a . Y^D+ 6 a^ . Y^'^ + 4 a^ . Y3W 4- a^ . F^')) ; but by ordL't^"

[1483""], we have JV^^^ =0 : substituting this, and dividing by 4a. a"*, we obtain, centre of
<-> rf

gravity.

0=YO)4-fa.Ya>4-a2.r<')4-^a3.Yi'>; [1483Z]

which is the equation resulting from the condition, that the origin of R is at the centre of

gravity. If we neglect terms of the order a in [1483Z], which is the same as to neglect o*

in JV^^^ we shall get Y^^^ = 0, as in [1483"']. Similar results would be obtained, in
[1483m]

the computation [1480], by retaining all the powers of a, in the expression [1467", &c.]

iifR^.diu.dvs.

t (1015) The equations [1434] are the same as [1444, 1447], putting the density

P=l [1467"]. The process used in §13, for computing the value of V [1496], is

28
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a . (I -}- ay) ;
the thickness of this stratum will be a. ay. If we denote

[1484"] by y', what y becomes, when ^, zs, are changed into d',
vi

; we may, by

neglecting quantities of the order a^ change R into «, and dR into a. ay',

[1484"'] in the integral expression of «;® [1484] ; we shall by this means have,*

divided into three parts, which we shall explain by means of the annexed figure ;
in which

ahgd is any section of the proposed spheroid, passing through the line CEf connecting

the origin of the co-ordinates C, and the attracted point E; EH I is the section, formed

by the same plane, and the first spherical surface, described about the centre C, with the

radius C E==r
;
AB OFG D is the section,

formed by the plane and the second spherical surface,

described about the same centre C, with the radius

CF=a. CP is the axis from which the angles 6, ^, are

counted
;

so that the angles PCF^= ^, PCG= 6'
;

the point P being on the surface of the second sphere ;

and on this surface are drawn also the arcs PO, PF,
PG, making the angles O PF=zj, 0PG=^;
PO being the meridian from which the angles n, w, J?

are counted, and the attracting particle being situated on the radius C g. Then the first

part of V is that depending on the attraction of the shell, included between the spheroid

abgd, and the sphere AB G Dj the thickness of this shell, in the direction of the line

CEFf, drawn through the attracted point E, being represented by Ff= a.ay ;
the

thickness in the direction of the line Cg, drawn through the attracting particles, being

Gg==a .ai/. The second ^art of V depends upon the spherical shell included between

the surfaces ABGD, and EHI. The ^Airc? part depends on the sphere EHI. The

[1484o] fi^^^ of these parts is computed in [1491], the second in [1494], the third in [1495] ;
the sum

of these three parts gives the complete value of J^ [1496].

*
(1016) If we take the integral of [1484], relative to R, that is, the integral of

yr^= R^-' .dR, it will become -—
. . {R^~'

—
a^~'), the constant quantity being

taken so as to make it vanish at the pomt G of the preceding figure, where R=a. At the

point g, which is the other limit of this integral, we have jR= fl.(l +«y')j ^"^ hy

neglecting a^, we have R^-' = a^-' .
(
1 + a y'f-'

= a^-\ ^l -\- {2
—

i)
. ay']. Hence

the preceding integral becomes

Substituting this in v(*> [1484], we obtain [1485], the constant quantities a, a, being brought

from under the sign of integration.
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«(*> =-i .f^.d^' .d&'. sin. &' . Q(^). [1485]

For a point placed without the spheroid, we have, by § 9, [1436, 1443],*

V= + —s- + —
T- + &c. ;

r r^ r3
'

[1486]

U^^=fR}+^ .dR.d^ .d^ . sin. ^ . q^\

If we suppose that this value of V corresponds to a stratum, whose internal

radius is «, and external radius a . (1 + ««/), we shall have, [i486']

U^^ = a. . a'+3 ,f^ .d-^ .d^ . sin. ^ . Q('> ; [1487]

therefore,t

uW= ;^H- [1488]

We have, by [1466],

therefore,

^
2T+1

' f^^l

(2t+ l).a'-2
'

*
(1017) From [1436, 1443], we get, by putting p=l, the two equations [I486].

Integrating the last of these relative to i?, we get /jR'+^ .dR=-— . (7?'+^
—

«*"^)j the

limits being as in the last note, Putting R = a .{I + a^), we find

jR'i+3 = ai-t^.
1
1 4- (i 4- 3j. ay}, hence fR+^.dR= a}-^.ay'.

Substituting this in C7<'> [I486], we get [1487].

t (1018) Dividing [1487] by a^'+i, we get, by using [1485],

y*^, =-^.N.dv^ .d^'. sin, (f . Q(')= i>(^),

as in [1488] ; substituting the value of Z/W [1489], it becomes as in [1490]. Putting

successively t= 0, 1, 2, &c., we obtain, v^^^=Aai{ .a^ . y(% ©(^^= f a * . a . F^'\

«(2)= 4 c(^ ^ y(2)^ ^c^ .

substituting these in V [1484], we get [1491], which is the first

part of the complete value of F", mentioned in [1484a].

[1490]
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which gives,

[1491] K= 4a* . a^ ^ yw + ^ . Y(» + ^^ . Y(2) + &c. ^

We must add, to this value of V, the part corresponding to a spherical

[1491'] stratum, of the thickness a— r, above the attracted point ;
also the part

corresponding to a sphere described with the radius r, and situated below the

[1491"] attracted point. If we put cos. &' = /, we shall have, for the first of these

parts of V*

[1492] ,;(») =f ^,_j.

^
;

[1492'] the integral relative to ijf, must be taken from m-'
= — 1 to m-'

= 1 •

Integrating relative to R, from R = r to R = a, we shall have.

[1493]
"-^^i-l^^-M--^'^^-'''-^"'

now by the preceding theorem, we have in general fd-s/ .d\>!. Q® = 0,

[1493'] when i is equal to, or greater than, unity.f When z= 0, we have Q(°^=l,

[1492a]
*
(1019) If we put p^l, /x'=cos.^', du!=— db' .sinJ', in [1447], we shall get,

v(*)=—f '- '^^
' ^

; the limits relative to &' being as in [1433"], from 6'=0

to b'= Tt, or from \i! =-\ to m-'
=— 1 . If we invert the order of the limits, as

[14926]
in [1431<^], and take them from (*'

=— 1 to ^-=1, we may change the sign of this

value of «^*^, and it will become as in [1492]. The integral, relative to R, is

/^ =fB}-' 'dR =^. {R^-^
- r^O ;

the constant quantity being taken so as to make the integral vanish at the first limit, where

R= r
; and at the second limit, where R=ia, the whole integral becomes

Substituting this in [1492], and bringing a, r, from under the sign f, because they are

independent of ts', it/, it becomes as in [1493].

f (1020) The quantity 1 may be considered as a factor of d-u/, dfi', and put equal to

Z(-% as in [1479"], and then the expression fdvs'.dix.'. Q« =fd'r^ .dii! . Z^ . Q« ;

and by the theorem [1470], all the terms, except that depending on Q^'^^ will vanish from
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[1433f?""] ; moreover, the integration relative to zi ought to be taken from

•n' = to w'= 2 ir
;

hence we shall have,

This value of tJ^"^ is the part of F, corresponding to the spherical stratum [14941

whose thickness is a— r.

The part of V corresponding to the sphere whose radius is r, is equal to

the mass of that sphere, divided by the distance of the attracted point from

its centre ;
therefore it is equal to*

General
value of V
for a ho-

Adding together these several parts of F [1491, 1494, 1495], we shall have, Z^^t^^^

for its complete value, aSl-^
nal point,

neglecting/ o ^ \ neglectm

F=2^.a^—§*./^+4«^.al \ Y<°)+^.Y(^>+ ,^.Y^>+ ^.Y^^ + &c. S . (4) rh^rdl,

If we suppose the attracted point to be placed within a stratum of nearly a

spherical form, the internal radius being

order

[1496]

a + a a .
}
y(°) + F^) + F^) 4. &c. }, [1497]

and the external radius

a' + «a' .jF^o) +F(^> + F(^) + fee.}, [1498]

we may include the terms aa.F^°^ and aa'.F^"^, in the quantities

a, a'
; moreover, by fixing the origin of the co-ordinates at the centre of [1498']

this integral ; consequently all the values of t/'^ [1493], except iP
^ must vanish, and when

t-= 0, we shall get «w=i .(a^
—

r^) ./d«'. dM-'- Q^°^ Now by [1433d""], Q(''>=1,

hence Jdvi .d\^ . Q^^^ =/(?x3' . d/ = 4 * [1468a]. Substituting this in the preceding [1494a]

value of tP ^
it becomes as in [1494]. This is the second part of V [1484a].

*
(1021) The quantity V [1457a], corresponding to a sphere whose mass is M, is

MA= —
, and if the radius of this sphere be r, we shall have J^f= f* . r^ [1457a], hence

^=I . * r2, as in [ 149 5] . This is the third part of F [ 1 484a] . The sum of these three

parts, [1491, 1494, 1495], is the complete value of V [1496], neglecting terms depending
on the second and higher powers of a. These last terms are noticed in [1560a, 1820"].

29
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[1498"] gravity of the spheroid, whose radius is a + « a .
{
Y(°> + Y^^) + Y^^) + &c.

| ,

we may make Y(^> vanish [1483"] from this expression of the radius
;

and

Internal theu thc radius of the internal stratum will be
radios.

[1499] a + aa.{ Y(') + Y(^) + Y^^) + &c.
} ;

External and the external radius will be
radios.

[1500] a' + ua' .{ F(^) + Y'^^ + T^'^ + &c.}.

We may obtain the value of V corresponding to this stratum, by taking the

[1500'] difference of the values of F, corresponding to two spheroids, of which the

least has the first quantity [1499] for the radius of its surface, and the

greatest has the second quantity [1500] for the radius of its surface.

Value of Putting thcreforc A . V, for what the quantity V becomes, relative to this
V for any
homoge- Stratum, we shall have,*neous ' '

spheroidal
'*""'""'

era' r2 r3 /T'(3) •V'(3)\ -)

[1501] A.F=2*.(a'2_a2)+4a*.^^.r'("
+

^.(r'(2)_r(2)')^^.^l_; ^V&tC.^.
attracting
an inter-

neieoung If WO wish to fiud thc form of the stratum, so that a point placed within it
terms of
the order ghaH be cqually attracted in every direction, it is necessary that A.V should

[1501']
^^ reduced to a constant quantity, independent of r, 6,

zi
;

for we have seen

that the partial differentials of A.F,t taken relatively to these variable

*
(1022) Putting F(o>= 0, Y^^^= 0, in [1496], it becomes

F=2*.a2— f^.r2+ 4a^.a2 5^. Y(2) + -;i . r(3)+ &c.J,
(. 5a2 7a3 )

corresponding to the least spheroid ;
and if we accent the letters V, a, Y^^

, [1496], and then

put Y'(°'= 0, [1498'], we shall have the value V, corresponding to the greatest spheroid,

F'==2*.a'2~§*.r2 + 4a^.a'^^^.Y'") + £-.Y'(2) + ~.Y'(3)+&c.|.

Hence we get A. V=V'— V, as in [1501]. This is given, in another form,

in [156U].

f (1023)
—

(
—Y —

( ), [145S"], represent the attractions of the spheroids,

in the direction r; consequently their difference —
j \dr~)

—
\~dr ) S'

^^

_
^£i^lI-\ ^iu express the attraction of the spheroidal stratum, treated of above.
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Form of

quantities, express the partial attractions of the stratum upon the attracted lea of a""

.
hollow

point ;
hence we have Y'^^^ = 0, and in general, wwcHt-

tracts an
internal

y '
(i) __

[
_ \

^ y (0 .
equally

y rt /
'

' in every\ / direction
;

so that the radius of the internal surface being given, that of the external

surface will be obtained.

When the internal surface is elliptical, we shall have Y^^^ = 0, [1502']

Y(^> == 0, &c. ;* consequently Y^^)= 0, Y'^'^ = 0, &c.
;

the radii of
'^rfaces

elliptical.

Now as Y(-2>, r® fee, Y(^^ Y'^^), &;c., are independent of r, we shall obtain,

from [1501],

and since by hypothesis the attraction in this direction is nothing, the second member of this

expression must be nothing. Dividing it by the common factor — A ait, we obtain

a'
and this ought to exist for all values of r. If we now put r=0, it becomes = -

. Y'^^^ ;o

hence F'^'^= 0, as above, for all values of r, because it is independent of r. Substituting

this in [1501a], and dividing by r, we get

which also exists for all values of r. If we put r= 0, it becomes =f .
(
Y' ®^—

Y^)) ;

hence y(2)= y{2)^ Substituting this in [15016], dividing by r, and again putting r=iO,
y'C3) y(3)

we obtain =— Proceeding in this manner, we find generally,

which is easily reduced to the form [1502].

*
(1024) If we put m=l — aw', n= 1— an', in the equation of the ellipsoid

[1363], it will become a^ \- f-\-z'= lc^-\-a.{rr^ y^-\-n' z"), inwhich am', an',

are of the same order as the excentricity of the ellipsoid [1400]. Substituting in this

equation the values of x, y, z, [1432], omitting the accents on 6', w', in order to conform to

the present notation, the first member of the preceding equation will be R^, and we shall get
R^= k^-}-a.R^. sin.2 6.(m' . cos.^ zs-{-7i' . sin.^ «) ; so that i?, k, differ from each

[15016]
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the internal and external surfaces will therefore be of the following forms

respectively,

[1503] «.{"l+«. Y(2)}; «'.{I+a.y'(2)}.

Hence it is evident that these two surfaces are similar and similarly situated,

which is conformable to what we have found in [1369"].

14. The formulas [1467, 1496], include the whole theory of the

[ISOST attraction of a homogeneous spheroid, which varies but little from a sphere.

Hence it is easy to find the attraction of a heterogeneous spheroid,

whatever be the law of the variation of the figure, and of the density of the

strata. For this purpose we shall suppose that a. (I -{-ay') is the radius

of one of the strata of a heterogeneous spheroid, and that y is reduced to

the form

[1503"]
•

y = ¥(0) -f yd) -I- Y(2)+ &c.

The coefficients, included in the quantities Y^°\ Y^^\ &c., are functions of

[1503'"] a, and therefore variable from one stratum to another. If we then take the

differential of V [1467], relative to a
;

and put p for the density of the

[1503""] stratum, whose radius is « . (1 + a?/), p being a function of a only ; the

other only by quantities of the order a. If ^,?e talce the square root, neglecting a^ as in

[1461', &c.], we shall get R= k-{-i ak . sin.^ 6 . (m' . cos.^ •cr -}- »'• sin.^
zs). Substituting

in this cos.^ -cf= J -|- ^ COS. 2 xtf, sin.^ttf= ^— ^cos.2'5:f, sin.^^= l— ix^, it becomes,

R= k-{-lak.{i—(i^).{m'-{-n'-]-{mf
—

n').cos.2 7sl

= {k-\-lak.^.{m'-{-n')]—iak.{m'-{-n').{i^P—^)-{-^ak.{m'—n').{l—iiP).cos.2zi.
Radius
of an

Sectfng Ifweput A:+ iaA:. §.(/»'+«')= «, —ik.{m'-\-n')= a.B^'\ ik.{m'—n')=a.m\
"^'

it becomes

[1503a]
R= a.\l+cf.m.{ii.^^^)-\-u.B^^K{l—iJ.^).cos.2t^l=a.{l+a.Y^^^);

in which the terms depending on B'^^\ B''^\ satisfy the equation [1465] in the case of

i= 2. This also is very easily perceived by referring to the general value of Y^^^ [152Sc],

supposing A^^= 0, B[p= 0, Af = 0. This form of R agrees with that in [1503],

in which r(3>= 0, r(4)= 0, &;c.
; hence, by means of [1502], we shall have Y'^^^=0,

r'(4) __ 0, &;c., as in [1503]. This result, in which terms of the order a^ are neglected,

agrees with the more general demonstration [1369''], in which all the powers of a are

retained.
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value of V, corresponding to this stratum, will be, for an external attracted

point,*

^^.p.a.a-r- ^ .a.^a.i
-f-

^^
- ^ ^

5/^
' "^

i-6ic.^. ^^,„^^„,

heteroge-

The value of V for the whole spheroid will therefore be, spheroid
*

attracting
an exter-

neglecting
terms of

the integral being taken from «= 0, to the value of «, corresponding to the
*

^°^f"

surface of the spheroid, and denoted by a. [1505']

To obtain the value of F, corresponding to an attracted point, placed within

the spheroid, we shall first determine the part of this value, corresponding [1505"]

to all the strata within that point. This first part is given by the formula

[1505], taking the integral from a= to a^a; a corresponding to

the stratum upon which the attracted point is situated. We shall determine the [1505'"]

second part of V corresponding to all the strata which include the attracted

point, by taking the differential of the formula [1496], of the preceding

article, relative to a
; multiplying this differential by p, and then taking its [1505""]

integral from a^ a to a = a
;

the sum of these two parts of V will be vaiueof

its whole value, corresponding; to a point within the spheroid, and we shall aheterV•''-'' •"

geneous

have for this sum,t lSf„g
an inter-

^=^:•/o''^•''•'•'+T•/o'"^<'•^•^'"•+3T•^'"+5T.•^"+^•^"+''4 ^
^ J the order

a2.

+2^. /" p.d.a^^Aa'^ .r p.d. 5 aKrw+^ . r(')+
-

. Y<-^^-\-
—

. Y^^^-\- hc.l. ^^) [1506]
(t Qi

(^ o 5 5(1 S

*
(1025) The expression [1504] is the differential of [1467], relative to a, and

represents the attraction of a stratum of a spheroid whose thickness corresponds to d a,

included between the values a and a-]-da ; the expression being multiplied by the

density p. The integral of this, relative to a, gives [1505].

f (1026) The two first integrals [1506] are the same as in [1505], taking the limits from

a == to a= a. The two last integrals are derived from [1496], as the two first were

from [1467] ; namely, by taking the differential relative to a, multiplying by p, and then

integrating relative to a, between the limits a= a and a=a. Lastly, as r=a.{l-\-ay),
. 1 1— ay ,

.

we nave - =
, neglectmg a^, and m terms multiplied by a, we may write a for r,

after integration, as in [1506"].

30
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[isoe'] The two first integrals being taken from « = to a = a-, and the two

last, from a ^= a to « = a
;

we must also, after taking the integrals,

substitute a for r, in the terms multiplied by «, and for
a

[1506"] 1, in the term ^. Tp.d. a\*

*
(1027) If we put a= 0, in [1505], we shall get the value of

'Sr '^0 ^ '

corresponding to the attraction of a sphere, composed of concentrical strata, in which the

density p of any stratum is a function of its radius a
;

the attracted point being without the

body. Now, from [1363e], the solidity of a homogeneous sphere, whose radius is a, is

^•K . a^
',

the differential of this being multiplied by p,
and then integrated, from a^ to

a= a, will give the whole mass M of the sphere whose radius is a, namely,

[15066] J^J /dV\ M
Attraction Substituting this in the preceding value of V, we get V=— ; hence —

(
-—

)
=—

of a sphere
° '-' "

r \dr J r^
of a varia-
ble density _:: the attraction of the sphere in the direction of the radius, as in [470, &c.]on an
external

point ; In like manner, by putting a=0 in [1506], we shall obtain the value of V, corresponding

to the attraction of the same sphere, upon an internal point of the body of the sphere, situated

at the distance r from its centre, namely,

[1506c] V='^.f^p.d.a^+ 2',(.f\.d.a^=il.f^p.a^da^A'K.f^p.ada.

In taking the differential of this relative to r, the terms depending on the variations of the

limits destroy each other, as in [1447»!]. This will be evident, by observing that when the

limit r is changed into r-\-dr, the integral J' o.a^da is increased, by the element

p
. r^ <Z r

;
and the integral J' p

.ada is decreased, by the element —
p
.r dr.

Neglecting therefore these terms, depending on the limits, we get.

on an
Internal

point.
dV\ 4'r pT 2

\ dr J r2 -^O
'^

[1506rf]

If the sphere be hollow, and the attracted point be situated in the internal void space, we

must put p
= 0, from a= 0, to a value of a which exceeds r

;
and then the expression

[1506c/] will vanish, as in [469'", &;c.]
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15. We shall.now consider spheroids of any form. The investigation of

their attractions is reduced, in ^ 9, to the formation of the quantities U^^

[1443], and v^'^ [1447] ;
we shall have, by the same article,*

t7® =fp.JR}+^dR.di^',d^'. QW . [1507]

The integrals corresponding to i?, must be taken from R = to its value

at the surface ;
from ia'=— 1 to ^-'=1, and from to'==0 to ^'=2*, [1507]

[1433"]. To determine this integral, vs^e must find the value of Q^K This

quantity may be developed in a finite function of cosines of the angle

OT— -u',
and its multiples.! Let /3 . cos. w . (w

—
w') be the term of Q^^, [1507"]

depending on cos. ii . (^
—

tn') ; ^ being a function of m- and m-'. If we

substitute the value of Q^'\ in the equation of partial differentials [1442],

we shall get, by comparing the terms multiplied by cos. n . (^
—

w), this

equation of common differentials,
IMfferen-

If the sphere be homogeneous, we shall have f p.d.a^=p.r d . a^= p
. r^, and

y p.d.a^= p .y rf . a^ = p
. (a^
—

r^). Substituting these in [1506c], we get, [1506e]

F=2*p.a2— §*p.r2, —
^—j=**p.r. [1506/]

*
(1028) Substituting in [1443] the value fx'

= cos. 6', and making the limits of the

integral from (x'
^ — 1 to |x'

=
1, as in [1492a, 6], it becomes as in [1507],

f (1029) It is evident from [1441", 1433^], that if T be developed, in a series

1 Ri
proceeding according to the powers of -

, the term (^^ . -rfr, will contain terms [1508a]

depending on the powers of cos. {-a
—

ts'), as high as the power i
; and these terms may

be reduced, as in [6
—

10] Int., to the form p . cos. n . (xs
—

ss') ;
n being equal to, or less

than, i, and p a function of |x, ii! ;
so that we may put Q^'^= 2 . ^ . cos. n . (*

—
-cj'), using [15086]

the characteristic of finite integrals 2. Substituting this in [1442], it becomes of the form

= 2 .5. cos. n .
(ra
—

to').
B being a function of |x, {a', represented by the second

[1508c]

member of the equation [1508], and n any integral number, not exceeding i. The angle
w— z/ may be varied at pleasure, without changing (x, (x', or B

; hence it is evident that

we cannot satisfy generally the equation [1508c], except by putting B= 0, which is the

same as the equation [1508].
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mi)
[1508'] QW being the coefficient of

-r-^
in the development of the radical [1441],

Function

T. 1-* •

rp ±

[1509]

"~
\/r^
—

2Rr.\ixix.' + /l^T^ila . /iTT^a . cos. {-a—z/)} + R^
'

The term, depending on cos. w . (^
—

-a'),
in the development of this

radical, can be produced only by the powers of cos. (w
—

-a'), represented

[1509'] by n, w + 2, w + 4, &c. ;* hence, as cos.
(-^
—

«') has for a factor the

[1509"] quantity \/l—iiP, ^ ought to have the factor (1 — ix^f. It is evident,

from the consideration of the development of the radical [1509], that |3 is of

the following form,t

[1510] f3
=

(1
—

f.')'
.

{
^ . f^'-"+ ^^'^ . f^'~"~' + A^^^ . f^'-'^* + &C.

}

*
(1030) Tills is evident from the inspection of the formulas [6

—
10] Int., putting

zi— z/ = z. For if n^ 1, the term cos. w . (w
—

v/)
= cos. z, is found in the

formulas [7, 9, &c.] Int., corresponding to cos.^^;, cos.^z, &;c.
;

whose exponents are

[1509a] n -j- 2, n-{-4, he. If n= 2, the term cos. 2 .
(-a
—

z/)
= cos. 2 z, is found in

[6, 8, JO, &c.] Int., corresponding to cos.^cr, cos.'* 2^, cos.^2:, &c., whose exponents

[15096] are n, n -f- 2, n-{-4, he.
;

and it is evident that the same law prevails for other values

of n. In like manner we may infer, from formulas [1
—

5] Int., that the term sin. n z, or

cos. nz, can be produced by the powers of sin. 2; whose exponents are n, n-f-2, n -J-4,

&c.
;

and generally we may conclude, from [1
—

10, 17—20] Int., that terms of the form
Theorem, sin. u z, Or COS. Ti z, u being an integer, can be produced only by products of the form

[1509c] cos.'z . sin.'^z, inwhich the sum of the exponents b~\-c is equal to n, n-\-2, n-\-4, he.

This theorem will be frequently used.

f (1031) The coefficient of p, in the development of the radical T [1509], arises from

the terms connected with powers of cos. {vi
—

w'), of the degree n, n-\-2, n+ 4,

&;c., [1509'] J
and since cos. (w

—
to')

is multiplied by the factor (1
—

i^^y,
in that

n

value of T, these powers of cos.
(ts
—

«') will have the factors (1
—

(j-^)^,

(1
—

^2^
2

^ 8ic., or, as they may be written, {l—l^% (I
—

f^^)^
• (1— f^^),

n

(l_fji,2j2. (i_f;,2)2^ gj.p^^ gQ ^j^at all the terms of p will have the common factor

n n

[1510a] (I
—

M-^)^ ,
and we may therefore put p= (1

—
M-^)^

• ^', ^' being an integral function

of (I
—

fi^)
and

fji,
this last quantity fi* being contained in the first term of
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If we substitute this value in the differential equation in f3 [1508], the

comparison of the similar powers of fx, will give,

p= ^ p,' + V/(l
—

p.2)
. ^(1 _ ^'2) , COS. («— ro').

This symbol p is used for brevity to denote the coefficient of — 2Rr, in the denominator

of T [1509] ;
the powers oip being produced in the development of T in a series, and lalso

in the general value of p, or 3'. Again, from [1508a], the quantity Q^'^ contains no power

ofp exceeding p'; it will therefore contain no power or product of |x, \/[\
—

fji^), exceeding
n

the power i
; therefore the term

(
1 — ^Y • M-'""* will express the form of that term

n

of ^, which contains the highest power of (* ; and as ^'==^.(1 — jx^) ^, the

term fx*~", will express the highest power of ju. which occurs in ^'. If we therefore assume

for p' a function of the form

n

we shall have p= (1
—.

^,2)2
. ^r-h . (^ _j_ ^^ . ^-1 ^ ^i) . ^^,-2 -}- &c.) ;

and it is easy [isiofe]

to prove that the coefficients of the odd powers of y., namely f*-^, itr^, &;c., must vanish from

this expression. For if we change the sign of the three quantities, R, ft, (1
—

fjpf, the

value of T will not be ahered, as is evident from the inspection of the formula [1509] ; and

the same changes ought not to aher its development [1441"] ; that is, it ought not to produce

R'
any change in the general terms Q('>

. -^ , Q('^
. R, or R . p, [1507"]. This last

n

expression is equal to R.{1— {iPf . fji,^» .{A-\-A^. itr^ + ^« . ^,-2 -f &;c.), [15106] ;

n

and the alteration of the signs changes R' into /?• .
(
—

1)' ; (1
—

jx2)2 -^^q

(
1 ^ ^2)2 .(—])"; fA'-« into fA^-» . (_ 1 )•-» ;

hence the factor /? .
(
1— ^2^2 . ^^.-n

n

becomes /?. (1
—

fi2)2
. ^^ . (_ l)2i

. but t being an integer, (--l)2i=i, therefore

this factor will not change its sign ; consequently the other factor,

{A-}- A,. f*-i + ^(1) . ,.-2 + &c.),

must not change its value, by writing
~

f* for f*. Now this will not take place, except the

coefficients of the odd powers of /x, namely iir\ fxr^, &c., vanish ; in which case this

factor will be {A+ A^'K i^r^ -^ A<^K (jt^ -j- &ic.), and the expression of ^ [15106] will

31
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L1511] JL —
2s.(2i— 2s+l)

'^ •

become as in [1510]. If we use the characteristic of finite integrals 2, this value of ^ may
be put under the form,

n

*
(1032) The differential of [1510c] gives,

f^\
= 2.^(^)J — nfX . (1—^.2)1-1 . ^ji-^2sj^(^i__n_2s) . (1

—
fxa)J. ^«-'^2.-i

}

= 2 . w2(^> .
(
1 — ilP)i~^

A— 71 ^'-"-2«+l -I- (i
_ n_ 2

S)
.
(
1^

f/-2)
. ^'-'^2.-1

\

[ISlOrf]
= 2 . ^W . (1

—
^2)1-1 .

I
_(i_2,) . ti^—^-\-^J^{i

— n—2s) . f.-"-2-i
I

.

[1510e] Multiplying this last expression by (1
—

/ji-^),
and putting, for brevity, i— n— 2s= m,

we get,

[1510/] (l-,.2).^^^_2.^(.).(l_^2j|.|_(^^^).^«+i_j_^.^«-i|.

its differential, divided by tZ ^, is

^ (1— M-2)^"\ {(m + n).w.fA'"+2_^^.f;,m|

_|- (1
— ^^f.\— {m-{-n).{m-\-{).[u^-\-ni.{m

—
\). m-'"-^}

^ (l_fi.2)2"'.|n2.f.'»-^2_wn.(l
—

M.2).fi™}

771-2 J

__{_(!__ ^2^i. |_(,„-|_„) . (m+l).M.™ + m. (m
—

1) .
f*^

= 2.^W. (1
—

,jl2)^ .n2.M'"*+^

n

+ 2 . .^(^) . (I
—

m-2)2 .
^
_;„^ .^m_ (^ _|.|j) .(;»-{- ij . fi«4-m . (m— 1) . /x'»-2}

n
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Hence we may obtain the values of A''^\ A-^^ &c., by making successively

5 = 1, s = 2, &c.
; consequently,

C i-n {i—n).{i—n—l) ..,:_^_2 , {i—n).{i—n—l).{i—n—2).{i—n~3) .•_„_4'

_ " Y
~~

2.(2i—1)
'^ "1"

2.4.(2i—l).(2t— 3)
'f*

I

2.4.6.(2i— l).(2i
—

3).(2i
—

5)
jj,i-n-6_^^C.

The same value of p [1510c] gives

_^^ ==— 2 . ^W. (1— M,2)I~' . „2 . f,- ; [15m]

n

i.(i + l).p= 2. ^(*>.(l—|x2)2.i.(i-|-l ).,;,"». [ISlOi]

Adding together the three equations [ISlOg-, h, i], the first member becomes like the second

of [1508], and is therefore equal to nothing. In taking the sum of the second members, we

may connect together, the first term of [1510^], with that in [1510A], and the sum of these

two terms becomes,
n n

2 . S'^ . (1
—

f^2)2" . n2 ^ |j^m+2
_

^m| ^_2 . ^s) . (1
_

^2)2 , ^2 ^ ^m
.

n

therefore the sum of the three equations has the common factor (1
—

1*^)2 , and is

expressed by
n

=2..^^^\(1— M.2)2.|-J_;^2_2;„„_;;i_„_^i.(i_{_l)_„2|,^«_|_^^^^__j^^^«_2-j^ ^I^IQ^

The coefficient of |u.™ may be reduced, by means of m-\-n=i— 2s, [1510e], since

— m^— 2wn—m— n-\-i .{i-\- 1)
— w^=— (m-f-w)^

—
{m -{ n) -\- i .

[i -\- \)

= _(i_25)2— (i
— 2s)+i.(i+ l) =—{i^—Ais-{-4:S^)— {i^2s)-^i.{i^\)

= Ais— As^-\-2s =25. (2 i— 25 + 1).

Hence [1510A;] becomes, by the resubstitution of the value of m [1510e],

n

=2.^W.(1— ,.2^2.^25.(2i—25+l).M.«-«-2«+ (i
—n— 25).(i

—n—25—l).K-''-2*-2^. ^igj^^

This may be put under another form, so that both terms may contain the same power of /* ;

by changing, in the second term, 5 into 5— 1, and therefore A^^'^ into A^^-^\ and

we shall get,

n

0=2.(1— ,j^2^3.^i-«-2.,^25.(2i—25+1).^w+(i—n—25+2). (i"—n—25+l).^^*-i^|.

This equation exists for all values of (x ; hence it follows, that the coefficient of each power
of f* must be separately equal to nothing ; therefore we shall have,

= 2«.(2i— 25+l).^(^)+ (i
— »— 25 + 2).(i

— n— 25+ l).^(-".
j^gj^^j
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^ is a function of |x' independent of lu* Now as |j, /, are contained in the

[1512Q same manner in the preceding radical [1509], they ought to appear under

the same form in the expression of ^ ;
therefore we shall have,t

Dividing by 2 s .(2 i— 2s-\-l), we get A'-^^ [1511]; and if in this we put successively

5=1, s= 2, s=S, Sec, we shall obtain the following values of A''^\ A'-^^ A^\

expressed in terms of A^^'^
,

or A.

m)— [i—n).{i—n— l) .

•

am (t-n-2).(t-n-3) _ ({-n).(i-n— l).(t-n-2).(i-n-3)
•^ =—

4.(2i— 3)
"^ —

2.4.(2i— l).{2i— 3)
"^ y

^ , (t
—

n).(i
— n— l).(i

— n— 2).(i
— n — 3).(i

— n— 4).(t
— n— 5)

Hoiwti __
2.4.6.(2i— l).(2i

—
3).(2i

—
5)

"^'

Substituting these in
|3 [1510], it becomes as in [1512] ;

the series being continued till the

[1510o] exponent of f* becomes 1 or 0, all negative powers of /x being excluded.

*
(1033) The radical T [1509], is a function of R, r, |x, jul',

-m— to', and when it is

R . . Ri

[1512a] developed according to the powers of -, [1441"], its general term is Q^^^'Ii+T? in

which Q^^ is independent of R, r, and must therefore be a function of fA, (x',
•si— to', and

constant quantities. Now by hypothesis [1507"], p . cos. n .
(zrf
—

to') represents the part

of Q^'^ depending on the angle n .
(zi
—

to') ; therefore p is independent of to:— •5/,

and must be a function of m-, /, only. Lastly, when (3 is arranged according to the powers

of |x, as in [1510], the quantities A, A^^\ he, must be independent of (x, and they must

[15126] therefore be functions of the remaining quantity fjf, and are wholly independent of fx, R,

r, zi— to'.

[1513a]

f (1034) We shall put, for brevity,

[15135] q> (fx) representing a function of fXj and the formula [1512] will become ^=A .
(p(f*) ;

A being a function of fj-', independent of fx [15126]. Now in the radical, which represents

the value of T[144r], we may change fx into fx', and i*! into fx, without altering its value ;

we may therefore do the same in the value of p, so that the value of (3
must contain the same

function of fx' as it does of fx ; hence the factor A must be of the form A= Y.cp (fx'),
as in

[1513], 7 being independent of fx', for the same reason that A [1512'] is independent of fx.

Hence 7 must be a constant quantity, independent of f*, jx',
and we shall have, as in [1514],

[ISlSc] P= 7-?(f*)-<p('^0-
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(i
—

n) .
[i
—n— 1)

[1513]

General
value of

[1514]

7 being a coefficient independent of f* and m-', therefore

Hence we find that |3 is separated into three factors. The first is

independent of m- and / ;
the second is a function of m-' only ;

and the third [1514^

is a similar function of m-. It now remains to determine y.

For this purpose we shall observe, that if i— n be even, we shall have,

by supposing fj^
^ 0, and \i!

= 0.* [1514"]

_ 7.|1.2.3 (t—n)P _ y.{l.3.5 (t-n—1). 1.3.5 (i+n-l)}^
^

|2.4 (t-n).{2t—l).(2i—3) {f-|-n+l)|2 {1.3.5 (2i— l)}^
• [1515]

*
(1035) If we examine the part between the braces, in the expression [1512], we shall

find that the term depending on |x'—
"—2»

jg

-I- (^•-n).(^-n-l).(^-n-2) (t-n-2g+ l)

^2.4.6 2«.(2t-l).(2i— 3).(2i— 5).(2t
— 25+l)-f* ' [15l5o]

and if ^-
= 0, the factor f^'-"--*= 0, except in the case where i— n— 2 5= 0,

there being no negative exponents of [i [1510o]. This excepted case corresponds to

i— n= 2 5, an even number, and yj-"^^= f*"
^ 1 . The preceding expression then

becomes ± {i-n) {i-n-l).{i.-n-2) 3.2.1
2.4.6 (i— n).(2i— l).(2i

— 3).(2i-5) (i+ n+ l)
inverung

the order of the terms of the numerator, and observing that when /x^O, the quantity
n

(1
—

f*2)2
= 1, the whole factor of A, in the value of p [1513&, a], will become

9 (fx)
=± ^ • ^ • ^ (^-n-2) . (z-n-1) . {i-n) .

.

'

^ ^'^^ ^
2.4.6 (i-n).(2t-l).(2i-3) (t+n+1)

' ^^^^^^^

and in like manner, when
ju-'
= 0, we shall have,

r. (n'\— J- 1-2.3 (i_n—2) . (i—n—\) . (i—n)^ (''^- ^ 2.4.6 U--;).(2f-l).(L-3)....'(x+ n+ l)

' t^^^^^T

The product of these two quantities is

^( \ f '\^ fl -2.3
(i
— n)P

^''^ '
'^ ^'' ^

12.4.6 (i
— n).(2i— l).(2i-3) (i-f-n + l)|8

5
[1515c]

32
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[1515] If i— n be odd, we shall have, by retaining only the first power of

(x and /*',*

«_ y.fX|u.^fl.2.3 (t
— n)P ^ r>M'M-^{l-3.5 (i-n). 1.3.5 (t+n)}2

L'^^^J ^

|2.4
(i_„_l).(2i-l).(2i-3) (i+n+2)p ^1.3.5 (2i

—
l)p

and ^= y .
(p ((jl)

. (p (fju') [ 1 5 1 3c] becomes, in this case,

7. {1.2. 3
(t
— n)P

[1515rf] (^^
|2.4.6 (i

— w).(2i
—

l).(2i
—

3) (i+ w+ l)^'

This is the first of the values [1515] ;
and as the terms 2.4.6

[i
—

n) are included

both in the numerator and denominator, we may reject them, and we shall get

_ 7.fl.3.5 (i— n — l)]^
t^^^^'l ^~

|(2i— l).(2i— 3) (i+ n+l)p-

If we multiply the numerator and denominator by the factor \1 .3 . 5 . {i-{-n
— 1 P, the

new numerator will be 7 .
{

1 . 3 . 5
(i
— n— 1) . 1 . 3 . 5

(«'+ ^— 1) P, and

the new denominator, { (2 i— 1) . (2 i— 3) {i-\-n-\-l) . (i-j-n—l) 5 . 3 . 1 p •,

or, by inverting; the order of the terms, |1.3.5 (2i
— 1)P; hence the expression

[1515e], will become, as in the second form [1515].

*
(1036) If i— n be odd, and we put i— n— 2s:=:l, the expression [1515a]

will become,

{i
—

7i).{i
— n— 1) .({

— y»— 2) 3.2
[1516a] ±2.4.6 (i_n— 1) . (2 i— 1) . (2 i— 3) (i+ .„+ 2)

'^'

and this will be the term depending on the first power of
fji,

in (? (j^i.) [1513a], because

n

(
1 —

fji.^)2 ,
contains no powers of |x less than (x^.

Changing (x into |x', we obtain the similar term of 9 (|x').
The product of these two

quantities gives the part of 9 (/a)
.

(p (fx') depending on the first power of jx/x', which will

Ij.^' .{{{.
— n).{i—n— I) 3.2P au- v.-

be iK-TT r^-^ ,N /o •
—

,x /o-
—

^\ rn rH\T2- Substitutmg this m
{2.4.6 [i

— n— 1).(2*
—

1) .{2t
—

3) [i-\-n-j-2)\^
°

[1513c], and inverting the order of the terms of the numerator, we shall get,

_ 7.|Xfx\fl .2.3 ji
—

n)]^
[15166] P—

12.4.6 {i
— n— i).{2i—l).{2i—3) (i + n+2)P

'

as in the first expression [1516]. Now it is evident that the terms 2.4.6 (^
— n— I)

of the denominator, occur also in the numerator, and by rejecting them from both, we have

^ =
{{2i-l).{2i-3) {i+n+ 2)r

^^ ''' "^"^"P^y '^' ""'"'^''^'^ ^^
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The preceding radical [1509] becomes, by neglecting the squares of f*

and fi',*

li^—2Rr.cos.(^—vs')-\-I^l~^-j-Rr.mjf.{r'—2rR.cos.(^'-r^')i-I^}~^. (/) [1517]

If we substitute, for cos.
(ra
—

us'),
its value in imaginary exponential [1517']

quantities, and put c for the number whose hyperbolic logarithm is unity ;

the part independent of /xm.' becomes,!

{i^
—2Rr .COS. (^

—
z/) + R^-^

( (^_^).^/ni_i . _(^_ttf').v/Zli_i [1518]= ir
— K.c 5 .}r— R.c $

jDi
C n.{zS

—
'53'). v/^ —

n.(t3
—

ts').\/:zi ^
The coefficient of -^-r . < ^ i_^ > , or of [1518']

( 2 ^
7?'

-i^ . COS. n .
(ra
—

ot'),
in the development of this function, is,t

11-3.5 (* +«)P) and the denominator by the same quantity, in an inverted order,

weshaUget, ^= ^

K2^- 1) . (2z-3) 5.3.1^
> which, by inverting [1516c]

the order of the terms of the denominator, becomes like the second expression [1516].

*
(1037) If we neglect ^-^ fj/^, and put for brevity S=:i^— 2 rR. cos. {ui—z/)-}-R%

the expression [1509] will become, as in [1517],

T={S— 2Rr.fii,')~^=S~^+ Rr'(^fJ''-S~'^. [1517a]

t(1038) Substituting cos. (^-^)= i
.{c^''^'^^'^'^-{-c~^"'~'^^-^}, [1518a]

[12] Int., in the first term of [1617], it becomes,

t(1039) Putting for brevity {t;i-~7^) .^Z=l=z, the expression [1518] becomes [1518c]

(r
— /? . c')-i .{r

— R. c-^)-i . Developing each of these factors, and noting the general

terms corresponding to c*S c~^% we get,
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2.1.3.5
(i+ n-l).1.3.5 ji-n-l) .

" ^ 2.4.6 {i-\-n),2.4.Q (»
—

n)
'

(r_fi.c.)-*=53+4.-,.c.+«.;|.c-+ 8 .4.6 a/ ^'•'
[I5ied]

{r—U.c
}*_^j+2.^3-c +2-4.^^.c

-i- 2.4.6 2^ '1;:^^'^
'

Multiplying these quantities together, the general term of the product will be

1. 3.5 (2g-— 1) 1. 3.5 (2g^— 1) Rs-^^
[1518e] 2.4.6 2g- '2.4.6 2g^

*

;j+jq:r
' ^^"^ ^^"-

Therefore, to obtain the terms corresponding to —
jry- . c"', we must put g-\-g' = i,

g— g'
= n, whence g =z^ .[i-{-n), g'=^.[i— n). Substituting these in [1518e],

,
. . 1.3.5.-....(i+ ?z—1) 1.3.5 fi— n— l) R „, ^^ .

[1520a] It becomes „ . ^ Vv-j
—r—^ . „ . ^ )^ r

<
. -jrr • c"'. Changmg• •" 2.4.6 (t + ") 2.4.6 {i

—
n) r*+^

° °

w into — w, we get the factors of the term depending on c~"'^
; which will be found to be

the product of the same factors as those of c"*
; the order of the two factors being

changed. Connecting these two expressions together, the sum will be

ri.onAi
1-3.5 {i-\-n-\) 1.3.5 {i-n-\) H^ f.n. , .-n.,

^^^^^^ 2.4.6 {i+ n) '2.4.6
{i
—

n) 'ri+i'l^-r^ I*

n.^w— 'u^).\/~r
— n.fzs— •cJ').v/^ ^ / /v

[1520c] Substituting c"*+ c""^= c -f c = 2 . cos. n.{zi
—

zf),

[ 1 5 1 8a, c] 5
it becomes,

[1520rf]

2.1.3.5 (i+n— 1).1.3.5 [i
—n—I) R _ ^ /^ /n .

^^— ^ r . -n-r . COS. n. (•si
—w ) I

2.4.6 (i + w) . 2 . 4 . 6 {t
—

n) r'+i ^ ^ '

which is the part of ^ .-^ . cos. n .
(to
—

to'), [1507", 1517], independent of f^, fx'.

Comparing this part of ^ with the second value [1515], which also corresponds to the terms

independent of (a, fji,', [1514"], we shall get,

2.1.3.5 (z+n—1). 1.3.5 [i^n—]) _7.{ 1.3.5 (i—w—1).1.3.5 (i+n—1)}\
[1520e] 2.4.6 {i+n), 2.4.6 (i—n)

~~
{1.3.5 (2i

— 1)^
'

fl520/*l ''^J^^ti'^S
^^^ fi'^st power of the factors 1 .3.5 {i-\-n

—
1) .1.3.5 {i

n 1),

which occur in both numerators, and then dividing by the coefficient of y, we get,

_ 2. {1.3.5 (2z— 1)P
[1520ff] 7—

11.3.5 (t_n—1).2.4.6 (i—n)Ml.3.5 (i+n_l).2.4.6 (^+ n}j•
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which is the value of j3 when i— n is even. Comparing it with that we [1519']

have found in the same case, we shall have,

/1^^^^5_^_,^2i-l)Y ^'-(^-1) (^-^ + 1) ,,__

When n = 0, we must take but the half of this coefficient^ and then we
^^j^^ ^^

shall have,* '^'

— / I -3-5 (2i
—

1)Y"~
\1.2.3 i J

' [1521]

Likewise the coefficient of -qrr •;*(*'• cos. n .(^
—

^'),
in the function

[1517], is

Now we have, evidently,

1-3.5 (t-.n-l),2.4.6 (i-n)= 1.2.3.4 (^-^)=
^.(^!:i^;.f.(:i;^'_|.^)

;
[1520/i]

1.3.5 (i+n—1).2.4.6 (i+n) == 1.2.3.4 (i+ n)

=11-2.3 t}.Ki+l).(*+2) {i+ n)}. [15m']

Substituting this in [1520g-], it becomes as in [1520].

*
(1040) In general the product of the factors [J518<?] produces, as in [1520a—6], one

[i52\a]
factor depending on c"% and another on c~"% each being multiplied by

1 .3.5 (t-l-n—1) 1.3.5
(i
—n— 1) R

2.4.6
{i + n) '2.4.6

{i
—

n)

'

?+^ '

and if we put, for c''^ -}-c-«S its value 2 . cos. n .{u
—

is') [1520c], it multiplies this

factor by 2 ; but we must except the case of w= 0, for then only one term, dependmg

on the factor
-[:^,

will be produced, namely,

1.3.5 (t— 1) 1.3.5 (t— 1) BP>_
2.4.6 i '2.4.6 i

'

r»+»
'

which is but half the value resulting from making n=0, in the general expression [1520<;].

Therefore, when n= 0, we must take half the value of 7 [1520] ; observing that the

f i.(i
— 1

) {i
— n + 1)factor

(i_j_,),(^_|_2) (i_f.^y=l»
as will evidently appear by the inspection [1521*]

of the formulas [1520A, A'], in which these terms of this factor are produced. Hence the

value of 7 will become, for this case, as in [1521].

33
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[1522]
2.1.3.5 (^•-fw). 1 .3.5

(i
—

n) .^
2.4.6 {i-\-n—l).2.4.6 [i

—n—1)
'

which is the coefficient of m- it! in the value of |3, when we neglect the

[1522'] squares of m. and fj^', and when i— n is odd. Comparing it with the

*
(1041) The term depending on fAjui.',

in [1517], is, by using [1518, 1518c],

i2r.M'f/.'.{r2— 2i2r. 008.(^—5/) +i22|~*=:i2r.fAfx'.(r—i2.<f)~"^.(r—22. c-^)~*

[I523«l
=|.^'.(l_f.o=)-».(._f.c-)-*.

Developing these factors, we get,

f_i . 3 ^ .... 5 E ^ r

3.5.7 (2g+ l) R,

[15236]

|l-f.c-|-*=l+S.f..-+f.J.f.<*+ 2.4.6 2g r«
.C«

J. ^,-a-f_14. 3^ e-^.3 . ^,-2..
3.5.7 (2^^+!) R^

C r'^ 5

—
^T-F-^-C i-t-T-^a-C -t- 2.4.6 2g^.' ^ -^ .c -g'«

The product of the general terms of these expressions depending on (^% c~^% produces,

in [1523a], the expression

M503,i
3.5.7 (2^ + 1) 3.5.7 (2g^+l) ^^J;^

t^^^l 2.4.6 2g 2.4.6 2^'
'

r^+^+2
* ^ '^f^-

R
[1523d] To obtain the term depending on

^jpr
• c"'' we must put i=^+^+l, n=^— g',

or g-
= I .

(i -j- »
— 1

), g'
=

-k '{i
— w— 1), and if for brevity we put

3.5.7 ji+ n) S.5.7 (i-n)
^ ^ -^—2.4.6 (i+ n— 1) '2.4.6

{i
— n-^1)'

R
the preceding expression [1 523c] will become

^.-qz]-
• c"' . f* m-'. If we change n into — n,

which does not alter the value of JV, we shall obtain the term corresponding to c""', namely,

JV.
-qiy

. c""^ . fA f*'. The sum of these two expressions, reduced as in [1520c], is

[1523/] ^'.-^.f*f*^(c"^+ c-"0= 2A•.-^.f*i^^cos.^
=

2JV.pq:^.fXM.^cos.n.(*— ^'^^

and the coefficient 2 JV is the same as in [1522]. The values of i, n, [1523<ri, make

i— w=2g^4"lj which is an odd number, as in [1522'].
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expression which we have found for this coefficient in the same case, we
shall have*

_ /I. 3. 5 (2i— 1)Y ^.(^
—

1) (i—n+l) .

''

'V-^.S i J •(i+l).(i+2) (i+ n)'
[1523]

an expression which is the same as in the case where i—n is even [1520], [1523Q

If n = 0, we shall also have,t as in the former case [1521],

/ I. 3. 5 (2t— 1) Y
VI. 2. 3 * J'

[1524]

*(1042) Putting the coefficient of -^ • ^^s. ;i(«
—

ns'), [1523/], equal to the

second expression of the same quantity [1516], we get

y.f.M.-.fl.3.5 (t-n).1.3.5 {i+n)\^
2jy.it.ix.—

p. 3. 5 (2i— l)P
• {^^^]

Substituting JV* [1523e], and rejecting the factor 1.3.5
{i
—

n) . 1.3.5
(i-j-n) ./xja',

which is common to both members, we shall get,

^ 2. {1.3. 5 (2i_l)p
^

J2.4.6 (i+n—1).2.4.6 (i_n—1)} .
1
1.3.5 (i+n).1.3.5 {i—n)]

2.fl.3.5 (2i
—

1)1

M-3.5 (t+n).2.4.6 (i+n—1)} . {1 .3.5 (i—n).2.4.6 {i-^n~-\)\

2. fl.3.5 {2i— \)X'

U-2.3.4 {i+n)\. {1.2.3.4 {i
—

n)\'

Substituting in the denominator of this last expression 1 .2.3 (% n^— (1-2.3 i)
^ '

%\i—\) (i-n+1)'
'°^ l-^-S

(i+ «)={1.2.3 i|.(i+ l).(i+ 2) (i+ „), it

becomes as in [1523].

t (1043) Proceeding in this case as in [1521cf, 5], we easHy perceive that the product

of the two factors [1 5236] does not produce two terms multiplied by 5^, but simply <yM.

term, JV.-^.^^', found by putting ^=^=^.(i_i) in [1523fZ, e] ; the

correspondingterm of [1523a] being A*.^.^^'. The factor of ^, in this last

expression, namely, N.v^v^, being put equal to the second value of p, [1516],
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16. From what has been said, we may determine the general form of

[1524'] the function Y^'\ composed of f^, y/i
—

^j?
. sin. ^, \/i

—
j^s

. cos. w, which

satisfies the equation of partial differentials [1465],*
Differen-

tial equa-

[1525] ( j^ ^+ i_f,2 -r-*-(.*i-U- -»^ •

[1525] Denoting the coefficient of sm.n^, or cos. w«, in this function y^*\

by |3, we shall have,
Differen-

tial equa-
tion in

3- o=5Mil-±Gi)i^^+-(^+i).p.
[1526] /

'^

J-
—^—^^ C 1—f^^

correspondina; to the case oi w=0, we eet JV. ». ».= ',,' ^
*—

,^ . , , *„ . Putting^ ° ' D
1
1.3.5 (2t

—I)p
°

n=0, in [1523e], we get the value of JY, corresponding to this case,

N-- \\ .3.5 iY

{2.4.6 (i_l)|2-

This being substituted in the preceding equation, divided by the coefficient of 7, we get

_ {1.3.5 ip {1 .3.5 (2r— 1)P

''"~J2.4.6 {i
—\W {1.3.5 i}^

{1.3.5 (2t
— 1)P {1.3.5 (2i—1)}2

{2.4.6 (i_l)p. {1.3.5 ip~ {1.2.3 i]'^

as in [1524].

*
(1044) If we suppose Y^*) to contain a term, depending on sin.ww, of the

form 3 . sin. nzs, n being a finite integer ; this will produce in (—.—
J,

the term

f
—

j
. sin. TITO

;
and in ( -

j
,

the term — w^.sin.n'sj. Substituting these in

[1525], it will produce a term of the form J5.sin. nis, B being used for brevity to

represent the second member of [1526]. which is a function of /x and constant quantities,

[1526a] independent of ts. This term will not vanish from the second member of [1525] for all

values of 5?, unless we have generally jB = 0, as in [1526]. Similar remarks maybe

made relative to the term p . cos. n -a.
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n

(3
is equal to (1

—
,a^)^ , multiplied by a rational and integral function of [1526']

(x ;* and in this case we shall have, by the preceding article,f

|3
= A^n) , (1

_
^,y ^

S
^i-n __ (

^-").(^-^^-
Zi)

. ^i—^ + &C.
I

; [1527]

A^"^ being an arbitrary quantity. Hence the part of Y^'\ depending on the

angle n ^, is

(l—ij?)l .

j f,^-'^--fe:^^ 4̂~^~^lf.^-^^+&c. I .
{ J('*>.sin.7lttf+5W.C0S.Wz^}, [1528]

^(n)^ j^{n)^ being two arbitrary quantities. If in this function we put

successively n= 0, n =\, n = 2 n = i, the sum of all the [1528']

functions thus obtained, will be the general expression of Y^'\ and this

*
(1045) In [1524'], F^*^ is supposed to be a rational and integral function of the

quantities /a, \/{l
—

f;-^)
. sin. w, \/[\

—
ix.^) .cos.zi; and the terra of F(') represented [15266]

by ^ . sin. w w, or p . cos. n rs, can be produced only by powers and products of sin.ts,

cos.'cj^, of the order n, n-\-2, n-\-A, &,c., [1509c] ; the least of these powers being n.
[1526c]

Now sin.
taJ, cos. ^, are connected with the factor (1

—
f*^)*,

in [15266]; therefore

the powers or products of sin. «, cos. -ztf,
of the order w, must be connected with the

n

factor (1
—

fi^)^ , as in [1526']; the higher powers and products of the order n + 2,

n 4" 4, &c., will contain the same factor, multiplied by integral powers of 1— [>?, or f* ;

as is evident from a slight examination.
k

t (1046) The expression ^ [1512], satisfies the equation [1508], which is the same as

[1526] ;
we may therefore assume for ^ the value [1527], which is like that in [1512] ;

and we shall see, in [1530""], that this form is sufficiently general for the determination of the

complete value of any function S, like that treated of in [1530"", &c.]. Hence the value of

|3, corresponding to sin. n -a, may be put equal to

In like manner, by changing the constant term ^^"Mnto J5<"), and sin.nw into cos.n«,
we shall get the term corresponding to cos. n w. The sum of these two expressions is the

part of F^') corresponding to the angle n-a, [1528].

34
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expression will contain 2i-\-l arbitrary quantities £^'^\ A^^\ B^^\

A^'\ j6(2), &c.*

General

expres-
sion of *

(1047) To illustrate the formula [1528], we shall give the values of Y^% Y^'\ Y^^\

Y(i) Y^^\ Y^'*\ deduced from it by putting successively i=0, i=l, i=2, i=3, i= 4,

he. and including, in each expression, all the values of n from w = 0, to n= i.

[1528a] F(o)= 5^K

[15286] Yd)= ^(0) .
jij,_f_ (1 _^2)i . I^U) . sin.ttf + B['^ . cos. zi\ ;

[1528c] F(2)= ^0) ^
^ ^2
_ J I _|_ (

1 _ ^2y .
fj,

. ^^U) , sin. ^+ B^ . cos. w
|

4- (I _^2) ^^^(2) ^ sin.2 ^+^f . cos. 2^1 ;

[1528rf] r(3)= 5^<'^{|x3
—

I .
fx| +(1 — f;.2)i .{fx2_|| , f^^i) .sin. TO+ i?^^^ . cos. ^}

4_(l_^2^.f,.^^(2).sin.2^+Bf.co3.2^}+(l—M-T-Mf-sin.St^J+S^'^.cos.S^h

[1528e] Y(4) == ^(0) . ^^4
_ 6

^2 _^ ^n_| _|_ (1
_

^2^i . |^3_
3

f,|
. i^U) . gin. ts+ 5^1^ . cos. t^\

_j_(l_^2^. {ix^—}}. {Af.s\n.2t^ + Bf\cos.2zs]

_!_(!_ ^2)# . ^ . 1^(3) ^ sin. 3 ^+5f . COS. 3 ^}

-I- (
1 _

f,2)2
^ ^^(4^ ^ sin, 4 ^ _|_ J5(^4)

_ COS. 4 ^
j

.

Thus we find that 7^°^ contains one arbitrary constant quantity, B^°^
',

T^'^ contains three,

[1528/] Bf\ SP, BP', r(2) contains >e, Bi\ A^\ B'i\ Af, Bf; Y<^^^ contains

seven, Bi> , S^\ BP, Af, Bf, Af, Bi> -,
and in like manner the general expression

of Y(') contains 2i+l arbitrary constant quantities.
Hence the number of arbitrary

quantities contained in the i+ 1 functions Y'^'\ Y^^\ Y'^^ F^ is equal to the

sum of the arithmetical progression 1, 3, 5, 7 2 i + 1, which is evidently equal

[1528g-]
to (i + 1)^.

From the preceding formulas [1528«—e], we easily perceive the method of putting

ii?, f.3, M,S &c., under the form r(«>+ J'^''^ + T^^) + he, as in the following expressions,

in which the terms represented by Y^% F^^), &:c., are separated by braces, and arranged

according to the order of these terms respectively.

[1528/^] M'®
= ^ + 5M'^

—
-JIj

[1528i] f*=^=f M'+{M'^
—

f f*}'

[1528^] f*^
= I + f . {m.^-*} + {m-^- ^ f^'+ 3^}.
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We shall now consider a rational integral function S of the order s, [1528"]

relative to the three rectangular co-ordinates x, y, z. If we represent the

distance of the point, determined bj these co-ordinates, from their origin,

by R ;
the angle formed by R and the axis of x, by 6

• the angle formed by
the plane of x y, and the plane passing through R and the axis of a:, by t^t

; [1528"]

we shall have [1480^>],

X ^ R.f^ ; y = R . \/i
—

^2 . cos. ts
;

z= R . \/\
—

^2 . gin. w. [i529]

We shall substitute these values in the function 8^ and then develop it in sines

and cosines of the angle w and its multiples. If S be the most general [1529']

function of the order 5, the terms sin./iw, and cos.ww, will be multiplied

by functions of the form,
*

71

(1— .L.7.;j.M-*-'' + ^.f.^-"-^+c.fx^-''-2 + &c.}. [1530]

Hence the part of S depending on the angle n w, will contain f [15301

*
(1048) The function S is supposed to be composed of terras formed by the powers

and products of x, y, z, as G .x" .y^ . z^, in which the sura of the integral exponents

a, b, c, is equal to, or less than, s, and G a constant quantity. If we substitute in this term, [1530a]

G .X"- .y^ . z", tlie values [1529], it will becorae,

G.R-^^^.^-.{\— ^^)'^ .cos.*«.sin.'xff; ,

and if we put 5 + c successively equal to n, n-\-'2,, w + 4, &;c., it will produce,
n

as in [1 509c] terras depending on sin. n^rf, or cos. ntrf, multiplied by (1
—

\^Y i ^"d

by a function of fx, of the form \Jl.\ir-^-\-B. fA*-»-i + C . fj^*-«-^+ &c.
( , which may [15306]

contain all the integral powers of ^, of the degree s— n, s— n— 1, s— n 2, &c.

to 0. This function will not contain any power of /x exceeding s— n, because x, y, z,

[1529], are of the first degree in fx, \/( I— f^^^ ; therefore G.x'^.y^.z' must be of the [1530c]

degree a+ b^c, which is equal to or less than s, [1530a], relative to the same quantities
n

f*» v/(^
—

C-^) } and as the factor
(

1 —
iiP)^ is of the degree n relative to /(l—^s^,

the greatest exponent of ja must be s~n, corresponding to the term A . jx*"" [1 5306],
so as to render the whole expression [1530] of the degree s, as in [1529T.

t (1049) The number of arbitrary constant quantities A, B, C, &z;c., in [1530], is

evidently equal to the nuraber of terms /x^"", [ip-^-^ , |x*-«-2 ^3^ ^^z^ ^1 ^0
.

yf}y[ch
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2.(5
—

n-{-l) arbitrary indeterminate quantities. The part of »S* depending

is equal to s— n-\-l, and as there is the same number of terms for sin. n sj and for

COS. n zi, the number corresponding to the angle n vi must be double this quantity, or

[1530d] 2 . (5
— w -f- 1)5 ^s ^" [1530'] ; observing that there are no negative powers of x, y, z, or

fju,
contained in the integral function S [1528", 1529], but it may contain the positive powers

and products of sin.xs, cos. is, as high as the order 5, which will produce, as in [1530a
—

c],

terms of the form sin. n -si, cos. n tn', in which n may be any integral number from 5 to 1
;

and if we substitute in 2 .
(5
— n -\- I) [1530<?], the values of n corresponding to the

series s, s— 1 1, we shall obtain the corresponding number of arbitrary constant

quantities depending on each of these values of n, which will therefore be represented by the

[1530c]
arithmetical series 2, 4, 6 2 5, whose sum is evidently s.(s-f"l)j [1530"].

Again, when n= 0, the term sin. n -m vanishes, but cos. n ts becomes unity, and

this value of n produces in [1530] the expression .5 .
(ji.* -j- ^B . fji-^^ -\- C . |u-*~^+ ^c.

;

which contains s -\- 1 constant quantities. Adding this to the preceding sum [1530e], we

get 5 .
(s -j- 1) -[- (* -j" 1)

=
(* ~1~ 1)^ foi" the number of arbitrary constant quantities in

the function S, as in [1530"'].

Now it appears from [1528g], that the general function yW-f-Y^'^-}" ^^*^ contains

[ISSOel, (s-f~l)^ arbitrary constant quantities, which is the same number as in the most general

expression of S [1530'"]; therefore, by assigning proper values to the constant quantities,

contained in F(°) + F^^^ -\- Y'-^\ it may generally be made equal to any given

function S, of the order s.

*
(1050) A few examples will illustrate this method of development of the function S.

[1530/] First, let it be required to put S=l— 1>? under the form Y(o>+ F^')+ r<2>
;

all

terms above Y^^^ being neglected, because 1— jx^ is of the second degree in (x; moreover,

as S does not contain w, we may neglect ts in [1528c], and we shall have

hence S' ^S—Y^^^^^ --^^— Bf .{i>?
—

h)
= l +hW— V-'' -{^ -^ J^f)'^ a°d

by putting the coefficient of- [i? equal to nothing, we get jB^^^
=— 1

,
and then

5(o)=l+JJ5^o,_|_Y-(0).

hence S' becomes S— F^^)= F(0), or S= F(o>+ F®= §— (^-^
—

J), which is

of the required form [1530/"], supposing F^^^= 0. iSecow(?, let it be required to reduce

the function 5=
(im-^+ Sfj.)

. (1
—

f;.^)*
. sin. ts, of the third degree, to the form

5= F(0)+ F('>+ F(2) -f F®. In this case, all the terms are multiplied by sin.'ci;

therefore we must retain only such terms in [1528«
—

e], and put

y(0)^O, F(i>= ./3^/^(l— M.2)*.sin.-sJ.

[1530g]
^,(2) = ^0) .

(
1 _

f,2)i
. ^ . sin. «, F(3)= Af .

(
1—

fx^)*
. {y?

-
\) . sin. ^.
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on the angle ^ and its multiples, will therefore contain s . (5 + 1) [1530"J

Hence ^^^'^ = S— F^^)=
(m-^ _j_ 3 f^

— ^o) .^2 _j_^^a)) , (1 _^2)j, sj^,^ .

^hj^h,

by putting ^^^'>= 1, becomes of the second degree, S^^) ^ (2 <jl -}" -i)
.
(
1 —

fx^)^
. sin. «.

Hence ^^^= S^^^— T^^) = (2 fx+ 1
— ^^^^ (x)

.
(
1 — i^^f . sin. *

;
and if we put

^1^= 2, it will be reduced to the first degree S^^') = 1
. (1
—

/jl^)*
. sin. zi= F^),

supposing A'^'^
= l [1530^]. Therefore the values [I530g-] will become FW = 0,

r(i)=-i.(l— fi.2)i.sin.*, r(2)^2.(l— f/.2)i.M..sin.irf,
r(3)= (l_^2)i^(j,2_i),sin.«^ [15S0h]

and we shall have S=(m-2_|_2 ^) . (l_f,2)j .sin.^= FW + F(») + F^^J-f F(3). We
have gone through the calculation in the general manner, proposed by the author ; finding

successively S^'^\ S^^\ S^^\ he.
; but in the present instance, we might obtain the same

result, in a shorter way, by adding the expressions F^% Y^^\ T^^\ Y^^\ [1530g-], and

putting the sum equal to the proposed value of S, then rejecting the common factor

(1
—

(x^)*
. sin. •51

; by which means we shall get,

This becomes identical, by putting A^^^= 1, ^^= 2, A'j^^
= ± . A^^^

= | ; hence we

obtain the same values of F^^ F»>, F®, F®, asin[1530A].

In this way we may obtain, in the required form, the complete value of the quantity S,

when it is a rational and integral funcUon of
ju., \/{l

—
fx^)

. cos. th, and \/( I—
(x^)

. sin. «, [1530A]

of the order *, and if we represent this proposed function by /(fx, -n), we shall have,

fif=/(f.,«)= F('» + FW+ F®+&c.= 2. F», [l53on

in which F^'^ satisfies the equation [1.525]. If we put |iji=cos. 4 [1434'], we may General

« • M GXpFGS—

suppose o to be a rational and integral function of cos. 6, sin. 6 . cos. -s*. sin. 6 . sin.-ztf. !»<»>softhe^ -^ '-' ' ' J function

represented by f{6 , •«), and we shall have, fi-,

S=f(6,^) = F(0) + Fa)+ F(2) + &c. = 2 . F«
[issor]

in which T^^ will satisfy the equation [1464c]. This development of S is the same as

in [1530Z], changing fx into cos. ^.

The method of finding the terms F(">, F<", &z;c., [1530% &;c.], is attended with

some inconvenience when 5 is large, because we are obliged to compute all the terms of the

series, beginning with the highest Y^'\ even when only two or three of the first terms, or

perhaps only one, is wanted ; and this method becomes impracticable when s is expressed

by an infinite series, because F^*) has an infinite exponent. In this case we may use the

method of definite integrals, by which any term may be computed, independently of the rest, ri530ml

in the manner we shall explain in this note. We have introduced this method of definite

integrals in this place, as the most convenient, for a note of so great a length ; but it will be

best for the reader to examine the original work as far as [1542], before commencing upon
this subject, as we shall have to refer to some of the formulas contained in that part of

the work.

35
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indeterminate quantities ;
the part independent of zi will contain (s+ 1).

Supposing, as in [1441"], Q^'^ to be the coefficient of —
^xj-,

in the development of the

[1530n] radical |r2_2i2 r .
[m- M-' + /(I

—
f^^)

. /(^ — f^'^)
• cos. (^— w)] + i22|-i, and

that Qlf' is the terra of Q^'^ depending on tRe angle n .
(to
—

•cj),
we shall have, as

^U)^
in [1543", 1523, 1524, 1542],

[1530o] Qj;i>
= y . X X' . COS. w . (^— -5J) ;

7, ^_^ fl
.S.b

(2i-l)Y ^.(^-1) ji-n + l)

[1530p]

/I . 3. 5
(2i-l)Y i.{i-l) (i-n + l)

^
'Vl-2.3 i J •(i+i).(i+ 2) (i+n)*

,'1.3.5 {2i—l)y
[ISSOp'] 7 = ( ^^^ g

\ -M , when «= 0,

[1530?]

X'.

[1530r]

X_(l—
/.j.^f.

—
2.(2z— 1)

-f"
+^c.^;

X= (l-^)^.
Jm-

-
2.(2i-l)

-^
^+&c.^.

[15305] Now if we multiply by q^Kd^ .d^' the function /(f^V)=r'(o^-|-r'(^>+Y'(2)+ &ic,

which was deduced from [1530/], by changing (x, w, F®, into /x', -c/, F'^'^, respectively,

and then take the integral of the product relatively to \t!, from \i!=— 1 to f;.'=l ; also

[1530s'] relatively to to', from to'=0 to 'u^==^2'!(^ we shall get, by using successively the formulas

[1476, 1540'"],

[1530^] f\fl''K^.-^)'^"^ 'd^'A^= S\fl'' \Y'^'^ \-T^^^^T^^^^%^z.\.q^^

[i53o«] =
/•! f^ r'« . qs) . dvi . d'ui=-i^ . r«

;
*/ —1 *'

(J <4 I ~p J.

hence

[1530v]

^"'-
r<o=?i±i .

/_»_ /7(^'.-')
• Q<" • rf 1^' • -i -'•

If we change Q^') into Q^^\ we shall get Y!f^^ or the part of Y^'^ depending on the angle

n .
(tj/
—

w), namely,

[153GM;]
4* -'-i^o ''^^' ' ^'^ "^

Substituting, in this, the value of <^^ [1530o], we may bring 7, X, from under the signs of

integration, and we shall get, by using the value of X' [1530r],

[1530x] X /(m-', ^') . COS. n.{^'
—

-sr).d\k.d ar'.
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S will therefore contain (5+1)^ indeterminate constant quantities. [1530"']

We may apply this formula to the case where /(m-'X) becomes a function of ft' independent

of «', represented by /((x'), by putting
w= 0, and then we shall have

(|_^2J2=1 (1 —^'2)2 = 1, C0S.n.(ar'
—

^)= 1.

The integration relative to w' can then be obtained, since

4 or c/Q 4* 2
,

hence, by using [1530/, 9], we get, for this case,

*^o
— —

2"^-Vl.2.3 i J
•

l^ 2.{2i— l)'^
^

S
'

[1530z]

xf-^{^"-^^^y^"-'+'^']'f^^'^'^^'''

/(/) being the part of f{\il,ir') [1530s] independent of the angle zr*. If i= 0, we

shall have Q^"^
= 1 [1433(Z""], and we shall get, from [1630v],

andsmce
f^'^dz^

= 2'^, this becomes r^«^= i .

/_\/(,x')
. rf,*'. [1531a]

As an example of the formula [1 530z], we shall suppose that it is required to find, separately

from the other terms, die value of Y^^\ in the development of S= it^, in the form

[1530/]. In this case, i=2, and f [[>!)== [t!

^
-,

hence [15302:] becomes

r(^)= i .

(^)'
.
(fx^
-

i) .

/_' {^^
-

1) . fx'^ d / ; [153161

but f{\^'^
—

-j)
• M'''*

• of /= T (*'

^—
T 5 f*'

^+ tItj which vanishes when fx'
=— 1 ;

and at the other limit j«.'
= 1

,
it becomes J' {fc^

—
^) .[/"^ .d ft/= yL6_ j

hence

r(2) = J ,
/-llA

. (^2
_

^) . ^6^= «. . (^2
_

^) Ijejng the same as was found in [1 528^].

There is no difficulty in developing /(jm,,w), in the form [1530?], when it is actually a

finite rational and integral function of h-, \/{^ —h-^) . cos. w, y/(l
—

(aP)
. sin. a- ; but if

it be irrational, fractional, or discontinuous in any arbitrary manner, the series, when reduced [1531c]

to a rational and integral form, will most commonly be composed of an infinite number of

terms, which may be computed by means of the formulas [1530r, a?, 2:] ; the function

f{fi',zr') being supposed not to become infinite within the proposed limits of the integrals

[1530/]. To illustrate this by a simple example, we shall take the irrational quantity
S= {1

—
^<Pf, which does not contain a-, so that f{f*;^) becomes /(ft)

=
(1
—

a*^)^, n53irf]
^d f{y!)= (1

—
ft!^)K K we develop f{i^') in a series, proceeding according to the

powers of /«.', we shall get,

/(^')= 1- 1 ^'2 __ ^ ^'4_ _^ ^,6_ g,c. ; [1531c]
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The function Y^'^ + F'^ + Y^'^ + Y^'\ will likewise contain

in which s the highest exponent of (*' is infinite ; and as this is the first term wanted, in the

method of [1530^], the development could not, in this way, be obtained
;
therefore it would

be necessary to recur to the process of definite integrals. Substituting in [1530^:] the

preceding value of f{f<f)
=

(1
—

t*!^)^,
we shall get,

[1531/]

^,, 2i4-l /1. 3. 5 (2i
—

1)\2 C i.{i
—

2) ._2 ,

„ ^

3.

If we take the differential of a*'«-i . (1
—

-a«''^)% we shall find,

= (1_^'2)J. |(^_1) . ^'^2_ (^ _j_ 2) .
f,""}

. fZ/.

Integrating this, and supposing the arbitrary constant quantity to be included in the terms

under the sign /, we have,

[1531^] ,.'»-i . (1
—

M-'S)? ={n— l) .fi^'^-K di^'.{l _^'2)i_ (n+ 2) .fi>^'-dij! . (1 —ii'^)K

If we take these integrals from /x'
=— 1 to m-'

= 1, the first member of the equation

will vanish at both limits, and then dividing by 71+ 2, we shall get the following theorem.

[153U]
-^-^^ ^ ^ ^

n-\-2
-'-i'^ "^ ^ '^ ^

If we now put successively n = 2, 4, 6, he, we shall get the general value of

[1531i]
f^^ij.'-dij!.{l

—
ii!%

observing that f d^tl .{\
—

f/-'2)i
= ^ -ir,

which represents the area of a semicircle

[1531Jk]
whose radius is 1, absciss [>!

= x, ordinate y= s/{\—\)!% and area, by the usual

formula fy d x. Hence we get successively

f\d^.{l^^-)^
=

l;

[15311] /_V''^f*'-(i-f*'')*= ^/_\^'^'- (»-f^")'
=^ I 5

Definite
^ —\ ^ ' ^ —i A

and generally, when n is an even number,

^1 , , , , ,„,^ 1.3.5 (n
—

1) *

[1531m] y-i^"^<^'(^-f^'^)^-2.4.6 {^^y
'

All the terms of this last integral will vanish if » be an odd number, because they will all
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^5_|_1)2 indeterminate constant quantities [1528g], since the function [I530""j

depend on J \i!d\i!.{\
—

fi'^)*=
—

-j
• (1
—

M-'^)^ + const., which vanishes at both limits

of the integral. Substituting these values in the integrals of [1531/], corresponding [l531n]

successively to i^2, i^4, &;c., we get,

.1

[1531o]

d^ = i>^=l^Now from [1531a, Z], we find r(''>= i
.

/_^ (1
—

po'2)i

values of Y^^\ Y^*\ he, deduced from the formulas [1531/, o], are

Y(2)

Hence we finally obtain,

&c.

and the

-^•(^^-i) y(4)__315^^(^4_^^2_|__3_).2048
&;c.

(1- ^')'=l-^'l^'-^V
315*

{^4_6^2_^_3_|_&,e.;4 64 '*'' ^' 2048

which is of the required form. We shall hereafter, [1535X;], show that series of this kind

are, in their nature, converging, in successive intervals.

The results we have obtained, in [1530/
—

z, 1540, &.C.], have been found in another

manner by Mr. Poisson, who has also given a different demonstration of the formula [1540] ;

and as the subject has excited considerable discussion, we have thought it might be useful to

give the substance of his method. He has shown that any function whatever of 6, -a,

represented by /(^,w), can be developed in the form [1530/'], namely,

s =f{6,zs)= Y^o) + rc)+ r(2) + he.= 11 r« ;

y^'^ being a rational and integral function of cos. ^, sin.^ . cos. -sJ, sin.^ . sin. «, satisfying

the differential equation [1464c]. The limits of the values of 6, -a, between which the

development [1532a] is to be used, are from ^ = to 6=
ir, and from -cj= to

w= 2 ir
;

and the function f[& , zi)
is supposed not to become infinite anywhere between

these limits. We shall take, for a, a positive number, which, at the end of the operation, may
be supposed to differ from unity, by an

infinitely small quantity g. This value of a is entirely

different from that used in [1461'], and is analogous to that in [963''']. We shall also put

p= cos. ^ . cos. d' -f- sin. & . sin. d . cos.
(ct'
—

zs)
^^ cos. y ;

[1531p]

^ — 1.3.5 (2i—1)

w-
(t-1)

2.(2i—1)
P-2+ i.{i

—
l).{i-

2.4.(2t— l).(2i
1.2.3 i

p=(l— 2a.;)+ a2)-i

4^
' J Q JQ

^{tz3.
p^.

3)

—
&c.|;

S6
(1—2a._p4-a2

Develop-
ment of

S, or

f{6,-a)'

[1532a]

[15326]

Fonnulas.

[1532c]

\153Qd]

[1532c]

[1532/]

[1532ff]

[153?gr1

[1532A]
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Develop-
ment of a
function
terms of
fonctionfn Y^'^ coiitams 2e + 1

;
we may therefore transform S into a function of that

[1532^'] the integration of this value of X being taken, relatively to ^', from ^'= to ^'=*;
and relatively to w', from w'=0 to ^'= 2*. The expression p= cos. 7, [1532c],

[1532A"] is the same quantity as that called 6 in [1629, 1432^], changing v into 6', and 4' into zr'
;
and

by these changes, the symbol i^'^, used by the author in [1G28, 1532c], becomes the same

as the quantity Q''^ [1441", 1532e]. We have used the letter p in preference to S, because

6 is usually employed as the sign of a differential or variation. If we also change, in [1626],

/ into -, s into 1, r into a, and divide by »S^, it will become like the preceding value p,

[1532/] ; its development is easily obtained as in [1441", 1627]. Then when g or I— a

Po^a^on'
becomes infinitely small, we shall have, as we shall soon see,

[1532i] /(^^)=±X;
for all values of &, zr, included between the limits [1532J] ;

the upper sign being used when

[1532A;] a <^ 1, the lower sign when a^ 1.

1 — ^2
To demonstrate this theorem, we must observe, that the factor 1 of the

{1—2a.p+ aFy

[1532Z] expression [1532A], becomes infinitely small with 1 — a, except p be infinitely near to

unity ;
which happens only when 6', a-', differ from 6, -sr, respectively, by infinitely small

[1532Z'] quantities A, A:, [1532cZ] ; observing that when ^':=^, and zir'=zr, the expression [1532c]

becomes p:=:cos.^^ -j- sin.^^= 1. Therefore we may, in the integral X [1532A], neglect

[1532»i] all the elements, except those in which h and k are excessively small
;

and for these values,

we have very nearly, by means of [44] Int., neglecting always h^, P, h^g, k^g,

[1532m] cos.
(ot'
—

OT-)
= cos. ^=1 — |P, cos.

(^'
—

^)
= cos.A=l— ^h^.

Substituting these in [1532c], we get,

[1532o] p=cos.5.cos.^'+sin.lsin.^'— |P.sin.5.sin.5'=cos.(^'-—^)
—

lk^.sin.6.sm.6'=l
—

Ih^—^k^.sin.^d;

hence, by putting a=l, in the terms a.P, a.kP, we have,

1—2a.p-|-a2=l_2a.(l—|A2_i^2_sin.2^)-fa2=(l—2a+ a2)+ a.(A2_^A;2.sin.2^)

[1532p] ={l — af-\-h^^P.sm?& = g^ -{- h^ -j- k^ . sln.^ 6
;

(1
—

«') ./(^',^) • sin. 6' = {2g—g^) ./(^W) . sin. 6'.

Moreover, the differentials of 6', •5/, [1532fZ], are d6'= dh, d-s/=dk', hence the

expression [1532A] becomes,

1 r/' (2ff-g^2)./(^^7^).sin^^rffe.rf^

4*
(g2_|-/i2_j_A:,2.sin.2^)2

The numerator and denominator of this expression are of the third order, in g,h,k; if we

neglect terms of a higher order, we may change 6' into ^, -ro' into w, and it will become of the

following form
J observing that f{6,zs) is constant, relatively to these integrations, and may

be brought from under the signs of integration ;
hence we shall get,

27r (g.2-|-/i2-|-i2,sin.2^p

which may be easily integrated, relatively to h, k, observing tliat g, 6, are considered as
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form
;
the following is the most simple method of making this transformation.

constant. The limits of this integral relative to 6'= 6-\-h, are 6'= d -\-h= 0, and

6' = d-\-h= if, [1532A'], corresponding to h=— S, h= ir— d
;

the first being [1532.«

negative, the second positive. Now the elements of this integral vanish [1532m], unless h

be excessively small
;
we may therefore extend the limits of h from — co to + oo

, without

altering the value of the integral. In like manner, the limits of -a' being z5'= zi-{-k=0, [153^.

and '!;/^zi-\-k=2'!f, [1532A'], the corresponding limits of ^ are k=— -a, h='2,':(—to;

which may also be extended from — oo to -j- co . In finding the integral of [1532r],

relatively to Tc, it will be convenient to use a new variable quantity h', formed by putting

A;.sin. ^= ^.\/(g2-fA2). The difl^erential of this equation is dk,sm.&=dTi!.^{g^-{-h% [1532/.

h being considered constant in finding the integral relative to k, because the two quantities A, k,

are independent of each other. Substituting these in [1532r], and reducmg, we find,

2* '-'-~'^— CO

|g.2^;i2-|-(g.2-^ft2).;fc^p

"~
^^••^-o. -'-co(g24_A2).(i+;k'2)f- ^^T •^-«S-H/^2*-'_„(i4.;fc'2)f

• f^^"^

But f 3 ^14- —-
,

as in Vol. I, page 324, and it may be easily proved ri53arl

•^(1+A:'2)2- {\-\-k!^f
' ^ "

by differentiation
;

the constant quantity 1 being inserted, in the second member, in order

that the integral may vanish at the first limit k'=— oo
j

then at the second limit k!= <x),

it becomes 2, and [1532m] changes into

If we put h=gt, we shall get /^-^ =/—-^
= arc tang. <, [51] Int. The [1532r]

constant quantity ^ if is to be added, to make it vanish when A=— oo, or t=— oo,

and when h= o), tz= cx), it becomes i *+ i ')r='n'
; substituting this in [1 532m;], we get,

X=f{6,zi); [153Qy]
which is the limit of the value of X when 1— ot.=g, is supposed to be positive, but

infinitely small. If «]> 1, g will become negative, and the sign of the second member of

X [1532r, &;c.], will be changed, and we shall get for the limit, in this case,

X= —f{d,zs). [15322]

The results obtained in [1532, y,2:,], agree with the theorem proposed to be demonstrated
in [1532i].

We may remark, that in the preceding demonstration, the function /(^,'5/) is supposed to

be constant, for all the values of 6', z/, in which the corresponding elements of the value of
X do not vanish, when 1— a becomes infinitely small

; which is a necessary result, from
the supposition, that f{6','s/) never becomes infinite between the proposed limits [1532A'].
For if we put /(^,«') =f{d,vi) + ^, ^ will be an

infinitely small quantity between the [1533al
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Develop-

Snctionfn We must take, in the preceding manner, the most general expression of
the form

Y(t)^
~ — —

[1533a'] proposed limits of A, ^; and if we also, for brevity, put d(f= ~ "
'

' ^^"' —'--—
;

the

(1— 2a.i)+a2)^
expression [1532A] will become,

[153351 3C=i.//{/(W + ^f.^^='^"-^//^'^+ 4^

When a differs from unity by an infinitely small quantity, it will suffice to take the integral for

infinitely small values of 6'— 6, z/— ot
j

and if we suppose ^' to be the greatest value of

^, independent of its sign, between these limits we shall evidently have,

and as the factor T" •
^' is infinitely small in comparison with

'

[1533«], this

[1533cl second integral may be neglected, and we shall have, as before, X^ '

'ffd tf.

Some objections were made to this demonstration, in the London Philosophical Magazine

for May 1827, which were satisfactorily answered, in the same Journal for July 1827. In th(

Connoisnnce des Terns for 1831, Mr. Poisson varied the form of the integral [1532A], by

taking for c, any constant positive quantity, he put

fl^'^'l ^=
*.2i+^^--'o A (1

— 2a.p+ a2)i+ic
;

and with this more general value, he obtained the same results, as with the former expression,

by proceeding in nearly the same manner as in [1532Z
—

z\ ;
but we shall not enter into any

particular explanation of this method, because the former is sufficient for all the purposes

required in this work.

The value of p=.- (1
— 2 a.p + aS)-^ [1532/], gives

[1533d] (-^\
= [p—.a).{\

—
2ct..p + a^)'~^; hence

substituting this in X [1532AJ, we get,

[1533.] x=i.y;/;'{p+2„.(^)|./(^X).sin.^.rf«'.<;«'.
Now from [I532_g-] we have,

p= 1 +a. Q^i) + a2. Q(2) 4-a3. Q(3)+ «' • Q(') + &C. ;

2
a.(^-^\

= 2 a . QW + 4 a2. Q^2)_|_ (5„3, Q(3)_|_
2 i . a} . Q(')+ Stc.

;

p+ 2a.('^)
= 1 + 3 a . Q(l)+ 5 a2 . Q(2) _j_ 7 ^3 . Q(3) _^ (2i+ 1) . a'' . ^^ + Uc.

'

Substituting this in [1533e], we find,

X=:i-./^/^*fl+3a.Q(^)+5a2.Q®_|_ (2i-|-l).a'-.Q^')+&ic.|./(dV).sinJ'.(?^.rf^';

and the quantity X will be developed according to the powers of a.

[1533/]

Theorem.

[153%]
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Develop.

y(')
;
we must subtract it from S, and determine the arbitrary terms of Sncuonfn

terms of

Y«.

The quantity Q^*) satisfies the differential equation [1442], in which the variable quantities

are /x, -si,
and the coefficient of Q^^, in the element of the integral [1533^], does not contain

fx, ts, being
—

. (2 i + 1) . a' ./(^,ot') . sin. 6^ .d 6' . dsr'
-^

therefore this element, as well

as its double integral, will also satisfy the same equation [1442] ; and if we put this double

integral equal to a* . Y^'^ we shall have,

^'^=
4t^-/oVo^'' Q(0./(,V) .sin.^.e/^.rfV. [15m]

Supposing now a to he less than unity, by an infinitely small quantity, the expression of X Deveiop-

[1533g-], or its equal [I532y], will become, fidTH).

x= f{d, ^) = rc) + ra)+ r(2) + y« + &c. ;
^1533,^

which is the theorem proposed to be demonstrated in [1532a].

From [1533A, t], we obtain another demonstration of the theorem [1479'], namely, that There can

•

'

. . /•
^ only

the function y can be developed only in one series of the form Y^'^^ -{• Y^^^ -\- Y^^^-\-hc.
onedeve-

For Q(') is given in [1441"], and if all the values of /(^ , -u/),
between the proposed

* function

limits of the integral [1533A], be given, the form and value of Y^ ^iu be fully determined "^^J

by means of this integral, and the resulting series Y'^^^ -\- Y^^^ -\- Y^^^-\-hc. [1533t], theS*

mil also have, in general, a single form and value, every term being given by a definite
^ ^ •

integral, all the. elements of which are known, within the proposed limits of the integral. gfT"^

Changing &, w, Y^^, into H, to', Y'^'^, respectively, in [1533t], we get,

fid,-^)= Y'(«>+ Y'a)+ Y'(2)+ Y'»+ he.
[153at]

Substituting this in [1533A], and reducing, by means of the theorem [1476a], it becomes

^'"=T? •flf^' «'" • ^"" • «n. «- . .J «- . rf-'.
[1533!]

Hence fnf^" y'"' • Q'" • sin. «< . rfS- . d >='= ^ij- . FC), [1533ii.]
V V 2l-|-l Very

important

which is the same as the important theorem given by La Place m [1540],' with a different
|^d°efi^te

demonstration ; and if we use the value dw= sin. ^ .dd .dzt' [1447/], it will become "^s"^-

the integral relative to w being taken, so as to include the whole surface of the sphere, whose

radius is unity.

A formula so general as that here given [1532A,t] for the development of X, or /(5,zs),

is not to be expected to be free from cases of failure, such as frequently happen in much

less complicated formulas; as for example, the very simple formula = a;+l, [1533o]

which is generally correct, for all values of x, becomes illusory, and of the form ^= 2,

when a: = 1. In like manner, if the quantity \/{\
—

x) be developed, by the common

process of the binomial theorem, or by Maclaurin's theorem [607a], it will become of the

37
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[1530^] Y^'\ SO that the powers and products of fj" and \/i
—

ix^, of the order 5,

[1533o'] form 1 — ^ x— i ar^— &,c., which is correct and approximative, when a; <^ 1
;

but

if X exceed 1, the expression \/{l
—

x) becomes imaginary, and the development is

wholly defective. The experienced analyst will therefore, in using a general formula, for the

development of a function of any kind, examine carefully into the nature of the series, and in

those particular cases where it might fail, will make the necessary modifications, or apply

another method. For instance, if it be found that the series become diverging, when applied

to the solution of any particular problem, it will be necessary to proceed with great caution
;

since the results obtained, from the use of diverging series, are frequently illusory ;
as will be

seen in [1548X]. A similar difficulty occurs if any of the terms of the proposed solution

become infinite. In such instances, the usual development might be found inconvenient

or impracticable; and we may find cases in which the formulas [1532A, t], will require

some modification, or adjustment, to adapt them to particular values of 6, zr, in the same

[1533p] manner as in the examples [1533o, o'~\.
For in the development of /(^j'^*),

^ is supposed to

be limited between the values 0, "jt
;

also zs between and 2 *
;

and it will be found, upon

examination, that for the particular values d= 0, ^^ *, to'= 0, w= 2 *, there are

certain conditions necessary to render the general development of f{& , ^j) applicable ;
as

will appear by the following investigation.

fISSS^r] If we have -cj= 0, there will be two values, to'= 0, to/= 2 *, which being taken

with d'=^, will render p [1532c] equal to unity. In this case, we must not, in finding the

value of X, when 1 — a is infinitely small, restrict ourselves to one form of to'= ts -f- A;,

as in [1532<ZJ ; but must take successively -al= k, z/ =2 -je
-\- k -,

but as the variable

[1533r] quantity xtf' ought always to be positive, and not exceed 2* [1532A'], we must, in the first

case, use only the positive values of ^
;

and in the second case only the negative values ;

therefore, in the calculation of X [1532r], we must, in the first case, integrate only from

k=0 to k=co
;

and in the second case from k=— oo to ^=0
;

which will reduce,

[1533«]
in the two cases, the integral relative to k, to half its preceding value [1532i]. Hence it

follows, that for the particular value zi= 0, the limit of X will be,

[lS33t]
X= ±J.f/(^0)+/(^2^)h

the upper sign being used, as in [1532A;], when a<^l, the lower sign when a> 1. In

[1533m] like manner we shall obtain a similar result for the other limit -s= 2 *.

Therefore at the two extremities of the values of to, for which the equation [1532i] exists,

[1533u] its second member expresses the half sum of the corresponding values of /(^ , to),
instead

of the values themselves
; consequently the equation [1532j] will not agree with these extreme

[1533u>] values, unless we suppose /(^ , 0) =/(^ 2 x). We may observe, that this equation would

[' generally be satisfied, if /(^,*j were given in a finite integral expression of the sines and

cosines of 6, a-, and their multiples ; but it might not be satisfied for other functions of 6, -a;

as for example, if it contained the arcs 6, sr, independently of their sines or cosines.

[1533x]
In the case of ^=0, we have p=cos.^' [1532c], /(V)=/(0>^)> /(^'>«')=/(°'^) »

and then [1532A] will become.
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may disappear from the difference S— Y^*^
;

this difference will then ^ncUoMn
•' ^ ^

terms of
the form

y»
,„ (1

_
a2) . 8m.d'.d6'

[1533a]

but whatever be the value of the constant quantity a, we shall have,

p{^—a?).sm.&'.dK (1
—

a2)

J J = — 1 + constant ; [15332]
(1—2a.co3.a'+a2p «.(!—2a.cos.a'+a2)^

as is easily proved by taking the differential of the second member, relative to d'. At the two

limits of this integral &'=0, and ^'=5r, the radical in the denominator becomes ±(1— a),

± (1 + a) ;
and as this ought to be positive throughout the whole limits of the integration,

because the radical does not change sign, while d' varies from to *, we must take 1 + a,

at the limit &'=^'K
; and ±(l— a), at the limit ^=0

; the upper sign being used when

a <[ 1, the lower when a^ 1
;

in the first case, the integral [1533z] is expressed by
(1
—

a2)
,

(1
—

a2) 1
N I

1
/I I N

«
I

« a

in the second case it becomes,

(1_„2) (1
—

a2) 1
,, V

1
/, , \

11 2

a.(14-a) a.(l
—

a) a^ 'a^' aa « •/'
Substituting these in X [I533y], it becomes,

In like manner we shall find, in the case of 6 = ^,

^=2^- /o V('^.^') -d^ or ^=—
-^;-^'fo VK^)-^'^- [1533£]

Hence we see, that for the extreme values of ^, the expression ± X [1532i], will not give

the corresponding values /(0,t3), and f{^,-a), of the proposed function; but will [1533^]

express the mean of all the values it has, between «= and zj= 2 sr
; that is to say,

2^'J^O /(^'^)*^^' ^^
2^' J'o'^fi'^''^)

•^'^' Therefore the equation

[1532a] will notexist for the cases of ^==0 and 6=^^ unless ^s disappears from /(^,to), for
[1533»]

each of these values of ^
; which requires that /(0,«) and /(»•,«) should be constant quantities. [1533^]

We may observe, that when the proposed quantity f{6,-a) is actually a finite and integral
function of the three co-ordinates cos. 6, sin. 6 . sin. w, sin. 6 . cos. w, both the conditions

[1533/]

[1533t^,jj] will be satisfied
; because these co-ordinates remain unaltered, when w is changed

from to 2?r, as is required in [1533m;] ; and the two last co-ordinates vanish, when ^=0
[1533,]

or 6=-^
; by which means ar disappears from the proposed function, as in [1533^] ; this is

also evident from the inspection of the formulas [1528a
—

e].

The function /(^,zr) is always supposed not to become infinite [15326] between the

extreme limits of ^
,
^

; but it may otherwise be of the most general form. It may even
be discontinuous, or such that its values are not comprised in the same analytical expression. [1533X]
For example, f{d,-a-) may be composed of two parts, the one expressed by 9 (^,w), from
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[1530"] become a function of the order s—1, which we shall denote by S^^K We

6=iO to &=&/, the other (p,(^'^)'
^^^^ ^=^/ ^° ^=t. The series [1533t] will then

represent the values of (?, or those of
cp^, according as we shall substitute, for 6, a quantity

[1533fA] less, or greater, than ^^, but always comprised between the extreme limits ^=0 and 6=ir.

The general term of this series may be obtained by separating the integral [1533A], relative

to 6', into two parts, so that we may have,

[1533v]
Y^^=^^.f^''if^'(i>{6WW'^'SmJ.d6'-^fJ'<p^{6W)

We may proceed in like manner, if the given function be discontinuous, relative to the other

variable quantity ttf. We must however observe, that when the function f{^,'^) is

[1533|] discontinuous, it is necessary that the two values, corresponding to each point of junction, of

the two different expressions, should be the same ; that is, cp (6^ ,zi)
=

cpj (6^ , zi) ; and if

differentials of f{^,'^) were required, it might also be necessary to apply similar conditions

to the differentials of the functions (p, cp,,
to prevent any of the partial differentials

( ]>

(
— -—'—

),
Stc, from becoming infinite at the point of junction.

In the case mentioned in [1530/
—

Z'] ,
where f{^,^) is actually a finite integral function of

cos. 6, sin. 6 . cos. zs, sin. 6 . sin. •cs
;

we have seen that the development [1533i], can

[ISSSn be completely obtained, in finite terms, as in [1530"", Stc] This case includes an immense

variety of spheroids, differing but little from a sphere ; to these we might join numerous

classes of irrational quantities, which could be reduced to rational converging series, and

arranged in the form [1533i] ;
so that for all practical purposes, the development of f{S,-^)

may be considered as embracing all cases, which would be wanted for the. investigation of the

[1533flr] general properties of the attraction of a spheroid, differing but littlefrom a sphere. Therefore

we shall not enter into a more minute discussion of the cases of discontinuous or fractional

functions ; any one who wishes to pursue this subject, may refer to the paper published by

Mr. Poisson, in the Connoisance des Tems for the year 1829. Finally we'may remark, for

the sake of illustrating and confirming what has been said, that the case of a spheroid, differing

but litde from a sphere, and of an irregular form, may generally, by the method of interpolation

explained in [812, &,c.], be reduced approximatively, to a curve surface, depending on a

finite and integral function of the co-ordinates cos. &, sin. d . cos. -a, sin. & . sin. zi, treated

of in [1530""] J
and by increasing the number n [811""] of the points of the surface, taken

into consideration, we may generally obtain a surface, which will differ but very little from

[1533<] the actual surface of the spheroid. In this way, the attraction of any irregular surface may
be reduced, very nearly, to the finite form used in [1530""], including a great variety of

figures, about which there has been no doubt or discussion.

The greatest positive value of p [ 1 532c], corresponds to y= 0? and is p= I,

Substituting this in p [1532/,^], it becomes

[1533p] p
= fl— 2a+ a2)-i

= (l~«)-»= I-f«4-a2-f.a3&C.;
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must then take the most general expression of Y(*-'>, and subtract it Tnction
terms of
the. form

Y®.

therefore we have in this case Q^'^= 1. The greatest negative value of p corresponds to

y=lSO'^, and then p= cos.7= — 1. Substituting this in [1532/, g], it becomes

(I4_2a + a2)-i=(l + a)-i
= l— a+a2_-&c.; hence Q^o)

= l, Q(i>
=— 1,

Q(2)=l ,
and generally QW=_j_i ^

the upper sign being used if i be even, the lower if odd. [I533(r]

Putting for brevity jc=/" ~\ x-^= c
^*

~
,

we shall get, from [12] Int.,

2 COS. «7=c
' +c =a;"+ a;-% and

^= cos.7= ic^'^ +ic
^'^ ' = i.(x + a:-i), [1532c].

Substituting this in [1532/], we get,

+ (i).«^-^+ (1) . (i) . a^ + (1) . (i.f) . a^x+ (i) . (l.|.|) . a4 x^ + &c. [1533.]

= 1 + a . cos. 7 + a2 . {I .
3

. 2 cos. 27 + ^ . i} [1533(p]

+ a3.{i.|.|.2cos.37+|.(M).2cos.7|

+ «'*.H4-|.i.2cos.47 + i.(H4)-2cos.27+ (i|).(i.|)}+ &c.

The numerical coefficients of all these terms being positive, the greatest positive coefficient
ijj^jgof

of a' must evidently correspond to 7=0; and for the same reason, the greatest negative Q(»)

coefficient of any odd power of a must correspond to 7= ISC'*. Now we have shown, in "e

[1533(r], that these greatest and least values are represented by ±1. Hence we may conclude -'-

that the greatest positive value of Q^'^ is Q(')
= l, and the greatest negative value [1533x]

is QW= _1.
In the fifth volume of this work, the author has shown the convergency of the terms of the

series p ={1 — 2a. cos. 7 + a2}-i= Q^o^ + a. Q(')+ a^. QC^^+ &;c. ; and in the

Connoisnnce des Terns for 1831, Mr. Poisson has also proved the convergency of the series

f{&,^) = Y^°^ + Y»+ r<-2) + &;c., [ 1 532a]. The necessity of an examination into the

convergency of such series will more fully appear, from some examples we shall hereafter

give [1548X] ;
and on account of the importance of the subject, we have thought it necessary [15334,1

to insert the demonstrations in this place, in order to prevent any doubt in relation to it. In

doing this, we shall have to investigate the values of some definite integrals, which will be

wanted in this computation, and in other parts of the work.

38
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[1530^»] from S'-^^
;

then determine the arbitrary quantities of Y^'-^), so that the

[1534a] Supposing s to be any integral positive number, and hyp. log. c= 1
, we shall have

generally fx^ . c~^ . dx = — x^ . c~^ -{- s . fo(f~^ .c~^.d x, as is easily proved by

differentiation and reduction. The term — x^ . C*, without the sign of integration,

/_^\«
evidently vanishes when x= 0. It also vanishes when x=ca, for x'.c~''==i i |,

and if we suppose x to increase from 1 to oo, in an arithmetical progression, the numerator

X

[1534a'] of the fraction "T, will increase in an arithmetical progression from 1 to oo, and the

X

denominator c*
,

will increase in a geometrical progression ;
so that when a:= oo, the

denominator will be infinitely greater than the numerator, and the fraction itself must become

nothing. Hence if we take the preceding integral between the limits a?=0 and a;=OD,

we shall have generally,

Theorem. /•<» _ t /'0°

J-1534J-]
Jo ** • ^

"" .ax =s Jq x^ .cr^'.dx.

Changing successively s into s— 1, s— 2, Sic. .....1, we get

SqCc'-"^ .c-^.dx={s
—

l) ./qX^ .c-^.dx,

f^x^ . c-^ .dx= {s—2) ./qX'-^ . c-^.dx, &c. ;

[1534c] and by successive substitutions, f^x^ . c—"" . dx= s .{s
—

l).(s
—

2) ^'/q dx.c~''.

Now fd X . c~^=1 — c~^, vanishes at the first limit a;= 0, and at the second limit

[1534c'] x=cD, it becomes f^dx. c~^ = 1
; hence we finally get.

Theorem. /. 00

The integral of the expression c?ij.c"^'^^+^^\ supposing x to be constant, and commencing

(1534c] the integral with t;=0, is _ .
1
1— f^-v.{i±zx) |^ gg jg easily proved by differentiation.

[1534e'] This, when v=a), becomes To <^ ^ • c~''-^^+*^) = r-j^ ;
which may be used in finding

the values of the double integral SqSq dv .dx . c-*-(i+^^). For the integration being

taken relatively to v, in the manner just mentioned, between the proposed limits, it becomes

/'
—

-;
—-. Now A——-= arc . (tang, a;) [511 Int. vanishes when a?= 0, and

when a?= 0D, it becomes ^if; hence we finally get,

[1534/]
-/ c/
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powers and products of lu. and t/i— /x^,
of the order s— 1, may Snctionfn^ terms of

. yco.

We may find this integral in a different manner, using another variable quantity t instead

of X, putting i= a?.#. This gives x= t.v'^; and its differential, taken upon [1534g-]

the supposition that the independent variable quantity v is constant, is dx=dt .v~^.

Substituting this in the first member of [1534/"], it becomes

and if we put K= J^ dt . c~", the preceding integral will become

f^ dv . v-^ . c-'' . K^ K . f^ dv.v-^ .c-".
•/ ^

Supposing V= T^, we get y dv .v~^ .c'" = 2 . f dt .c =^2K; therefore [1534i]

the preceding integral becomes.

Putting the two expressions [1534/*, A;] equal to each other, we get 2K^= iif ; whence

K= I . /*, or

/CO
J -^f2

^
Theorem.

This well known theorem is demonstrated by the author, in nearly this manner, in the tenth

book [8331].

As c~" does not alter its value by changing the sign of t, it is evident that the preceding

integral would be doubled, by including all the negative values of t, from t=— co to

t= 0. Hence we shall have

/OO
f2 Theorem.

dt .C = {/'TT. Tier, A t- CO y
[1534m]

The integral ftdt.c-^^= — ^ c~"
, vanishes when i= rp oo, hence we have,

/OO
— <2 Theorem.

tdt .c =0.-"
[1534n]

We may easily prove, by differentiation, that

/r<i<.c-"=— ir-i.c-"+ J.(ni
—

l)./i'»-2£?<.c-« ; [1534o]

and as the term —
| p-^ . c~" vanishes when i=zFa) [1534a'], we shall have, by

taking ± co for the limits of the integral [1534o],
C'

/OO
,„ J ,

—P . f ,, /.OO „ ,
— <2 Theorem.

2 \ J j_^ "'.t-
[1534p]

Putting now successively m= 2, 4, 6, kc, and using the formula [1534m], we get,

fTJ'dt.o~^= i.f^^fdt.c'~''=i.i.^/t, [1534,]
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[1530""] disappear from the difference S^^^— y(*-i). Continuing in this manner, we may

By a similar reduction with the odd values of m, 3, 5, 7, &z;c., they will all be reduced to the

form [1534n], and will therefore vanish within the proposed limits. Hence, if s be any

positive integral number, we shall have,
Theorem. ^ 2s4-l ,

—t?
r-iKOA ^ I t at .C =0.
[1534r] ^— CO

If we put x= s-\- z in [1 534£?], so that z may be the variable quantity whose differential

is dz= dx, we shall have, for the limits of z, z=— s, and z=co, corresponding

to x= 0, and a;= oo
;

and this expression will become

[15345] 1.2.3 s=f^Js-\-zy.c-'-'.dz
= s'.c-'. /^(l +-y.c-\dz.

Now putting M-}--j. c^= c
,

or c = c' . (I -\- -\
; we have

q= CO for the limits of t, corresponding to the preceding limits of z
;

and the logarithm
'

t^ . . . . 2
of this expression of c being found, as in [58] Int., and multiplied by

—
, gives,

-=--2.1og.(l + -)
=
--2.J-;-i.-+J.--&c.j
22 2x3 2z4

Taking the square root of this expression, we get t.s"^. \/1= J •

"^ + sV • ^ "I" ^c. ;

[1534f]

in which the second member proceeds according to the powers of -
;

and by inverting the
2

S

series in the usual manner, we shall get, for -, an expression ascending according to the

2 1 3

powers of <.«-*.\/2, namely -=^.5-* .v/2+§<2^s-^+—^
.<^ .s ^ + &c. ; as is very

z

easily proved by substituting this value of - in the preceding equation ;
tlience we have

[1534m] z= ^ . s* . v/2 + § /^ + -r—z . t^ . S-* + &;c. The differential of this is

[1534t;] rf;2==^^.si.V/2+4^rfi + ^2.i^^^.5-^
+ &tc.;

therefore the expression [1534s] becomes, by using the formulas [1534m, n, 5],

1.2.3 s =
s^.c-.Xlc~''.rf^.^s*.v/2+^^

+ ^-^'-«-^ + &^c.|

=
.^.c-^.^.^./2./_-^c-^cZ^+4./J".^^^c-%^..-^./_",^^^^c-^V^c.^

= s* . c-« .^s* . v/2 . v/*+ ^-—^ .5-4.1./* + &c.
;

[1534«»,] ==s^+J.c-^\v/2^.^1
+ — +&IC.;
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determine the functions Y^, Y^'~^\ Y^'-^\ &c., whose sum is equal to S.

When s is a very great number, all the terms of the factor ^ "i" To" "^ ^^'' except the

first, are divided by s and its powers, and may therefore be neglected ; hence we shall have, Theorem
1 when s ig

very nearly, very great.

1.2.3 s = s^Kc-' \/2^, [1534x]

When s exceeds 10, the factor ^~\~T^ [1534z/;], expresses very nearly, the ratio of

the first member of [1534a;], to the second member of the same equation; as is easily

verified by direct calculation for 5=10, 20, &c. If s be put successively equal to 10, 100,

1000, &Z.C.; this ratio will be respectively 1,00S, 1,0008, 1,00008, &;c., nearly; hence

the accuracy of the formula, when 5 is a very great number, is manifest.

We shall now proceed to the investigation of the value of Q^'\ when t is a great number.

If we put 6' = 0, in [1532c,/, e], we shall get ^= cos. 6 ;

(I— 2a.cos.5+ a2)-i=l+a. Q^'^+a^. Q^)4-&c.; [1534y]

^, 1.3.5 (2i—1) C . i.{i—l) . „, ,

i. I—1). t—2 . »—3 _.^ „ )

Dividing [I442fl] by \/\i . {i-\-l)], which for brevity we shall put =a ; we shall get, [1534a]

by neglecting the term depending on -a, because the preceding value of Q^'^ does not contain

that quantity,

''=^(^)+.^.(^)+«•«»•
We shall now suppose,

Q^')
= u . cos. a6-{-u' . sin. a 6

; [1534y]

u, u', being functions of 6. Taking the differentials of this value of ^^ relatively to 6, and

multiplying by the coefficients of these differentials in [1534^], we get,

1
cos^ (dq^'^^^l ^^tl S (;^)-cos.a^

— att.sin.ad)

a
'

sin. 6
'

\ d& J a' sin. ^

'

i
,

/du'\ . t '

^+ Wj • ^"^-^^ + au.cos.a6 ) ^^^^
^ /ddu\ /du\ . \

1

(ld^\^l > [-a-^)'^os.ad-~2a.i^—j.sm.ad
— aH.cos.a6i

a'\ d(^ ) a* i
, /ddu'\ .

, fdu'\ i '

f^+\-~ysm.ad-\-2a.{~\
. cos.a6—

aru'.sm.ady

a . Q(')= au. cos. ad-\-au' . sin. a (3.

Adding these three equations together, the first member becomes nothing, by means of [1534p] ;

and in order to make the second member vanish, we shall put the coefficients of sin. a 6,

COS. a6, separately equal to nothing, which will produce the two following equations [1534e]
by which the arbitrary quantities u, u\ can be determined. In finding the sura of the terms
of the second members of [15345], we may observe, that the seventh is destroyed by the

eleventh, and the tenth by the twelfth.

39



154 ATTRACTION OF A SPHEROID '

[M^c. Cel.

17. We shall now resume the equation of ^15 *[ 1507],-
' *

.

[15346]
WW sin.^

"~
a

'

I \d^) •"

\dl)
'

7h^d >
'

/rfM^\ ,
cosJ 1

^ /ddu\ /du\ cosJ >
*

U^/ '" ^' *

sm.4
"~ "~

a
'

I VT^V "^
V^lJ

'

"^.1 >

•

If we neglect the second members of these equations, because they are divided by the very

large number a, they will become integrable by multiplying them by |<?a.y/(sinJ). For then

the first of these equations will become du.K/(smJ)4-u.—-—-^= d.lu.\/(sin.6)\=0,
2.v/(sin.^)

< V \ J) J

and its integral is u . ^(sin. ^)
= H

-,
H being a constant quantity. If we take H' for

the constant quantity, depending on the integral of the second equation, we shall get

[1534^] u= H. (sin. 6)-^, u'= H' .
(sin. 6)-K

Substituting these values in the second members of [1534s], they will become functions of 6
;

then multiplying, as before, by I dd . ^/(sin. 6), and integrating, we shall find,
'

fl534.
u= H.{sm.6)-i+fM, n'= H' . (sin. ^)-i+ SD ;

f{6), F{&), being functions of 6. In this way we may obtain u, u', in a series of terms,

proceeding according to the powers of -; therefore Q^'^ [I5347] will be expressed in a

similar series. It will be sufficiently exact for the present object to neglect wholly the powers

of -, using the values [1534,^], and putting £r=c.cos. s, H'=— c.sin. s; c, f,

being constant quantities. Substituting these in [1534y], we shall get,

[1534^1 Q^'^
== ^ •

(si"' ^)~* • {cos. a 6 . cos. s— sin. a & . sin. s\
= c .

(sin. 6)~^ . cos. (a ^ + s) ;

and we must now determine the constant quantities c, s.

For this purpose we shall observe, tliat from a [1534a], we get a=\/{i^-{-i)= i -f- J,

neglecting terms of the order -
;

hence

[1534/] Q^^^
= c .

(sin. 6)-i . cos. \{i+ i).& + B].

If we put & = ^ *, we shall have cos. ^= 0, and when i is an odd number, every

term of [15342:] will be multiplied by cos. ^, and will therefore vanish; so that for this

case we ought to have Q^'^
= 0. Therefore we must take the constant quantity s, so that

cos.
{ («+ i) . i *+ s}

= 0, and this is evidently obtained by putting s= — | *, by

which means the cosijie becomes cos. ^i*= 0. Substituting this value of s in [l534<],

we get,

[1534k] ^«ni=c.(sin.^)-*.cos. K^+i)-^— i^l-

If we now suppose 6=^'K, and i equal to the even number 2 s, the expression [15345r],

will be reduced to its last term, corresponding to cos.'"' ^^ 1, and we shall have,

^., ,

1.3.5 (2i-l) i .{i-i).{i-2) 1 _ 1.3.5 (2i-l)

nsj/iM ~^1.2.3.....i '(2.4.6 t).{2{-l).(2i-3) (i+l) ^(2.4.6 i).(2i-l).(2i-3) (i+l)

[1534X] ^ J jj g {i—R— 1-3.5 i^s-l) 1.3.5 (2^-1)—
=^"7274.6..:..^) ""^2.4.6 2s

—
=^2^(l.2.3 s}'
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>
* '

•

'U^'\^f^.R^+^dR,.di^'.d'^\Q'% [1531]

Multiplying the numerator by 2.4.6 2 s, and the denominator by its equivalent

value. 2* .
(
1 . 2 . 3 5), it becomes,

^"= ^2^-. (1.2. 3 sf' ^'^^'"^

the upper sign being used when 5 is even, the lower when 5 is odd, as is evident by the

inspection of [1534z]. Substituting in thfs, the value [1534a;],

1.2.3 s= r^.c-' .^Kmi; [1534v]

and the similar expression deduced from this, by changing 5 into 2 s, namely,

1.2.3 2 s = (2 5)2»-H . c-2» .2Kmi= 2^+^ . ^+i . c-^* . cr*,

we get.

Now the value of Q^'^ [1534»] becomes, when 6=^^, Q^'^=c.cos.i^=±c. Comparing

-r- ]
;

hence the expression [1534«] becomes, for

any value of 6,

^"=(77:l„-:«)*-^°=-Sf''+4)-«-*'^
['^^i

We have, in this calculation of
Q^'?, used the symbol 6, to conform to the notation in

[1532a, Stc] ; but it is evident that we may, in [1534*y], change 6 into 7, using for 7 its

value [1532c] ; and then the subsequent calculations will become the same functions of 7,

that they are now of 6 ; hence [1534|'] will become generally,

Q(')
= (_-B y.cos.{(/+ i).7-i*} [1534*]

\i7r. Sin. 7 /
t \ I / / * >

This expression of Q(*) decreases as i increases, on account of the divisor ^{iit).
Theterma

Therefore the series [I534y] 1 -\- a . ^^^-\-a.^ . Q^^^+ Sec, when a does not exceed ^

unity, is converging, at intervals. converging

In the development of /(^,«)= y [ 1 533z], the general term of the series F^*^ [1533?]
is multiplied by 2 i -|- L It is therefore important to ascertain, whether this factor does not

render the series diverging, when i becomes very great; since this would make the

computation inconvenient in practice, and sometimes unsafe in its application. This point [1534p]

has been examined by Mr. Poisson, who has shown that this series is generally converging.

We shall here give the substance of his demonstration, and for greater simplicity we shall

restrict ourselves to the examination of the terms of the series in its usual form, without

attending to the minute circumstances of excepted cases in discontinuous functions
;
we shall

therefore suppose y'=f{d',z^) to be a continuous function, developed in the form [1 533A:],

having the same value when •s/= 0, as when -5/= 2 ff
;

and its first and second
[I5.34ir]

differentials, relative to ^, -c/, always finite, within the proposed limits.
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[1531'] We shall suppose R to be a function of m-', t^', and of a parameter a, which

The function Q(') [1441"J being symmetrical in 6, 6', and in zi, -s/, we may, in [14426],

change 6, tH, into b\ c/, and the contrary, and we shall get,

[1534.] Q(.)=_^_ .

J
^-j^,

.

(^

I

^y^'Jl J+^^' [-J^)
J

•

[1534«J Substituting this in [1533A], we get, by using for brevity f{6'j^')=y',

[15349] Y(0= Lli±Il_.<:
" "

( 5? )

V 1 »/0 -'O \ dvi'2 J sm.^'

Integrating by parts, we obtain the following, which is easily proved by differentiation and

reduction,

"^
(
—

dj'
—

^

[1534X]
=y'.sin.^.(J|l)-yo.sin.^.(f)+/j ''-^"-^';(g)H

.Q<".^.-.
v. "' o J

At the two limits 6' = 0, 6'=
ir, the terms without the sign / vanish, on account of the

factor sin. 6' == 0, and we then have,

•^^
( Id' ) "^V dj'

—
)

In like manner, if we integrate by parts, we shall obtain the following expression, which may
also be proved by differentiation,

Atthe two limits to'=0,- :^=:2-:r, the quantity p [1532c], Q(*), and
(J^^) [1532e],

have the same values, also i/
and (-p) [153 Itf]; therefore the terms of [1534w],

without the sign of integration, destroy each other, when we take the integrals within these

limits. Henc3

Substituting [15344^, 1535a] in [1534(p], and putting for brevity.
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is constant for all parts of a stratum of the same density, but variable from [issiq

we shall get,

Y (^) = -~^':^^ r^ r^'^
Q(i) ^ p r^,

n
_ gj^_ &',d6'.dv/. [1535cJ

The quantity F{d',-u/) . sin. d' [15356] is finite between the limits of the integral ^'=0,

6' = IT. For the differential coefficients f~\ , Cj^J ' (d^J '
^° °°^ become [1535d]

infinite in the case we have under consideration [15340'] ; therefore no term of the first

member of [15356] could become infinite, except the term -—
.

(tz;^)j
which requires

an examination in the case of ^'=0, and 6'=-7T, because in both these cases the factor

-—;=co. But it appears, from the inspection of the formulas [15286
—

e], that

{ , ^„
—

)
has the factor \/( 1— (x' 2)= sin. &'

; therefore the term -—
.,

.
(
———

)
will

not become infinite. Moreover, QW never exceeds del [1533%] ; hence Q'\i^(^','sj').sin.^

is a finite quantity ;
and if we suppose its greatest value independent of the sign to be ./2, we [1535c]

shall get, from [1535c], Y '»<^^ •

f^'f^'^^'
^"^ ' >"«

hence F^'^ <^ ^o •_ui\
* •^' independent of its sign. Therefore we may always take [1535/]

t so large as to make F^'^ as small as we please.

The axis CX fig. 9, page 70, being arbitrary, we may suppose it to coincide with the line

C p, drawn through the attracted point p, and then &' will become y ;
and if we suppose the

[1535g']

angle •c/ corresponding to this new axis to be represented by -&,,
the limits of 7, w^, will be

the same as those of ^, -s*, respectively. Then F
{6', zr') will become a function of y, zi^ ,

which we shall represent by jP^(y,'5jJ, and the expression [1535c] will become

^"=
4~M^'i)

•

fo'fo' ^" • ^- (^' "') • ^''- r • <« r • rf
->, ; psss*]

The serief

substituting Q^'^ [1534*], we get sY^')
converges

(2^p.i.(t+l).v/i
" "

[15351]

Hence it is evident that as i increases, the factor . ,. , —^
—

-. will decrease, and when i is
I . (i+ 1

)
. /*

2
large, it will be very nearly equal to . ; so that when i is very great, the series of

[I535jfe]

terms F^'\ F('+'), Stc, must be extremely small, and of a converging nature in

successive intervals.

40



158 ATTRACTION OF A SPHEROID. [Mec. Cel.

one stratum to another.* The differential dR being taken, supposing [>! and

[1531"] to' to be constant, we shall have, dR= ( -7— )
.da: therefore

\da /

[1532]

[1535Z]

[1536a]

[15366]

[1536c]

*
(1051) The value of U^'^ [1531] being substituted in [1459J, gives F^ in a series

which is generally converging, when the attracted point is situated so far without the spheroid,

that r is greater than the greatest value of R; so that this expression of V may be used,

even when the spheroid differs very much from a sphere, since it will not be liable to any

difficulty from its want of convergency. We shall hereafter prove, in [15615, &;c.], that this

value of F, developed so as to include the terms, as far as the order a^, may be used, even

when the attracted point is situated on the outer surface of the spheroid, where it becomes

necessary to examine into the effect of the terms depending on the two signs of integration

/', /, treated of in [1447^?, Stc], and in the formulas [1447w, 0]. Having made these

preliminary remarks, on' the nature of the series expressing the value of T^, we shall now

proceed to explain the manner in which the densities of the different strata are taken into

consideration.

In the adjoined figure, AFBDE represents

the outer surface of the spheroid ;
ab de,

a'b'd'e', the surfaces of an infinitely thin stratum

having the same uniform density p; CB is a

line drawn through the origin C to any given

pointB of the surface taken as its pole, and cutting

the other surfaces in the points h, V
; so that

we shall have Ch= a, C b' =^ a-{- d a,

CB= a^, for the parameters corresponding

to the surfaces abed, a'b'c'd', A B C D,

respectively. JMoreover, if we draw any radius

CF, cutting these surfaces in /, /', jP, we shall have Cf=R, Cf'= R-\-dR,

CF==R,'j and as the' angles ^', ts', depend entirely on the situation of the line

C jP, they will be the same for the points /, /', jP. It is also evident that the radius

Cf=R, may be considered as a function of f^', s/, a, which we shall denote by

/?= (p (fji,',OT',a),
and by changing a into a -{-d a, we shall have the radius

Cf'= R-{-dR= (p{i^',v/,a+ da),

also, changing a into a, , corresponding to the outer surface, we shall have the radius

[1536d] CF—R,==(r>{iif,z/,a^).

Developing the preceding value of R-\-dR, according to the powers o( d a [617],
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We shall also suppose R+^ to be developed in a series of this form,*

B}+^ = Z'(°) + Z'(^> + Z'^^ + Z'(') + &c.
;

[1533]

Z'® being, for any integral value of i, a rational and integral function of fi', [1533^

^i_^'2. sin. ra', and \/i
—

iif^ . cos. ^, which satisfies the following

equation of partial differentials,

^ =
i

^
'

V ^M-V 5 > . V ^^
/ 4-i . (^ + 1) . Z'» [1534]

The differential of Z'^'^ ,
taken relative to a, will also satisfy this equation,

neglecting the square and higher powers of d a, we get

hence dR= (^^^f^) -da^ (^) .da, as in [1531"]. Substituting this in

[1531], the part R+^dR becomes R-^
.(^\

.da=
T^.(£:.^^yda,

as

is evident from development; hence the expression [1531] becomes as in [1532]; the

constant quantity » -j- 3 being brought from under the sign of integration.

*
(1052) If a spherical surface a"b"d"e" be described about the centre C, with a

radius equal to unity ; any point /" of this surface will be determined by three rectangular

co-ordinates x, y, Zy drawn parallel to the axes x, y, z
;

and these will be given in functions

of the angles pf, c/, by putting R^ 1 in [1529], and accenting the letters f*, «, as in

[1531'] ; by which means we shall have

x= (m'; y= v/(l— f/-'2^ .cos.-cj'; 2= v/(1 —fA'^) . sin. •zj'.
[I536e]

Therefore any point /" of this spherical surface, corresponding to the angles ix', z/, or in

other words, the direction of the line C F, will be determined by means of the three

quantities (x', \/(l
—

f/-^)
. cos. to', \/(1

—
/x'^)

. sin. -a'
;

and it is evident, that when the

direction is given, the length of the radius Cf will depend on the parameter a, corresponding

to the surface ahde-, so that in general any radius Cf=R, or its power t+ 3, will [ISSe/*]

be a function of the quantities |x', ^(1 — fx'^j
. cos. n/, \/(l

—
fx'^)

. sin. to', and the

parameter a. Now the most general expression of an integral function of the quantities jx',

\/{l
—

fx'2)
. COS. to', y/(l

—
fji,'2)

. sin. to', may be reduced to the form [1533A:],

y/(0) _|_ y/(i) _|_ Y'(2) _|_ g^c., which is similar to that in [1533] ;
each of the quantities

Z'('> satisfying the equation [1534], which is of the same form as [1525], changing
r» into Z'(*).
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[15341 consequently it is of the same form.* We must therefore, in conformity to

the general theorem [1470], notice only the term Z'^^, in the development

of R''^,-f and we shall then have,

[1535]

i-{-3
-^ ^

\ da /
^

When the spheroid is homogeneous, and differs but little from a sphere, we

[1535'] may suppose p=l, and R = a ,(l -{-ay') ; we shall then find, by

taking the integral relative to «,t

*
(1053) In the equation [1534], Z'^"^ is a function of the independent variable quantities

II, z/, a ;
and if we take its differential relative to «, we shall get,

^'"-^^^ = <_1!
"^

Ul^'-daJ^
^+(^____j+z.(*

+
l).(^__j.

(d
Z'^'^ \——

j
= Z"^*\ and take its differentials relative to /x' and •c/, we shall find

it will become of the same form as [1534], changing Z'^'^ into Z"^^; therefore the

quantity Z"^^, or (^^)» being substituted for Z'», in [1534], will satisfy that

equation, as is observed in [1534'].

f (1054) Taking the partial differential of the equation [1533], relative to a, and using

the abridged symbol Z"^"^ [1536A], we shall get.

Substituting this in [1532], it becomes

[1536i] C7(') =T^ ./p . {Z"(«+ Z"(i)+ Z"(2)4- Sic.} .da.dfM'.dv^.q^.

Now when i' differs from i, we have /. Z"^"'^ . Q^^ .di^^' .dv/ =^0, [1470] ;
and as p is

a function of a only [1503""], the equation [1536t] becomes

U(-^=^-r^.fp.Z"^Kda.diJ.' .dv/.q^;
t-j-3

resubstituting the value of Z"^') [1536A], we get [1535].

J (1055) QW [1441"] is a function of m-, m-',
«'—

-zrf, independent of a, so that if we put,

as in [1535'], p= 1, the quantity Z'® [1535] will be the only quantity depending on a
;
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C7('> = -^ . /Z'(^> .di>! .d-:^'. $('> . [1536]
I -j- 3

If we suppose jf to be developed in a series of the form,

2/
= F^") + F^^) + F® + F^^) + &c., [1537]

Y'^^ satisfying the same equation of partial differentials as Z'^'^ [1534], we
[1537']

shall find, by neglecting quantities of the order a^,* Z'^^=(i-\-S) . « . a'+^ .F^*^ ;

therefore we shall have,

C7(«) = «.ai+^./F(*^^M.'.<^t;j'.Q(*>. [1538]

If we denote by Y^*^ what F^*^ becomes when we change /, ta', into f*,
-a

;

we shall have, by [1466],t [1538T

C7(0_1^1^.F«; [1539]

and since, by taking the integral relative to a, we have /(—j
—

)
'da= Z'® ; the

expression [1535] will evidently become of the form [1536],

*
(1056) From /I = a . (1 + « y) [1535'] we get, by neglecting o?,

UM^= a^ . |1 + (i+ 3) . ay'|.

Substituting this in [1533], and using the value of ^ [1537], we get,

^'(0)_|_^/(i)_^2:'^>+Z'(3)+&tc.=a*+3+(i+3).a.a'+3.fFW+ F(')4-F®+r<3»+&c.}. [15380]

Comparing the similar terms of both members of this equation, we get generally, as in [1537'],

Z'»= (i+ 3) . a . a»-»^. Y"^^ ;
and by using this value of Z'» , the formula [1536]

becomes as in [1538].

f (1057) In the calculations [1535'
—

1540'], the spheroid is supposed to be homogeneous,

as in [1459
—

1466]; the radius a.{\-\-ay) [1461'], corresponds to the part of the

surface of the spheroid, intersected by the line r, drawn to the attracted point, which is

defined by means of the quantities /i., th, a. In [1535'], the radius R= a . {1 ~\-ai/) is

supposed to correspond to any point whatever of the surface of the spheroid, defined by
means of the quantities f*', «', a. Hence it is evident, that if we change jx', •sj', into /*, «,

respectively, y[ will change into y, also Y'^^ into F®, [1537, 1464], and the values of

t7^'^ [1466, 1538], must then become equal to each other; hence

a . a}^.fY'^^ .d^.dz^. q^=^ . a^ . Y^K
[1539a]

41
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therefore we shall obtain this remarkable result,
Important

As this equation takes place, whatever be Y'^'\ we ought generally to

conclude that the double integration of the function fZ'^'^ .di>!.d^'. Q^^,
' ^ takenfrom m-'

=— 1 to fj>.'=l, and from w^ = to zi = '2.i(, has

the effect of changing [any function whatever of the form] Z'^'^ into

[15401 4^.2^(.) ^ ^
.

^'"y
. ^ .

I , ; that IS
important 2 I -j- 1
theorem '

in definite TO /I _ V^fO

[1540"']
^-x^Q ^ ^ 2i+ l

'

Dividing by a.a''^^, we shall get the formula [1540] ; observing that Y^^\ in the second

member, is deduced from Y'^^\ by changing jx', "c/, into (a, -cj, respectively. This is a general

formula, corresponding to any function whatever Y'^^, or Y'-'\ which satisfies the equation

[1465]; since the term y' of the radius may be varied at pleasure ;
therefore Y'^^ [1537]

[15396] may be taken in its most general form, or in a more limited manner without any restriction.

In finding the equation [1539a], terms of the order a^ were neglected j
we ought therefore,

in that equation, to suppose the quantity a to be infinitely small. If we suppose these

neglected terms to be represented by the quantity a^ . a^*^ . Y"^'\ additive to the second

[1539c] member of [1539a], and divide this as above, by a.a^^, it will produce, in the second

member of [1540], the term a.Y"^^'>; which, by putting the arbitrary quantity a= 0,

gives accurately the expression [1 540]. This agrees with the demonstration given in [1533m].

*
(1058) From the remarks made in [15396], it is evident that we may change Y'® into

Z'('>, and r« into Z«, in [1540], and it will become as in [1540'"]; by which

means the integrals of the first member, relative to /x', zs', may be found between the limits

therein expressed, by simply changing Z'^^'> into
'

.

For the purpose of illustrating the preceding formula, we shall calculate, in the usual

manner, the integral in a simple case, in which i= 1
;

and shall compare the result of

this direct operation, with that deduced from the formula [1540'"]. For this purpose, we

[1539rf] shall suppose Z'^^^= A'^'^\\/[\
—

i^^) . sin. -us, which is one of the terms of the general

formula [15286], satisfying the equation [1534]. Substituting this and

[1539c] Qa)=^^'-j-^(l_^2).^(l_^'2)^(cos,^_^)^ [1441', 1441"],

in the first member of [1540'"], it becomes

=/^(i^(iM.'.cZw'.{M'M''.V/(l— f^'^)-
sin. «'+(!— /x'2). /(I— fA,2).

sin. ta'. cos. (^—«)|

[1539/] ==/^«.(^f^^t^^^l(Xf.^V/(l— f*'')-sin-^'+i-(l—f^'')V(l— f^')-[s5n-(2^'-^)+ sin.ts]l^
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Z^*^ being what Z'^'^ becomes when f*', ^', are changed into ja,
^

;
therefore [1540""]

we shall have,*

J7^»)— /-p.
— ).Ja; [1541]

(z+3).(2*+l)
-^^ \da J

' ' ^

and the triple integration, on which U^^ [1531] depends, is reduced to a

single integration, relative to a ;
from a = 0, to its value at the surface [1541']

of the spheroid.

The equation [1540] furnishes a very simple method of finding the

integral of the function fY'-'^ . Z^*^ . di^ . </w, from /!
=— 1 to fA=l, [1541"]

and from vs = to w = 2 *. For the part of Y^'\ depending on the

angle /its, is, as has been shown in [1528], of the form

y(0= X .
I

^(») . sin. 71 z3 + 5(") . cos. w «
i ; [1541'"]

X being equal to the following expression,

X =
(1S-

\
I-*- -

^'~2''.\"i'iZ"7'^
• '-'^-' + fcc.

j
, [1542]

therefore we shall have,t

Taking the integrals relative to •5/, so as to vanish when z/=0, and then putting

cj'= 2ir, we obtain fd -s/ . sm. {2 z/—
•«)
=— ^cos. (2«'

—
bj) -|- | cos w=

;

fdz^ = zi' =2if. Taking the integrals relative to /, so as to vanish when fx'
=— 1,

and then putting fii'=I, we get, f^^:d^^/,{l—^^J^)i=— ^.{l—^l:^f= 0; and

[1539/] becomes,

/Z('). di^.dvi' . 0^1)=:^W . * . v/(l
—

^2) . sin. « ./(i— fi^'2)
. ^ ^/

= ^(^>.*./(l-M.^).sin.^.(M.'-J.M.'3+ §)

Z^'> being deduced from Z'(^> [1539</], by changing fi', tzt', into fx, «, respectively. The
result dius obtained agrees with the general formula [1540"'], supposing «= 1.

*
(1059) We may find the integral of [1535] relative to fx', to', by means of the formula

[1540-], changing f{^-^).d^',d^',q^^
into ^ .

(^), observing

that p is a function of a independent of \tl, to'. Substituting this in [1535], it becomes
as in [1541].

f (1060) This value of Y'^^ corresponds with that of r» [1541'"], changing |u,', a-',

into |x, zsr, as in [1538'].
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[1543] Y'^^ = X'.
{
J(") . sin. n^'+ J5(") . cos. n v/} ;

[1543'] x' being what x becomes by changing f* into /. The part of Q^^ depending

on the angle n w, is by § 15,* 7 . x x' . cos. n. (^
—

to), or

[1543"]

7 . xx'.Jcos. n-a . cos.ri'^ -\- sin. ww . sin. ww'} ;

[1543"'] hence the part of the integral fY'^Kd[t!.dvi. Q^'\ depending on the

angle w^s, will be,t

y X . sin. n w . Tx'^ . dii .dzi' . sin. n w' . M^") . sin. w to' + 5^"^ . cos. n to'i

[1544]
*^ * ^

+ yX.cos. w^./x'2 . dij! . (/to' .COS. 71 •c/. {^("^.sin. n^^ -\- B^'''> . cos. «to'].

Performing the integrations relative to z/ this part becomes,|

[1545] 7 X . * . {^(«> . sin. 71 TO -f ^e*) . cos. w zs}
. /x'2 . f/ fi' ;

*
(1061) The value of X [1542], and the similar value of X', found by changing /a into

[1542o] M-' in [1542], being substituted in [1514], we get p=7.XX'; hence the part of Q(') [1507'']

[1543a] depending on the angle n . (w
—

w'), is ^ . cos. n . (w
—

ra-')
= 7 . XX'. cos. n .

(«r
—

zr'),

as in [1543"].

f (1062) If the factor r'(»> . Q^'^ of the integral expression fd[t!.dzr' . Y'W . q[^

[1543'"], contain any term of the form 6. sin. mar', or 6.cos. mzr'; m being an

[15436] integer, and I independent of to'
; this term would vanish from the complete integral, taken

relative to a', from tr'= to a/= 2 -jr. For it is evident that

rb.sin.m's/.dt^= .cos.wto'+-, and /6. cos. otto'. <?«'=— .sin. otto',
•' mm m

[1543c] vanish when 23-'= 0, and zir'=z2if. Now it follows from [17—20] Int., that if F'^ contain

terms depending on sm.nzr', or cos.nzy^ ;
and Q^'Merms depending on sin. n'jr', or

COS. n' n^ ;
the product- F'^'^ . Q^'^ will contain terms depending on the sine or cosine of

the angle (n± «')
.zr'= m^'

; putting for brevity w ± w'= w
;

so that if n' differ from

[1543rf] n, the quantity m will be real, and the corresponding parts of the integral [1543'"] will

vanish. Therefore, in finding the product Y'^'^ . Q^^ it will only be necessary to notice

[1543c] those terms in which n'= n, making m=0. These terms of F® are contained in

[1543], and those of Qj'^
in [1 543"], and the corresponding terms produced by F'« . Q«

are as in [1544]. The terms 7, X, sin.nw, cos.na^, being independent of
fx-', ar', are

brought from under the signs of integration.

J (1063) The expression [1544] contains these products sin.^n^= h—^ cos. 2 n w',

cos.2 n ^'= ^ + i cos. 2 n ^, sin. w »•' . cos. n^' = \ sin. 2 n zr', [1 , 6, 31] Int. ; and
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but by means of the theorem [1540], this same part is equal to*

4flr

. X .
j

^("> . sin. n ts . + 5^"^ . cos. w w
j

;
[1546]

Theorem ,

2i-\-l

therefore we shall have,

/_^X'2 .dl^!-
^2i+l).y' [1547]

We shall now represent the part of Z^^ , depending on the angle n w, in the

following manner,

Z^'^= X .
I
J'« . sin. nzs + J5'('*> . cos. n ^

j

. [1547']

This part only ought to be combined with the corresponding part of Y^*^

[1541'"], because the terms depending on the sines and cosines of the angle

« and its multiples vanish [1543c?],t by integration, from the function

from [1543c?] we may neglect the angle 2nv/, because the integral depending on it

vanishes
;

and we shall have, between the limits zr'= 0, w' = 2 ir,

«/0 "''•/Q -'0
^ f

[1544a]

r d'u/.s'm. ws/ . cos.nz/ = 0.
•^

Substituting these in [1544], it becomes as in [1545], the constant quantities at, A^*^, B^^\

being brought from under the sign /.

*
(1064) Substituting in [1540] the values F« [1543], and Y^^ [1541'"], it becomes

as in [1546]. These two expressions [1545, 1546] of the part of fY""^ .diif.d-s/.Qjfij

depending on the angle n sf, being put equal to each other, and divided by

give the equation [1547].

f (1065) From what has been said in [15436
—

d], it is evident that the terms of

Y^^ depending on the angle n-a, must be combined only with those of Z (')
depending on [1547a]

the same angle, all the other terms vanishing, the limits of the integrals being -c*= and

a=2'rr. Tlierefore in finding the terms depending on the angle m^, in fY^^.Z^^.dii.d-a,
we must notice simply the terms of Y® [1541'"], and those of Z'' [1547']. Substituting
these in the first member of [1548], we shall obtain the second member of that expression.

Multiplying the two factors of [1548], and putting, as in [1544a],

y^ *<?trt.sin.2^=fl'; f^'' dT!S.cos.^'a=ir', y^ ^rfB^.sin.^.cos.-a^O;
^r^o'-,

42
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[1547"] fY^^ . Z^*^ .dit'.dzs, the limits being taken from * = to w = 2 •r
;

therefore we shall have, by noticing only the part of Y-^ depending on the

angle n «,

we shall get the first expression [1548']. If we now change \i! into
(j-

in [1547], by which

means X' will become X [1543'] ; the formula [1547] will become, by taking this integral

from /x:^— 1 to fjL=l.

[15486] /-'^'•^f^- (2e+l).y ^

y being a constant quantity [1520, 1521], Substituting this in the first expression [1548'],

[1548c]
we get the last form [1548']. Now the function Y^'^, or Z^'^, contains all integral values

of n, from «= to n= i, [1528']; and if we use the sign 2j, of finite integrals

[1373c?], to denote the sum of i-\-l terms of a series of quantities of the form

[1548<f] ^0 5 "^i > -^a J
• • • •

'^{n) -^i )
we shall have the following system of equations, which are

easily deduced from [1548', 1541'", 1547', 1542], putting, for the sake of symmetry in the

notation, X^ for X; and using 7 [1520,1521].
Theorems
in definite 1 0«. A^
integrals.

/- I /-^^
jr(o ^(O , d

^l.
. d Zi= ,^ .

, f . ^''^ . (^^™^ . A'^^^ + J5^"^ . B^^^
\

[1548c]
^-'^0 ^

(2»+ l).r
' ^ ^ ^

[1548/] Y^'^= 2^*'^
. X„ . 1^^"^ . sin. n xtf + J5^"^ . cos. n-a}',

[1548g-] Z^^= 2^^ . X^ . {^'^"^ . sin. nw + jB'^»^ . cos. n to
} ;

[1548/1] ^.=(,-,v.{.--^^iE5r^.--+&c.}

Several integrals, somewhat similar to [1548], have been given, by Mr. Poisson, in forms

which are very convenient for reference and use ;
one of them is the following double integral,

Theorem

[1548i]
-^0 ^0 (i_2a.p+a2)i

'

in which a is a constant quantity ; p is the same as in [1 532c] ;
Y^^ is any function whatever,

[1548A]
of the usual form [1524'] ; r'('> is the value of Y®, when 6 is changed into ^', and w into ^\

Then developing the radical (1
— 2 a .p + a^)-* according to the powers of a, as in

[1532^], we may, by [1476a], neglect all the terms of this development, except that

depending on Q^^ ;
and from [1533w], we shall have,

TKi)
4'!e.a'

yd)
[1548rj

^ ""
2t+l

• *

If the development be made according to the powers of -, as in [1532^], we shall

have, by a similar calculation,
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Important
definite

integral.fY^^.Z'-^.dll.d^
definite

==/x2 .diJ..dx!i. {.^^"^ . sin. n ^ + i?^"^ . cos. n zs]
.

f.^'^"''
. sin. w ^+ ^^"> . cos. n 7s\ [1548]

= ff . {A^^^ . w2'^«^ 4- 5^"^ . B^^^l ./X2 . ^^= ,^. f_'^j.
. {^w .^'U) _^^u)^W^^ [1548']

The first is to be used when « <C ^
>

the second when «^ 1
,

in order that the [1548n]

development of the radical may produce a converging series.

Instead of limiting the value of P^'^ to the term Y'^'^
, depending on a particular value

of t, we may take the whole expression of f{d', vs) [
1 533A;] ,

so as to include all the values

of i, and put ^,^,,„
. in definite

jj ^TT p2fr f{^','a').Bir\.6' .d6' .dtS' integrals.
-^=

J0 ^0 (1
—

2a.p4-a2)i
•

[1548o]

In this case we must, as above, develop the radical according to the powers of a if a<^l,

J- u r 1
-r ^ ,

• J 1-
• • . [IMSp]

and according to the powers ot -
it a p» 1

;
in order to obtain a converging series.

Then substituting the development of /(^',ta/) [1533A:], we shall obtain the value of P,
in a series of terms of the form F"^ + P('> +P^2) _|_ ^p. [1548Z, m]. This value of P
will be composed of a finite number of terms, if f{^',^) consist of a finite number

; but

ifP have an infinite number of terms, it will be necessary that they should form a converging

series, otherwise it may not give the correct value of P. Moreover, it is requisite that the [1548^]

series [1533^, 1532^, 1532^], used in computing this value of P, should also be converging; Results of

since the results obtained by the combination of two or more diverging series, mil sometimes slrfe^no't

be inaccurate, even though the result be in a converging form ; for which reason it is proper up^.'^''^''

to avoid wholly the use of such diverging series. To impress more strongly the necessity of
\^KAQr^

a strict attention to this point, we shall here give an example of this kind, being in substance

the same as that published by Mr. Poisson.

Supposing, as in [1532/], p=(l— 2 a . p-f a^)-* ; p'= (I —2 ^ .p+ ^2)-j. „^ ^^ ^^^^g^^

being constant quantities, and p as in [1532c] ; we may develop the quantities p, p', as in

[1532^,^], according to the powers of «, ^, a-^, ^-\ and we shall obtain the four

following series,

p=l +a. Q(') + a2.Q(2)4-a3. q^^^ J^ Uc.
',

p'= 1 + 3 . <^''+f .
Q^-^^ + f . Q(3) + &C.

;

p =a-^+a-2.Q0)+ a-3 . ^2) _^ „-4 . ^3)_^ ^^ .

p'=^-l+^-2.Q(l)_|.^-3 . QC2)^ p-4 . Q(3)^ g^.

Now if it were required to find the double integral

[1548«]

[1548m1

[1548»]

[1548u;]

[1548x]

'^=
4b-^Vo^''pP'-S'°-^'-^^-^«'. [154%]
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[1548"] Supposing now successively n = 0, 71= 1, 7^ = 2, n =i [1528'],

in the second member
;

the sum of all these terms, will be the value of the

integral fY^\Z^'^ .d^.dzs.

we might substitute either of the preceding values of
p, p',

and the product p p'
would be

composed of terms of the form a™ . ^" . Q(*^ .
Q^''^

. These would produce in z, terms of

the form v- • «'" • (3™ • /I /I
"^

Q® • Q^''^ .sm.^' .d&' . d ta', which would vanish if i
4 tf •'0

[1548z] differ from ^', by the theorem [1476a] ;
so that it would only be necessary to retain terms

of the product pp', in which t=i', of the form a™ . (3" . Q('> . Q^'\ These would produce

in z terms of the form
T^-"''^ '^"^ -

fr. fr. Q^^ • Q^'^ • sin. 6f . d&' .dz/, which, by

1 . 4?r
[1548a] means of the formula [1 533mj, would become J^ • «" • |3" 'R,P • o- t » Q/'"^ heing

the value of Q^'^ when 6' is changed into 6, and z/ into w. But by these changes, the value

of
j9 [1532c] becomes p= cos. 6 . cos. 6 -f- sin. 6 . sin. ^ =1, and the corresponding value

[1548j3] of p [1548s], is (1
—

2a-|-a^)~*, which may be represented either by (1
—

«)~^j

or (a
—

1)~^. The first of these expressions, being developed, is p= 1 -{-a-[-a^-\-hc. j

the second, p= a~^ -f- a~^ -f- ar^ -f- &;c. Comparing the first with [1548m], or the second

[1548j/] with [I548w], we shall get generally Q/')= l. Substituting this in [1548a], we find that

the term of the product p p' represented by a™ . (3™ .
Q^''^

. Q^\ produces in z, the term

a"' . |3" . - . ^
. Therefore if we multiply p [1548m] by the values of

p' [1548w, a;], and

[1548(5]
substitute the products in [1548y], we shall get the two first of the following values of z;

and if we multiply p [1548wj], by the values of
p' [1548v, a;], they will produce the other

two formulas [1548)j, f\.

[1548e] z= l+ia^ -{-ia^f + 1 a^ p3 -f &;c.
;

[15481] ,=i.^,+j.?+..(-"y+..(^y+s.c.|,

Errors
Now if a <] |3, |3 <C 1

5
the two first of these four series will be converging, and it

in using would seem that we miirht use either of them in computing z ; but as they give different
diverging

'-'

. . /, , ^ 77 /•!
series. volucs of this quantity, as is very evident by supposing a. to be infinitely small, one of them

[1548/]
must be erroneous. It is the second which is not accurate, because it was computed by the

combination of the diverging series [154Sir] with the converging series [1548m]. On the

contrary, the first series is accurate, because it was formed by the combination of the two
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If the body be a spheroid of revolution, about that axis which forms, with [1548'"]

the radius i?, the angle ^, the angle « will vanish from the expression of

converging series [1548m, v]. Whatever be the values of a, ^, two of the four series

[1548s
—

f\ will converge ; but only one of them will be accurate, and it will be that which [1548k]

results from the convei-ging developments of p, p'.
Thus we find, in this example, that the

i^jportant

use of a function developed in a diverging series, leads to an inaccurate result, although this
'**

result is expressed in a converging series. Hence we perceive the necessity of avoiding the [1548X]

use of diverging series in analytical calculations, or of using them with extreme caution.

If f[(f,T^) can be reduced to the form /(p), one of the integrations of [1548o] may
be made without developing f{^,'^) in a series of the form [1533A;], as has been shown [1548^-]

by Mr. Poisson. For example, if g, h, k, be constant quantities, a= \/{g^ 4" ^^ "h ^)>
and f(J/,vs!) of the following form,

f{^,-a') =f{g . COS. 6' -]-h. sin. a' . sin. •zs' + A; . sin. d' . cos.
•c/}, [1548v]

we may put

g= a . cos. d
',

h= a . sin. 6 . sin. w ; k= sm. 6 . cos.-a. [1548|]

Substituting these values of g, h, k,in g . cos. ^ -f- ^ • sin* ^ • sin. z/ -\-k. sin. 6f . cos. •o',

it becomes, by using [1532c],

a . {cos. 6 . COS. 6' -\- sin. 6 . sin. 6^ .
(sin.

w . sin. w' -j- cos. w . cos. v')}

= a . {cos. 6 . COS. ^ + sin- ^ • sin. 6' . cos. (w'
—

w) = a . p. [I548flr]

Hence [1548v] becomes /(a',^') =/(« •!>), or more simply F{p), and then [1548o]

changes into

^-JqJq (l-2«.p+ a2)4
5 tl548p]

F{p)
in which

/^ ^^ «4-a2u
is a function of p, which, for brevity, we shall put equal to [1548(r]

9 {p). Substituting this, we shall get, P= f^ f
"^

(p{p) .sm. 6' .d6f .dzr'. If we
[1548t1

now use the variable quantities y, w,, [1535^, Sic], instead of d', a-', the preceding expression

will become P=f f (p{p) . sm.y . dy .d-sr,. But from [1532c] we have

p = cos. 7 ; its differential gives sin. y .d'y=— dp ;
and if we substitute this in P,

the limits of
j3, corresponding to 7=0 and 7=*, will be I and — I

respectively.
If we change the order of these limits to — I and 1, we may change the sign of the

[1548«;]

preceding value of sin. 7.^7, making it equal to dp, and then the value of P
will become,

^=
/_i /o *?(?)• ^P •

^»-/=/_i ?(?) •

dp.f^ ''dz^,
= 2*

./_^^ q>{p) . dp. [15489]

43
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Z^'\ which will then become of this form,*

[1549]

1-3.5 {2i-l) .... (
^ i.{i-l) _

, i.{i-l).{i-2).{i-S)
1.2.3 i 1'^ 2.{2i-l)'^ ^2.4.(2i-l).(2i-3)*f* ^^'l'

[1549^ ^(») being a function of a. We shall put x('^ for the coefficient of A^'^ in this

function. The product

[1550]

i:i.2.3 i ) -r 2.(2i-i)
+ ^^-5 '

[1548x] Hence the double integral, relative to 6', ^, will be reduced to the single integral relative

to p. Resubstituting the function / instead of 9, we finally obtain
Theorem
in definite

integrals. „_ ^T ^ 2 ^ f{g.C03.6'^h.sm.&'. sln.zi'+k. sin.^^co3.-g/) o^ r^ /(« -i^) J„.

[1548>f.]
-'O'^O (1

— 2a.p-\-o?y
>>
-i{\
—

2a.p-\-o?f
^'

[1548w] in which p= cos. ^ . cos. ^'
-j- sin. & . sin. &' . cos. (w^

—
^), and a= v/(5"^-t- ^^-j- ^^)'

*
(1066) If in fig. 9, page 70, we suppose CX to be the axis of revolution of a spheroid,

whose centre is C, and m to be a point of the surface of the spheroid, corresponding to the

angles 6', to', [1531'Jj it is evident that the distance Cm = R will not vary, while the

point m makes a complete revolution about that axis, or while 'o/ increases from to 2 *
;

therefore i2, 72'+^, and generally Z'^"^ [1533], will be independent of zr', consequently

Z(*> [1540""] will be independent of ^. Now the only term of Y^'^ or Z» [1528]

independent of w, is that corresponding to B'^^\ or n=0, which is

[1549a] Z«=
^

f^'
—

i'l^Z-^l
• ^'"' + &^c.

I
. BO).

B'-^^ is independent of |x, w, and must therefore be a function of a only. For

R=cp{ixf,7;s',a), [1536c],

being, in this case, independent of w-', becomes R= cp (/,a) ;
therefore R'+^ and Z'^^

[1533], must be functionsof /x', a, ; consequently Z^'^ must be a function of f*, a, [1540'"'],

represented in [1549a] ;
in which the factor of J5(°> contains all the terms depending on f* ;

therefore B^^^ must be a function of the remaining quanuty a, which may be put under

13 5 f2i 1)

[15496] the form ^o)__^_l iimi '
, ^(i)^ and then [1549a] will become as in [1549].

' 1.«.0 i

This form of B^'^^ is used to render the calculations in [1549
— 1 555] more symmetrical. If

we now put, as in [1549'],

1.3.5
(2i-l) (

,.
i.{i-l) ,_, ,

i.{i-l ).{i-2).{i-S) I
[1549c] ^''=Y^.Zi

—
-^-^T^irf^ +2:4:(2T-ii):(2Ti^-'^ -^"i'

[1549d]

the expression of Z'-'^ [1549] will become,
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is, by the preceding article, the coefficient of
-jp^,

in the development

of the radical
*

[7^— 2 fig.fM-/ +v/r=i:?.v/i"=v^- COS. (^—^') I + i^]-*; ti55i]

when we suppose m- and / equal to unity. This coefficient is then equal [issi^

to 1
; therefore we shall have,

1.2.3 t I 2.(2i—I)
'

5

that is, x^') [1549c] becomes equal to unity, when »*= !• Now we havef

(i+3).(2i+l)
-^^^ Vd« /*

'

n %

•(1067) Putting ix=ix'=l, in [1514], the factors (1— M'^)^, {l—it!^f, will

vanish, except n= 0; and if we put n=0, we shall have (1
—

1x^)2=1,
n

(I
—

fA'2^2
-_

I
.

aQ(3 ^jjgjj ^jjg expression [1514] will become,

I, t.(t
—

1) , i.(t—l).(t—2).(t—3) - >2

which, by [1507", 150S', 1509], represents the coefficient of -r^ in the development of

T [1509], in the case of f*
=

1, /x'
= 1. Now this coefficient 3 is equal to unity, as is [15516]

easily found by the substitution of M'=1, M''=1j in [1509]; from which we get,

T=(;^-2Rr+B=)-*=(r-B)->=i.(l-f)-=J+|+|+ ^+ to=.
[1551c]

Substituting in [1551a], the preceding value of p=l [1551c], also 7 [1521], the second

member becomes as in [1550]. Extracting the square root, we get [1552] ; the sign of

the second member being positive, as will evidently appear, by applpng the formula to any

particular value of i
; as for example, t=l, i= 2, he. The first member of [1552]

is equal to the value of X<'^ [1549c], in the case of jx
= 1

; therefore we shall have

X(0=i, when fji.=I. [1551<f|

t (1068) Substituting in [1541] the value of Z» [I54?d], it becomes as in [1553],
the quantity X(») being brought from under the sign f, which only affects the quantity a

; and

X^'^ [1649c] is a function of ii, which is not affected by this integration.
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and if the attracted point be upon the axis of revolution, corresponding to

fjt
= 1, this will become,*

[15541 C/(») = . / p . I ]. da '.

therefore if we suppose that when the attracted point is situated upon the

continuation of this axis, the function V is expressed by a series of the

following form, arranged according to the powers of -
, as in [1459],

BW 5(1) £(2)
[1555] V=^+^^+^ + hc.;

we shall have the value of F, corresponding to another point placed at the

[1555'] same distance from the origin of the co-ordinates, but upon a radius which

makes with the axis of revolution an angle whose cosine is
/j, bj multiplying

[1555"] the terms of this, value respectively by yS^\ >S^\ >-P\ &c.

In case the spheroid is not formed by the revolution of a curve, this method

*
(1069) If the attracted point be situated in the axis of revolution, we shall have ^=0

[1548'"]; hence ,x
= cos. ^=1 [1434'], and X«= l [1551<Z]. In this case the

value of U^^ [1553] will become as in [1554] ; which, for the sake of distinction, we shall

[1554a] call m, so that B^"^=
-^-^-1^

. /p . (^) . d a. IMultiplying this by X(^), its

[15546] second member becomes equal to the value of C/^*) [1553]; hence £/'®= XW . jB^').

Deducing from this the values of C/^% U^^\ &;c., and substituting them in the general value

of V [1436], it becomes,

[1554c] v^^^ + ^''

-f" + ^"';f

^'

+ 8^.

If we denote by V^^ ,
the particular value of J^, corresponding to an attracted point situated

on the continuation of the axis of revolution, in which case X^^) = 1, X^^^= 1, he,

.[1551c^] ;
we shall have

[1554rf] F;=—-+_^ + -^ + kc.

This particular value V^ is, in most cases, much more easy to be computed, by a direct

operation, than the general value of F^ [1554c] ;
but when we have computed one of these

expressions, the other may be easily deduced from it. For if V^ [1554<r] were known,

we should obtain the general value of F [1554c], by changing B^^\ B'^^^, B^^\ he,

[155^<ri, into XW.B<0), X^.JB^i^ X<2).5(2), he, respectively, according to the

directions in [1555"].
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will give the part of F, independent of the angle w
; we may determine the

^1555"']

other part in the following manner. Supposing, for greater simplicity, that

the spheroid is such, that it may be divided into two equal and similar parts, [1555""]

both by the equator, and by the meridian from which the angle ^ is counted,

also by the meridian which is perpendicular to it
;
then V will be a function [1555»]

of iJ?i sin.^ «, and cos.^ w ;

*
or, in other words, it will be a function of

and of the cosines of the angle 2^, and of its multiples; C/^'^ will [1555^]A

[15556]

*
(1070) Let AB CD, in the plane of the present figure, be the equator of the

body, and E E', perpendicular to it, the axis from which the angle 6 is counted
;
BED

the meridian, from which the angle « is counted, and AE C perpendicular to it. Then

if the attracted point be p, and we draw the line p P, perpendicular to the equator at P, we

shall have the angle E'Ep= d, BEP= zi. Now by hypothesis, [1555""], the body [1555a]

is supposed to be divided into eight equal and similarly situated parts, by the meridians

BED, A EC, and the plane of the equator ; four being above the plane of the figure,

and four below it. In each of these parts, we may find points, as p', p", p", ««•, ir', ic", *'",

in which the value of the function F, will be the same as at the point p. For if we continue

the line pP to *, making P ii^P p, it is

evident, that if the attracted point were at *, it

would be situated, relative to the part of the spheroid

falling below the plane B E A, in exactly the

same manner as the point p is relative to the upper

part of the spheroid ; so that the value of F
[1428""] would be the same in both cases. This

variation of place from p to < does not alter the

value of zs, but changes the angle E'Ep= d

into E'E'!(=i<g— ^, or f* into — |x [1434'].

Now draw the line P'E P'", making the angle

BEF=BEP; continue PE to F', making
EP= EP'= EF'=:EP"'; draw the lines

p'PV, p'FV, p"'P"W", parallel and equal to

pPif, so that the points p, p',p", p'", may be at

equal elevations above the equator, and the points 'X, it' it", it'", at equal depressions below

it. Then it is evident, from the nature of the function V [1428""], and from the similarity

of these eight sections of the spheroid [1555'"'], that the value of Fwill be the same at each
[1555^1

of the eight points p, p', p", p'", *, </, ^', v'". From the construction we have

BEP= zs, BEF"= n(—zi, BEP"= ir+ z,, 5jEP'= 2*—
trf, [1555^]

therefore the function V will not vary by changing zs into t— «, ^
-f- ^, or 2^ -a; [1555e]

44

[1555c]
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[I555vii] therefore be nothing when i is odd,* and if i be even, the term depending
on the angle 2 ;iot will be of the form,t

fl555e'] or by changing fA into — /x [1555c]. F" [1436, 1437'] is evidently a rational and integral

function of f*, y/(l
—

ja^)
. sin. ot, \/{l

—
fjP)

. cos. w, of the form

[1555/] G.ii'^. {/(I_,x2) . COS. «p . {/(I —f^^) ' sin.^l'' ;

a, b, c, being integral numbers ;
and if we use the sign 2 of finite integrals, it becomes of the

b±c

[1555g] form V= 2(r . /x'* .
(

1 —
(x^)

^
. cos.*^ . sin.'^ttf. This must not change by putting

—
|x

for ^ [1555e'], without altering ts, which requires that the exponent a of fx, should be an

even number. In like manner, in moving from the point p to p', the angle -m changes into

2!r— zi; by which means sin. -us changes into — sin.
-ztf, without changing the value of

|x or COS. uj therefore the exponent c of sin. •cJ [1^55^] must be even. Lastly, in

moving from the point p to p'", the angle -a changes into ^—
-a, and cos. -zj changes

into — cos. w, without altering the sign of fx or sin. ci
; hence the exponent b of

cos. trf [1555_g-] must also be even. Therefore in [1555^], we may change the exponents

a, b, c, into the even integral numbers 2 a, 2 b, 2 c, and we shall get,

[1555/1] V=J.G. {pPy .
(
1 — 11^+' . (cos.2 -af . (sin.2 ©)%

making, as in [1555^], P' an integral function of fx^, cos.^trf, sin.^^; and since, by [1, 6]

Int., cos.^ •«= J -f- ^ . cos. 2 OT, sin.^ 'zrf= 2
—

2 • cos. 2 to, V will be an integral

function of (x^ and cos.2z;j. From [6
—

10, &£c.] Int., the powers of cos. 2 ct may
be expressed in terms of the cosines of the angle 2 -si and its multiples ; therefore J^ will

[1555i]
be an integral function of these cosines, and of fx^, as in [1555'''].

[1556a]
*
(1071) Using for brevity the values [1433a], Pq, Py, Pg) we find, as in [1433^;

—
I],

that t/^® is composed of powers and products of those quantities, of the orders i, i— 2,

i— 4, he.
;

all of which will be even if i be even, but odd if i be odd. The general term

[15566]
of ^^[1555^] becomes, by the substitution of Pq, Pj, Pg, G . PI'' . Pf . P^' ,

which

is of the even degree 2 . (a -|- ^ +c), in Pq, Pj, P2 ;
hence all the terms of /^, and

therefore those of U^^ [1436], must be of an even degree in Pq, Pi, Po ;
and there

can be no term of C/® which is of an odd degree ;
or in other words U^'-'^ is nothing

when i is odd.

f (1072) Since V and C/^*) [1555i] are composed of terms depending only on the

cosines of the multiples of 2 -m, we must, in the general form of a function of this kind,

[1528], put ^("^= 0, and change n into 2n. The expression will then be,

[1557a] (1
-

^'Y .

I
F-^-^"
-
^^^^^^^^^ ' M-^-'"-' + &C.

|

. B^"^^ . COS. 2 n «
;

[15576] which, by putting B^^''^=C^^, becomes as in [1556].
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C« n— w.)". \ i>r-^~ (^-2n) . (t-2n—1)
^ ^^^^ ^^^

)
^ ^^^g 2;j«. [1556]

V rry
^
r

2.(2t—1) >

With respect to an attracted point, situated in the plane of the equator, [1556']

where h-
= 0, the part of V depending on this term will be,*

A- . ^- i I . COS. Zms, [1557]"^
r'+i (i4-2n+l).(i+2n+ 3) (2i—1)

Hence it follows, that if we have developed V, in a series arranged according

to the cosines of the angle 2 zs and its multiples, in the case where the [1557']

attracted point is situated in the plane of the equator, we may extend

this solution to any other attracted point whatever, by multiplying the terms

depending on
^^i by the functiont

1.3.5 [i—2n—\)'^
M'f*;

.^f* 2.(2i-i)
'^

-ha^c.^,
[1558]

[1557c]

*(1073) If
fji
= 0, the factor (1

—
fj^ay [1556] becomes 1, and all the terms

(A»-2», (A^2n-2^ gjx;., vanish, except /*°=1, corresponding to the last terra of the

series [1556], which is equal to

-+-CW (t
— 2n).(t—2n— l).(i

— 2n— 2) 1
"^ '2.4.6

(i
— 2n).(2t— l).(2i— 3) (t+ 2n+ 1)

" "^"''^ " ^-

Rejecting the terms 2.4.6
[i
— 2 n), which are common to the numerator and

denominator, and then inverting the order of the terms, it becomes

"^
•(t+2« + l).(i4-2«+ 3) (2i-l)

-cos-Sn*;

which represents the part of U^^ depending on cos. 2 to o, in the case of f*
=

; and
[I557rf]

this produces in V [1436] the term [1557].

t (1074) If we suppose the coefficient of -^2!:1^, in the function V, corresponding

to an attracted point situated in the equator, to be computed and put equal to C'«, we shall

have, by [1557], C'«=± ^'^-^
(i
— 2w~l)

"
(i+ 2«+l).(i + 2n+3) (2i-l)

• ^
' ^^^^'^

hence C«= ± C'(0 .

^Z+'^+^^^^V--^^^
.

Substituting this in the general
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we shall therefore have the complete value of V, w^hen it has been determined

in a series for the two following cases
; Jirst,* when the attracted point is

[1558'] situated upon the continuation of the polar axis ;t second, when it is situated

Cos 2 W TaJ

term of the value of ZJ^') [1556], we shall get the coefficient of -—
^-^rj
— in the value of

V which will be found to be the same as the product of C^'^ by the function [1558],

as in [1557', Sic]

*
(1075) It is unnecessary to notice the Jirst of these cases, as it is comprised in the

second. For having computed the terms [1557], for points situated in the plane of the

equator, we can deduce from them, by the process [1558], the terms corresponding to any

values of f* and n, [1556]. The part of this last expression corresponding to n= 0, is

[1557/] C^n Li_J.liz:Ji
. ^i-^_|_ ^c.l; but from [1557Z», 1549J],

1.2.3 I

therefore the preceding expression becomes as in [1549].

f (1076) The method used by the author, in determining the general form of V, by

[1558al means of the values, computed for particular points, has been improved and generalized, by

M. Biot, in an excellent paper, published in the Memoires de I'lnstitul des Sciences, &:c.,

Paris, Tom. 6. The principal results, he has obtained, will appear from the following

application of his method, to the integration of the equation [1430].

Instead of assuming for a, b, c, the values [1431], of a given form in r, 6, vs, he represents,

by functions of the most general nature, the values of r, 6, -a, in terms of a, h, c, so that

[15586] r= F{a,b,c), 6 = F,{a,b,c), -a= F^{a,b,c) ;

F, JPi, Fq, representing functions of a, b, c. The values of a, b, c, deduced from these

equations, may be put under the form,

[15585'] a=f{r,d,v!), ^ —fi(r,d ,rs), c=fc^{r,&,zs)',

the functions /, /i, ^, depending on F, Fj, F^, and representing functions of r, ^, ot
;

observing also, that the quantities r, /), -sj,
are not restricted to the form assumed in [1430',

[1558c] 1430"], but may be any quantities whatever, but wholly indp.pendent of each other. Substituting

these values of a, b, c, [15586'] in V, it becomes a function of r, 6, zs, whose partial

differentials, relative to a, b, c, may be found in the usual manner, as in [462], changing

X into a
;

whence we shall get,

/rfFN /dV\ /dr\ ,

/dV\ /rfA
,

/dr\ /rf«N
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in the plane of the equator. By this means the investigation of the value

of V is much simplified.

and the values \~7t\ (t~)» ^^^ °^ ^ similar form, changing a into h or c. [1558e]

Substituting, in these expressions, the values of o, h, c, [15586'], the coefBcients of

[

—
), {~7~\ (t~)' will become functions of r, 6, -a, which, for brevity, we shall

denote by .^0, A^, A^, Bq, Bi, B^, Cq, Cj, Cg, and we shall have,

which corresponds to that in [464], and to the similar expressions in y, z. In like manner,

by changing successively in [465^], x into a, h, c, we shall obtain the values of

/ddV\ /ddV\ /ddV\
{-1^} {im} (-7^)' P'^-^T

expressed in the partial differentials of J^, of the first and second orders, relative to r, &, -a; [155%]
and if we substitute in the factors, with which tliese quantities are connected, the values of

a, b, c, [155S6'], as was done in [1558^^, e], these factors will become functions of r, ^, -cj
;

and the equation [1430], corresponding to an external attracted point will become of the

following form,

D, E, Fj Sic, being functions of r, 6, zi. This equation corresponds with that in [465^],
or [465].

We shall now suppose V to be expressed in a series, proceeding according to the powers
of any one of the variable quantities, as for example r, of the following form,

V=v^'^+ r.v^^^+^.v^^^JrY^-v^'' + j£-—.v^^^-]-^.; [1558t]

iP^\ v^^\ v^^\ Sic, being independent of r. Substituting tliis in [1558A], and arranging [l558i']

the terms according to the powers of r, it will become of the form,

45

[1558fe]
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The spheroid which we have just considered, comprises the ellipsoid. If

[1558"] the attracted point be situated in the polar axis, which we shall suppose to

r
the sreneral value of the coefficient of , ^ „ beina;

1 .i.6 n °

[15581]

Now the equation [1558A;] ought to be satisfied for all values of r, which requires that we

[1555m] should have generally JV^»>= 0, and then the equation [1558Z], being divided by

D, becomes,

[1558n] v('H-2)= D

which, in the case of n= 0, becomes

[1558o] «(2)_ .

\d^ )

Hence we get v^^^ in terms of u^% v^^K If we now put ?? = 1, in [1558n], we shall

get v'-^^ in terms of v^^\ v^^\ and by substituting the value of v^^\ [1558o], we shall get

iP^ in terms of v^^\ v^^K In like manner, by putting successively n= 2, n= S, he,

[1558p] in [1558n], and substituting the values of v'^^\ v^'^\ &c., in terms of i>^% v^^'>
,
we shall obtain

the general value of t>^"\ in terms of v^^\ v^^^
,
which two last quantities will remain wholly

arbitrary, and may be considered as the two arbitrary functions required to complete the

integral of the differential equation [155SA], of the second degree. This integral will be

expressed by the series [1558i], after substituting the values of v^^\ v^^\ he, in terms of

[1558g] t;^°\ v^^'^
;

and when the forms of these two arbitrary functions tj(°), v^^\ shall be given, the

complete value of V [1558i] will be wholly determined. These two arbitrary quantities

1,(0)^ ^(1)
^

are functions of 6, vs, but do not contain the variable quantity r, according to the

powers of which the function V [1558i] is developed. The same would be true in other

partial differential equations, in which the number of variable quantities r, &, -m, should be

varied
;

so that in every case, these arbitrary quantities would be functions of all the variable

quantities 6, -m, &:c., excluding the quantity r, which is used in the development of V; and

[1558r]
when the form of these arbitrary functions is given, the value of V can be determined. It is
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be the axis of a:, we shall have 6 = 0, c=0, [1347'], and then the [1558'"]

expression of V [1394] will be integrable relative to p. If the attracted

also evident that the principles here used may be applied to differential equations of all orders,

which are functions of any number of variable quantities, and it will be found generally, that

if the differential equation be of the Jirst degree, there will be but one arbitrary function v'^^^
;

if [1558«]

of the second degree, there will be two arbitrary functions v^^\ v^^^
,

as in the above example ;

if of the third degree, there will be three arbitrary functions 70, v^^\ v^^^
; and so on for the

higher orders ;
each of these quantities v'-^\ v''^\ kc, being functions of all the variable

quantities 6, w, Stc, excepting r, which is used for the development of F". We may ^>ot*«

therefore, with M. Biot, conclude,
" That the general effect of a partial differential equation ^ffferen-^'

is, to determine completely the form of the function relative to all the variable quantities, when uocst*^"*

this form is given relative to all these quantities excepting one." So that we may consider [1558<]

partial differential equations as serving to determine the forms of functions, and not their

absolute quantities.

After this digression on the general properties of differential equations, we shall resume

the value of V^ [1558i], representing the integral of the equation [155SA], on which the

attraction of a spheroid depends. The partial differentials of [1558i], relative to r, 6, *, are

The function v^°'^ enters only under a differential form in the value of v'-^^ [1558o], and the

same is true relative to the values of v®, v^^\ he, found as in [1558p]. Now these partial [1558r]

differentials of v^^\ and the value of v^^\ may be determined by putting r=0 in [155Sm] ;

in which case we «hall have the following particular values, corresponding to the case

Hence it follows, that if we have the particular values of \~i~\ ("77 )' \1~\ [1558w],

corresponding to r= 0, we may from them obtain the general values of the same
[1558a;]

quantities, when r has any value whatever. Now the equations [1558/*] will give, by the

usual operation of algebraic equations of the first degree, i-^
—

),
f

J, [ ),
in

functions of i~—
j, (-rr-jj (-y

—
)

> ^nd if these last three quantities are known, in
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[1558""] point be situated in the plane of the equator, we shall have a= 0, [1347],
and the same expression of V will become integrable relative to q, by known

the case of r=0, they will then give the values of
(-7— )j \-Tr)' ( 77

—
)'

for the

same case of r=
;

from these particular values we may obtain, as above, the general

[1558?/] values [1558w] ; substituting these in [1558/"], we shall finally obtain the general values of

(tI-)' (^)' (1?7-)'
corresponding to any value of r.

[1558z] Now when r^O, we shall have, from [15586], = F{a,b,c), which is the

equation of any surface whatever, whose co-ordinates are a, b, c. This is evident, by

observing, that if we assume at pleasure any values of a, b, and deduce, from the equation

= F{a,b,c), the corresponding value of c
; these three quantities a, b, c, will represent

the co-ordinates of a point in space ;
and if we connect together all points of this kind,

corresponding to the equation [15582;], and to different values of a, i, c, it will form the

surface abovementioned, whose equation is = F {a,b,c) ; and in the present case, this

[1558a]
surface is wholly arbitrary, because the functions F, F^, P^, [1558i], can be varied at pleasure.

If the attracted point be situated anywhere on this surface, whose co-ordinates are a, b, c, the

attraction of the spheroid upon this point, resolved in directions parallel to the axes a, b, c,

will be represented, as in [1387, 1388], by
—
(^),

— (^\ —(^) 5

therefore if the attraction of the spheroid, upon the points of this surface, be known, we shall

[1558^] obtain the corresponding values of ( -—
J, (-rj- )j ( 7— )»

in the case of r= ;

from which we may obtain, as in [1558y], the general values of the same quantities,
Biot's

theorem Corresponding to any value of r whatever. From what has been said, we may deduce this
on the

attraction
general theorem,

" To find the attraction of any spheroid upon any point, it is only

spheroid,
neccssury to know the attraction of the same spheroid, upon all points of any surface taken

t^^^®/] at pleasure."

We may, for example, take for r= 0, or F{a,b,c) = 0, the equation of the

[1558y]
surface of the attracting spheroid, and we shall then see that the attraction of this spheroid,

on all points of space will be known, when we shall have found the attraction, upon all the

points, situated upon this surface. This includes, as a particular case, the results found in

[1379, 1422], for spheroids of the second order.

If we suppose the arbitrary surface to be a plane, as for example the plane of b c, for

[1558s]
which we have a = 0, it will not be necessary to transform the quantities a, b, c; and

instead of the equations [15586], we may put r = a, d= b, -c;= c
;

and in this case,

the equation r==0 [155Sp], or a= 0, will correspond to the required plane. The

attraction of the spheroid will then be known generally, when we shall have found its value,

for all the points situated in tliis plane. This includes, as a particular case, the result found
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methods, supposing tang, q = t. In these two cases, the integral being

taken relative to one of the variable quantities, between its limits, it becomes

possible relative to the other
;
and we shall find that, M being the mass of [1558^]

in [1558'], for a symmetrical spheroid. As the co-ordinates are not transformed, if we

substitute the values of r, 6, vs, [1558s], in [155SA], it ought to become identical with the [1558i^]

proposed equation [1430], which requires that we should have J)= jG= jP=1,

Q=H=J= K=L=M= 0, and the equation [1558»] becornes

Putting successively n= 0, n= l, n = 2, he, we get,

.)__ /ddv^^^\ _ (ddv^'^\ . ,3)_ _ fcldv^'^
\ _ {ddv^'^\ .

[1558^]

The partial differentials of these values of v^'^\ v^^\ &;c., give

\-dW-)—~\-dw)~~\jmMr \rdw-)
—

\imM)~'\-d^r ' ^'^^^^'^

substituting these in v^^^
,

t;®
, Sec, we get,

\ db^ j^^' \di^.dcy
^ \d^J '

"^

^\Clhr)+^'\dW:d^^)-^\-d^)^ ^^-J

and the expression of V [1558i] becomes of the following form, first given by La Grange,

1.2.3
•

1 \-dir)
"^
\-dw) 5

Taking the partial differentials of this expression, relative to a, 6, c, we get, by observing

that v^^\ d(i>, v^^\ Sic, are independent of a, or r [1658i'],

46

[1558/]

Integral
of the
funda-
mental

equation
for the

a? C /ffd,,W\ . //7/7„(l)\ -i
attraction

spheroid,

by
LaGrange.



[1558X]

182 ATTRACTION OF A SPHEROID. [Mec. Cel.

V
the spheroid, the value of — is independent of the semi-axis k of the

These values are common to all spheroids. For any particular body, they will depend on

the values of the functions v^^\ (.J—Y
^_JL_ j ,

which express the attractions on

[1558m<] (he points situated in the plane of be, corresponding to a= 0, in [I588X]. If we

have two different bodies for which these quantities are respectively in a constant ratio,

independently of a, b, c, the general expressions of
(
—

), ( ), (__); or,
\da J \dh J \ dc /

in other words, the attractions of the two bodies on any point whatever, will be in the

same ratio.

This is precisely the case with an ellipsoid, or spheroid of the second order. The

calculation of the attraction of a spheroid of this kind upon any point of the equator, was

found, without much difficulty, by the methods of integration formerly used by Le Gendre

[1558v] and others
;
which gave, for this particular case, V^ or v^'^^= Mv, ?;(')= 0; v being a

function of the excentricities of the ellipsoid, wholly independent of the polar semi-axis k. This

value of F'is a particular case of the general expression which was proved in [1399, 1412'] ;

and the equation z)('^=0, is a necessary consequence of the symmetrical form of the

ellipsoid, on each side of the equator, which renders the attraction — I ——
j
= —

v^^'>y

[I558X], in the direction of the axis a, equal to nothing for any attracted point, situated in

[15581] the plane of the equator ;
this being a property common to all such symmetrical spheroids.

Substituting these values in the general development of V [1558x], we shall get, for the

attraction of an ellipsoid, upon any point whose co-ordinates are a, b, c,

g'ven by j-r M J
LaGrange. r — «/rX . <

For another ellipsoid, having the same principal sections and foci, but whose magnitude is



m. ii. §17.] ATTRACTION OF A SPHEROID. 183

spheroid, [1412', 1412'"], perpendicular to the equator, and depends only [isss^i]

different, we shall have the same value of v^^^ [1558v], Jli" will change into M', and l^

into V ; therefore we shall get,

hence we obtain,

V'~M' [I558f]

From this it follows generally, that two ellipsoids, whose principal axes have the same

directions, and which have the same foci, attract an external point in proportion to the masses
[I558<r]

of the ellipsoids, as was before shown in [1412""].

The theorems we have given become more simple if the body be a spheroid of revolution,

about either of the axes ;
as for example, the axis of a. In this case, if we put r for the

distance of the attracted point from the axis of a, or r= \/(6^ -j- c^), it will be evident,

that all the points, situated at the same distance from the axis, and at the same height above

the plane of b c, will be equally attracted
;

since the spheroid is symmetrical relative to all [1558t]

these points. Then V will be a function of «, r
; and its partial differentials, relative to b,

considering r as a function of b, c, are

/dV\ /dV\ fdr\ /ddV\ /ddV\ /drY , /dr\ /ddr\

UJ = V^j
• U> \~^)

=
[-d-^J

•

[JIJ
+

[i;)
'

Uj- 11558^

But from r = \/{b'^ + c^), we get

/dr\ _ b _ & /ddr\ _ C2

3
—

^f [1558i/]

hence the preceding value of
(-vr^- ) becomes,

/ddV\ 62 /ddV\ ,
c2 /dV\

Vdl^J^^T^'K-d^i^j-^-^'Krr)'' t^S58<P]

and in like manner, by changing b into c, and c into b, which does not alter r, we get,

fddV \ c2 /ddV\ fc2 /dV\

VJJ~)
—

7^
'

\d^) + Ti"
•

\j;)- tl558x]

Substituting these in [1430], and reducing by putting &2 _j_ ^2 __ ^.a^ ^g obtain,

^=
r-("^)

+ ("^) + (-^} [15584.]

This contains only the two variable quantities r and a
; and it is evident that the preceding

theorems, which exist with three dimensions a, b, c, in spheroids of a general form, have
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upon the excentricities of the ellipsoid.* Therefore by multiplying the

V .

different terms of the value of —
,

relative to these two cases, reduced

into a series, and arranged according to the powers of -
, by the factors of

which we have just spoken, [1555", 1557'], we shall obtain the value

V
[I558v»] of —

,
relative to any attracted point whatever

;
the function which

•/tx

results will be independent of /c, and vrill depend only upon the excentricities
;

this furnishes another demonstration of the theorem, which we have proved

in [1412", &c.]

If the attracted point be situated within the spheroid,t the attraction

Biot's

theorem
for a

analogous ones with two dimensions a, r, in spheroids of revolution
; so that the aiiraciion of

spheroid thcse sfkeroids of revolution upon any point of space, will be generally determined, when we
of revo-

lution, shall have found the same attractions, for all the points of any curve, described at pleasure, in

[1558w] the plane of the meridian.

*
(1077) The calculations of the integrals [1558'", Sic] by the usual methods require very

[1559a] tedious operations ; as may be seen, by referring to the Memoires de VAcademic des Sciences,

de Paris, 1788, where M. Le Gendre has given a detailed account of such integrals. This

manner of considering the subject is now wholly superseded by that of Mr. Ivory, which we

[15596] have already explained in [1428cf, &;c.] ;
and therefore it will not be necessary to enter into

any further explanation, which would require much time, and would be of no real service ;

since we have already obtained two different solutions of the same question ; the one given

by La Place [1412"", &c.], the other by Mr. Ivory, as in [1428(r].

f (1078) The formula [1559], for an internal attracted point, is deduced from [1447],

by substituting d 6' . sin. 6'=— d
ij.' [1492a] j

and if we change the limits of the integral,

as in [14926], so as to have them from fx'
=— 1 to M-'

= Ij we may put

d6' . sin. 6'=:d [i!, and then [1447] becomes as in [1559]. Moreover,

[1559c] 4^=m-dR= ^. . d . R^-'
,

and if we suppose, as in [1531'], 72 to be a function of a, /x', -ro',
and dR to be taken on

u ••
I, / / 1. 1,

dR 1 /d.R^-^\ ,

the supposition that (jo, «', are constant, we shall get 'W^^^oZI^
'

\
—

2 )
'

and then [1559] will become as in [1560]. This last is of a similar form to the expression

f/^'^ [1532], and becomes identical by writing 2— i for the exponent of jR, instead of

i+ 3
; and in the same manner by which [1532] was changed into [1541], we may change
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which it suffers, depends, as we have seen in [1444], upon the function 2?^*\ [i558'i«]

[I5G0] into [1563]. For [1533] will correspond with [1561], [1534] with [1562], and

by making the abovementioned change of the factor i-{-S into 2 — i, in [1541], it

will become as in [1563].

In all the calculations of the author, in this section, if they be applied to the attraction upon

a point, situated near the surface of the spheroid, or upon an internal point, it will be necessary [1559rf]

to examine into the convergency of the resulting series, for the reasons stated in [1447a, &;c.]

The result of this examination will generally be, to limit the applications of these calculations

to bodies differing but little from a sphere, so that when R is expressed, as in [1535'], by

«.(!-[-«//'), the quantity a may be so small, that ^canbe expressed in a converging series,

arranged according to the powers of a, as in the formulas we shall hereafter give [1560a, js] ;

which are sufficiently accurate for all practical purposes, in the investigation of the figures of

the planetary bodies.

(1079) In the values of V [1467, 1496], the author has retained only the first power of

a, supposing that to be sufficiently accurate for all practical purposes; but he has shown, in

[1820", &tc.], how to^carry on the approximation, so as to embrace the terms depending on

the square and higher powers of a. This has also been done by Mr. Poisson, in a much L'"^"l

more symmetrical manner, by developing the formula [1447n]. We shall here give a full method of

account of his method, as it is found in the Connoisance des Terns for the vear 1829. the higher
"

powers of

Supposing, as in [1447<?] that u is the radius of the surface of the spheroid, corresponding -^^l^

to the angles ^', ^, we shall have, as in [1461'] mll°S

« = «.(! -fay'), [15606]

a being a very small positive constant quantity ;
a the radius of a sphere differing but little

from the spheroid ; y' a function of a, d', 4^',
w^liich is positive in those parts where m^ o, [1560c]

but negative where M<^a ;
the spheroid being homogeneous, and its density p equal to unity.

If we suppose the distance r, of the attracted point from the origin, to exceed u, the

integrals / will disappear from [i447n], and the terms depending on /' will become

complete integrals /; hence
V=^'E^< -qzy

.fif^ p
• -^'+2 dR\.(^'\dwi. We

[1560rf]

shall divide the integral relative to r, into two parts ;
the one extending from r= to

r=a, and the other from r = a to r= u. The first of these integrals is a constant

quantity ;
for /p . R+"dR= ^

\ ,
is nothing when R=0; and when R= a,

it becomes
^-^-j-^rt

which is a constant quantity of the form] Y'''^^=tL^—,
so that riseOel

this part of V is equal to
.^^ j-—.fY'^'^\q^\dwl.

Now from the formula [1476o], it

appears that all the integrals, of the form fY'^^^ . (^^.dw, must vanish, except that corresponding

47
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and we have, by [1447],

to i=
;

hence this part becomes -
. / T'^o) . q^'^Kdw=

-
. 4 * . Y^^^ , [

1 533h] ;

and as the preceding value of Y^^\ or Y'^'^\ is then equal to -^5 we have, for this part

[1560/] of the integral,
-

. 4 * .^=—^ . Therefore the complete value of F, corresponding
T o or

Attracted
external {q tWs firSt CaSC, is,
poiat.

' '

On the contrary, if r be less than the least value of n, the integrals /' will vanish, and f^ will

change into /. By this means the first term of [1447n] will vanish. The second term of

[1560A] [1447»] will be
2^

i-^ . /(/^ p
• ^'+^ dR\ .

Q'^^ .dwl, and this can be computed

as in [1560e], changing the limit a into r, by which means the formula [1560/*] will become

[156(K] —U——= "^ —
,

which represents the value of the second term of [1447n], in the case
3r 3

under consideration. The last term of [1447n] is S <r' . J'lJ' J^^ .
Q^^'^ .dw>, in

which the integral, relative to R, may be divided into two parts ;
the one from R :^ r

[1560A:] to R=: a, the other from R = a to R== u
; this last part produces the term

under the sign of integration, in the following formula [1560w] ;
the former part is

[1560Z] 2^
jr\ (/"' ^^pr) ' Q,^^ .dwi. Now p being constant,

/?j^=p./iJ.-rffi=^.(R-_,-),
which vanishes at the first limit, where R= r; and when R=a, it becomes

r '-r^= —
.

(^a^'*^
—

r-~') ;
this is independent of w, and may be considered, as in

[1560e], to be of the form Y'^^\ Putting therefore for a moment Y'^^^=I--:{a^-'
—

r^"'),

the expression [1560Z] will become 2^r*.y F'^'^.^'^. div. Hence we may conclude, as

in [I560e—/], that we need only notice the value i= 0, which gives

[1560m] fY'^'K Q(').^w= 4*.r^o^= 4*.^p.(a2— r2)=2*p.(a2_7-2).

Connecting this part of the third term, with the second term, ^-ir p .r^ [1 560t], the sum

becomes 2 *
p

. a^— § -^
p

• r^. Adding this to the term under the sign of integration,

mentioned in [1560^], we get, for the complete value of V, corresponding to an internal

TO^n™*' attracted point, the following expression,

[1560n] ^=2^p.a2_§^p.r2+ p.2o^^r'./(/J'^2i).Q(').^t^^.

To reduce either of the expressions [1560^, n] into a series, proceeding according to the

powers of «, we may observe, that fR}+^dR=
^-J-^

.
{
R'^— a*+^

} vanishes,



[15600]

[1560p]
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when jR = a; and at the other limit, where R= u= a . {\ -{- ay), it becomes,

/^"fi'+=Jfl= J^.S„'-H=.(l + „3,')i-H._a'-H'J
=

|;j!!.{(l+„y')i+3_lS.

i4.3 ^ ,
,

»'+ 2
2 /2 1

(H^)>(^'+1) 3/3,0 )= a'+3 .

I
a

3/ + -^ .«V + 2.3 . "V + &^c. S .

Changing, in this last expression, i into — i— 1
,

we get,

We shall put y for the value of
y',

when 6', ^, are changed into 6, -ra, respectively ;
or in

other words, y is the value of j/, corresponding to the point where the radius r intersects the [1560?]

surface of the spheroid. We shall develop the powers of y in series of the form [1464], putting

y = rw + FC) + r(2) ^ 5^(3) _|_ ^c. = 2^r('> ; [ISeO]

y2=I^(0)_|_YU)_|_y-(2)_^y(3)_|_^c. =2o"ri'M [1560.]

yn+i _ yco) ^ yu) _|_ Y(2) 4_ r(3) _^ yu) _|- &c.= 2« r(.l .

^15g0^^

and in like manner, with accented letters, we shall have,

y'
= rco) + Y'd) + r'C2) + r<3) + &c. ; [i56o„]

y«+i= yco) _|_ y/o) _f. y/(2)_^ y/^) _|_ &e + F'^+ &c.
[1560t»]

If we substitute, in [1560o], the expressions of
y', ^, t/^, &c., deduced from [1560?;], and

then insert the result in the integral [1 56Qg-] , /(/'' R'+^ du) . Q« .dw, it will be

composed of terms of the form / F'^"^ . Q('> . d w. All the terms of this integral, in which
a differs from i, will vanish, by means of the formula [1476a], and the whole will be reduced [1560m>]

totermsof the form fY'\^.q^^.dw=^^^.Y^^ [1533n]; hence we finally obtain,

f{f:R^^HRyqu.='^\.Y^^^^ ,560.]

Proceeding in the same manner with the formulas [1560/7, n], we get

Hence the values of V [1560^, n\, will become,

[156%]

^_4*p^ 4*p^
1

Si-f-l ri
^ 2 Si+l'TT'-'i f

«^^er"''i

'
+2:3- 2i-fl •;r-n^+&^c.) [1560a]

F=2*p.a2_|:.p.^2_|.4^p^„2 .^
21+1 a' 2 2z+r a'

' "^i

^2.3-^0 -^T+l"-^--^^^^^' ) [1560^]

Attracted
internal

point.
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which may be put under the form,

The sign 2 of finite integrals includes all the integral values of i, from i=0 to i= oo
;

but it may be observed, that if the development of y contain only a finite number of terms, as

[1560;/] for example, y === yw 4- r('> + F^^^
,

all the terms Y^^\ T^^ &c., will be nothing.

The square and other powers of y, will then be limited to a finite number of terms, which

[1560(5] will however increase, according to the powers of y or a; so that the value of y^, in the case

just mentioned, might include terms as far as Y[^^ ; y^ as far as Y^^\ he.

The formulas [1560g-, a], correspond to any external attracted point, and the formulas

[lo60£] [1560n, (3]
to an internal attracted point, without any exception. For though it mi2ht seem

that some modification of these formulas would be necessary, when the attracted point is

situated near the surface of the spheroid, on account of the changes in the limits of the

integrals, relative to /', /, yet this is not the case, as JVIr. Poisson has proved in the

following manner, by means of the formula [1447o].

The spheroid being homogeneous, the first series contained in the formula [l447o], will

be reduced, as in [I560<?—/], to its first term, corresponding to i=0, and as the last

[1560^]
hmit of this integral is r, this term will become

,
or

^'jrp.r'^, being the same as

the first term of the following expression [1560/]. Now if we represent by ^ any quantity

at pleasure, we shall have identically /' Q,-dw-\-£(^.dw=fQ.dw', hence

f'Q.dw=fQ^.div—f^ Q^.dw. If we put Q equal to the factor of d w, in the

[1560>»]
second term of [i447o], the part depending on f^.dw, will produce the second term

of [1560<], and the part depending on —
y) Q^. dw will be

[1560/] -2^ {-^'f{f^''p'R'+'dRyq<>.dwY,
connecting this with tlie last term of [1447o], and using for brevity the following value of U,

the sum will become, —
p

. 2^y] (7. Q® . d w, which is the last term of [1560«]. In like

manner, if we substitute f^ Q. dw= f(^.dw—/' Q.dw, in the last term of [1447o],

and use the preceding value of U, it will become of the form [15G0x]. Hence we have

[1560/]

Points
near the
surface.

[1560k]

V=i.p.r^+p.^^[^,.f(^f^''m^dRyq^\dw^-p.l^f,U.qKdw;

It will suffice to take into consideration the first of these two formulas, as the same reasoning

may easily be applied to the second. We shall now put,

[1560X]
u= r— z',

z' being a function of 6' and 4/', which we shall suppose to be of the same order as the factor

a, in all those parts of the radius r, which we shall take into consideration. The integral

yi?'+^£?jR=
——

.(-R'+^
—

r'+^) vanishes when R= r
',

and when R= u= r— z',
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[1560]
2— t '^ \ da J

it becomes, ^ FV+^dR^^^Air—zJ-^^—r^ }=_r'+2.;r'+*-±^ . r'+i.a;'^— Stc. [1560H

Hence ^i ./^"
R'+^dR=- r . z' +i±^ . z^— iii^Hi±lI

. ^'3_^ g^c. Changing [1560v]

in this, i into — t— I
,

we get,

r'./^ BR=— r'Z'— —~'Z'^—~^'^— ^' [15601]

Subtracting this from the preceding expression, we obtain the value of U [1560^],

C7=^^ . z'2—^-^ . z'S + &1C. [1560r]

The integrals relative to the characteristic f^ include only those values of z in which r<^u

[1447e]. If we put ^'
for a discontinuous function of 6', •si', so that we may have 2^=-^

if r<C^u, and ^'
= if r^ m, we may change z into

(^',
and y] into the complete [ISGO^-]

integral /. Therefore multiplying [1560|'], by Q^'^
. dw, and integrating, we get, by

neglecting terms of the order z!^, or a^,

f,U. Q(0.rf^,=^ ./^'2 . QO). ^«,_(!^) .f^2^qo,dw. [1560?]

If ^ represent the value of
(^'

when ^'=5 and s/= -a, this quantity ^ will correspond

to the point where the radius r, produced if it be necessary, intersects the surface of the

spheroid. It will be nothing if the attracted point be external, and equal to its distance from [1560(r]

the surface, in the direction of this radius, if the point be internal. Supposing now ^^, (^^,
to

be developed in series of the form [1532a], namely,

|2
= X (o> + X(i) + XC2) + X^'")+ &c.= 2o"X(') ; [1560T]

^3
== z^^^ + z'-'^ + z^2) _}_ ^(t) _^ &JC.^ 2-^(0 .

[1560,]

in which X^*\ z^'\ he, are of the same nature as Y^'^, satisfying an equation of the form

[1464c] ; we shall have in like manner, ^'^
_

^^ X'('>, ^'^
= 2^ z'®. Substituting these [15609]

in [1560p], we may, by means of the formula [1476a], neglect all the terms of the form

X'^''\ z'<^''\ in which i' differs from i, and we shall get successively, by using [1 533n, 1560t, «],

f,U.q^'Kdw==2^i^JX'(.'^.q^Kdw--.^^^-fz'^o,q^

,00 2i+l 4* Yri^ (2^'+^)=2n^^^..;^.x(»)
2f+l S0^2* St+l

*

3r

= 2^J2*.X«_.l5.;s(0^=:2*.2?°XW^i5.2f"z<«)" C ^^ J " or I'

This last expression is nothing, by the nature of the function ^ [ISGOsr], whenever the

attracted point is without the spheroid. Therefore, for all external points, the equation

[1560/] will be reduced to

48
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We shall suppose i?^~' to be developed in a series of the following form,

We may reduce this to the form [156pg-], by separating the integral relative to R into two

parts, and changing the limits r, u, into a, u, and a, r, in the following manner,

[1560W] f""R'r^dR= r B}+^dR— r"^ R'+^dR.

Substituting this in [15604/], the first term of the second member will produce the integral

given in [156pg-], and the other terms of [1560-4], will be represented by

[1561«] ^.p.r=-p.J^ \-j+,-f{flm'dR).q''.dv,].

But fR^+^dR=-rj-7r . (i2'+^
— a'+3

) vanishes at the first limit R= a; and at the

72'+^dR= — (r*+^— a'+^ ). This being a
a 1+3 ^ ^ °

constant quantity, is of the form Y'^"), and we shall find, by proceeding as in [1560£?, &;c.],

that the only value of i necessary to be retained in [1561a], is i=0. Hence we shall get,

p-^S';ir./(/;K'+='^«).Q"-rf»=f/y"»'-Q"»-''»=^-y'"=^-('^-"=)

[1561a'] =-3 ^^.

^ , -, . , 4!rp.r2 4wp.r2 , 4^p.a3 4^.pa3
Substitutmg this in [1561fl], it becomes —r

j

—=—
^

,
which

is the same as the part independent of the sign of integration in [1560jg-].
Therefore the

[15615] expression [1560<], corresponding to an external attracted point, is in all cases reduced to

the form [1560^], or to the equivalent expression [1560aJ.

Proceeding in a similar manner, we may prove that 2^ /' U. Qj''> .dw, in the formula

[1560xi], is nothing, whenever the attracted point is situated within the spheroid. Therefore

we shall have, for all internal points,

[1061c] F=4.p.r^+p..^ {-'/{/," TP) «"'<'"]
•

Separating this integral, relative to R, into two parts, between the limits r, a, and a, «, we have

-,_-,,. ^u dR na dR . ^u dR
^^^^^^ frRF^frRT^-^ fa RF^'

Substituting this in [1561c], we shall find that the last integral of the second member produces

the integral given in [1560>i], and the other terms of the function [1561c] become,

„ , Qo C • /*/ ^^ dR \ >-,/\ 7 /

[1561e] |*p.r2 + p.2^ |r'.y(^/^ ^iZTj
• Q^'^

• ^ "^

^
•

Then we shall find, as in the preceding case, that the only term to be noticed is i=0, and

as f^^-^=f^^RdR = 1
. (a^-r^) =r^°>, fY'^''- q^.dw= 4^.T^\

[1561/] [1533w], the expression [1561e] will become |irp.r2-fp.4*.|.(a2—r2)=2ifp.a2-_§*p.r2,

which is the same as the part independent of the sign of integration, in [1560/i]. Therefore

the expression [1560«], corresponding to an internal attracted point, is, in all cases, reduced
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z'(°) + z'(^) + z'(^) + z'^^^ + kc.
; [1561]

to the form [1560n], or to the equivalent expression [1560^] ; which is what, in [ISGOs],

was proposed to be proved.

If we deduce, from [1560a, p], the values of — f
——

j
= 12', representing, as in

[181 IZ], the attraction in the direction of the radius, we shall get, for an external attracted [1561g]

point, the formula [1561A] ; and for an internal attracted point, the formula [1561i] ;

/rfr\
4*p.a3 4^p.a3f Qot+1 a' v(i)_L."^

oo (t+2).(i+l) gj
-r^,.) ,

„ ) pofnt?*^

\drj 3 r \ 2i+l a' 2 2z-+l a' ^'
-T^^-^, ^^^^,^

and in like manner, we might find the form in any other direction, as in [181 IZ].

If the attracted point be situated exactly on the surface of the spheroid, the two values of V
/dV\

[1560a, p], as well as those of
( ~7~ ) [1561A, i], will coincide

; as we may find, by
\(ir /

putting r= a.{\~\-a.y), and then developing these expressions according to the powers [1561i]

of a. As this development will furnish another demonstration of the theorem [1458], we

shall go through the calculation, neglecting terms of the order a^.

The value of r [156 1^] gives -=1— ay-\-o?y^
—

Sic, -tt^=1—{i-\-\).ay-\-hc. [156H]

Substituting these in the expression of J^ [1560a], for an external point, it becomes, by

neglecting a^ and using 2 for 2",

=__p.a2___ . p . a2 . a
.|3/

— 3 . 2— .

T^''^
[1561m]

in which the factors of the
ord'^ a, a^, may be reduced by means of the formulas [1560r, 5],

which give, |

also I

2t4-l
'

2i-fll
'

V ^2i-|-V
' '

2i+l
'

/ =_i;2_2-'t^ YW [1561o']

/
^

2i+l*
'

*

The expressions [1561 0, 0'], being added to — 2y^, we get,

y ^ y
2i+l 2t+r

'

2''^2i+r-^ 2t+l
' t^^^'^1
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2'^*^ satisfying this equation of partial differentials,

Attracted

poin? Substituting this and y= 2yw in [ISGlw], using also the expression [156 In], we obtain,
at the

[1561^]
'^

3 -P-" 3 -P'" -^
2i+l 3^21 2i+l 2i+l

'

$

Proceeding in like manner with the expression of FTor an internal point, [1560^], we get,

F=2»p.a=-|(.a^(l+2«y+ay)+4*p.a^ |«.2^.(l+;.»y).r<.)_|.jl^.rw I

[1561r] =^.p.a=-^.p.a^a.[3,-3.^j^.r«|

But we have

[1561.]
_ ^ ^

^'+ ^

2i+ l '

2i-f-l
-^^

V 2i + l/
' -^•^^, ^2i+l

'

—
"^y

^2i+l*-^'
'

adding these two last expressions to
i/^,

we get, by observing that y= 2 Y^'^,

Substituting this and [1561 w] in [1561r], it becomes the same as in [15615], ^° ^^^^ ^^^

the values of F^, developed in this manner, become identical.

Substituting also r = a . (1 -j-ay), in [1561i], we get, by neglecting a^, and

putting y= 2 r(*>,

f a.2_i- .n-{-(i— l).ay-]. F^'^

— -T— )==-?r'P«««(l+ ay)
—

4*p.c(. <
Vrfry 3 P V -r y; p s ^ t.(i-i) ^(,)

V 2 2i+ l
*

'

At the
surface
of the

ipheroid.

4*„ 4cr C , -. Si xr(i) )

+ i!:.p...^.J_..2^-i^lr(o+2^-ii=^^r/ol^3^2! ^ 2i+ l
^ 2i+ l

'

>

4* 4^ ^i— 1
-i^,,-,

3 f*" 3 ^ 2t+r
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''^K^)H,("
dijl )

'

1—
f/.'

+ VJ^^ + Z.(i + l).^« [1562]

The other value of —
( ) [1561A] will produce the same result. For by substituting

r= a .{i -[- ay), and neglecting a^, we get,

«-2St-[1-(*'+2).«2/].Y'^'-^

[1561r]

\«''/ "^

#_i ^ (r+2).(i+l)
(.J

V~t~ 2 2t+ l
•

'

+-,.„.f.[6,^-,..i:<i±il^B:H!.r<o+.Hii|l:|±D.r4
The first term of this expression is the same as in [1561m], the coefficient of —

fir p. a. a

in the second term is

^
2i-|-l 2i+l ( 2t-|-l S 2t+l

'

as in [1561m]. The coefficient of -q-*P*^*T' ^^
o <*

^ - 6.(i+l).(i+ 2) „,.
, ^3.(i+ 2).(i+l) ^,.,

63/^-y.2 2^ + 1
•^+^ 2^ + 1 '/? ^^^^"'^

and if, for brevity, we put for a moment n= i .
(i
—

1), m= 2t-|-l, we shall get

{i -{-2) .
{i -\- I)

= i^ -{- S i -\- 2 = i .
{i
—

1) + 4 «+ 2 = » + 2 m ; and the preceding
coefficient will become,

^ „ 6.(n+ 2m) ,,,., , 3.(n+2m) __,..

•^ -^ m ^ m '

= 6M2_l2y.2r^'^ + 6.2^«— V.2— .r(')+2-. rw.m w '

Substituting in the second and third terms the values 2 F(') =y, 2
Y"/*)
=

y*, the three

first terms become 6y^
— 12 y^ -\- 6 y^

= 0, and the two remaining terms are, as in

[1561m],
— y.2^.r^'-^+2— .r/0.

If we add §* p . a^ ^q half the value of F" [15619-], ^^ shall get,

3 ^2 3^ g.p.a.a •

^ai+l"^ [ISClx]

ultiplying the expression of —
(
—-

) [1561m] by a, and neglecting terms of the order aP, l^pwI
\ ar /

" uo J theorem

Another
demon-

on the
we shall find that the product becomes equal to the second member of [1561a?], and hence,

^"'action

(dV\ 2^^ P*<*^ l_ 1 TT •pheroids.

°"\rdF)
— ~% r-*^-

[15612/]

49
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Also if we put 2^*^ for what 2:'^'^ becomes when we change (x' into ^, w' into
-ss,

we shall have, by what precedes,

This is the same as the fundamental equation of La Place [1458], which was proved, in a

different manner, in [1459a
—

x\, neglecting terms of the order a^, and putting the density

p
= l [1457a]. The preceding demonstration could have been much abridged, if we had

wholly neglected the consideration of terms of the order a^, as was done by La Place in his

first demonstration in the Mem. Acad. Paris, 1782.

[1561a] Retaining only the first power of a, in [1560a, /s],
we shall have, for a spheroid, whose

^xSaf radius is a . (1 + a y)
= a . (1-}- a . 2^ F®), which we shall call the first spheroid,

P"'"'' 4TP.a3 4flrP.a.a3 oo 1 «'

ittracted 3r ^ r 2i+ l ri
^

'

*°*??'^ 2^P.r2 c» 1 ri

[15615] For a second spheroid, whose radius is a.(l-j-ay-|-a2r)=a.(l-|-a.2^ YW-j-«'^"^^'^)j

we shall get the values of V, by changing in the preceding expressions y into y -\- z, or

[1561e] 2^ Y(0 into S^ Y^'^+ 2^ 2;^'^ . Subtracting the values corresponding to the first spheroid,

from those of the second respectively, we shall get AV, or the increment of V, corresponding

^emai*^ to the Stratum included between the first and second spheroids, which will be,

Attracted
'

ai-\- L r

internal
^

nSi 1 AF-=4*p.a2.a.2;;' _i_.4.z(').
[1561«]

^
2i4-i a»

The first of tliese expressions corresponds to an external attracted point, the second to an

internal point, this last case being the same as is treated of by La Place in [1501]. If we

put jRi and iJg for the corresponding values of — (—
), representing the

attraction of this stratum, in a direction towards the origin of the co-ordinates, we shall get

the following values, similar to those in [1561 A, i] ;

[1561^]
„ /d.AV\ 47rp.a.a? ^oo i+ l a» ,i^

[156L] i?2
=-(^^)=-^^^' .

2^ JU . -^ . 2(') .

^0 2i+l
'

a*

Neglecting a% we may put r =: a, and they will become.

/?i = 4*p.a.a.2^iii.z«, i?2=—
4*p.a.a.2o"'27^-^^'^

whose difference is,

[1561*] i^i—/22=4*p.a.«.2^ |-*^--+^T^| .s(*) =
4*p.a.a.2^2;W

= 4*p.a.a;?.

Difference ^
1 •/•

fntJroai
"^"^^^ *t appears, that if two points are situated upon the same radius, the one at the external

external
surfaco of the stratum, and the other at the interna] surface

j
the difference of the action of the

^uraaion
^^^^^^^ ^p^,^ fJ^^gg^ ^^q poiuts, in the direction of the radius, will be proportional to its

attraction

of a
stratum.
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thickness aaz, in the same direction ; and is the same as if the stratum were spherical, as [1561X]

is evident, by supposing, in the preceding calculations [1561(5, &;c.], ^=0, and az equal [15611*]

to the thickness of the spherical stratum.

Having obtained the value of V^ [1560a, p], corresponding to a homogeneous spheroid, we

may proceed, as in [1503", &;c.], to compute the attraction of a spheroid, composed of strata

of variable densities, by supposing y and p to be functions of a
;
then taking the differential [1561v]

of this value of F' relative to a, we shall obtain tlie value of dV, corresponding to a stratum,

whose thickness, in tlie direction of the radius, is equal to the differential of a. (1+ay), [1561|]

or da-\-a..d .[ay). Multiplying this by the variable density p,
and then integrating

relative to a, from a = to a= a at the surface, we shall get the value of V,

corresponding to a heterogeneous spheroid. If the attracted point be situated without the

spheroid, we must use the formula [1560a], which will produce the corresponding formula

[1561t]. But if the attracted point be within the spheroid, and correspond to a stratum,

whose radius is a.[\-\-ay), we must use the formula [1560a], from a=0 to a=a;
and the formula [1560^], from a= a to «= a. In this way, by using, for brevity, the

expressions A^n\ B^n\ C^n, given below, which are quantities of the same nature as Y^% [1561^1

satisfying the equation [1464c], we shall get the following values of V [1561t, f], of which
Attraction

the first corresponds to an external point, the second to an internal point. spheroid

/ T r :^t -xrf-WK of variable

•^^
-'O

P •

V dU J
•'*'''

[1561*-]

y o—' J n P'""0' -f ' \ >f point;

npon an
internal

point.

We must, in this last value, put r= a . (1 -f ay), by which means it will become a [15619]
function of a, 6, -a.

The partial differentials of this last value of V [156 It;], relative to ^, -tSj which are to be
used in finding the attractions B!', R", [181 IZ], in the directions perpendicular to the radius

r, are to be taken before the substitution of the value r= a.(l-f-ay); and the same is [1561y]
to be observed relative to the equations [1447y, *]. This is evident, because the independent
variable quantities 6, «, are also independent of r

; and therefore the partial differentials of
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hence we shall get the expression of V, corresponding to all the strata of

F, relative to 6, vi, ought not to be affected by the functions of &, •nf, which enter implicitly in

Attraction the cxpression of r= a .
(

I -]-
"
y)> by means of the quantity y.

upon an n • t
internal If we ncglcct terms of the order (t in []56lt/], we shall get,

neglecting
Zv -^ ^ ^ ^a^ 2t+ l

^
2i-f 1

the'^rder ^^ shall now, for the sake of illustrating more fully the calculations in which the limit a of

" •

the integrals is variable, show that this last value of V will produce the expression in the

[1561w] second member of [14477:], which we have already investigated in a different manner. In

making this calculation, we shall first compute the effect of the partial differentials relative to

^, •zrf, depending on the two first terms of the first member of the equation [1447^] ;
and then

that depending on the third term of the same equation, or the differential relative to r.

[1562o] Now the first and second terms of V [ISGl-vj^], being independent of ^, -sJ, evidently

produce nothing in the two first terms of the first member of [1447"^] ; but the third term of

V producs the following expressions,

[15626]

[1562c]

1 /ddV\ . ^ r-'-i 1 /ddB^\
. ( 1

= 4 a * . 2 . . ( J.

sin.2d \dzi^J 2i-[-l sin.2a V d^^^ )

The sum of these may be reduced by means of the following equation, which is like [1464c],

observing that 5^'^ is a quantity of the same kind as Y^'^ [1561|'], which must satisfy this

equation. Hence this sum is — 4 a ff . i; r——— .i.(i-\-l). B^'^ ; if we neglect or,* 2i-l-l^'
[1562rf] we may put r=a, and it will become — 4 a * . 2

'

.

'

. a~'~' . B^^. In like

manner, the fourth term of F' [ISGl-vj^], depending on C-'^ will produce the expression

—4a'r.2-^.
'

. a' . C^'). Adding this to the preceding terra [1562<Z], we get,

We shall now compute the effect of the third term of [1447-^], depending on the partial

differential of the other variable quantity r
;

in which it becomes necessary to notice the effect

of the change of limits of the integrals, relative to a. Substituting r= a .{I -{-ay) in

[15614^], and neglecting a^, we get,

[1562/] r='j:±:^r\.d.^^+2..f%.d.a^+*-^.^r:p^^^.B<'^+4a..l^^ . C«.
3a -^0

'^ '

-'a ^ 'a (2i-f-l).a 2t+l

[156%-] If we lake the differential of this expression relative to a, we shall find that the terms

depending on the limits of the integrals, corresponding to this variable quantity, will destroy

each other. For, by noticing only these terms, we shall have.
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the spheroid, which fall without the attracted point. The value of F,

[1562&]

[1562Z]

aad the corresponding part of \T~r '^^^"ced from [1562/], will be,

6a 111
^2j_i_i 2t-|-l V <^a / >

The first term of this expression 4 t
p . «, is destroyed by the third — 4 -jt

p . a ; and

those depending on ( —-—
j destroy each other. The terras depending on Y^^ are

4a*.a.p.2^-—+
-—

^.r^'^
=

4a9r.a.p.2--^.rw==4a*.a.^ [1562m]

and this sum is destroyed by the second term — 4a*.rt.p.y; so that the whole

expression becomes equal to nothing. Therefore, in finding the value of (-r) froni
\da /

[1562/], we may neglect all the quantities, depending on the limits of the integrals ; and we

shall get, for the other terms,

Nowwehave
(^)

=
(^)

•

(£)
=
(^)

•

f
l+«y+ -«-(^) ]

5 because [15680]

r = a.(l+ay) evidently gives (j~)'=^+ "3'+ "^(t~)- Putting these two values
[I562p]

of
( -7-) equal to each other, and dividing by \ -\- ay -\- a a . i-^^ we get, by always

neglecting o?,

This formula, taken with a contrary sign, will express as usual [1561^], for an internal

point, the attraction in the direction of the origin of the co-ordinates. It is evidently the

same as would have been found, by taking the differential of V [15614'], before the substitution

of tlie value of r, and without making a variable
j
hut we should fall into an error, in finding [15e2r]

in this way the value of f

j,
as we shall see by the following calculation.

Since
\~J7~)

= ^+
^'{j^)'^ ^'^

^ ' (^+ "2/^ *

("rf;)
' '^ ^® substitute the [1562*1

values [1562/5 q], then reducing, and putting for brevity

50
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corresponding to the strata within the attracted point, is found as we have

before shown [1541].

[I562t] M=— 2 \^"1 . B'^^ + 2 ^'f.^l'/ . C(')
, we shall get,

\ dr J ^a^ a (21 + 1). a'
'

2i+ l

[1562«] =2*.yp.<Z.a2_|_4cc^.J)f.

The partial difTerential of this, relative to r, considered as a function of a, and noticing the

limits of a, gives

/dd.rV\ , /da\ , , /dM\ /da\

[1562.] =-4.p.a.[l-uy-.a.(^f^] + 4.T.(i^y
Multiplying this by r= a.{l-\-ay), we get, [

[1562»] ..(^-^)
=
_4.p.a^^l_„„.(^)|+4«a.,.(^),

[1562x] The partial differential of *¥ [1562^], relative to a, using [1562i, k], is

(2i+1^2i-|-l5
^

\ da )

2i-f 1
* ' J f ^

\ da J

[15623/]
=2^^).fa-^-2.B^0+«i-i.c(^)|_2

p . «y_ p
. a^

(g).

Substituting this in [1562i«], and reducing, we get,

[15622] r.(^-)==-4*p.G2.(l+ 2ay)+4a^.2^^.{a-^-i.-B(')
+ a^C<'>|,

which contains the quantity
— 4 * p . a^ . (I + 2 a y), that would not have been found, if

[1562a] we had taken the second differential of V [15614.], relative to r, without varying a ; as is'

evident by observing, that the first term of r F would be independent of r, and therefore its

differential would vanish
; moreover, the second term of rF" would contain only the first power

of r, and its second differential would vanish ;
and there would remain only the terms depending

on B^>, C>, which would produce the terms depending on these quantities in [15622:].

Adding together the expressions [1562e, z], we get,

[1562y]
in which the second member, neglecting o?, is — 4'?rp.{a.(l4-«2')}^==

—
4'7rp.r^,

being the same as is found, in another manner, in [1432w].
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CHAPTER III.

ON THE FIGURE OP A HOMOGENEOUS FLUID MASS, IN EaUIUBRIUM, AND ENDOWED WITH A
ROTATORY MOTION.

18. After having explained the theory of the attractions of spheroids*

in the two preceding chapters, we shall now consider the figures which

*
(1080) In the Philosophical Transactions of the Royal Society of London for 1824,

Mr. Ivory has published a paper, in which the principles used by the author, in this chapter,

in finding the equilibrium of a fluid mass, have been objected to, as incomplete. For this

reason, we shall give some account of the methods heretofore used, for the determination of

the equilibrium of any fluid spheroid ; by which means we shall be better able to judge
of the difficulties of the subject, and of the sufficiency of the commonly received laws of

equilibrium.

Newion, who first considered the form of a homogeneous fluid, revolving about its axis

PCS, supposed, without any demonstration, the figure of the body to be an ellipsoid of
[isesai

revolution
;

and in this hypothesis, by the usual

law of the gravitation of the particles, he computed
the ratio of the polar semi-axis P C, to the

equatorial semi-axis CE. The principle he uses,

in making this calculation, is that if an infinitely

small fluid canal PCE, communicate from, the

centre C to the pole P and to the equator jE, the

pressure at C in the columns PC, EC, will

exactly balance each other. For the whole mass

being, by hypolliesis, in equilibrium, all parts of it

except this canal, may be supposed to become solid, without producing any change of

situation, or pressure ; and in this case it would be necessary that the fluid in the two
branches of the canal should balance each other ; and the same principle would apply to any
two canals whatever, as C P, C T, proceeding from the centre C. The centrifugal
force has no effect on the gravity of the particles situated in the axis of revolution, or canal

CP, but it decreases the gravity in the canal C E, and this decrement of gravity is

Newton's

principle
of equi-
librii'm.

[15636]

[1563c]
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they must assume, by means of the mutual action of their particles, and

[1563rf] balanced by the increased length of the canal CE. The manner in which this calculation

was made by Newton, is given in Book XI, Chap, i, of this work
; whence it will appear

that this principle of the equilibrium in the two canals C P, C E, makes the ratio of the

[1563(/'] polar to the equatorial serai-axis as 229 to 230, being nearly as it is found in this chapter,

[1592"], from other principles.

Princi le
About the samo time, Huygens remarked, that the figure of the surface ought to satisfy the

Huy^ns. conditiou, that the combined action of the attraction of the spheroid, and the centrifugal

[1563c] force upon any point whatever of the surface, should he perpendicular to the surface at that

point, in conformity to the known laws of equilibrium of fluids at the surface of the sea. He

afterwards computed the oblateness of the earth, upon the supposition that the whole force

was concentrated, in the centre of gravity of the spheroid, and that it was of equal intensity

at all distances from that centre. In computing the ratio of the axes, he also used Newton's

hypothesis, of the equilibrium of the canals CP, C E. Upon these principles he found

the ratio of the polar semi-axis of the earth to the equatorial, to be as 577 to 578. It will

be seen hereafter, that this ratio is the same as would correspond, in the common theory of

[1563e'] gravitation, to a spheroid, in which the strata near the centre are infinitely dense, the whole

of the fluid covering this central nucleus, or point, being infinitely rare.

Taking into consideration other laws of attraction, and supposing the bodies not to be

homogeneous, it was soon perceived, that many cases might be found, in which these two

principles would be inconsistent with each other. For example, if the particles of the fluid in

the canal C t T, were acted upon more powerfully than in the canals C P, CE, so

as to produce an effect similar to that of a greater density ; it would be necessary to depress

the surface of this canal, from T to t, in order to preserve the equality of pressures at the

point C. In consequence of this, Bouguer proposed, as a more complete principle of

equilibrium, the union of both these conditions
; namely, that the pressure, at the bottom of

principle, ^^g canuls CP, C E, should he equal, that the combined effect of the attraction of the

[1563/] body, and the centrifugal force, at any point, should be perpendicular to the surface at that

point, and that all forms of the surfaioe, which did not satisfy both these conditions, should be

excluded. The necessity of these conditions was very apparent, but it was soon found that

even these were not sufficient ;
and that we might imagine such a law of attraction, as would

satisfy both of them, without producing an equilibrium, but on the contrary an incessant

tendency to motion, among the particles of the fluid. For example, if we do not restrict

ourselves to the common law of attraction, but suppose the force of gravity to be directed

[1563g-]
towards the central point C, andthat its action upon any particle does not depend wholly on

the distance of the particle from that point, but is affected by the angle PC a, which the

attracted particle a, makes with the axis of revolution PCS, or with any other line, taken

at pleasure, &ic. In this case, there might not be an equilibrium among the particles of the

fluid. For if we suppose a canal abdc, of a very small uniform diameter, to be formed
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the other forces acting on them. We shall first investigate the figure, [1563']

within the homogeneous spheroid PESQ, so that the two concentric and very near

branches ah, cd, may be circular arcs, described about the centre C
;
and ac, bd,

two very short cylinders, directed towards the centre C
;

it is evident that the gravity would

have no effect on the circular branches, because its direction is everywhere perpendicular to

the sides of these parts of the canal. Therefore, in order that there may be an equilibrium,

it is necessary that the pressures of the two short and equal cylinders ac, hd, should be the

same. This would generally require that the force of gravity should be the same at a as at

h, which is contrary to the hypothesis in [1563g-], where these forces are supposed not to

depend wholly on tlie equal distances Ca, Cb
;
but to be affected by the different angles PCa,

PCb. Hence it appears, that in aU hypotheses, where gravity is supposed to tend towards

a centre, and the force not to depend wholly on its distance from that centre, it is possible

that there may not be an equilibrium in the fluid mass.

It is easy to imagine other cases, in which the preceding principles, of the equality of

pressure in the canals CP, CT, CE, he, and of the action of gravity being perpendicular

to the surface, may both be satisfied, and yet the fluid not be in equilibrium. For instance,

we may suppose a central force at C, to act upon any point T of the surface, with exactly

the requisite intensity, in comparison with the centrifugal force, to make the resultant

perpendicular to the surface
; by which means the second condition would be satisfied.

Then in proceeding along any one of the canals TC, from the surface to the centre, we

may suppose the force of gravity to vary, in an

infinite number of ways, so as to produce however

tlie same pressure at the bottom of the canal
;

in

like manner as the same mass of heterogeneous

matter might be placed in an infinite number of

ways, in die same canal, and produce an equal

pressure at the bottom of the canal, without the

particles being in equilibrium with each otlier.

From these considerations, it is evident, that these

two principles are not sufficient to embrace all the

conditions necessary for the equilibrium of a fluid mass, in every case of attraction, which

might be arbitrarily assumed.

Clairaut finally proposed a more
satisfactory principle, embracing both the preceding

cases, as simple results of his general expression. It is founded upon the supposition that

a small canal ORS, fig. 21, of any form whatever, passing through the spheroid, and

terminating at any points of its surface O, S, is in equilibrium, independently of the other

parts of the spheroid. For if we suppose, as in [1563c], that all parts of the spheroid
become solid, except those in the canal ORS, it will be evident that the fluid, in this

canal, must be in equilibrium, independently of the rest. Now this could not happen, unless

51

[1563A]

[1563i]

[1563k]

[1563Z]

[1563m]

[1563n]

[1563o]

Clairaut's

principle
of equi-
librium.
First

form.

[1563p]

[1563*?]
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which' satisfies the equilibrium of a homogeneous fluid mass endowed with

the efforts of the part OR to move towards S, should be equal to those of the part SR
to move towards O. This principle evidently embraces that of Newton, supposing the canal

ORS to be formed of the two cylindric branches

[1563r] PC, EC, passing through the centre C, as in fig. 20.

It also includes the principle of Huygens, supposing

the arbitrary canal to be placed along the surface of

the spheroid F'G'g'D fig.
21. For this canal

must, like all the others, be in equilibrium. But this

can happen only in two ways. First, because the

direction of gravity at each point G' is perpendicular

[1563s] to the direction G'^ of the canal
; or, secondly,

because a part F'G, tending to move towards D', is

balanced by the other part D'G', tending to move

towards F'. Now this second condition must be rejected ; for as there is no limit in the

length of the canal, it is necessary that any part of it, as F'G', should, of itself, be in

equilibrium, as well as the whole of it F'G'U
;

but this could not happen if F'G'iy had

[1563i] been in equilibrium, in consequence of the equality of the opposite pressures of F'G'

and DG'.

Another
form of
Clairaut's

This principle of Clairaut may be more generally expressed by the condition, that all the

pressures of the fluid, in any oval or re-entering curve, of any figure whatever, and taken in

principle.

^^^ ^^^^ ^j- ^^^ sphcroid, mutually destroy each other. Thus, if ITLK be such a canal,

[1563u] and we suppose, as in [1563c], that all the spheroid become solid, except this canal; it is

evident, that if the whole fluid be in equilibrium, the canal must also be in equilibrium, after

the rest has become solid
; so that if we take, at pleasure, any two points /, L, in the canal,

[1563r] the pressures of the two parts IKL, ITL, against each other, must be equal ;
otherwise

there would be a perpetual current in the canal. This result would also follow from the first

supposition [1563p], of the equilibrium of a canal, which connects any two parts of the

surface of the fluid
;

for if we suppose two canals IF, LG, to proceed, from the points /, L,

of the canal, to the points F, G, at the surface, we shall find, from the first principle [1 563p'],

[I562w] that all parts of the canal FITLG, or of the canal FIKLG, will be in equilibrium.

Now these two canals have the parts FI, G L, which are common ;
and if the pressures

of both these parts be taken away from each of them, there will remain the two parts ITL,

IKL, of the oval canal ITLK I, whose pressures mutually balance each other.

fhe w'n-'^
In estimating the forces which act upon the particles of a fluid mass, which has a rotatory

force*.* motion about an axis, it is necessary to notice the action of the centrifugal force. Thus if

[1563a;] we suppose the spheroid to revolve uniformly about an axis, passing through the point C,

perpendicular to the plane of the figure 22, so that a particle of fluid, which is at M at the
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a rotatory motion, and we shall give a rigorous solution of this problem. [1563"]

commencement of the motion, may be at m at the end of the time dt, and at jx at the end

of the time 2dt, he. ; we ought to have, in the case of a figure of equilibrium,

and if we continue Mm to n, making 'mn= Min, it is evident,

that if the particle which moved from Jf to m in the first instant,

were left to itself, it would move in the second instant to n. But the

actions of gravity, pressure, and the centrifugal force, would make it

describe the space n f* ;
therefore the resultant of these forces

would make it describe the space m f*, and by this means preserve

the figure of equilibrium. In computing the figure of the surface of

equilibrium, we may, for the simplicity of calculation, suppose that

the body has no rotatory motion ;
but we must, in this case, in estimating the forces, which

act on the flluid, take into consideration the centrifugal force arising from this motion.

According to Clairaut's principle of equilibrium [I563p], if an oval or re-entering curve

be drawn through two given points /, L, fig. 23, of the

spheroid PC(^; the pressures, at these two points of the

canal, will be the same, whatever be the form of the canal.

Therefore the pressure in the canal ITL, at the points

/, L, will be the same, as in any other canal IKL,
passing through the same points /, L. Hence we may

easily obtain an analytical expression of this principle of

equilibrium. For if we refer the points of space to three

rectangular axes x, y, z', we may take x, y, z, for the co-ordinates of any point T fig.
23 of

the canal ITL; x', y', z', for those of the first point /; and x", i/', z", for those of the

last point L ;
the forces acting on any intermediate point T, from the mutual attraction of

the particles of the fluid, the centrifugal force, and the action of foreign bodies, being

represented, as in [1563'"], by P, Q, R, parallel to the ordinates x, y, z, and tending to

decrease them respectively. The diameter of the canal being supposed constant, but

infinitely small, and its length represented by s, we shall have the element Tt= ds. Then

the force P, in the direction d a?, parallel to the axis x, may be resolved into two forces, the

one perpendicular to the side of the canal, which is destroyed by its reaction, and the other

in the direction of the element d s, which will evidently be represented by P-J-^ as in

note 34a. In like manner, the forces % R, in the directions dy, dz, will produce the

forces Q-i-'f R'l-i in the direction of the element of the canal Tt. The^ as as

p
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Let a, 6, c, be the rectangular co-ordinates of any point of the surface of

on each particle of that element. If the density of the fluid, at the point T, be represented

by p, p being a function of x, y, z, the number of particles in the element T t, will be

proportional to p.ds; and if we multiply this by the preceding expression of the force,

C d X dv d z '^

[1563^]
the product p.ds.jP.

— + q.-^-{-R.— \^,
or p.{P.dx-\-q.dy-{-R.dz],

will represent dp, the increment of the pressure p, corresponding to the element Tt ; so

that we shall have

[1563,] dp = p.{P.dx~[-q.dy-i-R.dz\;

and the integral being taken from the point I to the point L, will give p, the variation of

pressure corresponding to the whole canal IL.

The quantities P, Q, R, p,
are functions of x, y, z

;
and if the form of the canal were

known, so that y, z, and therefore
p,

could be expressed in terms of x, tlie second member

[1563^] of [1563;?] would become a function of x only ;
in which case the integration relative to x,

would be possible, and we should have p z=.f{x) -J- const. ; f{oc) representing a function

of X. Taking the constant quantity equal to —
f{^')} so as to make p vanish when

X= x', we should finally get, at the other limit, where x = ac", p:=:f(^x")
—

f{x') ;

or as it may be expressed, more symmetrically, p =f{xf',y",z")
—

f{x',y[,sf). Now
Clairaut's theorem requires, that the value of p should be given, in this form, whatever be the

[1563i] figure of the canal IL
; leaving «, y, z, perfectly arbitrary ;

and it is evident, from a little

consideration, that this is impossible, unless the second member of [1563«],

[1563*] p.\P.dx-{-q.dy-{-R.dz],

Clairaut's
^^ iutegrablc of itself, without assigning any relation between the co-ordinates x, y, z.

expressed
Hcnce wc finally perceive, that Clairaufs principle, expressed in an analytical form is

caUy^" nothing more than that the quantity P .\P . d x-\- q. dy-\- R . d z\, should be an exact

[1563X] differential, as it is defined in note 13e, page 10, Vol. I
;
and this is the same as the condition

of equilibrium given by La Place in [133, &ic.] Therefore the forces P, Q, R, must be

[1563X'] such that they will satisfy the condition of integrability [135], otherwise the equilibrium will be

impossible.

Now it has been observed in note 13/*, page 10, Vol. I ; and it will be proved hereafter

[1616''"'], in a more full and satisfactory manner, that all the forces acting on the fluid,

arising from the mutual attraction of the particles, the centrifugal force, and the action of

foreign bodies, will render the quantity P.dx-\-q.dy-{-R.dz an exact differential,

which may be represented, as in [137"], by dcp. Then the expression [1563jj] will become

[1563a] dp = p .d(p, as in [137'"] ;
and as the second member of this equation must be an exact

differentia], by Clairaut's principle [1563X], it follows, as in [137'"
—

138], that p must be a

function of p. Now in a spheroid PESQ, fig. 24, composed of fluids of various densities,

the heavier parts will subside, and when the whole has attained its state of equilibrium, the
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this mass ;
and P, Q, R, the forces which act upon it, in directions parallel [1563"]

particles having the same density p,
will form a level surface, or stratum [138'], extending [l5Q3y]

around the whole body, as P' T U'E'S' Q'; and in proceeding from any point T' to

another infinitely near point U' of this level surface,

we shall have <Z p
=

;
and as p is a function

of p [1563,a], we shall also have, for any point of X ^J^-—^ . N. [1563|]

the surface of this stratum, dp=0. Substituting

this in [1563>?], and dividing by p,
we shall get,

0=:P.dx-\-Q^.dy~\-R.dz; the elements

dx^ dy, d z, being supposed to correspond to

this surface. From this equation we find, as in

note 64, page 93, Vol. I, that the resultant of the

forces P, Q, R, must be perpendicular to this

level surface P' E' S' ^', as has been stated

by the author in [138']. This is also evident from

the consideration that if this resultant were not

perpendicular to the surface, the fluid of that surface would descend towards the lowest place.

If the fluid be homogeneous, and its density p= 1, the expression [1563»j] will become

dp==P.dx-{-Q^.dy-{-R.dz'f and by Clairaut's principle [1563X], the second [1561V]

member P.dx-\-Q^.dy-{-R.dz, must be an exact differential, when the fluid is in

equilibrium. Upon the exterior surface of this fluid, where dp = 0, the preceding

equation becomes 0=P.dx-{-Q.dy-\-R.dz ;
from which it follows, as in note 64,

page 93, Vol. I, that the resultant of the forces P, Q, R, must be perpendicular to this
[l563p]

surface, and it ought also to be directed, as in [138'", 133*''], towards the inner part of

the fluid.

In computing the forces P, Q, R, which act upon any point I, fig. 24, of the interior part

of a homogeneous fluid spheroid, the attraction of the whole spheroid is to be taken into
[15639-]

account, together with the centrifugal force, and the attraction of foreign bodies. Then from

what has been said [1563>}, &;c.], it appears, that if with these values of P, Q, R, the

expression P .dx-\- (^. dy -\- R . dz become an exact differential, the pressure at the

point /, in any oval canal ITL KI, will be equal and in opposite directions, whatever be

the direction of the canal
; so that the fluid, at that point /, will remain in equilibrium ;

because the pressures, in opposite directions, will mutually balance each other. Moreover,

if at any point of the surface of the fluid, the resultant of all the forces be perpendicular to [1563t]

the surface at that point, and directed inwards, that point will be in equilibrium. These

principles seem plain and satisfactory, and they were used by mathematicians, during nearly

a century, without any objection being made to them, and there was no doubt, in the mind of

any one, that they comprised all the conditions necessary to the equilibrium of a fluid. But

in the paper, published in the Transactions of the Royal Society of London, for the year

52
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to these co-ordinates, these forces being supposed to tend to decrease the

1824, which is spoken of at the commencement of this note, another condition is proposed,

[I563w] by Mr. Ivory, namely, that
"
every particle placed within a stratum bounded by two level

surfaces, should be in equilibrium by the attraction of that stratum— or that every stratum of

the exterior matter should be possessed of such a figure, as to attract all particles, in the

inside, with equal force in opposite directions."

To illustrate this, we shall suppose P E S
Q^, P'E' S'Q^, fig. 24, to be level surfaces,

within which is situated the re-entering canal ITLK, of an infinitely small and constant

[I563(p] diameter, like that in the preceding figures. Putting m for the internal mass F' E' S' <^,

and Mhx the mass included between the level surfaces PE S Q^, P' E' S' Q', we shall

have M'\-m for the whole massof the spheroid. Then according to Clairaut's principle

[1563m], the pressure at any point / of this canal, arising from foreign attractions, the

centrifugal force, and the attraction of the whole mass M-\-m, would exactly balance each

other, and this principle is expressed analytically, by means of the formulas [1563X, &;c.]

Now it would seem as if nothing more than this were requisite ;
all the forces, which act upon

the point I, are taken into the calculation, and they are found to balance each other. Mr.

Ivory however requires, in addition to this, that the attraction of the mass M, upon any point

[1563x] of the canal I, should be equal, in opposite directions
;

but the reasons he has given, in

support of this new condition of equilibrium, have been generally considered unsatisfactory

by mathematicians ;
and several papers have been published on the subject, in the Connoisance

des Tems, Annales de Chimie et de Physique, The Philosophical Magazine, he, by Mr.

Poisson, Mr. Airy, Mr. Ivory, Sic.

[15634,]
Mr. Poisson has pointed out several examples, in which this new principle, when carried to

its full extent, would lead to an erroneous result
;
and it is by such simple examples that the

accuracy or inaccuracy of such a theory is most easily tested, without going into an elaborate

examination of the subject, which becomes unnecessary if it can be shown to fail in one or

two common cases. We shall here mention one of these examples, in which a homogeneous

fluid mass PE' SQ^=m, revolving

about its axis PS, in the same time

as the earth, assumes the form of an

ellipsoid of revolution [1574'], in

equilibrium ;
the polar axis being to

the equatorial, nearly as 230 to 231,

[156.3w] as will be seen hereafter [J 592"]. Now if this mass be surrounded by a stratum M of the

same fluid, revolving about the same axis, with the same angular velocity, so as to form the

ellipsoid PE S
Q^, in which the ratio of the polar axis PS, is to the equatorial E% as

1 to 680 nearly ;
the whole mass P E SQ^= M-{- m, will also be in equilibrium, as Mr.

Ivory himself admits, and as we shall hereafter see, [1603"]. In this case, by the addition of

the mass M, included between the two surfaces PE'S^, PESQ^, we form a new
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co-ordinates. It follows, from § 34 of the first book, [323], that to [i563""]

ellipsoid
PE S

Q^,
in equilibrium, without disturbing the equilibrium of the particles of [1564a]

the ellipsoid P E' S ^ ; although the action of the stratum M, upon any particle of m,

must evidently be very powerful, instead of mutually balancing each other, as Mr. Ivory's

principle requires. This is evident from the mere inspection of the figure 25, since a particle

situated in the axis C P, near the point P, must be drawn downwards towards the point C,

by the action of the mass M ; and the increase of the attraction in the canal C P, will be

so great as to balance the pressure in the very long canal CQ, instead of merely balancing

that in the canal OQ', which is nearly equal to C P. It is not necessary, for the present

purpose, to compute the exact amount of this force ; though it might easily be done, by

taking the difference of the values of A, corresponding to these two ellipsoids, by means of
[15646]

the first of the formulas [1385]. We shall, in [1570r], give another of the excepted cases

mentioned by Mr. Poisson.

In addition to these, I shall give the following extremely simple case, in which the rule of

Mr. Ivory is defective. This consists in supposing the fluid P' E' S' Q^ =Tn, fig. 26, to

be a homogeneous sphere, whose centre is C, at rest, and in equilibrium ; it being very [1564c]

evident that the arguments of Mr. Ivory ought to apply to this extreme case, in which there

is no rotatory motion, as well as to the more complex case, in which the rotation is finite.

Then if this sphere be covered by a stratum M of the same fluid, included between the

surfaces PESq, FE'S'q, so as to form

a homogeneous spherical mass

PESq = M-{-m,

whose centre is C
; this whole mass will be in

equilibrium, and the addition of this stratum M
will not disturb the equilibrium of the internal

sphere P E' S' (^. Moreover, it is evident

that the attraction of the stratum M, upon any

particle of the internal sphere m, is not balanced

in ever}' direction, as Mr. Ivory's principle would

require ; but on the contrary, the attraction of

this stratum, upon any point D of this sphere,

produces a force, in a direction parallel to the

line C'C, joining the centres of the two spheres; and equal to the action of a sphere,
described about the centre C, with the radius CC, upon the point C of its surface. For
the density of the sphere being put equal to unity, the attraction of the sphere PE S Q,

upon the internal point D, is equal to ^-^r.D^C [1430/], in the direction DC. This [I564c]

may be resolved into two forces, represented by f -r . C'C, | t . DC, in the directions

parallel to the lines C'C, DC, respectively. The second of these forces, ^-it.DC,
is equal to the action of the sphere F E' S' Q', upon the same point D [1430Z], therefore

[156id]
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maintain the equilibrium of the mass, it is only necessary we should have,

the other force ^it .C'C, will represent the difference of the actions of the two spheres ;

or, in other words, the action of the stratum M; and this is equal to the action of a sphere,

of the radius CC, upon a point C of its surface [1430Z], as was stated above.

[1564/] If we suppose the mass m to be denser than M, the fluid JIf will not remain in equilibrium,

until it has attained, at its surface, a spherical form, concentrical with that of the mass m. If we

suppose, for the sake of simplicity, that the density of the mass m is double that of M; we may

put m=^2m\ and may consider the attraction of the whole mass m-\-M to be equivalent

[156%] to the action of two spheres ; the one P E SQ^= M-\~ m', whose centre is C
;
and the

other P'E'S'^=:m', whose centre is C. The attraction of the sphere PESQ^, towards

the centre 0, is perpendicular to the surface PESQ^ ; but this action is disturbed by the

attraction of the sphere P'E'S'^ = m,', towards the centre C
;

in consequence of

this, the mass M will, by Clairaut's principle [1563p], not remain in equilibrium; but will

[1564A] move until it has attained, at its external surface, a spherical form, concentrical with the inner

sphere. Finally it is evident, that in these cases, the principles furnished by Clairaut's

method, afford all the necessary data for the determination of the equilibrium, without having

recourse to the new, and sometimes contradictory, principle, mentioned in [15G3t/].

The pressure acquired in proceeding along any part of the surface of the body P'E' S'Q^',

may be very much altered, by surrounding it with the stratum M
;
and on this subject, as it

has been much discussed between Mr. Poisson and Mr. Ivory, we shall make a few remarks,

[I564i] referring to fig. 26, in which the surfaces are supposed to be spherical ; observing that the

same reasoning will apply to other surfaces. We shall suppose an oval or re-entering canal

ABbaA, of an infinitely small and equal diameter, to be drawn, so that the parts A B,

ab, may be on the surfaces PESQ, P' E' S' Q', respectively ;
and the legs Aa, Bb,

perpendicular to the surface P' E' S' Q'. We shall put T for the pressure acquired along

[1564A;]
the part A B, from A towards B ;

6 -{-S for the pressure acquired in the part a b, in

proceeding from a towards b, 6 being the similar pressure in the same canal, before it was

surrounded by the stratum M', p for the pressure acquired in proceeding from A to a, along

the canal A a
; lastly q the pressure in proceeding from B to b, along the canal Bb. The

effort of the fluid Aab, to rise in the branch b B, is equal to ^ + ^ + />,
and the

contrary effort of the fluid ABb, to penetrate into the canal ha, is T-{-q', and

since, by Clairaut's principle, [1563m], the fluid must be at rest, these two forces must

[1564Z] destroy each other, and we shall have 6 -\- 8 -\-p
= T-\-q. Now the mass P' E' S' Q',

before it was enveloped by the stratum M, was in equilibrium ; therefore the resultant of all

the forces, which then acted on any point of ab, must have been perpendicular to this curve
;

consequently the force in the direction of the curve must have been nothing, that is ^= 0.

In like manner, after the envelopment, the whole mass PE S Q^ will be in equilibrium,

[1564m]
and we shall have T= 0. Substituting these values of 6, T, in the preceding equation,

we shall get ^-\-p= q, or , .6 == j
—

p, in which 5 represents the increment of the
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pressure, acquired along the canal a&, in proceeding from a to h, after this canal is enveloped

by the stratum M, and arising from the action of that stratum. This pressure is balanced by

the difference q
— p of the pressures, at the two extremities 6, a, of the canal ab.

In the preceding example, tlie value of 5

may also be estimated very simply, by supposing

two canals, a ^, h B\ to be formed on the

continuation of the lines Ca^ Ch, and then

connecting these canals by a circular branch

a 6', whose centre is C, and radius Ca=C6'.

In this case, the pressures in the canals A'a,

B'b', at the points a, b', are evidently equal to

p ; and the pressure at the point 6, in the

canal B'b'b, is equal to q; the difference of

these pressures, q
—

p, or 5, is the same

as is acquired in the canal b'b, in proceeding

directly towards the centre of attraction C,

through the space b'b
;
which is easily ascertained, because it depends on the attraction of

the sphere whose centre is C.

We may finally remark, that the surface F E' S' Q^, which is a level surface before the

addition of the mass M, ceases to be so after that addition. This is evident, because in the

first case the attraction of the mass P' E' S' ^ is in the direction towards the centre C,

perpendicular to the surface ;
and in the second case it is towards the centre C, in an oblique

direction relative to the same surface.

*
(

1 OS 1
) By formula [323], we have = 6 V+ n^ . {y 8 y-}- z 8 z), in which

6V=P.Sx+ q.8y-]-R.8z [295'], and n^ .{ySy -\-zdz) [322'] is the product

of the centrifugal force by the element of its direction, all these forces being supposed to tend

to increase the co-ordinates [295a] ;
and as the forces P, Q, jR, [1563'"], are supposed to

tend to decrease the co-ordinates, we must change the signs of P, Q, R. If we also write

a, b, c, respectively for x, y, z, to conform to the notation of this article, the equation [1 564p]

will become 0=— P. 8 a— Q.56— R.8c-{-n^ .{b8b-\-c8c), or

0=P.da-!r{q— n^b).db-i-{R^n^c).dc;

which is the same as [1564], supposing the terms b,
— n^c, arising from the

centrifugal force, to be included in Q, R, [1564']. The rotatory velocity, at the distance 1

from the centre, is n [320'] ;
the centrifugal force g [54'], at that distance, is equal to the

square of the velocity divided by the distance, which gives n^=g, hence [1564r] becomes

= P .da -\- ( Q—gb) .db-{- {R—gc).dc ; therefore the effect of the centrifugal

force is to decrease Q, R, by gb, g c, respectively.

53

[1564n]

[1564o]

[1564^]

[1564^]

[1564r]

[1564a]

[1564<]

[1564u]
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[1564'] taking care to include the centrifugal force, arising from the rotatory motion,

in estimating the values of the forces P, Q, R.

To compute these forces, we shall suppose the figure of the fluid mass to

[1564"] be an ellipsoid of revolution, whose axis of rotation is the axis of revolution.

If the forces P, Q, R, which result from this hypothesis, be substituted in

[1564'"]
the preceding equation of equilibrium, and the result should become the

differential equation of the ellipsoid, the preceding hypothesis would be

legitimate, and the elliptical figure would satisfy the equilibrium of the

fluid mass.

[1564""] Supposing the axis of a to be the axis of revolution, the equation of the

Ellipsoid surface of the ellipsoid will be of this form,*
of revo-

lution.

[1565] a^ ~{- m . (b^ -{- c^)
= k^

;

[1565'] the origin of the co-ordinates «, 6, c, being at the centre of the ellipsoid

[1565"] [13636], k will be the semi-axis of revolution ; and if we put Mfor the mass

of the ellipsoid, we shall get, by [1369a],t

[1566] ilf=___;

• • 1^~" Wl

[1566'] p being the density of the fluid. If we put, as in [1377], =
x^, we

shall have

[1566"] m =
^^2;

Mass
of the

ellipsoid.

[1567]

therefore,

M=i^.A:\n+>^').

*
(1082) The equation of the ellipsoid [1363], changing x, y, z, into a, h, c, as in

[1565a] [15645^], becomes a^ -{- m l^ -\- n c^ = k^
;

the three semi-axes [1363"], parallel to the

it k
[15656] co-ordinates a, h. c, being k, -—, —

-, respectively : hence, from [1564""], A; must
ym yn

be the semi-axis of revolution, and m= n. If we use the value of m [156G"], the

[1565c] equatorial semi-axis will be k .s/{\-\->?). Substituting m=n in the preceding equation

of the ellipsoid, it becomes as in [1565]. We may remark, that the symbol n in this note

differs wholly from that used in notes 1081, 1086.

f (1084) IVIultiplying the mass of the ellipsoid [1369a] by the density p, we get [1566] ;

and by using m [1566"], it becomes as in [1567].
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From this equation, we may determine k when x is known. Now if we put

J' _ l!^L±23 . jx
- arc. tang. x| ;

F=i^.Kl + ^^).arc.tang.x-x};

[1568]

2X3

we shall obtain, from [1385], by noticing only the attraction of the fluid

P = A.a', Q = B'.h; R=:B'.c. [1569]

mass,*

If we put g for the centrifugal force, at the distance 1 from the axis of [1569^

rotation ;
this force, at the distance \/b^-\-(? from the same axis, will be

g . ^^2_|_^. Resolving this in directions parallel to the axes 6, c, it will

produce, in Q, the term — gh,\ and in J?, the term —gc ;
we shall [1569"]

thus have, by noticing all the forces which act upon the particles of the

surface,
ForcGs«

P^A,a', Q:=(B'-g).b; R = (B'-g).c; ^1570]

therefore the preceding equation of equilibrium [1564] will become, J

*
(1085) Substituting M [1567] in [1385], and using the abridged expressions [1568],

the quantities A, B, C, [1385], representing the attractions of the spheroid in the directions

parallel to a, b, c, will become respectively equal to the values of P, Q, i?, [1569].

f (1086) The distance of a point of the surface whose co-ordinates are a, b, c, from the

axis of a, is equal to \/{b^ -}- (?). The rotatory velocity of this point is therefore [322'] [1569a]

n.\/[b^ -\- (?), and the centrifugal force [54'] being represented by the square of this

velocity, divided by its distance from the axis \/(i^+ c2),
will be, as above, [1564<],

n^ .\/{b^ -\- c^)=g .\/{b^ -\- (?). This centrifugal force, in the direction of the radius
[156961

V/(6* + c^), and tending to increase it, may be resolved, as in [138a], into two forces, gb,

g c, parallel to the ordinates b, c, respectively, and tending to increase them ; but as all the
[1569c]

forces are supposed in [1563""] to tend to decrease the co-ordinates, we must, to conform to

the present notation, change the signs of these quantities, and they will become —
gb,—

gc, as in [1569"]. Connecting these with the other parts of Q, R, [1569], we obtain
'• '

the expressions [1570], These results are the same as those found in [1564^?
—

u], in a

somewhat different manner.

t (1087) Substituting P, Q, R, [1570] in [1564], and dividing by A', we get [1571].
Half the differential of [1565], is 0=:ada-{-m.{bdb-}-cdc), and by using the [1569«]
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[1571] = ada-i- ^^'/K {bdb + cdcl.

[1571'] Substituting for «i, its value rTTi' [l^^^"] in the differential equation

[1570a] value of m [1566"], it becomes as in [1572]. This is identical witli [1571], putting

———=
;

which is easily reduced to the form [1573].

If the particles of a homogeneous fluid mass M have a rotatory motion about the axis of x,

[15706] and a mutual attraction in the direct ratio of the distance, it will be easy to prove that the

form of the external surface of the fluid, determined by the equation of equilibrium [1564],

will necessarily become of the same form as in [1571], and will therefore be an ellipsoid of

revolution. For by using the same notation as in [1346, 1356'''], we shall find that the

[1570c] attraction of the particle d M, upon a point whose co-ordinates are a, b, c, will thus be

represented by dM.r; r being the distance of the particle from the attracted point

[1356'^]. Resolving this force, in directions parallel to the axes x, y, z, tliey will become

respectively, [1355&],

[1570rf] dM.{a— x), dM.(b— y), dM.{c—z).

The integrals of these expressions, corresponding to the whole mass M, will represent the

quantities which are named A, B, C, [1347']. Hence

A=fdM.{a— x) = a.fdM—fx.dM= Ma—fx.dM.
Now if we suppose the origin of the co-ordinates to be at the centre of gravity of the fluid,

we shall have, as in [2 1 6], fx.dM=0, fy.dM=0, fz.dM=Q; hence

the preceding integrals will become,

[1570e] A — Ma, B= Mb, C= Mc.

Let R be the value of r, corresponding to a mass M collected in a single point at the centre

[1570/^ of gravity of the fluid, where x^O, y= 0, z=0; then we shall get, from [135 5e],

jR2 __ q2 _j_ ^2 _j_ g2^ 'pjjg attraction of the concentrated mass M, upon the point whose

co-ordinates are a, b, c, will, in this hypothesis, be represented by M.R; and if this be

resolved, in the directions parallel to the axes x, y, z, it will evidently produce the forces

of a Ma, Mb, Mc, respectively ; being the same as were found in [1570e], for the whole

rect'ratio sphcroid. Hcncc it appears, that in this law of attraction, the force is wholly independent of

dtatance
;

the form of the spheroid ;
and in computing the attraction, either on an internal or external

[1570g'] point, we may suppose the whole mass to be collected at the centre ofgravity of the spheroid.

To the two last of the forces, B, C, [1570e], we must add the terms —
gb,

—
gc,

[1569"], depending on the centrifugal force, and we shall obtain the whole forces P, Q, R,

[1563"'], acting on the attracted particle,

[1570A] P=Ma, q^{M—g).b, R= {M—g).c.
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of the surface of the ellipsoid [1565], it becomes,

hdh -\-cdcQ^= ada-\-
14-X2

[1572]

Substituting these in the equation of equilibrium [1664], then dividing by ^M, and putting

M—g
for brevity m= '

M we shall get 2ada-{-m.{2bdb-\-2cdc)= 0, whose

being the same as

[1570i]

[1570ife]

in this

case the
flaid mass
is an

ellipsoid
of revo-
lution.

integral, using the constant quantity k^, is a^ -\- m . {b^ -]- <P)
^=: J(^

j

the equation of an ellipsoid of revolution [1565]. Now if M and g be given, we shall have

M— fifm= ———
,

and then k may be computed from [1566], P being unity. Therefore the

k

polar semi-axis k, and the equatorial semi-axis —
[15656], will be determined, and the

exact form of the body will be known. From what has been said, it is evident, that the

external figure of this revolving homogeneous fluid, must necessarily be an ellipsoid of

revolution, to the exclusion of all other forms ;
and in this particular the demonstration differs

wholly from that in [1564", &;c.] For in this last case, it is assumed^ that the figure is an

ellipsoid, and the attractions are then computed for this assumed form, by the common theory

of gravity ; and it is found, in [1571, 1572], that the equation of equilibrium can be satisfied,

with this form
;

but it is not proved that this is the only figure which can satisfy that equation,

in the usual law of attraction.

We may remark that if M<Cg, the value of \/m [1570«] will become imaginary,
k

as well as the equatorial semi-axis —
[1 570Z] ; and it is evident, without any calculation, [15700]

that this ought to be the case
; because when the centrifugal force g exceeds the gravity M,

the fluid will be dissipated. If M=gj we shall have m=0 [1570i], and the

k

equatorial semi-axis — = oo
; therefore the spheroid will then be infinitely flattened. If

the mass M be considered as infinitely great, in comparison with the centrifugal force g, we

[1570ri

[1570m]

[1570n]

[1570p]

shall have m= I, and the equatorial semi-axis —
y/wi

will become equal to the polar

semi-axis
; that is, the spheroid will change into a sphere.

In this law of attraction, if we suppose the ellipsoid

pesq, whose mass is m, to be in a state of equilibrium,

while revolving about the axis PpCs S; and then

add to it the stratum M, having the same centre of

gravity C, and the same angular velocity, about the

same axis PCS; so as that the whole mass may form

another ellipsoid PE SQ^^m-{-M, which may
also be in a state of equilibrium ; the attraction of the

stratum M, upon any particle of the fluid, will be

equal to the difierence of the attractions of these two

54

[1570g]
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Comparing this with the preceding equation, we shall get,

[1573] (l+X').(B'—g)=A\ (I)

^
[15731 If we substitute in this the values of A', B', [1568], and put ^ =q.
Equation 7 '"'

P
for the I 11 /• i jt

determina- WC Shall Iind,*
tionof

^
^ 9X+ 2/7.X3

[1574]
=

—g^:r^2
arc. tang. X

; (2)

therefore, if we determine x by this equation, which is independent of the

[15741 co-ordinates a, b, c, we maj make the equation of equilibrium [1571]
coincide with that of the surface of the ellipsoid [1572]. Hence it follows,

that the elliptical figure satisfies the equilibrium, unless the rotatory motion

[1574"]
be such that the value of x^ is imaginary, or negative and equal to, or greater

than, unity.f The case of x^ being imaginary, gives an imaginary solid
;

ellipsoids ;
and it will therefore be the same as the action of the mass M, concentrated at the

[1570r] point C. This is evident, from what has been proved in [1570g] ;
and it is directly contrary

to the new principle of equilibrium, proposed by IVlr. Ivory, [ISGS**], which would require

that the action of the stratum M, upon any particle of the body m, should be wholly balanced,

in equat-and- opposite directions.

[1571a] *(1088) Substituting in [1573], the values .^', B', [1568], and putting ^= |*p.5',

[1573'], it becomes,

[15715] (1 + X2}.^^^.[(l
+ X2).arcaang.x—X]-|*p.^^

=
i^y::^^fX-arc.tang.X^

_ , 2rp.(l+X2) .
,

Dividmg this by
——

,
it becomes,

^
3 . [(

1 + X2) . arc. tang. X— X]
— 2 ^ . X^}

= 6 .
f
X— arc. tang. X

\
.

Transposing the terms of the first member, and dividing by 9 -}- 3X^, we obtain [1574].

[1571c] It may be observed, that as^ and p are positive, q must also be positive, [1573'].

ri574al t (1089) The semi-axis of revolution is k, and that of the equator k .\/{l -\-X^),

[15656, c], which are both real, while X^ has any positive value, from to od, or negative

value, from to — 1. In the first case the equatorial diameter will be the greatest, or the

[15746] spheroid oblate
;

in the second case, the equatorial diameter will be the least, or the ellipsoid

prolate. In the case of the prolate ellipsoid, we may put X^^— e^, e^ being a positive

ri574cl qu^nti^^y > the semi-axis of revolution being k, that of the equator will be k.^{l— e^) ;

the excentricity corresponding will be ke [37Se, w], and the excentricity, divided by
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>?=— 1 corresponds to a paraboloid ;
and if >? be negative and greater [1574*]

than unity, it will be an hyperboloid.

19. If we put p for the force of gravity at the surface of the ellipsoid, [1574""]

we shall have,*

p = i^/W^f^~fW. [1575]

Within the ellipsoid, the forces P, Q, i?, are proportional to the co-ordinates, [1575']

a, b, c; for we have seen in ^ 3, [1379, 13796], that the attractions of the

ellipsoid, parallel to these co-ordinates, are respectively proportional to them
;

and the same takes place with the centrifugal force, resolved in directions [1575"]

parallel to the same co-ordinates. Hence it follows, that the gravities, at

the different points of the radius, drawn from the centre of the ellipsoid to

its surface, are in parallel directions, and are proportional to the distances [1575"^

the semi-axis k, will be represented by e, as in [377"]. But from [3786], we see that
[I574d]

e<]l corresponds to an ellipsis ;
e=l to a parabola ; and e^l to an hyperbola ;

and as X^=— e^, it follows that when X^ is negative, and independent of its sign is

less, equal to, or greater than, unity, the figure will be an ellipsoid, paraboloid, or hyperboloid, [I574e]

respectively. If X^ be imagbary, e will be imaginary, and the solid will become imaginary,

as in [1574'"].

*
(1090) P, Q, R, [1563'", 1564'] are the forces, acting upon a particle of the surface

of the ellipsoid, in directions parallel to the three axes a, b, c. The resultant of these forces

is, \/(P2+ ^-\-R^) [11'], as in [1575] ; which, by substituting the values of P, Q, R, [1574/]

[1570], becomes as in [1576]. This represents tlie gravity at the surface of the spheroid,

in the point whose co-ordinates are a, b, c, ilie distance of which from the centre of the

spheroid is the radius r= /(a^ -f J^-j-c^). If upon this radius we take a point, whose
[1575a]

distance from the centre is A . r, the co-ordinates of this internal point, will evidently be

A . cf, A . 6, h.c. Therefore by changing a, b, c, respectively into h.a, h.b, h . c, [15756]
in the expressions of the forces [1385, 1569, 1570, 1576], we shall obtain the corresponding
forces for this internal point. Now if we put F, Q', R', p', for the forces at this internal

point, corresponding to P, Q, R, p, at the surface
;

the formulas [1570, 1576], will give

P'= A'.ha; q={B'-~g).hb;

R'= {B'-g).hc; p'
=

V'{'^"' 'h^'a^+ iB' —g)KhK{b'+ c^)}.

^^^^^^

Comparing these with [1 570, 1576], we get P=h.P
; ^= A . Q ; R=h.R',

p'
= h.p', therefore all the forces F, q, R, p, are to P, %Rjp, respectively, as the [1575rf]

radius h.r to r, as in [1575'"].
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from this centre ;
so that if we know the gravity at the surface, we shall

have also the gravity at any point within the spheroid.

Expres-
^^ ^" *^® cxprcssion of p [1575], we substitute the values of P, Q, i2,

gravhy given in the preceding article [1570], we shall get,
P-

[1576] p == ^^'2 a2 4- {B—gf . (62+ c2).

Hence we deduce, by means of the preceding equation [1573],*

[1577] p^A'.i/^a'^-
62+ c2

(l+x2)2-

[1577'] But the equation of the surface of the ellipsoid gives "^ ^
= A;^— a^ ;

therefore we shall have,

[1578]
.

p = ^'..V^^^.

[1578'] a is equal to k at the pole [15656], and it is nothing at the equator ; hence

it follows, that the gravity at the pole is to the gravity at the equator, as

[1578"] \/i-|-x2 is to unity ;t therefore it is in the same ratio as the diameter of

the equator to the polar axis.

[1578'"] Let t be the perpendicular to the surface of the ellipsoid, continued till it

meets the axis of revolution
;
we shall have.

*(1091) Substituting B'—g=7TTZ [1573], in [1576], we get [1577]. If we use

the value of m [1566"], the equation of the ellipsoid [1565] will become

62-4- c2 624,c2
[1577.] „.+_i_= j»; hence 51±_= i._„..

/
jfc2 o2\^

Substituting this in [1577], we get P^^'^'i^^'^THy^) » which, by reduction,

becomes as in [1578].

f (1092) At the pole, where a=A;, [15656], the expression [1578] becomes

[15780] p^^.u.^±§^^A'k;
A'k

and at the equator, where a= 0, it becomes p= . The first of these values
V/(l+ X^)

of jp
is to the second as v/(l + ^^) to 1, or as k.\/{l -{-y^^) to A;j which, by

[15786] [1574a], is as the equatorial diameter to the polar axis.
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Normal of
an ellipsis.

[15791
First

form.

hence

therefore gravity is proportional to t. [1580']

If
-v]^

be the complement of the angle, which t makes with the axis of [ISSOQ

*
(1093) In the annexed figure, the arc DA represents a quadrant of the meridian

of the ellipsoid of revolution, whose plane passes through the attracted point ; the centre of

this ellipsoid is C, the polar semi-axis CD= k,

equatorial semi-axis C A =k . \/{l -^ X^) [1 565c],

P any point of this arc, whose rectangular co-ordinates

are CH=za, HP= h'= \/{}P+c'') ; and

their differentials may he represented by the infinitely

small lines ^9=— da, pq= db', drawn

parallel to CH, HP, respectively; lastly, PG=t
is drawn perpendicular to the arc P p, meeting the

equatorial axis CA in E, and the polar axis DCG in

G. Then we have

^«
p
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revolution ; 4' will be the latitude of the point of the surface under

consideration, and we shall have, by the nature of the ellipsis,*

[1579A] *
(1094) Putting the complement of the angle PGD= ^= angleAEP, we shall

have PH=PG .sin. PG D; or, in symbols, b'= f . cos. -^ ;
and by using the value

[1579i] of PH=BC=b', []579d], we get PH= ^{l-{->P) .\/{k^
—

a^)
= t .cos. ]..

Hence a^= k^ tt-^^ and A;2 4-X^a2=P . (1 +x2) _-_^ .

l-f-x2
' V I y

1-^X2

Multiplying this by 1 -j- X^, the first member will become equal to the value of t^ [1579] ;

[1579A;] hence t^= k^ . (l-{-\^f
— X^ .t^ .cos.^ ^, or (l+X^ . cos-H) • ^^= ^^- (l+^-T

The square root of this gives t [1581] ; and by substituting it in [1580], we get [1582].

We shall here investigate the values of C G, C E, and the sine of the angle C P G,

[1579/] which will be of use hereafter. Substituting the values of PG, PH, [1579/, i], in

GH^= PG^—PH% we get

GH2= (l+X2).(A:2_|_^2^2)_(i_J_x2).(;i;2
—

a2)
=

(l+ X2).{P-fx2ft2_yt2-{-a'2}

=
(1 -I-X2) . {X^a^^a^l = (1 + X2)2 . a%

whose square root is GH= (1 -j- X^) . a, hence

[1579m] CG = Gi3— Cfl'=(14-X2).a— a= X2a;

[15797^ and since (1-|-X2)
=^ [1579a], we shall have GH=-—.CH. If we

change the axis CD into C A, and the contrary, we shall, in like manner, get,

C7)2
[15790] SE=^^-^.CB.

Cw32

ri579ol
^^ ^^ P"* '^'

"^ complement of the angle DC P = angle P C B, and the angle

^' = 4*
—

4''
== angle GP C ; we shall evidently have, in the triangles PHC, PHG,

[1579?] CH.GH:: tang. 4/ : tang. -4 5 hence tang. 4^
= -^ . tang. 4-'

=
(
1+ X^) . tang. 4.',

[1579w] ; therefore,

„ ,, , ,, sin. 4 sin. 4' sin. 4. cos. 4'
— cos. 4. sin. 4'

X** . tang. 4-
= tang. 4^

—
tang. 4-

=
: 77

=
i r>° ^ ° ^ ° ^

cos. 4 COS. 4' COS. 4. cos. 4'

sin. (4
—

4') sin. 6'

COS. 4 • COS. 4' COS. 4 • COS. 4'

[1579r] Multiplying this by cos. 4^ . cos. 4-', we get sin. ^'= X^ . cos. 4> . sin. 4/'. If in this we

neglect X^, we may put 4- = 4^'?
and cos. 4''

• sin. 4-'
= 4 sin. 2 4^' ; hence

sin. d'= ^ X*^ . sin. 2 4^'} or

[1579,1 sin. G P C= ^^-^.sin.2^CP=*.^-^'. sin. 2 DCP,

representing the sine of the angle formed by the radius P C, and the line P G, drawn

perpendicular to the curve at P.
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Second
form.

and by substitutmg for A' its value [1568], we shall find,

_ 4 'T
p

. A: . (1 + X^) . |X
— arc, tang. X^ ^^~

x3.^r+x2.cos.24:
' (3)

[1581]

[1582]

Ebtprea-
sion of

gravity

[1583]

this equation gives the relation between the gravity and the latitude ;
but

we must first determine the constant quantities which it contains.

Let T be the number of seconds in which the fluid mass makes one

revolution about its axis
; then the centrifugal force g, at the distance 1

from the axis of rotation, will be, by § 9 of the first book, equal to ^ ;

*

therefore we shall have,

g 12^2 3^

The radius of curvature of the elliptical meridian isf

(l+X2.C0S.H)^*

hence 4 * p = 12 cr'

[1583Q

[1583"]

[1584]

[1584']

Radius of
curvature
of an

ellipsis.

[1585]

*
(1095) The centrifugal force [54'] is as the square of the velocity, divided by the

radius. Now a point, at the distance 1 from the axis, describes the space 2 * in one

revolution ; therefore its velocity, in one second, is —
;

its square
—

; divided by the [1584a]
Ji *T'

4^2
radius 1

, gives the centrifugal force equal to —
, as above. This is the quantity called

g [1569'], and by substituting it in [1573'], we get the second expression of q [1584].

Multiplying this by -, we get
12 'rS ^

[15846]

f (1096) If in the expression of the radius of curvature r [53c], we change the

co-ordinates y, z, into b', a, respectively, in order to conform to the present notation, we

shall get r= -^
—

. Now from [1579e], we have [1584c]

ds = — da.{k^-^aPx^)K [k^
—

a2)-i ;
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[1585'] Putting therefore c for the length of a degree, in the latitude 4-, we shall

have,*

[1586] Jl+^Lillll^=200.C.
(l-fxa.cos.Hr

This equation, combined with the preceding, gives,

[1587] l^£dlLy::^ = 200.c.jl + x^cos.H!.-^;

hence we shall have,

t^^^J
;?
= 200 . C .

j

1 + X^ COS.Hj . ^
—-—^

'
—

yi"
.

[1588'] Let I be the length of a simple pendulum, v/hich makes one oscillation

and its differential, d s being constant, is

Dividing this by the coefficient of dda, we get

Substituting these values of ds, dda, also dh'=— ada.{k^— a^)~* •
(
1+ X^)* ,

[1584c] [1579(?], in r [1584c], we get r= ~f^'^f'^}
- Putting the two expressions of t

[1579, 1581] equal to each other, we get A;2-|-XV
=

Y^rj^'^n^ > substituting this m

[1584/] [1584e], it becomes r =: — +^)- . the sign of the radical being taken so

(1 + X2 . cos.2 4)2-

as to make the expression positive, as in [1585],

*
(1097) If the radius of the circle of curvature be r, its semi-circumference will be

« . r, corresponding to 200 degrees of the centesimal division of the quadrant ;
hence

flr.r= 200.c. Substituting r [15S4/], it becomes as in [1586]. Multiplying this by

12^
[1587a] 4p=——- [15846], and then by 1

-j-
X^ . cos-^, it becomes as in [1587]; again

^ *

multiplying this last expression by
—^^—

, the first member becomes the same

as the value of p [1583], which will therefore be as in [15S8].
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in a second of time
; then it follows, from § 1 1 of the first book, that*

p = 'j^ A. [1588"]

Comparing these two expressions of p, we obtain,

^= VTITTK^'
• ^^-^ ^^^

This equation, and the equation [1574], will give the values of q and x, by

means of the length / of a pendulum, vibrating in a second of time, and the [1589']

length c of a degree of the meridian, both being observed in the latitude 4-.

Supposing 4"
= 50°, these equations will give,t [1589"]

_ 800. c
, /SOO.c Y . [1590]

^ ^
for the

ellipticity.

^^ = i • 9 + if . r + ^c. ; [15900

we have by observation, as we shall hereafter find,t

*
(1098) To conform to the present notation, we must, in [86], put r= /, g= p, [1588a]

T= 1 second, and it will become 1= tt .( —
j ;

hence p= ir^ .1, as in [1588"].

Putting this equal to the expression [1588], and multiplying by ~t~7i we get q [1589].

t (1099) JMultiplying [1574] by 9 -}-3 X^, and substituting [48] Int.

arc. tang. X = X— J X^ -f &c., [1589a]

weget 0=9x4-2^. X3— (9+3x2). (x—jx3+ ix5—
Sz,c.); dividing by 2X',

we obtain, after reduction, 5= | X2— ^| X"^
-j- he. X^ being very small, if we neglect X^,

we shall have q= ^X^, or X^= ^q nearly. If we retain the term depending on X^,

weshallget X^= ^q -{-^X'^
= ^qJ^^. {^ qf= ^q+ ^q^, as in [1590']. K we

[1589&]

put, as in [1589"], ^= 50°= 45*^, we shall have cos.^ 50° = J. Substituting this,

and the value of arc. tang. X [1589a], in [1589], neglecting q^, or X^, and using

^^= I ? [15896], we shall get, by putting for brevity

' =
</, [1589c]

^ 2400.c.{^x3—iX5-|-&^c.^.{l-f-^X2| ^ SOO.c.fl—| X2 + fccJJjj-^ X^f

= c'.p— fX2+ &c.}. {1+^X2}= c'.n— rV'^'+ &c.|= c'-^Jc'.y + &c.

= c'— J (/
2+ &;c., as in [ 1 590]. [1589rf ]

J (1100) A metre is the ten millionth part of a quadrant of the meridian [2035], and

this is nearly equal to 100 . c ; c being the length of a degree of the meridian in the latitude [I590a]

66
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[1591] c =t 1 00000™^'-
;

I = O'"*'*'
,
741 608.

[1591'] We also have T= 99727" ;* hence we obtain,

[1592] 9 = 0,00344957; 0, 00868767. t

[1592] The ratio of the axis of the equator to that of the pole, being \/ 1 -|- x^ ,

it becomes, in this case, 1 ,00433441 ; therefore these two axes are nearly

[1592"] in the ratio of 231,7 to 230,7, and by what has been said, [1578"],

the force of gravity at the pole, is to that at the equator, in the same ratio.

We shall have the polar semi-axis A;, by means of the equation,

600=45'*, hence c=] 00000™^'-. Putting sin.2^).=J, in the formula [2054], we get

[15906] Z=0, 739502+ 0,002104= 0,741606, being nearly the same as in [1591]. This

requires some correction, for the mistakes in computation mentioned [2039a, 2048a].

*
(ilOl) In a year, which is nearly 365|- days, the earth makes nearly 365|; revolutions

about its axis. Now the solar day is here supposed to be divided into 10 hours, or 100000

[1591a] seconds ; therefore the time of one revolution will be 100000" . -rr^ = 997:^7", as

in [1691'].

100000" . 1^ = 99727",
366i

f (1102) On account of the great importance of these quantities, in determining the figure

of the earth, we shall give the calculation at full length, putting, as m [1589c], c = „g .

Computa-
tion of the

ellipticity
of the
earth.

[15916]

800. c= 80000000 log. 7.9030900
«• log. CO. 9.5028501
I 0.741608 log. CO. 0.1298256
T 99727 log. CO. 5.0011872

T 5.0011872

(^=0.00345255 log.
d log.

4 log.

i.c'2= 0.00000298 log.

7.5381401
7.5381401
9.3979400

4.4742202

q= 0.00344957=c'—i.c'2 [1589rf]

IS
1 jT

5
2"

9

9

1+ X2

V/(1+ X2)

^(1+X2)-1
^(1+ ^^)

V/{1+ X2)_l

5= 0.00344957 log.

q log.
75 log.
14 log. CO

2= 0.00006375 log.

= .00862392

= 0.00868767

= 1.00868767 log.

= 1.00433444 log.
0.00433444 log.

= 231.7 log.

7.53776
7.53776
1.87506

8.85387

5.80445

0.00375672

0.00187836
7.6369330

2.3649453

The values of X^, y, here computed, agree with those in [1592]. We have also found, in

[15920] [15916], that
V/{1+ X2)-1= 1 hence

230.7

231.7
'

^(1^ X2) v/(l+ >-2)

""
231.7

'
»/(l+ X2)

which represents the ratio of the polar to the equatorial
diameter of the earth [1574a] ; as

in £1692"].
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which gives,

k = 6352534"

223

Polar
semi-axis.

[1593]

[1594]

To obtain the attraction of a sphere, of the radius k, and of any density

whatever, we shall observe, that a sphere, whose radius is k, and density p, [1594^

acts upon a point, situated on its surface, with a force equal to f *
p . A;, [1594"]

[1430/] ;
and this, by means of the equation [1583], is equal to

3 .
(
1 + A^) . (a

— arc. tang, a)
;t or p.{l—^\>? + kc.];

or lastly 0,998697 .p; p representing the force of gravity on the parallel

'[1594'"]

1 4- i . X2= 1.00434383 log. 0.0018824
Its half 0.0009412
200. c= 20000000 log. 7.3010300

ff log. CO. 9.5028501
1 -}- X2= 1.00868767 log. co. 9.9962433

k= 6352534 log. 6.8029470

*(1103) Putting cos.2 4.
= i in [1586],

we get ^ [1593] ;
and by substituting the values

of c, X2, [1591, 1592], it becomes, by the

adjoined calculation, as in [1594]. The third

member of [1593] is easily deduced from the

first, by development in a series.

f (11 04) Putting cos.^4/=^ in [1583], we shall get the value of p, corresponding to

the latitude of 50°= 45"* ; and since,

v/(l + x2.cos.H)= /(l + n3)= l+ix3_3VX*+ &c.;

X— arc.tang.X= JX3— |X5-f-|x''
—

&£C.; [1589a],

it will become,

^'•(1+ i^'— irVA'+&^c.) 1+i^^— ^^A4+&tc.

hence

= p.(i-A a2 4- 1 -12 1 i4
&tc.) =p . (1

— 0,001303 4- 0,000015— Sic.)

= 0,9987 12. p [1592];

which represents the attraction of a sphere [1594"], of the radius h, and density p, upon a

point of its surface. This differs from the value 0,998697.;? [1594'"], on account of
1121

the neglect of the term
5600

. X4= 0,00001 5, by the author.

[15926]

ll593al

[15936]
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[1594""] of 50°. Hence it is easy to determine the attractive force of a sphere of any

radius, and of any density, upon a point placed within or without its surface.

20. If the equation [1574] were susceptible of several real roots, there

[1594^] would be several figures of equilibrium, corresponding to the same rotatory

Equation motiou
,*
wc must therefore examine, whether this equation has several real

roots. For this purpose, we shall put,

of the

curve to

determine
the num-
ber of

[I594vi] 9 =
^ ^^;

arc. tang, x
;

figures
'

of equi-
ibrmm.

^^ ^^^^^ ^j^-^ fyjj(.^jQjj ^^ bciug put cqual to nothing, will produce the equation

[1574]. It is evident that if we increase the quantity x, from nothing to infinity,

[I594vii] the expression of 9 will begin and end with a positive value.* Therefore

(1105) Putting the radius of the equator equal to h', the expression q [1573'], may be

[1593c] put under the fornn q= -i 77 ;
in which gl^ [1569'] represents the centrifugal force

of a point, at the distance k' from the axis of rotation ;
and | cr

p
. ^ [1594"] is equal to

the attraction of a sphere, of the radius Ic, upon a point of its surface. Hence we have

the following expression,

Centrifu- Centrifugal force at the equator of a sphere whose radius is V and time of revolution 7" seconds

gal force.

[1594a]

*
Gravity of this sphere upon a point of its surface.

This quantity for the earth is, by [1592], equal to 0,00344957= ^^l-g.,
and is what, in

[327/], is called —
,

n^ being the same as g [1564i], and the quantity g, used in

[327/J, is the expression of the attraction of a sphere upon a point of its surface.

[15946]
*
(1106) The expression g= ^ [1584], which is a positive quantity, may be

T P

made to vary, by a change in the value of p,
or g, and the corresponding values of a^

[1590'], and (p [1594'''], would partake of these changes. When a is very small, we may

substitute in [1594^'], the value arc. tang, a [15S9a], and we shall get,

[1594c] ^='^^l^-x+ ^>?-\x^^ho.=^^^q.xK{l-},x^^hc.)-^x^-\-^c.==^q.x^

nearly. This makes (?
= 0, when a= 0, which is also evident from [1594^'], without

[1594d] reducing it to a series. If a be small and positive, (p=|g'.A3 will be positive. If a=:qo,

9oo+ 2?.oc3 2?
[1594c] arc. tang,

a =: ^ «-, and [1 594"] will become <p
=

^
. ^^ ^ * = — co -f- &c.,

which is positive and infinite, as in [1594''"].
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by supposing a curve to be formed, whose absciss is x, and ordinate <p, this

curve will cut its axis, when x =
;

afterwards the ordinates will be [1594^1"]

positive and increasing. When they have attained their maximum, they will

decrease, and the curve will cut the axis a second time, at a point which will [1594'»]

determine the value of x, corresponding to the state of equilibrium of the

fluid mass. The ordinates will then become negative ;
and since they are

positive when x = oo
,

it is necessary that the curve should cut the axis a [1594'^]

third time, and this point determines a second value of x, which satisfies the

equilibrium.* Hence we see that for a given value of q, or for a given [1594«]

rotatory motion, there are several figures with which the equilibrium may
subsist.

*
(1107) Let A I

fig. 29 be the axis of the positive values of a, ACDFGH the

proposed curve, C the origin, corresponding to ;i=Oj so that for any absciss AB= ^,

the corresponding ordinate is B C= cp', the positive values of (p being taken above the

axis A I, the negative ones below it ;
then tlie curve will cut

the axis in the points where cp^O; which is evidently the

case when a= [1594(f]. For any small values of a, we

have 9= I <^
. A^ [1 594<Z], which is positive ; therefore the

first part of the curve must fall above the axis A I. In the

computation of the figure of the earth [1592], we have found

that a2 = 0,00868767 satisfies the equation [1574], or, in

other words, makes <p
=

[1594"']; tlierefore the curve

must cut the axis at another point /), which is ver}' near to A, corresponding to this value

of A. At the point D the direction of the curve must be towards F, below the axis. For,

[1594/]

A jBi?

by the value of -—
[1595], which is investigated, in the following note, we have

dcp % )? a C 6X2 >

in which the factors 6 a^ .
gr, (3 ^^ _[_ 9)2^ (

j _|_ ;,2)^
^^ positive ; and by substituting in

the other factor the value — =
l5-|-2|lgr-|-&c. [1 598], we shall get.

This factor is negative for the earth, as is evident by using the values of a^, ^, [1592] ;

therefore tlie value of — must be negative at the point I>, hence the direction of the

curve will be downwards towards F, and the values of 9 must become negative. But there

must be a limit in these negative values, because we have seen, in [1594e], that if a= 00,

57
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To determine the number of these figures, we shall observe, that we have

[1595] J Q>?dx.\q.x'^-\-{lOq-Q).>?-^^q\ ^
«'P=

(3^2+9)2.(1+^9)

[1595'] The supposition of <? © == 0, gives,

[1596] = ^.x4 + (10 9— 6).x2+9^.

Hence, by noticing only the positive values of x, we obtain,f

[1597]

=\/h^-i/(:-a)-9.
[1597] From these values of x we can determine the maxima and minima of

SfesTf the ordinate ?. Therefore there are but two such ordi^ites on the
equilibri-

empfoid"
^^^^ ^^ ^^® positive abscisses. Hence it follows, that on this side, the

[1594i] we shall have 9= co and positive ; and in passing from the negative to the positive values

of 9, there must be at least one point G, where the ordinate 9 will be nothing, and the curve

will then again cut the axis, as in [1594^].

*
(1108) Since d . arc. tang, x= , [51] Int. ;

we shall have, for the differential

(l-J-X-i)

nw=>«l c r,.n.vn 7 7 (9+ 3X2). (9+ 6g.X2)— (9X+ 2g.X3).6x rfx ,. .

[159oa] of (p [i594>.j, d(f= dx. '-^
(9 + 3 X^)^

"
f+T^

' ^^^*^^'

by reducing to the same denominator, and connecting similar terms, becomes as in [1595].

f (1109) The maximum and minimum values of 9 are found, as usual, by putting the

expression of d(^ [1595] equal to nothing ; which requires that the factor, given in [1596],

should be equal to nothing. This factor, being divided by q, becomes

a4— 2 . (-— 5y a2+ 9= 0,

a quadratic equation in >?
; hence,

[1596a] a2=?_5±^(-
— sY— 9 V^ ;

and we obtain the two positive values of a [1597], corresponding to the maximum and

minimum values of 9 ;
the maximum being at the upper point C of the branch ACD, the

minimum at the lower point F of the branch D F G. IMoreover, as there are only two

positive values of a [1597] which give a maximum or minimum, there can be only two such

branches
;

therefore after the curve crosses the axis at G, the ordinate 9 must always

increase, till it becomes infinite when a= cd [1594e].
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curve can cut the axis in three points only, including the point of origin ; [1597"]

therefore the number of figures which satisfy the equilibrium is reduced

to two.

The curve on the side of the negative abscisses, is of exactly the same

form as on the side of the positive abscisses, except in the sign of the

co-ordinates ;* therefore it must cut the axis on each side in corresponding [1597 ']

points, equidistant from the origin of the co-ordinates. Hence the negative

values of x, w^hich satisfy the equilibrium, are the same as the positive

values, except in the signs ;
these negative values give the same elliptical [1597""]

figures, since the square only of x enters in the determination of these

figures.f It is therefore unnecessary to consider the curve, on the side of

the negative abscisses.

If we suppose q to be very small, as is the case for the earth, we may

satisfy the equation [1574], in either of the two hypotheses, of x^ being very [i597v-|

small, or very great. In the first case, we shall have, by the preceding
Fomiuia

article [1590']. i^,,,
body is

X2 = |gr + J.5^ + &C. [1598]

nearly

To obtain the value of x^, in the second hypothesis, we shall observe, that

then arc. tang, x differs but very little from \ *, and if we suppose [1598']

arc. tang, x = ^ *— «, [1599]

a will be a very small angle, whose tangent is -
; we shall have,t

*
(1110) If in the value of

<p [1594^'] we write — X for X, and put 9' for the

corresponding value of 9, we shall get, by changing arc. tang. (
—

X) into — arc. tang. X,

,

— 9X— 2g.x3 , ,. , .

^ ~—
9+3X2 f"

^^^' *^"°' ^' ^"^^" ^^ evidently equal to — 9 [1594^'] ; therefore [1597a]

9'=— 9, as in [1597'"].

f (1 1 1 1) The semi-axes of the ellipsoid k, k . /(l-j-X^) [1574a], by using the value

of k [1593], become functions of X^
; and as (— X)2= x^, the negative values of X will

[15975-1

produce the same expressions of the semi-axes as its positive values.

t(lll2) Putting for brevity a'= arc. tang. ;i, we get A'=|'rr— «, or

a= 1 ^— A'
J therefore tang, a = cot. a'= -—L- == 1 [34'] Int. Hence

tang. X' X •- -•
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[1600]. „=i__i^ + J__&c.;

consequently,

[1601] arc. tang, x =
^
-

^
+ -^

-~ + &c.

The equation [1574] will then become.

[1602] 9_nhll^^_5_l^_l ^^

and by inverting the series, we shall obtain,*

3* 8 4g C 64 )

X = - +—'{ 1— TT^ I + &C.
,, - 4<7**/ Q-K^ S

oblate 2 V ^

ellipsoid.

[1603] =2,356195.- —2,546479— 1,478885. 5 + &c.

[1603'] We have seen, in the preceding article [1592], that for the earth we have

Formula
for the

ellipticity
in a very /^ q

1111
[1600a] a= arc. tang.

— =
qx3 +^ — ^^* C"*^] ^"^•' ^^ ''" [1600]. Substituting this in

[1599], we get [1601], by means of which the equation [1574] becomes as in [1602].

*
(1113) ]\lultiplying [1602] by 2y?-\-9, and arranging the terms of the second

member according to the decreasing powers of X, it becomes,

9X + 2o.x3= ^.x2— 3X+?^— ^+ &c.
li « X

Transposing 9 X, and dividing by 2q. X^, we get,

rinnn t 3ir61,95rl 4,o
[1603a] X= .-A .— rT- + &;c. :

from this the value of X may be found, by means of La Grange's formulas [629c], which,

by putting x—\ ^{x)—x, \> {t)
=

t, -^ (0 = !> become,

[16035] X= <-|-F(X)j

Comparing the values of X [1603a, &], we get,

_3^ PC ^— 6 Ij-— - &c
^~4?' ^\V— g-x'^45*X2
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^ = ,
00344957

;
this value of q being substituted in the preceding [1603']

expression, we get x := 680,49. Thus the ratio of the equatorial diameter

to the polar axis, which is represented by ^i-^-x^ [1592'], is equal to [1603"]

680,49, when the spheroid is very oblate.

There is a limit in the value of q, beyond which the equilibrium is

impossible ivith an elliptical fgure. For if we suppose the curve to cut the
[i603^]

axis at the point of origin only, and to touch it at another point ;
we shall

have, at this point of contact, <p
= 0, dcp=0;* the value of cp cannot [1603""]

Hence

F(0=-
6 1,9* 1

g
8 . 4q .

q t 4:q fi -^ If

1.2,dt qi'fi^ q^'yS^J

pi

256?
,

„

he.;

[1603d]

as in
3<r 8 4o 256(7

Substituting these in [1 603c], it becomes, x= —1— "~+ o^+ &WJ.,

[1603]. Substituting in this «;:= 3,141592, ^=2,356195, |= 2,546479,

4 / 64 \~
• ( 1 — 3^]

= 1 ,478885, nearly ;
we shall get the second expression of X [1603] ;

and by using the value of q [1592], corresponding to the earth, we shall get,

X= 683,040 —2,546— 0,005= 680,49;

hence ^(1 -}- X^)
= 680,49 nearly, which represents, by [1574a], the ratio of the

equatorial diameter to the polar axis of the body, in this hypothesis.

[1603c]

*
(1114) If we suppose the value of q to be increased by the positive quantity /, and

[1603/*]

that the expression of
cp [1594"] then becomes cp-{-6<p, we shall have.

,

- 9X-}-(2 94-2/).x3 C
(p -[-

d 9= 9_L3^8
— arc. tang. X=

j

hence 60= —2/.X3

9X+ 2g.X3
9+ 3X2

^"^"9+3X2*

arc. tang •xh
2/.X3

9+ 3x2

94-3x2'
which is always positive. Therefore by increasing successively []60%]

the value of q, we shall increase the positive values of 9, and

decrease the negative values
; so that the lower branch DFG

of the curve, fig. 29, page 225, will approach towards the axis

dly till the points D, F, G, coincide, as in
fig.

30. The ordinate

corresponding to this point D, will then be 9= 0, and as this

is also the point of minimum of that branch, we shall have

^9= 0, as in [1595'] j which is also evident from the

58

Da.
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then become negative, on the side of the positive abscisses, which are the

only ones necessary to be noticed. The value of
q, determined by the two

equations 9= 0, and c? (p
= 0, will therefore be the limit of q with

which the equilibrium can subsist ;
and a greater value would render the

[1603^] equilibrium impossible. For q being supposed to be increased by the

quantity /, the function t? will be increased by J_' [1603g] ; and as

the value of ?, corresponding to g, never becomes negative, [1603""],

tvhatever be ^, the same function, corresponding to 9+/, will always be

[1603^5] positive, and cannot vanish ;
therefore the equilibrium will then become

impossible. It follows also, from this analysis, that there is but one real and

[1603wi] positive value of q, which can satisfy the two equations 9 = 0, and

(/ 9 = 0. These equations produce the following,*

6X2

9'= (14-X2). (9-f x2)
'

[1604]

7X5-f-30X3-f 27XU—
(i_^^2).(3_^x2).(9 + x2)

—arc. tang. X.

consideration that the ordinates <p, 9 -{- ^ <?? corresponding to

[1603it]
the two infinitely near points Z), G, are both equal to nothing.

Hence it follows, that in this case, there can be no negative value

of 9, corresponding to the positive abscisses. If we still increase

the value of q, the ordinate 9 will be increased, by the positive

quantity
5 9, the curve, as in

fig. 31, will not touch the axis,

and the equilibrium will then be impossible with an ellipsoidal

figure.

*
(1115) The equation <?9= gives the formula [1596], whence we get,

_ 6a2 _ 6a2
^ "" 9 -(- 10XH >^4

~
(14- X2) . (9+ X2)

'

which is the first of the equations [1604]. Hence

rifini.! 0.10 .3 o^ ,

12a5 21X5 + 90x3+ 81X 3.(7X5+ 30X3+ 27x)

Substituting this in [1574], it becomes as in the second of the equations [1604]. This

may be simplified by rejecting the factor S-f-A^, which occurs in the numerator and

A ^9 A- 7 A^^
denominator of the first term. Then it becomes = .^-JA

~^ i — arc. tang, a, or
(li-X'^).(y-rx^)

7 a (^ I ;^2\

[16046] M I x2i (94.x2i
"^ ^^^' *^"S" ^' Multiplying the first member by the radius, expressed in
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The value of x, which satisfies this last equation, is x= 2
,
5292

;
hence [1604']

we deduce a =0,337007;* the quantity ^/j -|_
x^ ,

which expresses

the ratio of the axis of the equator to that of the pole [1574a], is, in this [1604"]

case, equal to 2,7197.

The value of 9, relative to the earth, is equal to 0,00344957 [1592].

This corresponds to the time of rotation 0"^^^, 99727 [1591'] ;
now we

sexagesimal seconds, 206264*, 8, and then taking the tangent of the whole expression,

we get, tang.
I

—
MixawQ-uxT) C~^'^ whence the value of a =2,62932, [1604c]

may be found, by approximation, being nearly as in [1604']. This last formula is adapted

to the use of logarithms ;
but if we have a table of natural tangents, as in Button's tables,

the first member of the expression [16046] may be put under the form

*'l+ X2"'~^'l-[-(JX)2'

as is easily proved, by reducing to a common denominator, and connecting the terms. Now
from [30"] Int., we have

j-p-2
= sm. 2 . (arc. tang, a) , T+^ = ''"' ^ *

^^^'^' ^^"S- i ^) 5

hence the expression [16046], becomes

i sin. 2 . (arc. tang. X) + f sin. 2 . (arc. tang. J X)
= arc. tang. X

, [1604(fl

from which we may easily obtain X as above.

*(1116) The value X= 2,52932 [1604c], being substituted in q [1604], gives

9= 0,336998; also /(I +X2) =2,7197, nearly, as in [1604"].
^^^'^

From what has been said, it appears, that the equilibrium of an ellipsoid of revolution is

possible, in the case of a homogeneous fluid, when q falls anywhere between the extreme

limits <7= 0, q = 0,336998. The case of q= corresponds to a sphere at rest ; [1604/]
the oblateness will increase with the rotatory velocity, or with q; and when 9= 0,336998,
the ratio of the equatorial to the polar axis will become 2

, 7197 [1604"]. If the oblateness

be still increased, the rotatory velocity must be diminished ; and when q again becomes

infinitely small, the figure will be like an
infinitely thin lens or plate. Moreover it is evident Hmiurf

that while the oblateness is thus increasing, from nothing, in a sphere, to its greatest value in emps^ds

a thin plate, there is but one corresponding velocity with which an ellipsoid of a given figure
°^'^^^°

"

can be in equilibrium. But when the time of revolution is given, and q falls within the limits
[I604g-]

[1604/], there may be generally found two figures 'of the ellipsoid, which will satisfy the

equation of equilibrium [1597"].
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[1604'"] have generally q = [1584]. Hence, as it regards masses of the

same density, q will be proportional to the centrifugal force g, arising from

[1604""] the rotatory motion [1569'] ;
therefore q will be inversely proportional

to the square of the time of rotation ;* and it follows also, relative to a

mass of the same density as the earth, that the time of rotation which

corresponds to ^ = 0,337007, will be 0^^"^, 10090. We shall therefore

obtain the two following theorems.

"
Any homogeneous fluid mass, of a density equal to the mean density of

[1605] the earth, cannot be in equilibrium with an elliptical figure, if the time of its

Important
rotation be less than 0*^^^

,
1 0090. If this time be greater, there will always

theorems

ftoits°of be tivo elliptical figures, and no more, which will satisfy the equilibrium.^^
the equi-
librium

'

eiiiUid^" "7/" the density of the fluid mass be different from that of the earth, we

shall have the time of rotation, in which the equilibrium ceases to be possible,

[1605'] with an elliptical figure ; by multiplying O''^'', 10090 by the square root of

the ratio of the mean density of the earth to that of the fluid mass [1604/c]."

Therefore with a fluid mass whose density is a quarter part of that of the

[1605"] earth, which is nearly the case with the sun, this time would be 0''^^, 201 80 ;t

hfwhich
^^^ ^^ ^^® earth were supposed to be fluid and homogeneous, with a density

librfurais equal to a ninety-eighth part of its present value, the figure it must take, to
possible.

[I605"n satisfy its present rotatory motion, would be the limit of all the elliptical

*
(1117) This follows from q=—^ [15S4]. If this be supposed to refer to the

[1604^] earth, and we accent the letters q, r, T, for any other body we shall have 9'= ,

rp,^
.

ri604il Hence —= ^' ^^ ,
and T'= T.

{

-
.
-

)
. If we substitute in this the values

L J
q p.T^ \P 3/

<?
= 0,00344957 [1592], ^'

= 0, 336998 [1604e], T= O'^'^y, 99727, we shall

[1604Jfc] get T'= 0''»y, 10090. (^j
. This represents the least value of T' with which the

equilibrium is possible. For if q' exceed the value [I604e], 0,336998, the equilibrium

becomes impossible, and by increasing q' the value of T' [1604i] decreases. The

expression of T' [1604A;] produces the two theorems [1605, 1605'].

t(1118) Putting p'
=

Jp, in [1604A;], it becomes T=0'''^y,20180.
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figures, with which the equilibrium could subsist.* The density of Jupiter

is one fifth of that of the earth, and the duration of its rotation is [1605""]

O'^^y, 41377 ;
hence it is evident that this duration is within the limits, in

which the equilibrium is possible.t

It might he supposed that this limit of q, is that in which the fluid would [1605^]

begin to fly off, because of its too rapid rotatory motion ; but it is easy to ^^ lumt^

prove that this is not the case, observing that by § 19, [1578"], the gravity Ihefluid"^

at the equator of the ellipsoid is to the gravity at the pole, in the ratio of f^^f^^^

the polar axis to the equatorial ; t which ratio, in the present case, is as 1 to forc"ef

2,7197 [1604"]. The equilibrium therefore ceases to be possible, because [1605"]

with a more rapid rotatory motion, it would be impossible to give to the

fluid mass an elliptical figure, such that the result of its attraction and the [1605""]

centrifugal force would be perpendicular to the surface.

We have heretofore supposed x^ to be positive, which corresponds to

a spheroid flattened at the poles. We shall now examine whether the

equilibrium can take place with a figure lengthened at the poles. Supposing
>? = — x'^ ; x'~ ought, in this case, to be positive and less than unity,

[1605''

*(1119) Putting p'=^VP5 in [1604^], it becomes [1605a]

T'— O^y, 10090 . /OS= 0^*y, 99886,

which exceeds the time of the earth's rotation O'^^y, 99727 [1591'] ; therefore the

equilibrium, in tills case, is impossible, [1605'].

f(1120) Putting p'
= ip, in [1604A:], it becomes [16056]

T = O^-'y, 10090 . v/5 = O^^y, 22562,

which is less than 0^«^y,41377, the time of rotation of Jupiter [1605""]. This is within

the limits of the possible equilibrium, [1605'].

t (1121) The whole gravity at the pole, is to the combined effect of gravity and the

attraction at the equator, as the equatorial to the polar axis [15786] ; which, in the case of

the
limiting figure abovementioned, is as 2,7197 to 1 [1604"]. This must therefore be [1605c]

far from the limit, where the fluid would begin to fly off, which could happen only when
the whole action at the equator is nothing j or when the centrifugal force becomes equal to

the attraction of the spheroid.
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[1605^] Otherwise the ellipsoid will become an hyperboloid.* The preceding value

of dcp [1595] gives, by integration,

[1606]
'

<p = ^ 6x2.c;x.^g.X4 + (10g-6).X^+ 9y^ .
^ -^

(1+X2). (9 -1-3X2)2
'

the integral being taken from x = 0. Substituting for x its value

±>.'.^/ZIi [1605"'"], we shall get,t

Liou/j <p rev/ L'J
(i_x'2).(9— 3X'2)2

A homo-

geneous

eiuSd Now it is evident, that the elements of this last integral, have all the same

[1607'] sign, from x'^ =: 0, to x'^ := 1
;

hence the function <p cannot become

inequlii-^ uothlng, iu that interval
;

therefore the equilibrium cannot take place with a

figure lengthened towards the poles.

brium.

21. If the rotatory motion, first impressed upon a fluid mass, he more

[1607"] rapid than that which corresponds to the limit of q, we must not, for that

reason, conclude that the equilibrium would he impossible, with an elliptical

figure ; for it is evident, that as the body becomes more oblate, it will have

[1607'"] a less rapid rotatory motion. Supposing therefore, that there is a cohesive

force among the particles, which is the case with all known fluids, this mass

might, after a great number of revolutions, attain a rotatory motion, comprised

within the limits of equilibrium, and maintain itself in that state. But the

possibility of this result is merely a supposition, and to verify it will be

[1607""] interesting. Moreover, it is important to ascertain, whether there can

possibly be several figures of equilibrium, corresponding to one primitive

force. For what we have demonstrated, on the possibility of two states of

*
(1122) X' [1605""] is the same as e [1574c], and the figures mentioned in [1574e]

[1606a] are the same as in [1605'''], including also a paraboloid.

t (1123) After making the substitution of ± a' . \/^-\., for a, and connecting together

the terms depending on
q, the expression [1606] becomes as in [1607], in which each of

[16066] the terms V^, i — a'^, 9— V^^ 6 a' 2, 9—3/2^ is positive,
while / increases from

to 1
;

so that the quantity under the sign / cannot become nothing, during that interval.

Therefore there cannot be any value of /, within the limits [1607'], which will satisfy
the

equation of equilibrium 9= [1574].
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equilibrium, corresponding to the same rotatory motion, does not prove, that

there are two figures of equilibrium, corresponding to one primitive force ; [1607 »]

since the two figures of equilibrium correspond to two different primitive

forces, or to such as are differently applied.*

We shall therefore consider a fluid mass, which is acted upon, in its

primitive state, by any forces, and then left to itself, and to the mutual

attractions of all its particles. If we suppose the centre of gravity to be at [I607»i]

rest, and draw through it a plane, so situated that the sum of the areas,

described by each particle, projected upon this plane, and multiplied

respectively by the corresponding particles, may be a maximum^ at the

origin of the motion
;

this plane will always possess the same property, by [1607'^"]

§ 21 and 22 of the first book [181", 189'"], whatever be the manner in

which the particles act upon each other
;

whether by their adhesion,

attraction, or their mutual impact, even in cases where there are sudden and

instantaneous losses of motion [167'"]. Hence, after a great number of

oscillations, the fluid mass will attain a uniform rotatory motion about a [1607""]

fixed axis, which axis will be perpendicular to the plane just mentioned ;

and the plane itself will be that of the equator. The rotatory motion will

be such, that the sum of the areas, described in the time dt, by the particles,

projected upon that plane, will he the same as at the origin of the motion, [1607«]

[167"] ; we shall denote this sum by E . dt.

*
(1124) Let ADBEj adbe, be the two figures of equilibrium corresponding

to equal masses of fluid, having the same centre C, the same axis A C B, and the same [1607a]
time of rotation

; then the mass included between

Fa G E Hb ID is common to both figures,

and as the whole masses are equal, the sum of

the parts near the poles, AFaG, IbHB,
must be equal to the part dFDI, cGEHj
towards the equator. But the angular motion of

all the particles being equal, the momentum of the

part near the equator must be very much greater
than that of the equal masses near the poles.
Hence it evidently follows, that the momentum of the mass adbc, must be much greater
than that of the mass ADBC; therefore the primitive forces, which produce these

momenta, must be different if they be applied in the same manner, or at the same distance
from the centre of

gravity, &c.
; and on the contrary, if the forces be equal, they must be

applied at different distances, or in a different manner.

[1607iJ
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We shall observe, in this place, that the axis here treated of, is that, with

respect to which, the sum of the momenta of the primitive forces of the

[1607»] system, is a maximum. It preserves this property during the motion of the

system, and finally becomes the axis of rotation ; for what we have

demonstrated, about the plane of maximum of the projected areas, in the

articles of the first book just mentioned [181", 189'"], applies also to the

[1607«] axis of the greatest momentum of the forces
; since the elementary area,

described by the projection of the radius vector of a body, upon a plane, and

multiplied by its mass, is evidently proportional to the momentum of the

finite force of this body, relative to the axis perpendicular to that plane.*

We shall put, as in [1569'], g for the centrifugal force arising from the

[i607»"l rotatory motion, at the distance 1 from that axis, and \/g will be the

angular velocity of rotation [1564^]. We shall also put k for the semi-axis

of rotation of the fluid mass, and k . \/l-{- x^, for the semi-axis of the

*
(1125) We shall suppose, as in [1564^], that the angular velocity of rotation, about the

axis A C, fig. 33, is represented by n, so that a point, at the distance 1 from this fixed axis,

will describe the space ndt, in the /,

time d t. Then if a particle dM be

placed at E, at the distance DE= r

from the axis, it will describe, in the time

[1607c] dtf the arc E F=ndt .r. This

arc, projected upon the plane of the

maximum areas, or the plane of the -F'

equator HCF', which is perpendicular to AC, will be represented by

E'F'= EF=ndt.r;
and as the radius CE=DE= r, the area CE'F\ described by the projection of

this particle, will be represented by ^E' F' . CE' =\ndt .r^. This, being multiplied

by d M, becomes indt.r^.dM; and if the sum be taken for all the particles of the

fluid, it will give the quantity represented by E .dt [1607'='], so that

[1607d]
E.dt= indt.fr^.dM',

n and dt being constant in this integration. Hence it evidently follows, that when E.dt

[1607e]
is a maximum, ^ndt .fr^ .dM, and therefore fr^ . dM, must also be a maximum.

Now this last expression represents the momentum of inertia of the body about the axis

AC [245'"], which is conformable to what is said in [1607^']. Substituting n==\/g

[1564<] in E.dt [1607c/], we get E .dt=^h '\/g -^^ -f^ '^-^^ >
^^°^^

[1607/] E=^hVg'frKdM.
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equator [1574a]. It is easy to prove, that the sum of the areas described [leo-p"']

during the time dt, by all the particles projected upon the plane of the

equator, and multiplied respectively by the corresponding particles, is

i;f.(l+x7^A:^^^.v/i;
1

hence we shall have,*

4*p
15

. (l + x')^A^.v^ = i:. [1608]

Then putting M for the mass of the fluid, we shall find, [1567],

[1609]

Hence the quantity j^, which we have denoted by q in [1573'], is [1609']

2

q z=
q'

. (\ -\- y?) , supposing ^ to denote the following function,t [1609"]

*
(1126) The value of E [1608] maybe easily deduced from that of C [275c, <?],

which represents the value of /r^ .dM
'

for a sphere, whose radius is h, instead of R. [1607g-]

If in fig.
33 we put AD=x, Dd=dx, De^=r, angle £DF=c?zs, the particle

dm of the sphere AhC, situated near the point e', may be considered as a rectangular

parallelepiped, whose length is ^^'=dr, width e'f= r . d -m, and depth equal to

Dd= dx
;

the product of these three dimensions being dm= rdr.d'ui.dx, and [1607^]

the expression of C=fr^.dm [275c], will become C =fr^ dr .d-a .dx. If [1607i]

upon the continuation of the line D e', we take the point jE, so that

DE = v/(l+x2).De'= v/(l+^^)-^> [l^^ft]

its differential will be the line E E"= y^{l -\-X^) .dr, the perpendicular arc

E jP= r .\/{1-\->?) .d-sif and the product of these two lines by the depth Dd= dxj

may be considered as a particle dM of the spheroid, corresponding to the particle dm
of the sphere, making dM={l-{-'k^) .rdr . d-a . dx. Substituting this value of dM, [1607Z]

and r . v/(l + X^), for r, in E [1607/], we shall get, for the spheroid,

E= i\/g-fr^-{l+>^'')'dM=l^g.{l-\-x^)^.fr'dr.d'a.dx= ^s/g.{l+x^y.C,

[1607i]; but by [275<Z], the quantity C, multiplied by the density p, and putting R= k, [1607w]

[1607^], becomes C=
||. p.A;^

.

hence, E^i^g.{\ +x^)K^.p,k',
as in [1608].

f(1127) From [1608, 1609], we get 25 E^ =^
{* -^

p)^ . (l -{- ?,^y . k^^ . g, and
10 10 I_o

•^ ^ =
(4 *

P)
^

• ^^° • (1 + ^^)
^

•
Substituting these in

g' [1610], it becomes,
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[1610]

[1611]

[1612]

9 = 10

The equation [1574] of the same article becomes*

9X4-2g^.x3.(l-|-X^)-^ —
9 + 3x2

arc. tang. X.

This equation will determine x
;
we shall then have k, by means of the

preceding expression of M [1609].

We shall put 9 for the function [1611], namely,

_ 9X-|-2g^.x3.(l-f X^)-^ _
9 + 3x2

arc. tang, x
;

which ought to be equal to nothing, by the condition of equilibrium. This

[1612^ function is positive, at its commencement, when x is small,! and is negative

when X is infinite;! consequently between x = and x=oo, there

[1612"] must be a value of x, which will make this function equal to nothing.

^=iill)ldipDl.^l^illl=lAi±^ =..(. + xf , imn;

hence 9= 5' . (1 +X2)~~^, as in [1609"].

*
(1128) Substituting in [1574] the value of q [1609"], it becomes as in [1611] ;

from

[I6na] which X may be determined ; M, p and E being given. We may then obtain the polar

semi-axis Jc, by means of the equation [1609], and the equatorial semi-axis k .s/{\-{-??)

[1574a] will also be known.

f (1129) Substituting in [1612]
— arc. tang, a=— a+ J a^— i a^+ &:c. [48] Int.,.

and connecting the two terms — a+ J a^ with those having the denominator 9 + 3 a^,

X^ ' 2 </ X^ fl + X^)
—

^

it becomes, bv reduction, cp
= —~—2_:—'

'^

,"*"
—I 4 ^^ + &ic. If we neglect^

9 + 3x2
5

1

[16116]
terms of the order a5, it becomes (r,= ^q^.>?-j now q!

= q.{\-{-x^y [1609"] is

positive [1571c] ; therefore when a is small, 9 must be positive, and it is nothing when

X=
; as is also evident, by the mere inspection of the function [1612].

% (1130) Since a3 . (1 + a2)-*= x^ .

(1
+ ^^"^

= X^ .

(l-|
.

^^
+

&c.),

the numerator of the first term of 9 [1612], will contain no power of a, greater than
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Therefore, whatever be the value of
q', there will always be one elliptical

figure, with which the mass can be in equilibrium.

We may put the value of <p [1612] under this integral form,*

x^Jx.j^+18 9'-<{g'.x^+18.(l + x^)^}|
<p
= 2./ L_^^ . . L. [1613]•^

(9 + 3x7. (]+x^)*

5
. 6

X^ ; whereas the denominator 9
-|- 3 >i2 contains the power a^, or X'''

; therefore [1611c]

when A= CO
, this first term will vanish, and the second term will be

— arc. tang. x=— arc. tang, co=— ^ -n-.

Hence (p becomes negative and equal to —
| *, when a= oo, as in [1612'].

*
(1131) If we take the differential of (p [1612], make the usual reductions, and then

prefix the sign of integration, we shall obtain the formula [1613]. To prove this, we may,
for greater simplicity, compute the terms independent of (f separately. These terms are

9X
Q_i_o.2

— arc. tang, a, whose differential, by [51] Int., is

9rfX.(9+3X2)— 54x2rfX rfX _ rfX.(81— 27X2) rfX

(9+3A2f i+x2~ (9+3a2)2 -"fqr^
=

(9+ 3X2tMl+ X2)
'l^^-(^+"')~^^^'-(l+^')-(81 + 54A^-f9A^)|

— ^Qx'^dx
36X4rfX.(l+ X2)t—

"(9+3X2)2. (14-X21
=—

\ -

; [1613a]
^

(9+3X2)2.(1-^X2)^

which is the same as the term independent of q, in the differential of (p [1613]. The term

(I [1610, J 61 la], is given, or constant; and the coefficient of 2^, in [1612], is

^+^-(^+ ^') ' [1613i]

whose differentia] is

27X2rfX+ 3X4rfX , „-? 4X4/7X —.»

= tA (^+ 3).(l+A2)_^.(9 + 3A2)f
(9+ 3x2)2.(l+ X2)T (VX2

'

y
V ^ >' 3 V -r

)^

=
?-]Ti--(l+'^^) + 3.(l+x3)— 4.(9+ 3X2)f

(9+3X2)2.(i+x2)3 ( X2 ^ ' > ' \ i J s \ -r
J^

(9+ 3X2)2.(l+ X2)t*lx2~^ 5' [1613cl

which is the same as the coefficient of 2q' in d(p [1613].
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When it becomes nothing, the function*

^+189'-{9'.x^+18.(l + x^)§},[1614]
X2

has passed through zero, to become negative. Now from the moment when
this function becomes negative, it will remain so, as x increases

; because

27 o'

[1614'] the part
—^ -\-l^ q' decreases, while the negative partA

[1614"] —Iq' . x2 + 18 . (1 + X2)t|

increases
;

the function ? cannot therefore vanish twice. Hence it follows

[1614'"] that there is but one real and positive value of x which can satisfy the

OTiy one cqutttion of equilibrium ; therefore the fluid can be in equilibrium only with
figure , , /,

hbrfum"
^^^ elliptical figure.

of an

ellipsoid _____^ _—_^_______^___
for a

—__^ —— —— — ——
given

FJrS"'"" *(1132) The factors (9+ 3x2), (i^x^)^, X^ [1613], being positive, as also

<p, when X is small, [16116] ;
it is evident that cp

cannot vanish as X increases, until the

remaining factor of cp, given in [1614], becomes negative, as is observed in [1614'].
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CHAPTER IV.

ON THE FIGURE OF A SPHEROID, DIFFERING BUT LITTLE FROM A SPHERE, AND COVERED BY A FLUID
''

STRATUM IN EQUILIBRIUM.

22. We have considered, in the preceding chapter, the conditions of the

equilibrium of a homogeneous fluid mass, and we have found that the

elliptical figure satisfies these conditions
; but to obtain a complete solution of

this problem, we ought to determine, a priori, all the figures of equilibrium,

or prove that the elliptical figure is the only one which satisfies these

conditions. Moreover, it is very probable that the heavenly bodies are not

homogeneous masses, and that they are denser towards the centre than at
[1614""]

the surface
;
we ought not therefore, in the investigation of their figures, to

limit ourselves to homogeneous bodies ; and in this view of the subject, the

investigation is very difficult. Fortunately it becomes more simple, from the

circumstance, that the figures of the planets and their satellites vary but little [1614'']

from a spherical form, which enables us to neglect the square of this difference,

and the quantities which depend upon it. Notwithstanding this simplification,

the investigation of the figures of the planets is very complicated. To treat [1614'']

the subject in the most general manner, we shall consider the equilibrium of

a fluid mass, covering a body composed of strata of variable densities,

endowed with a rotatory motion, and acted upon by the attractions of

foreign bodies. For this purpose, we shall resume the laws of equilibrium
of fluids, which we have demonstrated in the first book.

If we put
••

Symbols.

P
= the density of a particle of the fluid, [1614'"]

n= the pressure it suffers, [i6i4'«n

F, F', F", &c., the forces acting upon it, [1614«]

^fi ^f-> df", &c., the elements of the directions of these forces, [1614«]
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then the general equation of equilibrium of the fluid mass, will be, by § 17

of the first book, [133],*
Equation
ofequi-

[Wtsi £E^F.df+F'.df + F''. df" + &c.

If we suppose the second member of this equation to be an exact differential,

and denote it by

[leisT d<^ = F.df-\-F'.df + F". df"+ &c.,

p must then necessarily be a function of n and 9. The integral of this

equation will give 9 in terms of n ;t by means of which we can reduce p,

[1615"] to be a function of n only ; whence we may obtain n in a function of p.

*
(] 134) If all the forces P, F', F', k,c., are composed into one force V, in the

[1615a] direction of the line M, we shall have V'.du=F.df-]- F' . df -{-F" . df'+hc, [16].

Again, if this force V, in the direction u, be resolved into three others, P, Q, R, parallel

to three rectangular co-ordinates x, y, z, we shall have, by the same theorem,

[16156] V.du— P.dx-\-Q.dy-{-R.dz;

hence P .dx-\- q. dy+R .dz= F . df-^F' . df-\-hc. Substituting this in [133],

we get dp==?.{F. df-\- F' . df + F" . df + &c.
| ;

and by changing p into n, to

conform to the notation here used, and dividing also by p,
we obtain [1615]. It may be

[1615c] observed, that the forces jP, jP', Stc, are here supposed to tend to increase the co-ordinates

f, f, he., as in note 60, page 91, Vol. I.

f (1135) Cases in which F . df-\- F' .df -{-he. is an exact integral, are pointed

out at the commencement of the following article [1616"^"', &;c.]. Putting for

F.df+ F'.df + hc,

/7tt
its assumed value d(p [1615'], the equation [1615] becomes — = d(p, or

d'n.=p. d(p, and this cannot be integrated, except p be a function of n and 9, as is

[1616a] observed in note 65, page 94, Vol. I. Supposing p=-^{cp,'n), the equation du=p.dc;>

will become dll= dcp .-^(cp,!!). This, being a function of two quantities only, may be

integrated, and will give 9 equal to a function of n. Substituting it in p
=

•4/(9,11),

we get p
:= function of 11

; therefore 11 will be equal to a function of p,
which we shall

[16166] denote by n= n (p), whose differential is of the form dn = d p
.n' (p) -,

and for a

stratum whose density is constant, d
p will vanish, and then dll = 0. Substituting this in

[1615], we shall get [1616].



in. iv. §23.] COVERED BY A FLUID IN EQUILIBRIUM. 243

Hence as it regards a stratum of the same density, we shall have du = 0,

consequently,

= F.df-\-F'.df' + F". df" + &c. [1616]

This equation shows that the force, at the surface of any stratum, in the

direction of the tangent of the surface, is nothing ; consequently the [1616']

resultant of all the forces F, F\ F", &c., is perpendicular to this surface ;* ^uis.

so that such a stratum is also a level surface, [138']. [1616"]

The pressure n being nothing at the surface of the fluid, p must be [1616'"]

constant at that surface, and the resultant of all the forces which act on each

particle of the surface must be perpendicular to it. This resultant is what is

called gravity. Therefore the conditions of the equilibrium of a fluid mass Gravity,

are, first, that the direction of gravity must be perpendicular to each point of [1616""]

the external surface of the fluid ; second, that the direction of gravity of any of equi°°*

particle, situated within the surface, must he perpendicular to the stratum, aiev™**

having the same density ivith the particle. And as we may, within the
neiev]

surface of a homogeneous fluid, select any stratum for the stratum of

constant density, the second of the two preceding conditions of equilibrium [1616^']

will always be satisfied
;
and it will then be sufficient to establish the

equilibrium, to satisfy the first condition
;

that is, to make the resultant of
[I6l6vii]

all the forces, which act upon the external surface of the fluid, perpendicular
to that surface.

23. In the theory of the figure of the heavenly bodies, the forces

F, F', F", &c., are produced by the attraction of their particles, by the

centrifugal force arising from the rotatory motion, and by the attraction of
[leie^iii]

foreign bodies. It is easy to prove that the expression

F.df+F'.df + kc, [16161.]

*
(1136) Putting V equal to the resultant of all the forces F, F', Sec, and u for the

direction of this force, we shall have, as in [1615a], V .du= F. df-\- F' . df -f &c. ; [1616c]
then from [1616] we have V .du= 0, for all the particles situated on a stratum of the

same density. Hence if V be supposed finite, we must have ^ m= 0, which is the

same as the expression dr= Q, or (5 r= 0, in the calculation, note 64, p. 93, Vol. I
; [1616rf]

and it is shown there, that ^ r= 0, or du = 0, corresponds to the case where the

direction of the force V is perpendicular to the surface of uniform density, or level surface,

[138'] ; du=Q being the equation of this surface, or a multiple of it.
ri616cl
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is then an exact differential
;
and we shall make it evident bj the following

A-F'df ^'^^lysis, in which we shall determine the part of the integral

+t::.. f(F.df+F'.df + ko.),
differen-

tial- which corresponds to each of these causes.

If we put dM for any particle of the spheroid, and / its distance from

[1616*] the attracted particle ; its action on this last particle will be -^ .

Multiplying this action by the element of its direction, which is —
df,

since it tends to diminish /, we shall have, for the action of the particle

[I616^i] ^M,* fF.df=—r' Hence it follows, that the part of the integral
Effect of /
them^ass y* ^/^ , ^y _|_ J" , ^y _|_ ^c.), which depends on the attraction of the

[1616"'] particles of the spheroid, is equal to the sum of all these particles, divided

by their respective distances from the attracted particle. We shall represent

this sum by F, as we have heretofore done [1385'"].

In the theory of the figure of the planets, it is required to determine the

laws of the equilibrium of all their parts, about their common centre of

[1616=^"'] gravity. We iitLUSt therefore transfer to the attracted particle, in a contrary

direction, all the forces which act on that centre, arising from the reciprocal

action of all the parts of the spheroid. But we have shown, in the first

book, [155"
—

158], that by the property of this centre, the resultant of all

*
(1137) The negative sign is used here, because in the formulas [1615, &;c.], the force 1

[1616/*] F is supposed to increase /, as is observed in [1615c]. Hence F.df=— dM. —;
J

and its integral relative to /, corresponding to any given particle dM, is

[1616/] fF.df=:dM.f-j^=-J-.
If we take the sum of the similar expression for the other particles, so as to include the whole

mass of the spheroid, we shall get /"t- for the part of f{F . df-\- F' . df+ Sic.)

corresponding to the mutual attraction of the particles. Now by [J 393], we have

V=f ,
r being the distance which is here called /, so tliat we have, as above,

[16%] V=f^=f{F.df+F.df+ hc.)
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these actions, upon that point, is nothing ;* therefore it will not be necessary [leie^i^]

to make any addition to V, to obtain the whole effect of the attraction of

the spheroid upon the attracted particle.

To determine the effect of the centrifugal force
;
we shall suppose that

the position of the particle is determined by three rectangular co-ordinates, [leie'^"]

z', y', z', whose origin we shall fix at the centre of gravity of the spheroid.

We shall also suppose that the axis of x' is the axis of rotation, and that g

expresses the centrifugal force arising from the rotatory velocity, at the

distance 1 from the axis. This force will be nothing in the direction of af,

and equal to g ?/, g 2f, in the directions of y' and z' ;t therefore by [leie^™]

multiplying these two last forces respectively by the elements of their

directions dy' and dz'^ we shall have hS 'iv'^'^r^'^) for the part of the

integral f{F. df-\- F' . df + &c.) depending on the centrifugal force [me^^i"]

produced by the rotatory motion.

If we put, as above, [1430'], r for the distance of the attracted particle,

from the centre of gravity of the spheroid ;
& the angle which the radius r

makes with the axis of x'
;

-a the angle formed by the plane x!'i/ with the [leie'^'^]

plane which passes through the axis of x' and that particle ; finally, if we

put cos. ^ =
fji,

we shall have,t
*

[icie""]

x' = r .[i^ \ y'
= r . ^i— (ji,2

. cos. zs
;

z' = r . ^i— ^^ . sin. «
; [1617]

*
(1138) It appears from [155"

—
158], that the motion of the centre of gravity of a

system of bodies is not affected by their mutual attraction ; therefore the effect of this

attraction may be neglected, as in [1616''''']. [16I6A]

f (1139) This is the same as in [15696], changing the co-ordinates 6, c, into i/, z',

respectively; by which means gh, gc, become gi/, gz. The forces, being multiplied

by the elements of their directions dy', dz, produce the quantities g-y'dy', g,zd£, [1616i]

whose integrals are ig" • ^^ -kg '^^' Their sum ^^g- . (y^-f- 2^^), represents the

corresponding part of f{F . Af-\~ F' . df -f Sic), as in [1616^^'"].

f (1140) These are the same as [1529], changing R, x, y, z, into r, x', y', z',

respectively ;
it being evident, from [1528'"], that by these changes we shall conform to the [1617a]

notation of the present article. The sum of the squares of
y', z', gives, as in [1618],

y'^ -{- 2f^= r^ .{1
—

|i.2).
If we substitute in [1617], the values cos. ^=|u. [1616''*'],

sin. ^ =
(1
—

li.^)^,
we shall get the following expressions, which will be used hereafter,

a;'= r.cos. ^, y'=r . sin. d. cos. w, s/= r . sin. 6 . sin. la.
[16176]

62
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hence we deduce,

[1618] ig'(y" + n=^hg^'(^—i^%

centrifu- ^c shall put this quantity under the following form,*
gal force.

[1619] ig^— hg^'(^'— W^

in order to render the terms similar to those of the expression of F, which

we have given in Chapter II, [1467, 1528a, &c.] ;
so that they may have

the property of satisfying the equation of partial differentials [1525],
Differen-

tial e(iaa-
tion ia

[1620] ( Til ^+ TZZ^+*'C* + ^^^ ''

[lesc]

in which Y^^ is a rational and integral function of f^, ^/i
— ^2. cos.«, and

\/l
—

fji.2
. sin. t^, of the degree i. For it is evident that each of the two

terms igr^ and —
^ ^ r^ .

(m-^
—

i), satisfies the preceding equation,

when substituted for Y('> [1618a].

It now remains to determine the part of the integral

f(F.df+F'.df+&ic.)
[1620"] arising from the action of foreign bodies. Let S be the mass of one of

these bodies, / its distance from the attracted particle, and s its distance

from the centre of gravity of the spheriod. Multiplying the attraction by

the element of its direction —
df, and then taking the integral, we shall

[1620'"]
obtain -

[1616"]. This is not the whole of the integral

tf:!^' f(F.df+F'.df' + &c.)
body.

arising from the action of «S'
;

we must also transfer to the particle, in a

contrary direction, the action of the body S upon the centre of gravity of

[1620""] this spheroid. For this purpose, we shall put v for the angle which the line

s forms with the axis of x' ; and 4^ for the angle which the plane passing

[1620^] through that axis and the body S, makes with the plane of x'l/. The

*
(1 141) From [1528A] we have 1— fx^

= §_(^2_j)^y(o)_|_ y'-^) ;
in which

[I6I80] Y^^^=^ ; F(2)==_(fj,2_ j)^ both of these quantities satisfy the equation [1G20], and the

same equation would be satisfied, if Y^% Y^^\ were multiplied by ^gr^, as in [1619].
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action ^ of this body upon the centre of gravity of the spheroid,

resolved in directions parallel to the axes of x\ y, 2!, v^^ill produce the three [I620vi]

following forces,*

S
-,.cos.ij;

S
-g

. Sin. V . sm.
-v]^

.-
. sin. V . cos. \' \ ^ . sin. v . sm. -^ . [1621]

Transferring these forces to the attracted particle, in opposite directions,

*
(1142) In the annexed figure, C is the centre of the spheroid, CX, CY, CZj

the rectangular axes of a/, y\ «', ; the two former being in the plane of the figure,

and the third perpendicular to it, CX
being the axis of rotation. M is the

place of a particle dM of the spheroid,

/S the centre of the body S. The

co-ordinates of the point M are

CA=af, AB=i/, BM=z';
those of the body S are

CD=a, DE= b, ES= c,

p.=COS. B

z

=cos.SCM A
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[1621'] which amounts to the same as to prefix the sign
—

;
then multipljing

them by the elements of their directions dx', dy', dzf, and taking their

integrals, we shall get, for the sum of these integrals,

[1622] z-{^' • ^os. V -\-i/ . sin. V . COS. 4^ + 2'. sin. v . sin.
4-} + constant.

Hence the whole of that part of the integral f(F.df-{-F'. df + &c.)

arising from the action of the body S, will be,

(S S
[1623] 7i'{^'

' COS. V -{-ij . sin. V . COS. 4- + 2'. sin. v . sin. 4} + constant.
/ *

This quantity ought to be nothing at the centre of gravity of the spheroid,

[1623'] which is supposed to be at rest,* and at this point, f becomes 5, and

x', y, 2', are nothing ;
therefore we shall have,

[1624] constant = .

s

Now we havef

[1625] f=^(s . COS. i;
—

x'Y -{- (s . sin. v . cos. -^
— 2/)^+ (s • sin. v . sin. 4— z''f]- ;

to every particle of the spheroid. Therefore if we multiply these forces by the elements of

their directions d x', d
y',

d z, when applied to the particle placed at M, they will

produce the terras

[1620g'] . dx' . cos. V, -.dy'. sin. v . cos. -^ ,
-. dz' . sin. v . sin. -^ »

in F . df-{-F' . df -\- he. To find the sum of all these terms, corresponding to the

whole mass of the spheroid, we must take the integral of these expressions, supposing

x', y', zf, only to be variable ;
because the angles v, -^j and the quantity s, are the same for

[1620A] every situation of the point M, or for every particle dM. The sum of all these integrals

is given in [1622], and if this part be connected with the part -: [1G20'"], arising from

the direct attraction of the body S, upon the particle dM of the spheroid, we shall obtain'

the expression [1623], which represents the part of the integral f{F.df-{-F'.df'-\-Uc.)

arising from the whole action of the body S.

*
(1143) This assumed value of the constant quantity tends to simplify the second

member of [1631], and conforms to the hypothesis [1620""] that the centre C is at rest.

[1624a] We might also suppose a constant quantity to be included in the part of tiie integral

f{F .df-]-F' . df + kc.) represented by V [1616^"].

[1625a] t (1144) Accenting the letters a?, y, z, in [1432a], in order to conform to the notation

[1620a], we get /= { (a
—

x'f + (6
—

y'f + (c
—

z'f]^ ;
in which a, 6, c, are the
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which gives, by substituting for a:', 3/, 2:', their preceding values,

s s

/ y/^— 2sr . {cos.
v . cos. 6 -f sin. v . sin. 6 . cos. (tu

—
^)\ + ^

*

If we reduce this function into a series, descending relative to the powers of

s, and represent it by

- = -A P(°) + -
. F^) + ^^ P^-) +-!. P^') + &cJ , [1627]

f s I s s^ s-^ >

we shall have generally, by ^ 15 and 17,* Function

P^'^, or

1.2.3 i 'I 2.(2i—1)*
^

2.4.(2i—l).(2i— 3) 3' [le[1628]

co-ordinates of the point S, fig. 34, page 247, and x', /, «', the co-ordinates of the point M,

/being equal to SM. Now if we substitute in [1620e] the values [i620a', 6'], we shall

get a= s.cos. V, 6= 5 . sin. u . cos. 4', c= s . sin. i? . sin. 4. ; hence /[1625a] [16256]

becomes as in [1625]. Substituting in this the values of x, y\ z', [16176], and inverting

the order of the terms, which does not alter the value of/, because (a
—x'Y={x'— a)^, &,c.,

we get the following expression of /^,

/2= |r . cos. 6— s . COS. ij}^4~ {^ • sin. & . cos. -51— s . sin. «. cos. -^j^

[1625c]
-f- {r ' sin. 6 . sin. zi — s . sin. v . sin. -^p.

This is similar to the value of /^, which follows immediately after [1432a], and may be

derived from it, by changing R, ^', ci', into s, v, -v^, respectively ; by which means [1432J]

will become,

f^ = r^— 2sr .{ COS. 6 . cos. v
-\- sin. 6 . sin. v . cos. (-^

—
'C') } + *^«

[1625c']

Changing the order of the terms, and using the abridged symbol 8 [1629], we get

g
Substituting this in —

,
it becomes, as in [1626, 1629],

5f S
f ^/(«2_2«r.5+r2)

S C 2r , , r2) -i ^i^e i

If we develop the radical according to the powers of r
,

it will become of the form [1627] ;

S2
and as the two first terms of the development are —

1~ "T • ^' ^^ ^^^^^ ^^^® P^*^)= 1, [i625ri

P^i^= 5, which will be used hereafter.

*(1145) Q(*) [150S'] is the coefficient of -j^, in the development of T [1509],

R
according to the powers of -, and it is composed of terms of the form [1507"], ri628a]

63
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putting*

[1629] S = COS. V . COS. & + sin. V . sin. & . cos.
(xs
—

4-) .

It is also evident, from § 9 [1442], that we shall have,t

p . COS. n .
(-ss
—

-c/) ; the general value of ^ being given in [1514]. If we suppose
n

(*'=!, the factor (I
—

/x'^)^
of this value of p becomes nothing, unless w= ; so

that all the terms of which Q}'^ is composed will vanish, except that corresponding to

» ==
; but when w= ,

we have generally

(l
— ^'Y= {l

—
(i'y
=

l, cos.n.(ttf— T3')
= l;

therefore Q(^) will be reduced to the value of ^, corresponding to n= ;
and this, by

means of the formula [1514], is

Substituting the value of 7 [1521] or [1524], also

I 2.(2i— 1)
^

5 1.3.5 2i— 1'
L -"

it becomes,

^ 1.2.3 i l^ 2.(2i-l)^
^

5
^

In the case under consideration, where /x'== 1, the value of T [1509] becomes

-R2> -i

[16286]

[1628c]

[1628<fl

and p [1628c] represents the coefficient of
—r:^,

in the development of T according

to the powers of -. Now if in these expressions of |3, T, [1628c, d], we change

tl628e

M
r

r, R, II, into 5, r, S, respectively, p will become equal to P^ [1628], and T [162S<q will

] change into -.jl_
— .5+ ^|~^ JVIultiplying these by S, we shall get S . P^'^ for

the coefficient of -^^ i" ^^^ development of
--^1 7'^S —

/ L -I'

which agrees with the formulas [1627, 1628].

*
(1145a) It is shown in [1432^, Z], that S is equal to cos. SCM, fig. 34, page 247,

[1628e'] or the cosine of the angle formed by the lines drawn from the centre C, to the body S, and

to the particle M.

f (1 146) If we multiply the expression of T [1441] by S, and change r, R, d',< into

8, r, V, ^^, respectively, it will become identical with [1G26] ;
and these changes being made
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Differen-
tial equa-
tion in

( df/, )^l_p,2^V^>' '

[1630]

SO that the terms of the preceding series [1627], have the property expressed [l63or\

by the equation [1630], in common with those of V [1436, 1437]. This

being premised, we shall have,* afwe?"/
body S.

Cf gf ^
5 • (^ • cos. « + y • sin. V . cos. 4- + 2^ • sin. v . sin. 4.) [1631]

= 1^. |p(2)_|_!:.p(3)_|_^'p(4)_|_&.c.
I

.

s"^ ( s s^ )
[1631']

If there be other bodies, S\ S", &c.
; we may put 5', v', 4.', F^'\ s", v", 4^", P"«, [1631"]

7?
in the general term of S.T [1441"] namely, S . ^'K -^^, must produce the [1628/]

corresponding term S . P^'^ . -o:y, [1627]; therefore Q^'^ must change into P^*^, and

[1442] will become as in [1630].

*
(1 147) Substituting the values of a/, y, 2/, [16176], in the factor of — of the first

member of [1631], we get,

x' . cos. V -\-y' . sin. v . cos. 4^-1-/. sin. v . sin. 4^

= r . {cos. V . cos. &
-\- sin. v . sin. 6 . (cos. cr . cos. 4^ + sin. zs . sin. 4-) ]

= r. {cos. V . cos. ^-|-sin. « . sin. ^ . cos. (is
— ^)]=r.5, [1629]. [1631a]

o c c
Hence the first member of [1631] is

——
^.r .8; and by substituting the values

of -
[1627], it becomes.

.(P(0)_i)4.^^(pa)_^)4_^.^p(2)
+ :.p(3)_,_^.pu)+ &c.|;

the two first terms of which vanish, because P^°^— 1 = 0, P^^^—5=0, [1625/],

and the remaining terms are as in [1631']. Connecting this and the similar terms depending

on S', S", he, with the part depending on the centrifugal force [1619], and using the

abridged values [1632], it becomes ar^.{ Z^^^+ Z(2>+ r . Z^^) _^ ^ ^ ^(4) _|_ gj-^.
}

. To
tiiis we must add the quantity V [1616''"], depending on the mutual attraction of the [16316]

particles, and we shall obtain the whole of the integral f{F . df-{- F' . df + &;c.), as in

[1633]. It is evident, from a slight examination of the abridged values a . Z^^\ a . Z^^^,

a.Z^^\ he, [1632,1630,1619], ihat each separate term oi Z® satisfies the equation

[1634] ; therefore the sum of all the terms, or the whole value of Z^'^, will satisfy it.
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&c., for the quantities which correspond to 5, v, %j., P^^\ in the body S ; and

we shall obtain the parts of the integral f{F.df-\-F'.df-[-hc.),
[1631'"] arising from their action, by marking the letters 5, v, ^-j ^®> in the preceding

expression of the part of this integral, depending upon the action of S with

one accent, two accents, &c.

We shall now collect together all the parts of the integral

f{F.df+F',df+kc,),

putting
Values of
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s\ 5^ &c., s'^ 5'^, &c. ;* therefore these terms become very small, when

s, s', &c., are very great in comparison with r. This is the case relative to the^iiV

the planets and satellites, with the single exception of Saturn's ring, which [1635"]

is too near the surface of Saturn to allow of the neglect of the preceding l-*^";"''

terms. Therefore we must, in the theory of the figure of this planet,

include a greater number of terms of the second member of the equation

[1635]. This equation has the advantage of producing a series, which is [1635'"]

always converging ;
and as the particles of the ring, attracting the planet,

are then infinite in number, the values of Z^°\ Z^^\ fee, will be given in [1635""]

definite integrals, depending on the figure, and on the internal constitution

of the ring.

24. The spheroid may be wholly fluid
;

or a solid nucleus, covered with

a fluid. In these two cases, the equation [1635] of the preceding article, [1635^]

will determine the figure of the strata of the fluid part ; by taking into

consideration that n being a function of p,t ike second member of this

equation must be constant at the outer surface, and upon every level surface ; [1635^*]

so that it can only vary from one surface to another.

The two preceding cases are reduced to one, when the spheroid is

homogeneous. For it makes no difference relative to the equilibrium,

whether we suppose the spheroid to be wholly fluid, or to contain a solid [I635vii]

*(n49) If we substitute a.Z^^\ a.Z^'^\ he, [1632], in [1635], we shall find that

the terras depending on Z®, nre of the order -, —
,

&£C.
; those depending on [1635a]

Z^^^ are of the order —
,

—
,

Stc.
;

which must be very small when s, s', &c., are

much greater than r.

a TT

f (1150) Since n is a function of
p [16166], f-— , or the first member of the

equation [1635], must also be a function of
p.

Now from [137'", &;c.], the density p is [16356]

constant for all the particles situated on any level stratum ; therefore the first member of the

^equation [1635] will be constant, relative to all the particles of the fluid, situated upon any 116355']

level stratum, or upon the external surface. Consequently the second member of [1635]
must be constant relative to tlie same strata ; and it will become of the form given in [1636],

constant =V+ar^.{ Z<o> + Z''^^-]-r. Z^^^+ &c.
}

. [1635c]

64
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nucleus
; since, by § 23 [l6S5c], it is only necessary to have, at the

Equation -, ^
ofequi- external surface,
librium.

[1636] constant = V -{-ar^ .\Z^'^ + Z^^^ + r . Z^^) + r" . Z^'^ + &c.
j.

If we substitute, in this equation, the value of V [1467], and observe, as in

[1636'] [1480'], that Y^°^ vanishes, by putting a equal to the radius of a sphere, of

the same magnitude as the spheroid, and that Y^^^ [1483''] is nothing,

when we fix the origin of the co-ordinates at the centre of gravity of the

spheroid ;
we shall have,*

[1637]
constant

^'•'^
+ l^-^.[ir«+^.y«+^.Y<"+&c. J3r '

r^

+ ar^ .[ZW + Z^2) + r . Z^^) + r^ . Z^'^ + &c.}.

[1637'] This is the equation of the surface of the spheroid ;
and by substituting for

r its value, corresponding to that surface, a . (I -{- ay), orf

*(I151) Substituting F(o)=0 [1480'], and Y^'^= [1483^'], in [1467], we

[1637a] shall get, V=^ +i^^ .

[
i Y(') + ^^

. T^^) +£ . F^)^ &,c.
|

;
hence

[1636] becomes as in [1637].

f (1152) From [1461', 1464], we have

r=:a.{l+ ay) = a-{-aa.{ Y^<'^ + Y^'^ + Y^^) _}- &jc.| ;

and by putting, as in [1636'], Y^^) ^ q, Y'^= 0, it becomes as in [1638]. If we

neglect terms of the order a^, we shall get,

4*. 0.3 4*.a3
^l:l:i^^(i_„y)^iljL^_i_!LL^.ay

[16376]

3r 3a.{l-\-ay) 3 '^ -" 3

4 * . a^ 4 am' . a^

3 .fY2) + Y3) + &c.}.

Substituting this in [1637], and instead of the factor —^-^— , putting, 4air'.a^ we

shall get.

J-3

constant=^^— i^^^ .
{
Y^) + Y^^) + Y^'^ + &c.

|

[1637c] +4a,r.a^^|Y-2)+ ^.Y^3) + ^.y^^^+ &c.^

+ aV2 . {Z(«) + Z(2) -f- r . Z^3) -I- &tc.h
which is easily reduced to the form [1639], putting r= «, in the terms multiplied by a ;

[1637rf] by which means some quantities of the order a^ are neglected.
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r= a.(l+ay) = a + aa.{Y^^+y^^+y^'^ + &c.}, [1638]

we obtain,

constant=^ . a^-—^ • H Y''' + 4 Y''' + 1 Y''' + &c.
}

3 «3

[1639]

+ aft^ {Z^") + Z^^) + a . Z® + a^ Z^^ + &c.}.

We shall determine the arbitrary constant quantity of the first member of

this equation, by means of the following,

constant = | * . a^ + a a^ . Z^°^ ; [1640]

we shall then have, by comparing the similar functions ;* or in other words,

those subjected to the same equation of partial differentials,

^ —
8.(i-l).*

•" '^ '

[1641]

i being greater than unity. The preceding equation may be put under

the form,

*
(1152a) If we suppose the arbitrary constant quantity in the first member of [1639], to

be equal to the constant terms of the second member, as in [1640] ; and then transpose all

the constant terms to the first member, it will vanish; and the whole equation, divided

by I a * . «2^ will become,

=—ir(2)_2y(3)_3 j-(4)_^c.+ ^.{Z(2)+ rt.Z(3)-|-a2.Z(4)-|-&c.};

or ir(2)+f r(3)+|r(4)_j_^c.= ^.|Z(2)+ a.Z(3>+a2.Z(4)-f &c.|.

The second member of this equation is a rational and integral function of

fA, \/{l
—

(A^)
. COS. w, \/(l

—
1*2)

. sin. zSf

satisfying the equation [1634] ;
and the first member is a like function [162(y], satisfying the

similar equation [1620]. Now it has been proved, in [1479'], that there is but one way of

developing a function in this form ; therefore the similar terms of both members must be

separately equal to each other. Hence lY^^^=^.Z^^\ fY^^^=^ ,Z^\ &c.: or

F-^>=A^ . «. . Z(^) r«= 4f-^4r- • «"'• ^^'^

^^^^^

O.O.V 0.(t 1).3*

as in [1641], the law of continuation being manifest.

[1640a]
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[1642] Y(^) =A . «i-2 . ^(0 I _?_
. /;« yi-2 . J y. . ^(0 . *

[1643] the integral being taken from r= to r= a. The radius a. (!+ «?/)

of the surface of the spheroid, will by this means become,

General

expression ^ ^

[1644] a.(l + ciy)
= aJ

^

); (2)

nhnroid V OrtST "^ Upberoid
in equi-
librium.

We may put this equation under a finite form, by observing that we have, as

in the preceding article,!

«.{Z^) + r.Z« + r^.Z'" + &c.l = -f.fr^-i)-^-^
[1645]

4-—=£_-—^— fc

2i 4- 1 3
*
(1153) Putting for ._ , its value ^^-T^r in [1641], we get,

[1641a] r«= -^ . ar^ . Z«^+ «-^^!^, • Z^'\

This may be put under another form, containing the sign of integration /, as in [1642] ;
and

though it is more complex than that of [1 641], it will furnish a method of obtaining «.( l-}-ay),

under a finite form, in [1644, 1645]. This reduction is made, by observing, that the value of

[16416] P® [1628] is independent of r, therefore Z'-'^ [1632] must also be independent of r; and

if we integrate r'~^ d r . Z^^, commencing the integral with r= 0, we shall get,

r^—'^dr . Z''''> =
-.
—- . Z'^^K If the inte°;rd terminate when r = a, we shall have,
I— 1 °

fr^^dr . Z(') =^^ . Z« . Substituting this in the last terra of Y» [1641«], it will

become as in [1642]. Putting successively i= 2, i = 3, Sic, we shall obtain,

Substituting these in [1638], we shall get [1644].

f (1154) Substituting the values of Z^^), Z^^), &c., [1632], in the first member of

[1645], it becomes,



m.iv. ^25.] COVERED BY A FLUID IN EQUILIBRIUM. 257

so that the integral fd r .
j
Z^^^ + r . Z^^^ + &c.

j
can be easily determined [1645']

by known methods.

25. The equation [1635] has the property, not only of showing the

figure of the spheroid ;
but it gives also, by differentiation, the law of [1645"]

gravity at its surface. For it is evident, that the second member of this

equation, being the integral of the sum of all the forces, acting upon each

particle, multiplied by the elements of their respective directions ;* we shall

have the part of the resultant which acts in the direction of the radius r, by

taking the differential of the second member of [1635] relative to r.f [1645'"]

+
^ ^ . P''''+^ .P'(3) 4-&C.

\
+ &c.

Transposing, to the first member of [1627], the terms depending on P(°>= 1, P^^^ = 5,

S Sr.6 S Sr" ( ^,, . r „,.., . „ > _. . ,. ^.
this

[1645a]

[1625/], we get _|_£ri^4.|
=^. ^p(2)

+ 1. PC3^ + &c.
|

. Dividing

by r2, we get,
—__ _J-

.j_
_ =

-^
. p(2)^ _! . pw _|. g^c. ; accenUng the

letters, we obtain similar expressions for the bodies S', S'\ &tc. Substituting these in

[1645a], it becomes,

-45--(f^-J) + J--2--^y + -;r^^
+ |-7;5~-727-+ ;^J+&^c.^ [16456]

but from [1625rf], f=\/{s'^—2srJ-^r^), and in like manner, f'=^{s'^^2s'r.8-^T^),
&LC. Hence the preceding expression [16456] becomes as in the second member of

[1645] ; in which the terms depending on each of the attracting bodies, are expressed in

finite quantities, independently of series. Then the integration mentioned in [1645'] being

made, the whole expression [1644] may be put under a finite form.

*
(1155) This is evident by comparing the equations [1633, 1635], F, F', he, being

the forces, and /, /', &ic., their directions, [1614'^, Sic.].

f (1156) We have, by using the symbols V, u, as in [1616c],

fV'.du=f{F.df+F'.df'-{-hc.);

hence, from [1633], fV . du= V+ar" . {Z^'^+Z^""^ + r . Z^^^ -^ he). Taking

the differential relative to r, we get, V.
(j~)

=
(^\ + £; .d.\r^.Z^'^^-\-r.^Z^^^-\-hc.l, [1545,^

65
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Hence if we put p for the force, by which a particle of the surface is urged,

towards the centre of gravity of the spheroid, we shall get.

[1646]
^

\ dr / dr ^

/dV\ V
[1646'] If, in this equation, we substitute the value of —

(
-r—

)
= 4 ^ a -I ,

\dr J 2 a

General
^^ ^^® surfacc, glvcu by the equation [1458], and for V its value, given

ofSvt; bv the equation [1635], we shall obtain,*
at the

*'

lurface of
a homo-

geneous
pheroid.

p = ^'^,a
— \aa. {Z^2) + a . Z^^) + a^ . Z^'^ + &c.} (3)

r ought to be changed into «, after taking the differentials, in the second

Now in the same manner as we have found, in [28«, h], that if the force V^ in the direction

M, be resolved in the direction
p,

it will become ^ •

\~7~r
^^ ^^^^^ ^"^ ^^^^^ ^^^ force

V, acting in the direction m, will produce the force ^' • \~Tn ^^ ^^^ direction r
;
and

this, by means of [1645c], is equal to (^\ + ^ .<Z.{r2.Z^o^+r2.Z(2)+r3.Z(=^^+ &c.|;

the forces being supposed to increase the quantities u or r, as in [1615c] ;
and as this is

contrary to the direction of gravity p, it must be put equal to —p ;
hence we obtain the

expression [1646].

we[1646a]
*
(1157) The equation [1458] gives

— f^) = f ^a -f ^. To find ^,
must substitute the constant quantity [1640] in [1636], and we shall get,

I *a2+ a a2 . ZW = V+ a a^ .{Z^'^+ Z^^) + a . Z^'^+a^ . Z('')+ he],

the term a being put for r, in the quantities multiplied by a, as in [1637^]. This gives

il=
-I
^ a— J « a .

I
Z (2)

-I- a . Z^^) -}- a^ . Z ^^^ + &c.
| ;

hence [1646fi] becomes

[1646i]
—
^^)

= fxa— iaa.{Z^2)_|_„,^(3)_|_^2,^(4)_|_^c.|;

substituting this in [1646], we get [1647]. After taking the differentials in the second

member of [1647], we may put r = a, because all the terms containing r, are multiplied

by a. It is also evident, from [1645], that the part of [1647] affected by the sign d, may
be reduced to a finite function, as is observed in [1647'].
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member of this equation, which, by the preceding article [1645], can always [16471

be reduced to a finite function.

This expression of p does not accurately represent the force of gravity,

but only that part of it which is directed towards the centre of gravity of
[i647"]

the spheroid, supposing it to be resolved into two forces, of which the one is

perpendicular to the radius r, and the other p in the direction of that radius. [1647'"]

The first of these two forces is evidently a very small quantity, of the

order a; therefore, if we denote it by «/, the gravity will be equal to
[1647""]

^p2 _|_
c^2 ^2 ^ which, by neglecting quantities of the order a^, becomes p.*

Hence we may suppose p to express the gravity at the surface of the [1647^]

spheroid ;
and as the equations [1644, 1647] determine the figure of a

homogeneous spheroid, in equilibrium, and the law of gravity upon its [1647"]

surface, they contain the complete theory of the equilibrium of such

spheroids ; upon the supposition that they differ but very little from a

sphere.

If there be no foreign bodies S, S', &c., and the spheroid be urged only [I647v«]

by the attraction of its particles, and the centrifugal force arising from its

rotatory motion, which is the case with the earth, and all the primary

planets, excepting Saturn
; moreover, if we notice merely the permanent

state of the figures, and put «? for the ratio of the centrifugalforce to the [I647^iii]

gravity at the equator, this ratio being very nearly equal to -^ ,t supposing [i647«]

the density of the spheroid to be unity ; we shall find,

*
(1158) Let ;/ be the gravity at the point P, fig. 28, page 217, the direction of this

force being on the line PgG, perpendicular to the curve at P
; put Pg=p', and upon

P C, let fall the perpendicular g c
;

then the force p may be resolved into the forces

Pc=^p, gc= aY; observing that the force gc is of the order a, in comparison
with the whole force Pg, or Pc, because if there were no centrifugal, or other disturbing

forces, the spheroid would be a sphere, and the line PG would fall on PC. Now in
[1646c]

the rectangular triangle Peg, we have Pg = ^[Pc^ -{- cg^), or in symbols,

p'^\/{p^ -\- «^ 7^) ;
and by neglecting the quantity of the order a^, it becomes p=p,

as in [1647""]. This is similar to the result obtained in [1458ff—/].

t (1159) The quantity q [1594«] represents the ratio of the centrifugal force, to the

gravity at the equator, and this by [1 5946], is expressed by ^= acp [1647^'"]. If we
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Radius
of an

[S5' ^.(i+«2/) = «.li-f«?.(f^'-i)!;

[1648'] p = ^^a.\l—iacp-{~iacp.(fJ'—:^)l ;

and the

gravity
at

7 7 • • 7 /• i •

Its surface, therefore the spheroid is then an ellipsoid of revolution [1647/i], upon which

[1648"] the increment of gravity, and the decrement of the radius, in proceeding from
the equator to the poles, are nearly proportional to the square of the sine of

[1648'"] the latitude, ,a being equal to that sine, neglecting quantities of the order «.

[1647o] put p
=

I, we shall get, as above, q
= ao;)=

-—
; which, for the earth, is equal

J '''

to 2I-9 [1594«]. Again, if we suppose S=0, S'= 0, he, in [1632], we shall

[16476] have, a.Z^<'^= J^, a . Z^^^ = — ^g .
{isP
—

^), a.Z^^^ = 0, he. Substituting

these in [1644], we get,

a .(\Jr^y)= ct.U -Up . Z^^^ +^ . fyr.Z^''^l=a.U-l-p .Z^'^+ l^ .Z^^^l

[1647rf]
Now the preceding value of acp [1647a] gives g = -y

'^ • "
'P J substituting this in

[1647i], it becomes as in [1648]. , Putting Z^^^= 0, Z^^=Q>, he., in [1647], we

get, ;?
= I ^ rt— i a a . Z^2)_ iL

. ^ .
(;ij

. ^(0) _|_ y^ , ^i:))
. ^^^ by developing

the differential relative to r, then putting r= a, using the values of Z''°\ Z'-^\ g,

[16475,6?], we get successively,

p = ^^a—iaa.Z^^^— aa.{2 Z^^^ + 2 Z^^))
^ 4 ^ ^_ 2 o « . Z^''^— f a a . Z^^^

= i^n— nag + ^ag- ((^^
—

i)
= 4 ^r a— § fl . I X a

(? + i a.^^oc? . (a2— ^)

[1647e] =f^a.{l — 2-a(?+ i-a(p.(fx2
—

^)}, as in [1648'].

If we put / for the radius of the equator, and
j)'

for the gravity at the equator, which may

be obtained from [1648, 1648'], by making /j.
= 0, we shall get,

[1647/] r'= a.{l+^a^.i); p'= | ^ a . (1
— § « 9

—
| a^ . 1).

Subtracting these respectively from the expressions [1648, 1648'], we get,

[1647g-] a.{l-\-ay)
—r=— a . | a

(p
,

fj.^ ; p— p' =^7r a . j;
a

cp
. ijP ;

both of which are proportional to fx^, or to the square of the sine of the latitude, nearly.

IVloreover, as the sign of the second member of the first equation [1647^] is negative, it

indicates that the radius decreases as /x increases, in proceeding from the equator to the pole.

[1647A] The value of p— p [1647^] being positive, shows that gravity increases in proceeding

from the equator to the pole. Lastly, as the radius a .{I
— | « 9 •

((^-^
—

^)\ [1648], is

independent of to, the spheroid must be a figure of revolution.
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It has been supposed, [1636'], that a is the radius of a sphere, the solidity [1648*"]

of which is equal to that of the spheroid. The gravity at the surface of

this sphere, is f * . «.* Hence we can ascertain the point of the surface

of the spheroid, where the gravity is the same as at the surface of the sphere,

by determining f* from the equation

= — l + i-CM-'
—

i); [1649]

which gives ja
=

\/^^ . [1649^

26. From the preceding analysis, we have deduced the figure of a

homogeneous fluid mass in equilibrium, without using any other hypothesis [1649"]

than that of a figure differing but very little from a sphere ;
and we have

shown that the elliptical figure, which by the preceding chapter, satisfies the

equilibrium, is then the only one which will agree with it. But as the

reduction of the radius of the spheroid, into a series of the form [1638],
« .

j

1 + « . Y^") + « . Y^') + &c.
I

, might cause some difficulty, we shall [1649"']

demonstrate directly, and independently of this reduction, that the elliptical

figure is the only figure of equilibrium of a fluid homogeneous mass, endowed [1649""]

with a rotatory motion. f This will confirm the results of the preceding

computation ;
and will serve, at the same time, to free it from any doubt [1649']

that might arise, relative to the generality of this analysis.

We shall suppose, in the first place, the figure to be a spheroid of

revolution,! and that its radius is a.(l-j-«2/)) y being a function of
fji-, [1649»']

or of the cosine of the angle ^, which this radius forms with the axis of

*
(1159a) Tliis appears from [1564e], or by putting a=

;
in [1648, 16481, which

gives, for a sphere of the radius a, the gravity p= ^ita ; putting this equal to the general

expression of p [1648'], we shall obtain the value of /x which corresponds to the same

gravity as in the sphere. This gives ^i: ol=^^ tr a .\\
—

fa^-fla'P'Cl*^
—

?)}• If

we reject the first term of each member, which mutually destroy each other, and then divide

by ^'^a.a(^, we shall obtain =— I + 1 •
(m-^
—

t)> [1649] ; whence we easily

easily deduce m-
= v/yf = ,

93094 [16491; corresponding nearly to the latitude
[]648a]

of 68-^ 35«.

f (1 160) In this article the spheroid is always supposed to differ but little from a sphere ; [1648S3
so tliat terms of the order a^ may be neglected, as in [1652', 1655'].

X (1160a) The case of a spheroid which is not of revolution, is afterwards deduced from
[i649o]

this in [1672, &;c.].

m
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revolution [1616''''']. If we put f for the length of any right line, drawn

[I649''»l from the extremity of this radius, to any point within the spheroid ; p the

complement of the angle formed by this line and by the plane passing through

[i649^"i] the radius a . (l -{- ay) and the axis of revolution
; q the angle formed by

the projection of f upon this plane, and by this radius
; lastly V for the sum

[1649«] of all the particles of the spheroid, divided by their distances from the point

placed at the extremity of the radius «.(! +«?/); each particle being

[1650] equal to f^df. dp . d q. sin. /?,* we shall have,

[1651] V=^ff'Kdp.dq.sm.p,

[165V] f being the value of / at the point where this line meets the surface

of the spheroid. We must now find /' in terms of p and q.

*
(1161) We shall suppose CF to be the semi-axis of revolution of the spheroid

DcFEH, which intersects the plane of the present figure in the meridian DcFE. The

centre of this spheroid is C, its radius

[1651a] Cc= a.(l+ ay), [1649^'],

and the angle FC c= 6. A is a point

[16516] within the spheroid [1 649'"], whose distance

from c is cJl=f'f this line C-^

continued, meets the surface of the spheroid

[1651c]
in A!, making the distance cJl'=f', the

radius C A'= a .[\ ~\- ay^), and the

angle F C A'= 6' [1651"]. About c as a centre, with a radius equal to /, we shall

describe a hemispherical surface oczqQ^y z'x
; intersecting the plane DFE in the

[lG51d] semicircle z'yQqz, whose diameter z'cz, is tangent to the meridian FcD, in the

point c
;
and the axis xcx' is perpendicular to the plane of the figure. This hemisphere

passes through the point A, and is marked with the same letters as fig. 2, page 6
;

the same

symbols being also used, except that we must change r into /. Referring therefore

occasionally to that figure, we shall have, as in [1355^, A], cA= cy= cz=cz'=cx=f,

an^\eAcx=p, angleycQ= 7, AB =f.d q . sin.p, Aa=f.dp. The

product AB .Aa, by the differential df, will give, as in [13552], the magnitude of a

particle of the spheroid, whose base is ABb'a, and height, perpendicular to this base,

[1651/] df. This particle will therefore be represented by f^ df. dp.dq . sm.p, as in [1650].

/"T^ [1616^], we get V=ffdf.dp.dg .sin. p.

V=iff"'. dp.dq. sm.p,

Substituting this in [1616^], we get

.cA'=f', it becomes
/

[lesig] Integrating this from /=0 to /=
as in [1651]. Tliis form of V is evidently the same, whether the spheroid be of revolution

[1651g'J or not
;

in other words, whether ^ be a function of m- only, or of f^jw.
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For this purpose, we shall observe, that if we put d, for the value of ^, at

the point where /' meets the surface, and a.(l+ai/) for the corresponding [1651"]

radius of the spheroid, ?/ being the same function of cos. ^', or
fji.',

that

y is of fA ;
it is evident that the cosine of the angle, formed by the two right [1651'"]

lines /' and a . (1 + «2/)> is equal to sin.p . cos. q ;* therefore, in the [1651""]

triangle formed by the three right lines /', ^.(l+ay), and a. (l+a^),
we shall have,t

a" . (1 -^aijf= f'^^2.af' . (1 + «y) . sin.p . cos. 7 + a^ (1 + ayf. [1652]

This equation gives two values for f^ ;
but one of them, being of the

order 0?, vanishes when we neglect quantities of that order. The other [1652']

becomes,!

*
(
1 1 62) The angle CcA', formed by the right lines cJl'=f', C c= a .

(
1 + a y), [1651/i]

is evidently equal to the angle y cA, which is measured by the spherical arch y ./f
,

forming the hypotenuse of the rectangular spherical triangle y Q^A, whose sides are

Now from [
1 34 5^^] we have cos. CcA'= cos.yA= cos.A Q . cos. y Q= sin. p . cos. q, [1651t]

as in [1651""].

f (1163) In the plane triangle C c A', we have, by [62] Int.,

CA'^= cA'^-'2cA'.Cc.cos.CcA'+C(P; [1651Jfc]

and by substituting the values [1651A, i], it becomes as in [1652].

J (1164) The quadratic equation in / [1652], solved in the usual manner, and then

developed in a series, according to the powers of a, neglecting u% becomes successively,

f'=a.{l-\-ay).sm.p.cos.q^a.{{l-\-ayf.sm.^p.cos.^q-i-{l-\-oiy'f
—

{l-\-ayf\i

=a.(l-f-a3/).sin.p.cos.g'=Fa.{(14-ay)2.sin.2/).cos.^g+ 2a.(3/'
—

y)-\-o?.{y'^
—

f)\^

=a. {l-\- ay). sm.p. COS. q:^ a. <{!-{- ay), sm. p. COS. q-{-
"'^"^^

I, [1652al

Hence the two values of /' are

f= 2a.(l-{-ay).sm.p .cos.q-[--
— —j f= —-- [165261•^ V 1 :/-' r ^ I

sin.;). COS. 5
' -^

ein.jp.cos.9
L^OO'SOJ

This last value of /' makes f'^ of the order a^, which is neglected in [1652']. The
other value of /', being squared, neglecting a^, becomes as in [1653]. Substituting this in

[1651], we get [1653].
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[1653] f'^ = 4 a^ . sin.^p . cos.^
gr

. (1 + 2 « y) + 4 « a^ . (^
—

y) ;

which gives,

[1654] V= 2 d'.fdp .dq, sin.^ .
j (1 + 2 « y) . sin.^p . cos.^ q J^a , {y'

—
y)\.

It is evident that the integrals must be taken from p= Q to p= *, and

from
^f
== — ^ -n- to q = \'K.^ Therefore we shall have,t

[1655] F= |*a2— |acr. c?y-^^ac^ , f\j . dp .dq. sin.p,

[1655^ y being a function of cos. ^', and we must determine this cosine in terms

of p and q. We may, in this computation, neglect quantities of the order «,

*
(1165) In finding the integral relative to p, we must consider the independent variable

[1653a] quantity q as constant ; and then the integral is to be found, in the plane ex A fig. 35,

page 262, while the point A moves through the great circle x A ^, till it meets the

[16536] opposite pole at x' ; so that the integral is to be taken from p=0 to p = *. Then we

may suppose the plane of the semicircle x Aaf to revolve about the axis x x, so that

the line cQ may commence its motion in the position cz, where the angle q=— J-r,

[1653c] and finish it in the position c z^ where the angle q=^ir, during which motion the

revolving plane will pass over the whole mass of the spheroid ;
these limits of p, </,

are the

same as in [1654']. In finding these limits, it is tacitly supposed, that the whole of the

spheroid falls on one side of the tangent z z'
;

or in other words, that the surface of the

[1653cf] spheroid, or the curve of the meridian, does not contain points of contrary flexure, near the

point c. This restriction appertains to the calculation as far as [1701"].

f (1166) Connecting together the terms multiplied by y [1654], and bringing that

quantity from under the sign of integration, because it is constant through the whole integral,

we get,

[1654a] F^2 a^ .fdp .dq. %\n.^p .cos,.^ q-\-2 a^ . ay ./dp .dq . (2 sin.^^ . cos.^
g-
—

sin.p)

-\-2 a^ a. fxj . dp . d q. sin. p.

The integrals relative to p, </,
in the first terms, are found by means of the first of the

following formulas, which is the same as [84rt] j the second is derived from it, by changing

^ into ^ *
-f~

^ •

[16546]

Integrals.

[1654c]

fd^ .sin."d= .cosJ.sin."~^^+-^^^ .fd^. sin.""^^ ;

n n

1 1

rdd.cos.''d= -
.sin.^.cos.''~'^H . fd6 .cos^~^6.

Now if n be any term of the series 2, 3, 4, Sic, and the limits of the integral be any terms

of the series 0, ± i <, ± *, ± f »", ± 2 *, ± f -ff,
he. ;

the quantities without
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because y is already multiplied by «
;

this being supposed, we shall easily

find,*

a . COS. a' = [a
—

/' . sin. p . cos. q) . cos. ^ +/' . sin. p . sin. q . sin. d
; [1656]

the signs of integration will vanish, and we shall have between the limits ^air, ^b-ir; a,b,

being any numbers of the series 0, 1,2, 3, 4, Stc, positive or negative,

dd . sin."^= . f dd. sin."-- 6
;

The last of these formulas, putting 6=q, n=2, gives fdq.cos.^q=ifdq=^q-{-^if,

which vanishes when q=— ^cr, and at the other limit q= ^'!r [1653c], becomes

J" ,
d q . cos.^

5"
= 1

"rr
; substituting this in [I654rt], we get,—5^

y=7ra^ 'fdp . sin.^p -\-2 7ra^ . ay -fdp . (sin.^p
—

sin.jp) -\-2 a^ a.fi/ . dp . dq . sin. p.

Again, fdp . sin. p=— cos.p -|- 1, which vanishes at the first limit of p= [1653i],

and at the second limit, p= 9r, it becomes f dp . sin.p := 2. If we now put

n= 3, 6=p, in []654e], we shall get, fdp.sm.^p= ^fdp.s\n.p=z^.2= ^,

hence fdp.{sm.^p— sin.p)^:*
—2=— |; substituting these in [1654A], it

becomes as in [1655]. In this nothing is determined relative to the quantity y, which

remains arbitrary, as in [1651^'].

*(1167) Upon the line cQ^RP, fig. 35, let fall the perpendicular A'P, upon the

plane of the figure ;
and in this plane, draw the lines cc\ PP'j perpendicular to the axis

of revolution C c' RFF. Then, in the

rectangular plane triangles Cc'c, CPA',
we have, by neglecting terms of the order a,

C c' == C c . cos. c C c'= a. cos. 6
,

CP'=CA'. COS. P'CA'=: a . cos. (f,

hence,

P'c'=CP'—Cd=^a. COS. 6'— a. cos.^,

In the similar right angled triangles Rc'c,

RPP, we have Re' =i c R.cos. cRC, RP'= RP .cos. cRC, whose sum is

Rcf-]-RP'= {cR-\-RP).cos.cRC, or P'c'=zcP .cos.cRC. In the rectangular

triangle c P A', we have cP ^=cA! . cos. A' cP =/' . sin. p, hence

67

[1654c]

Definite

integrals.

[1654/]

[165%]

[1654A]

[1654t]

[1654;k]

[1656o]
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[1656'] and by substituting the value of f ^=2a . sin. p . cos. q, it gives,*

[1657] [i!
=

ij.. cos.^p
—

sin.^p . COS. (2q-\- &).

We must now observe, with respect to the integral fif . dp . d q .s'm. p
[1657'] taken relative to q, from 2q = — * to 2q = ^ [1654'], that the result

would be the same, if we were to take this integral from 2q = — d to

[1657"] 2^ = 2*— ^, because the values of (x', and therefore those of y, are the

same from 2q=— * to 2q^— ^, as from 2q= 'x to 2q^2'K— ^.f

[1658] Supposing therefore 2q-\-& = q', which gives,

[1659] f/,
=

(X . cos/p— sin.~p . COS. q,

[1656c]

[16566] P' c'=f' .sin.p . cos. c R C
',

but in the plane triangle C c R, we have the angle

cRC=7r— CcR— cCR= 7r— q
—

&, hence,

COS. cR C= cos.
(tt
—

q
—

^)
=— COS. (q-{-6)

= — cos.q . cos. d -f- sin.
5-

. sin. 6.

Substituting this in P'c [16566], and then putting it equal to the other expression of

Re' [!656fl], we get,

[1656d] a . cos. 6'— « . cos. &^f • sln.p .
{
— cos. q . cos. 6 -\- sin. q . sin. &] ;

which is easily reduced to the form [1656].

*
(1168) The first value of /' [16526], neglecting terms of the order «, is, as in

[1656'], f = 2 a . sin. p . cos.
5-. Substituting this in [1656], and dividing by a, we get,

from [23, 20] Int.,

cos. ^'=
(

1 — 2 sm.^p . cos.^ q) . cos. 6 -\-2 sin.^p . sin. q . cos. q . sin. &

= cos.6— 2
sin.^jo .cos.5'. (cos. g-.

cos. ^— sm.q . sin.^)
= cos.^— 2sin.^/KCOS.<7 . cos.

(<7-f-<))

= cos. 6— sin.^p . \2 cos. q . cos. (q -\- i^)\
= cos. &— sin.^p . {cos. (2 </ -|- ^) -f-cos. ^|

[1657o]
=cos. ^. (1

— s\n.^ p)
—

sin.'^/?. cos. {^q -\-^)
= cos. ^ . cos.^p

—
sin.^jt?

. cos. {2 q -\- 6).

Substituting cos. ^=
fx, cos. ^'=f.'/, [1649''', 1651'"], it becomes as in [1657]. In this

value of
(.»-',

terms of the order a [1655'], are neglected ;
so that in fact it is the same as

would be found upon the supposition that the spheroid is a sphere. It will be seen hereafter,

that these neglected terms of the order a produce, in the equation of equilibrium [1663],

[16576] only terms of the order a^, which are neglected ;
and the result will be the same, whether

these neglected terms of /x' are supposed to be a function of (x only, or a function of fA,^.

f (1169) The spheroid [1649^'] is supposed to be formed by the revolution of the curve

FA'H, fig. 35, page 265, about the axis CF
;

therefore the radius CA'= 0.(1+ ay')
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we shall have,

F=-|^a^— -§-a^.«^?/ + «ft^. /y .dp,d(i. sin. p ; [I66O]

the integrals being taken from p = to p = '^, and from
9'
= to [leec]

Now if we put a^ . N for the integral of all the forces, foreign from the

attraction of the spheroid, multiplied by the elements of their directions [I66O"]

respectively, we shall have, by [1636], in the case of equilibrium,*

constant = F+ a^ , N
', [I66I]

and by substituting the value of V [1660], we shall have, Bjuation

libriam.

constant = a a * . ?/
— a . f'lf . dp .d(J . sin. p—N \ [1662]

which is evidently the equation of equilibrium [1636], reduced to another

[1651"] is a function of the angle FCA\ or of its cosine
fji', [1651'"] ; and as a, a, are [1659o]

given, y must be a function of (x', which we shall denote by

y'
= 9 (fx')

= 9 (ju,
. cos.^/?

—
sin.^p . COS. [25'+^]) [1657].

Substituting this in the expression under the sign of integration in [1655], we get,

fl/ .dp.dq. sin. p = fdp . d q . sin. p . 9 (f*
. cos.^ p— sin.^p . cos. [2 9 -f- f\) ; [16596]

in which the integral relative to q is to be taken from q=— |x to q= ^7r [1654'].

Now it is evident, that within these limits, the term cos. {2q-\-d) passes through all possible

values, corresponding to the whole circumference of the circle
; the other quantities (x, p, 6,

being considered as constant, in the integration relative to q. It is therefore of no importance

from what point we compute the angle q. For instead of commencing the integral with

2q=.— w, and ending with 2 q= 7r, [1654'], we may commence with 2 q=— 6, [1659c]

and terminate with 2 9= 2 »•— 6, since the number, value, and signs of the elements, of

which the integral [16596] is composed, are the same in both cases. If we now put, as in

[1658], 2q-\-6=:q', 2dq= d^, the expression [1655] will become as in [1660] ; [1659dl

also ^if [1657] will become as in [1659]; and the limits of
q' [1659c, </] maybe taken

from
q'
= to

q'
= 2 7r, as in [1660'].

*(11T0) Putting ur'.\Z^^^^Z^^^-\-r.Z^^^-\-hc.]=a^.J>r, in [1636], it [1662al

becomes as in [1661] ; substituting the value of V [1660], we obtain,

constant= 4«-a2— *a^. a^ij -{- aa^ .fy* .dp . dq' . sin. p -\- a^ . JV. []662a']

Connecting the quantity -f
t a^ with the constant term of the first member, and dividing

by — o^ we get [1662].
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[lees']
form.* This equation being linear, it follows that if there be any number i

of radii a . (1 -{- uy), a. (I -{- av), &c., which satisfy it, the radius

«.< l + ".(2/+ 2)4- &c.) > will also satisfy it.f

If we suppose that no external force acts upon the body, the whole force

[1662"] will be reduced to the mutual action of the particles, and to the centrifugal

force, arising from the rotatory motion of the spheroid. We shall put g for

the centrifugal force, at the distance 1 from the axis of rotation [1616*'''] ;

[1662"'] and we shall have, by [1632,1662a], iV= i^. (1
—

f-') ;t therefore

the equation of equilibrium [1662] will be,

*
(1170a) It is evident, from the remarks in [1651^', 16576, Sic], that the values y, i/,

in the equation of equilibrium [1662], correspond to a spheroid of any form, differing but

[iee2&] little from a sphere ;
and are not restricted to the case of a spheroid of revolution, assumed

in [1649"'] ;
so that in [1662], y may be generally considered as a function of 6, -a, and

y'
as a function of 5', to'. This remark will be of use hereafter.

f(]171) Supposing there were i radii, a.{l-\-ayi), a.{l-\-ayQ), he, a.(l-}-a!/J,

which would satisfy the equation [1662]; we should get, by accenting y^, y^, &c., to

obtain the values of y, corresponding in each case to the point A', in
fig. 35, page 265, the

following system of equations, satisfying [1662] ; observing that JV [1662a] is supposed to be

the same in these expressions, neglecting terms of the order aP
;
we shall however see, in

[1676", Sic], that there is a case in which JV is variable at different points of the surface.

constant= ^ a "ff .
2/j
— a .fyi . dp .d q . sin. p

—
JV*;

constant= -1
a * . yg

— a . fy^ .dp.dq. sin. p— JV
;

[1663a]

constant= | « * •
y^
— « • /y/ .dp.dq. sin. p— JV,

Dividing the sum of these equations by i, and putting

[1663a']
Y=].{y,+ y, + y,). Y'^

}
' ivl^Vi +2//),

we shall get,

[16636]
constant= :* a "n- . Y— o-fY' .dp.dq. sin. p— JV

;

which is the same as would be obtained from the equation of equilibrium [1662], by putting

Y, Y\ for y, t/, respectively; therefore the radius a.(l-f-aT) will satisfy this equation

of equilibrium.

J (I171a) In this case we have, from [1632],
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constant = f a*.y— a./^- dp. dq' . sin.p
— ^g, (1

—
ij?). [1663]

Takiiij^ the dififerential of this relative to fA, three times in succession,

observing also that (j-)
=

cos.^p, as is evident from the equation [1659], [1663']

we shall get,*

= 4*.

fju'
=

fjL . cos.^p
—

sin.^p . cos. ^ ; [1664]

(S) -f'^p •^'i- ^'"-^ • •=°'-> •©) • ''"^^

Now we havef fdp.d^. sin. p . cos.^jp
= 4 '^

; therefore we may put [1665']

this expression under the following form,

=fdp .d(i. sm,p . cos.«i? .

I

-I .

[j^
—
(j^ I

. [1666]

Hence [1662a] becomes a^.K=r^.{hg— ^g-{[i^
—

i)| = 25'^-(l — H-^)* as

in [1618] ;
and as the radius r [1649''] differs from a only by quantities of the order a, we

may, by neglecting a?, divide by a^ or r^, and we shall get JV, as in [1662'"]. Substituting

this in [1662], we get [1663], from which the value of y is to be determined by the usual

principles of analysis, considering y as a function of |x, and the curve of the meridian to be

subject to the restriction mentioned in [1653frj.

*
(1172) The quantity (x being independent of p, q, we shall, from [1659], evidently

obtain the expression f—
j
=

cos.^/j, [1663']. The first member of [1663] being [16636']

constant, its differentials vanish
;
and if we take the third differential of this equation relative

to |x, the term depending on — i 5"
•
(
1 —

M-^)
will vanish

;
the term depending

on %a.if.y will give the first term of [1665]. The term depending on y' will produce
the second term of [1665], using the formula [1663'], and observing that

[1663c]

f (1 173) fAq=(l vanishes at the first limit of ^= 0, and at the second limit,

gr'=2*, it is
f^ dq=2'!(. Hence the integral [1665'] becomes, by substitution, [1665a]

and taking the integral relative to p,

fdp.d^. sin.p . cos.6p= 2 * .fdp, smp . cos.^p
=—2 * ./J.cos.p . cos.^p=—f * . cosJp+ f «"

; [1666a]

68
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This equation must be satisfied, whatever be the value of f*. Now it is

[1666'] evident, that among all the values comprised between /x
=— 1 and

[1666"] M-
= 1

, there exists one, that we shall denote by h, which is such that,

independent of its sign, none of the values of (33) exceeds that

[1666'"] corresponding to h. Denoting this last value by H, we shall have,

[1667] =fdp .dq', sin.p . cos.^^ . J |H— fp^^ I .

/(P y' \The quantity |H— i -~^ j
has evidently the same sign as IT,* and

[1667'] the factor sin.p. cos.^p is always positive through the whole limits of the

[1667"] integral ;
therefore all the elements of this integral have the same sign as

H. Hence it follows, that the whole integral cannot vanish, unless H be

[1667'"] equal to nothing ;
which requires that we should have generally 0=(

-~

and then, by integration, we obtain,!

[1668] y = l-\-7n.ii'-{-n.ii?,

[1668'] /, w, n, being arbitrary constant quantities.

which vanishes at the first limit p= [1G60'], and at the second limit p= 'ff

becomes ^ *> ^^ in [1665'] ;
from which we get, 4 if= -^fdp .dq . sin.p . cos.^p.

Substituting this in the first term of [1665], we obtain [1666]. In the particular case of

[1666&] fJi.

= A, and (—^J=jEZ', it becomes as in [1667].

*
(1174) jff being the greatest value of (7^)5 or of

("T^")' independent oi

its sign [1666'"], the quantity \'H.
—

(-,~^)
i^ust evidently be of the same sign as fl,

and between the limits of f [1660'], the factor sin. p . cos.^p is always positive ;
hence

eacA of the elements dp .dq' . sin. p . cos.'^p . < ^H— i~l~'^ \
"^"^^ ^^^^ ^^^® ^^™^

sign as H
;

therefore their sum, or the whole integral, must have the same sign as H, and

[1667a] cannot vanish, unless 11= 0, which, being a maximum value, independent of its sign,

requires that we should have generally (jl)
= ^^ ^^ i'l [1667'"] ; corresponding to

any point whatever of the surface of the spheroid, or to any value whatever of /x. The

manner in which this equation is obtained is deserving of attention for its singularity.

f(ll76) Multiplying the equation (---^j
= by f/fx, integrating, and adding
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If we fix the origin of the radii in the middle point of the axis of revolution,

and take half of this axis fov a; y will be nothing, when m-
= 1

,
or [1668"]

^ == — 1
;

from which we shall get in = 0, and n =— /, and the

value of y will become,*

y==l.(l — M-^). [1668'"]

Substituting this in the equation of equilibrium [1663],

constant = ^aif .y
— a . fi/ . dp,dq' . sin. p— ^^ • (1

—
M-^)} [1669]

we shall find,t

al=^ = ^a^; [1670]

the constant quantity 2 w, we get f
—

j

= 2 n. Again multiplying by d f*, and

taking the integral, we get f
—-

j
= m -f- 2 n . i*. Another integration gives, as in [1668],

y == Z -}- m . f* -f n . f^^. [16676]

*
(1176) The general expression of the radius is a.(l-\-ay) [1649^']; and this,

by hypothesis [1668"], is equal to a at the extremities of the axis of revolution
; hence we =

i ,,.; i

must have y= at these points, where
fji-

= l or ii
=— 1. Substituting these

values of
fji<

in y= [1668], we get = Z
-|-
m -f- m, = 1— m-\-n. Half

the difference of these equations is m= 0, and then either of the equations gives

n=— I. Hence [1668] becomes generally, y= l— Z.fji-^
= Z.(1

—
p.^), as in [I6680I

[1668'"]. For any other point, corresponding to y', f/.', it becomes i/=l.[l — fj/^y [16686]

f (1 177) Substituting, in the term under the sign / [1669], the value of y' [1668&], and

M-' [1659], we get,

fy'. dp .d^ . sm.p = I ./dp . d
q'

. sin.jo.f 1 —
(/x. cos.^p

—
sin.^p . cos.^')^^

= 1 ./dp .dq' .sm.p .{{I
—

fj-2.cos.'^p)-|-2|x.cos.^j>. sin.^^ . cos.
g''

—
s'm.'^p .cos.^q'\. [1670a]

But fdq'=q', fdq'.cos.q'=sm.q'; which vanish at the first limit of q'
= 0,

'•

[1660'], and at the second limit they become f dq'=2'n', f
^
d

q[
. cos. 9'= ; [16706]

moreover, if we put n^ 2, and 5=
5', in [1654/], we shall get,

/^ d^.COS.^q'= l.f^ '^dq'=i.27r= 7r.
[1670^]

Substituting these in [1670a] it becomes,

fy' .dp.dq. sin.
jo
:=2 * I .fdp. sin.p .

f (1
—

^jp .
cos.'*^)

—
^ sin."*;?}

= 2 * Z ./dp . sm.p— a-n-Z.fjL^ . fdp . sm.p . cos.^p
— irl .fdp. sm.^p. [1670d]
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a
(p being the ratio of the centrifugal force to the gravity at the equator

[1670']
_ 3

[1647"""], which ratio is very nearly equal to ~
[16476?] ; therefore

Radius

«(»"., the radius of the spheroid will be,
ellipsoid t.

'

of revo--

t"wi] a.{l + i»9.(l-^^)S.

\VolY\ Hence it follows, that this spheroid is an ellipsoid of revolution, which is

conformable to what has been heretofore found, [1648, &c.].

[1671"] We have thus obtained, in a direct manner, independently of any series,

the figure of a homogeneous spheroid of revolution, revolving about its axis
;

[1671"'] and we have shown that it must necessarily be an ellipsoid,* which becomes

a sphere when 9 = 0; therefore a sphere is the only figure of revolution

[1671""] which satisfies the equilibrium of a homogeneous fluid mass that has no

rotatory motion.

Now fdp . sin. p=— COS. p -f- 1 vanishes when p= ; and when
jt?
= ^, it

becomes J dp . sin. ^j
= 2

; also fdp . sin. p . cos.'^ p=— -i
cos.^p 4~ i* which

[I670e] vanishes when p= 0, and when p = 27r, it becomes fdp. sm.p . cos^p= f .

If we put successively w=5, n = 3, 6= p, in [1654e], we shall get,

[1670/] fjdp.sm.'p
=

±.f^dp.sm.^p
=

±.^.f^dp.sm.p
= ^.§.2= \'^',

hence [IGTOc?] becomes

// . ^p . <; 5 . sin. p= 2 * Z . 2— 2 * Z . fJ^^ I
— T / . if= 41 * Z— 4 * Z . M-^.

Substituting this, and y [1668'"], in [1669], it becomes,

[1670g-] Const.=|c.aZ.(l—M'^)—4|*.aZ+ f^.aZ.fx2— 1^.(1
—

fi2)^_8^.„/_^^_|_^2^(^^__8_^,otZ)

This equation cannot be satisfied, for all values of f^-,
unless the coefficient of ijP be equal to

[1670A] nothing, which gives ig— ^^j ^ . a Z= ;
hence a Z=— ,

as in [1 670] .

[1670i] Substituting g=^7r.acp [ L647rf] ,
we get al^^acp, or Z= f cp, as in [

1 670] ;

hence y [1668'"] becomes y
= f (p

. (1
—

fjp),
and the expression of the radius [1649^'],

[1670ifc] a.{l+ay), gives [1671].

ii'.'-.< *
(1178) In all the computations in this article, quantities of the order a^ are neglected

[16486], therefore the results must be considered as being proved to that degree of accuracy

only. When the body is at rest, the centrifugal force acp [1670'] is nothing, and the general

expression of the radius [1671] becomes a, corresponding to a sphere, as in [1671""] ;
the

fl671a] origin of this radius being at the centre of gravity of this homogeneous sphere.
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Hence we may prove generally, that if the fluid mass be acted upon only [I67lv]

by very small forces, there can be but one possible figure of equilibrium ; or There is

in other words, there can be but one radius a. (14- aw), which can satisfy fisurT
^ "-^ •'of equi-

the equation of equilibrium [1662]. ofah^mo-
geneous

constant = a a * . ?/
— « . /?/ .dp.d(^. sin. p— iV

; [1672]

fluid, dif-

y being a function of & and of the longitude -a [1662&] ;
and ?/ representing [fuie^from

• 1 T^ • f
^ sphere.

the value of y when we change 6, zi, mto ^
,
^

, respectively. For if we
[i672^

suppose that there are two different radii, a.(l-{-ay) and a.(l-{-oLy-{-av)j [1672"]

which will satisfy this equation ;
we shall have,*

constant = i-aff.(?/-f2))
— a. f(j/-T v')

. dp,d^ . sin. p— N. [1673]

Subtracting from this, the preceding equation [1672], we shall get,

constant= ^-s .v—fv' . dp . d^ , sin. p. [1674]

This equation is evidently that of a homogeneous spheroid, in equilibrium,

whose radius is « . (1 + « ^)j and which is not acted upon by any force, [1674^

except that arising from the attraction of its particles. As the angle « must

vanish from this equation,t the radius a . (\ -\- av) will also satisfy it, if [1674"]

*
(1179) If the radius be a .{l-\~ ay -\- cfv), instead of a.(l-f-ay), assumed in

[1649''], we must make, in the equation [1662], or [1672], a corresponding change, by

writing y-\-v for y, and y'-\-v' for y' ; by which means it will become as in [1673]. [1673a]

Subtracting from this the expression [1672], and dividing by a, we get [1674]. Comparing
this last equation with the general equation of equilibrium [1672], divided by a, it will be

found, that they will become identical, if we change y into v, i/ into v', and put JV= 0.

Then the radius a. {I-]- ay) [1649'''], will become a.{l-\-av) [1674'], corresponding

to the case of JV=0 when all the disturbing forces cease, [1660"]. We may observe, as [16736]

in [16626], that y, v, in this equation, may be generally considered as functions of 6,^5 -y
and

yfy v', as functions of (f,z^. We may also remark, that in these calculations, the value of JV

is supposed to be the same in [1672] as in [1673], which in general is very nearly the case [1673c]

in homogeneous spheroids. There may however be cases where there is a difference, as

will be shown in [1676'', &,c.].

f (1180) Supposing, in fig. 35, page 262, that Cc represents the radius a . (1 -|- a*'),

[1674'], V will be a function of d,zs [16736], depending on the form of the surface of the

spheroid, and we shall denote it by

v=:<p(4,«). [1674a]

The radius C.^' of the same figure will be C^'=(l-|-ai>'), and v'=<f){6'j'a'). Now

69
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[1675]

[1675']

we change successively TO into ^-f^^, -a -j- 2d 'tis,
&c. Hence it follows,

that if we put v^, Vq, &c., for what v becomes by means of these changes,

the radius

a.\l -{-aV . dTH -{-aVi. d'^ ~\-aV.2. d'a-^ &C.
j

,

or a . (1 + a . fv . d to), will satisfy the preceding equation. If we take

the integral fv.dvs, from to=0 to TO=2'7r [1674A], the radius

«. (1 + a . fv . ^to) becomes that of a spheroid of revolution,'^ ivhich, by

it is evident, from [16516, &;c.], that ^', to', are functions of 6, trf, p, q; and if these values

be substituted in v\ the expression
—f v' . dp . dq' .sin.p [1674], taking the integral

between the limits [1660'], will become a function of 6,zi. Moreover, the first term of the

second member of [1674], ^tt.v, is a function of ^,to [1674^] ; therefore the whole of

the second member of [1674] is a function of ^jTO, which we shall denote by L[d,'si) j
and

this equation of equilibrium will become

[16745] constant= -^ (^ , to).

This must be satisfied, for all values of 6, to, in a manner similar to that by which the

equation [1670g-] was satisfied, in [1670A] ; namely, by making the coefficients of the terms,

affected by any powers or products of the sines and cosines of the variable quantities ^» to',

equal to nothing. In this way the angle to will vanish from the equation [16746], as is

observed in [1674"] ;
and it would therefore vanish, if we were to change to into -a-^idrsj

by which means it would become constant= -^ (&,
-a

-{- i d
-ts) ;

so that the equation of

equilibrium [16746] would be satisfied, if ts were changed into to-{-*<^^, and v [1674a]

into v=
cp {6,

vi -{-id'si) ;
i being any number whatever.

If we now put successively i= 0, i:^ I, i= 2, i= n, and suppose the

corresponding values of v [I674J], to be Vy v^, Vo, v„ ;
the radii, or values of

C c, will become a.{l-\-av), a.{l-{-aVi), a . {I -j- 0.0^), the number of

which is n-\- I
;

and as all these values of the radius satisfy the equation of equilibrium

[1 674, 16746], the radius « •

]
1

-| 77 . (v+ ^1 + ^2 +O | j
will also

satisfy it, as is evident from the method of reasoning in [1 6680, a, 6]. If we suppose the.

quantity n-{- I to be infinite, and put
——- ==^ j changing also the constant quantity

a into 2 a
"^r, this last expression of the radius will become,

a.{l+a.dzi.(v-\-Vi-\-V2 +'vj],
as in [1675] ;

and this, according to the usual notation of the integral calculus, is expressed

[1674g] by a .{\ -\-a .fv . dzs\ [1675'], v being the general term of the series v, v^, v^, v^ ;

and if we suppose the first limit of this integral to be to= 0, the second will be

[1674ft] [n -\- I) . d ts= 2 K
, which are the limits assumed in [1 675'].

*
(I ISl) Substituting, in fv .dvi, the value of v [1674^], it becomes fd-u^ .(p((5,to).

Taking the integral of this expression, between the limits -sj= 0, -ci= 2
<;:, [1675'], the

[1674c]

[1674d]

[1674e]

[1674/]
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what has been said [1671""], must be a sphere. We shall now investigate [1675"]

the value of v which results from this condition.

We shall suppose a to be the shortest distance from the centre of gravity

to the surface of the spheroid, whose radius is a.(l~{-a.v); and we shall [1675'"]

fix the pole, or the origin of the angle ^, at the extremity of a. v will be

nothing at the pole, and positive in all other places, and it will be the same [1675""]

with the integral fv.d^. Now since the centre of gravity of the spheroid, [1676]

whose radius is « . (1 + a v), is the centre of the sphere,* whose radius

is «, this point will also be the centre of gravity of the spheroid, whose [1676']

radius is a .
(
1 + « . /«) . c? w) ;f the different radii, drawn from the centre [1676"]

[1675a]

quantity -ra will disappear from the integral, and it will become a function of ^, which we shall

represent by fv.dziz=fd'a.(p[&,zi)=F{d), and the radius [1675'] will be

a.{l+a.fv.dzs)= a.{l + a.F{6)].

This radius does not vary with sj, but depends solely on ^
; it must therefore be a spheroid

of revolution, as in [1675'].

*
(1 182) The origin of the radius of the first spheroid, a . (i -{- av), is fixed at the

centre of gravity of this spheroid [1675'"] ;
and if we suppose a sphere to be described

about the same origin as a centre, with the radius a, it is evident that the centres of gravity

of the spheroid and sphere will be at the same point of origin, which is the centre of the

sphere. The plane drawn through this origin, perpendicular to the axis from which the

angle d is counted, may be considered as the equator of the first spheroid, and sphere ;
and [16756]

the common centre of gravity of both these bodies, being in this origin, will also be in the

plane of the equator, as is mentioned in the following note.

f (1183) The radius of this second spheroid, a. {l-\- a .fv . dis), is that of a [1676a]

spheroid of revolution [1675'], about the axis «; therefore the centre of gravity of this

spheroid must be in this axis of revolution, which passes also through the centre of gravity of [1676a']

the sphere [16756]. The first spheroid, whose radius is a. {l-{-av), may be considered

as being composed of two parts ;
the one a sphere, whose radius is a

; the other a shell, [16766]

whose thickness, in the direction of the radius, is a.av. Now if we suppose 6 to remain

constant, and ct to vary from to 2 *, the values of v, in the first spheroid, will become,
as in [1674^, A], v, Vi, vs, v^, corresponding to the whole circumference of the

shell 2 -jr. If we neglect terms of the order a, the distance D of these parts from the

equator of the sphere, or from the plane passing through its centre of gravity, perpendicular [1676c]

to the axis, will be constant. The products of this distance, by the thickness of the successive

points of this shell, a.av, a.av^, &;c., neglecting quantities of the order a^, will

therefore, when added together, be represented by D .aa.{v-\-v^ + v*) » or, as in [l&76d\
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to the surface of this last spheroid, will not therefore be equal to each other,

[1676'"] except V be nothing ;
it cannot therefore be a sphere unless v = f thus

we are assured that a homogeneous spheroid, acted upon b_y any very small

[1676""] forces, can be in equilibrium in one manner only.

27. We have supposed N to be independent of the figure of the spheroid

[1676^] [1673c],t which is nearly the case when the forces, exclusive of those

depending on the attractions of the particles of the fluid, arise from the

centrifugal force, produced by the rotatory motion, and from the attractions

of foreign bodies. But if we suppose, that there is, at the centre of the

[1676"] spheroid, a finite force, whose action on any body varies with its distance,

the effect on a particle, situated at the surface of the fluid, will depend on

the nature of that surface
;
therefore N will depend on y. This is the case

with a homogeneous fluid mass, which covers a sphere of a density different

[I676vii] from that of the fluid. For we may consider this sphere as being of the

[1674^], by D . a a.fv .d-a. Now this sum is exactly the same as would be found from

[1676€] multiplying the distance Z) by the quantity aa-.fv.dzi, which corresponds to the thickness

^
of the shell of the second spheroid [1676a] ;

and as these products are equal, in both

spheroids, for any assumed value of 6, they must be the same for the whole of both

sphero^al shells, and therefore for the whole of both spheroids. But from [16756], the

[1676/] centre of gravity of the first spheroid, whose radius is a .{i -\- av), is in the plane of the

equator of the sphere ;
therefore the sum of the products D .aa .fv , d-m, computed in

[1676<^ for the whole of the first shell, or for the whole of the first spheroid, must be

nothing, by the usual formula for the centre of gravity [124] ; consequently the equal

expression, found in [1676e], for the second spheroid, must also be nothing. Hence, from

the same formula [124], it follows, that the centre of gravity of the second spheroid must be

in the equator of the sphere ;
and as it is also in the axis of the sphere [1676a'], it must be

in the centre of the sphere, as in [1676"].

*
(1184) By [1675"], the radius of the spheroid of revolution, a . {I -{ a .fv .dts)

must be a sphere, whose polar radius, counted from the centre of gravity, is a [1675'"] ;

[167%] therefore, to make the radii equal, as in a sphere, we must have a a .fv . d-a or fv.d-a

equal to nothing ; and v being, by hypothesis [1675""] positive, we must necessarily have

v= 0, as in [1676'"].

f (1185) This supposition has been tacitly made in formulas [1672, 1673], where the

value of JV is supposed to be the same, when the radius is a .{I -\-ay), as when it is

a.{l -\-ay-^av) ; therefore JV must be supposed independent of these radii.
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same density as the fluid, and place at its centre a force, varying inversely as

the squares of the distances
;
so that if we put c for the radius of the sphere, [1676viii]

and p for its density, that of the fluid being taken for unity ; this force, at

the distance r will be equal to |*.
—

-j^
—~* If we multiply it by [I676i«]

the element of its direction — dr^ and take the integral of the product,

we shall get, f * .
—— -. This quantity must be added to (f . N,

and as we have, at the surface, r= a. (\-{-uy) [1637'], we must, in [1676^]

the equation of equilibrium of the preceding article, add to N the quantity

——~—
• (1
—

^y)' This equation will then become,4* .
4
3

Equation
of equi-
librium,

N.constant = |a*.
|
1-f (p_l).M .y

—
a.fi/.dp.dq'.sm.p—

If we put a.(l -{-ay-\-av) for another expression of the radius of the [1677^]

*
(1186) Each particle of the sphere, whose density is

p, may be supposed to be divided

into two parts ; the one with the same density as the fluid 1
,
the other with the density p

— 1 .

The former, being connected with the mass of the surrounding fluid, will produce a spheroid

of the same density as the fluid ; and its attraction being computed, and then combined with

the attraction of a sphere, of the radius c and density p
—

1, will give the whole attraction.

The mass of this internal sphere is ^-k .c^ . {p
—

1) [1430A;]. Dividing this by the square [1677a]'

of the distance of the attracted point r, we get the attraction of this sphere, or of the mass

c3 (p I)
collected at the centre [1416'], equal to f cr . —-^

—
'-, [1 676'*]. This attraction tends [I678a]

to decrease the distance r
; therefore, by [1615c], the negative sign must be given to dr,

in finding the corresponding element of a^ .JV [1660"], which becomes

4^.c3.(p
— 1).=^; [16785]

whose integral is ^5r.c'.(p
—

I).-- This is the part of a^.JV, arising from the

attraction of the sphere ; and the corresponding part of — JV [1662] is

-T-'-^#=-l-i^^ = -4-(f-l).^,+l— (p-l).S.y, [1678.]

neglecting a^. Adding this to the second member of [1662], transposing the term

-i-(p-i)-S-
and connecting it with the constant term of the first member, we obtain [1677].

70
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spheroid when in equilibrium, we shall obtain the following equation, to

determine v,*

[1678] constant= i-*.J l + (p
—

l).-3>.'y
—

fv' .dp.d(^. sin. p ;

[1678'] which is the same as the equation of equilibrium [1677], supposing the

spheroid to be at rest, and neglecting all external forces.

If the spheroid be of revolution, v will be a function of cos. 5 or /x

[1678"] only ;
now we may, in this case, determine v by the analysis of the

preceding article. For if we take the differential of this equation, i-\-\

times in succession, considering ^ only as variable, we shall get,t

1+ (P-1)- -3
\

'

[j^^J-f^diJHr,)
' dp.dq'.sm.p .

cos.^^+^p.

*
(1187) If we suppose the radius to be a.\l-\-a.[y-{-v)], instead of a.(l-j-ay)>

it will be necessary to change y into y -\- v, in [1677], and it will become,

constant=^ a*. < 1 -\- (p
—

1) .— > > {y-\-v)
— a 'f{y'-\-v') . dp . d

q'
. sm.p— JV.

Subtracting [1677] from this, and dividing the remainder by a, we get [1678]. If we now

suppose the spheroid to be at rest, and not to be acted upon by any external force, we shall

[1678<i]
have JV=0 [1660"]. Substituting this in [1677], and dividing by a, we get, for the

equation of equilibrium of this last spheroid,

constant= I TT .

I
l -j-(p_l) .^^ j

.y—fi/ .dp .dq .sm.pj

which is of the same form as [1678] ; therefore this last equation [1678] is the same as that

of the equation of equilibrium of a spheroid, at rest, and not acted upon by any external force.

f (1188) This equation is deduced from [1678], by taking its differential i-\-l times-

relatively to jx, observing that « is a function of ii, v' a function of |x', the other quantities

being considered as constant. The differential of v, of the order i-j-l, being divided

[1679a] by d'(x'+^, is evidently ( , ^-^ ) In taking the differentials of v' relative to |a, we

must consider v' as a function of //, and it! as a function of
fji- [1664] ;

which gives, as in

[1663'], (

—
J= cos.^p ; hence we shall get successively, in like manner as in [1663c],

^'-^ (^)=QC^)=Q— Q=Q-(^)-=-=(^)---
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in definite

integrals.

[1680]
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But we have*

flh
"

dp^d^. sm.p . cos.^+^p = ^r^ ;

the preceding equation may therefore be put under the following form,

0=/.,..,'.sin.,.eos.-V
[ C-^){l+(-^)-g-(S^)-(£^) \

' .-,

We can take i of such a magnitude, that by neglecting the sign, we may
have,

(T)-!>+(-^)-Si>>-
Now if we suppose that i is the least integral positive number which renders

this quantity greater than unity, we may prove, as in the last article [1667'"], [1682^

J
=

, t [1682"]

from which we get,

and generally (
-ri+i J

=
(

i n+i )
• cos.^'+^^ ; this value being substituted in the

[i679c]

differential of [1678], of the order i+ 1> we shall get [1679].

*
(1189) The limits of the integral [1680] are as in [166<y]. Integrating relative to

g^,

we get, as in [1665a], fdg'= 2if
; and the first member of [1680] becomes,

2 * ./J p . sin. p . cos.2H^2p
=_ 2 * ./fi . cos.p . cos.^'+^p

=—
^r^

. cos.2^+3p 4- ^T^ ;
^iggOa]

the constant quantity being taken, so as to make it vanish at the first limit p= [1660'] ;

and at the second limit p= *, it becomes as in [1680]. From this we get,

I *=
(^^) 'fdp.d^. sin. p . cos.S'+Sp ; [16806]

substituting it in [1679], it becomes as in [1681].

t (1 190) If we put m for the value of
f--^-)

•

j
1 + (p

—
1) •

~3 1 mentioned

in [1682'], which first exceeds unity ;
the equation [1681], corresponding to this value of t,

will be
O=fdp.dq'.sm.p.cos.^*'^p.<.m.l-^-—]

— f
j

>
;

which is
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Substituting this value of v in the preceding equation of equilibrium, and

also the following similar value of v',

[1684] v'=:ii!'+A. M-"-^ + B . M-''-^ + &c.
;

[1684'] (x' being, by what precedes, equal to (x.cos.^p
—

sin.^^ . cos.
5^, [1664],

we shall find, in the first place.

similar to [1666], y being changed into v. Proceeding as in [1666', &;c.], we shall find that

[1682a] this equation exists for all values of fx, from fA
=— 1 to fji,= l; also that there must

be a value ix
= h, which will render (

j
a maximum, independent of its sign ;

and if this maximum value be put equal to H, we shall have,

=.fdp . d(/ . sin. p . cos.^'^'^p . < w . H— (
J

>
;

which is similar to [1 667]. Now between the limits of p [1660'], the factor sin.p .cos.^'+^/>

is always positive, and the quantity m .H— f
^.

;

^ J
must evidently have the same

/d'+^ V

[1682a'] sign as H; because by hypothesis, m^ 1, and H is the greatest value of
dii}+'

independent of its sign. Hence we shall get, as in [1667a, Sic], H= 0, and generally

I )= 0. Multiplying this by d jx, and integrating, we get l — \=Ao; again

multiplying by <?|x, and
integrating,

we find ( T^zf )j
^^* Proceeding in this way,

we obtain the finite integral v= A'.^l'-\-B'.^i^~^-{-hc,; or, as it may be written,

V= A' .
{{i'" -\- A . (x'~^ + B . ii^~^ + he.) ;

in which the factor A' may be rejected,

supposing it to be included in the value of a, of the term av, in the radius [1677']-.

Hence v becomes as in [1683], and by accenting the letters, we obtain 1/ as in []684].

The above reasoning will apply, if we take for i any integer greater than that above assumed,

/d^+^v\

[16826]
^s i'

;
for we shall then have ( )==0 ;

which is the same as the i'— i differential

of the equation (

j
= 0, [1682"], and may be considered as included in it. To

satisiy the equation [1681], in the most simple manner, it will only be necessary to put

)==0 ; taking t according to the directions in [1682'].
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l + (p-l)--3 = i7xi--^' [>«S5]

*
(1191) Substituting the values of v, -t/, [1683, 16S4], in [167S]. It becomes,

Const.=^*.^
(+ (p—1). ^J.{,x'-f-^.M.'-^-!-&c.j'—

/c;/?.e?5\sin.p.|fi''-;-^.f//--'-;-8ic.| ; [1684a]

in which we must substitute tlie value of /x' [J 664], and take the integrals, observing tljat
,'a

is

constant in these integrations. This cannot be satisfied, for all values of
f;-, except by putting

the coefficients of f^*, f/.'"^, f.'.'"'-, he., separately equal to nothing, as in [1670/*] j the

constant terra of the second member beini:; equal to the arbitrary constant quantity of the first

member. In this v/ay we can obtain the values of the constant coefficients A, B, he, [16846]

[1686] ;
and tlien froin [1683] we shall obtain the general value of v [1687], as we shall

prove in [I686jrt, /z], by a shorter metliod. For the purpose of demonsti-ating [J 685], it

will be sufficient lo compute the coefficient of ;a» in [1684a], and then we need only retain

the term ij.'. co&.^p of f//^ [1664]. Putting tliis coefiicient equal to nothing, and dividing

by {/-',
we obtain =

-^
c.

j
1+ (o

—
1) .

- > —fdp .d^. sin. p. cos.^p. Changing [1684c]

t into i— 1 In [16G0], we get, f.^ ff^ d.p.d(jl.iu\.p.cos.^'p=^^-j^. Substituting [I684d]

this in tlie preceding equation, and dividing by *-t., we get

0=J+(n— 1).'a3 2r-|-l'

as in [1685] ; by means of which tlie equation [1684a] becomes,

constant=^ .y + A . [jr^ + B . ,/-^ -{-&c.} —fdp.d^.^m.p.\[t!^-\-A.i>:'-^-\-Uc.\. [I684e]

If the quantities c, a, be so related to each other as to produce Integral values of i in [1685],

the expression v [1683] will be real, and we shall have two forms of the radius of the

spheroid [1677'], namely a.(l-j-ay) and a.{\.-\-ay-\-a.v). We may neglect the case of [1684/]

t= 0, because the expression [1683] is then reduced to its first term «= 1, and tlie

corresponding increment of the radius a .av becomes constant, and may be considered

as included in tlie radius a. .If i=I, the expression [1683] becomes v=f/.+ »^> and
[jes^g*]

the corresponding variable part of the radius [1684/] is r . cc /x, of which we shall treat in

[1687a] ;
In tliis case the equation [1685] becomes

c3 c3
l+ (p—l)--3=l5 hence (p

—1).-=0; [1684A]

which is satisfied by putting either p
= I or c =; 0. The last of tliese conditions does,

in fact, include the first, because If we put c =: 0, it renders the whole spheroid of the

same density as tlie fluid [1676""] ; making the solid sphere or nucleus infinitely small, or

nothing, always supposing n to be finite.

71
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[1685] This requires that p should be equal to, or less than, unity ;* and when «, c, p,

have such values, that this equation is not satisfied, i being an integral

positive number, the fluid can be in equilibrium only in one manner.f In

the next place we shall have,

[1686] J = 0, ^ = —^Ei^' ^^-^

so that,t

[1687] V = i^' r-, ^ . i^'~^ -\
^ T-^-—-4—7 r^ . M-'"^

— &C. :"

2.(2i— 1)
'^ ^

2.4.(2i— l).(2i
—

3)
'

*
(1192.) From [1685] we get (1

—
p)
= .

-
; and the second member

[1685a] being positive when *^ 1
, the first member must also be positive ; therefore p <C i

when i^l, p being equal to unity when i=l, as in [16S4A].

f (1193) When the equation [1685] is not satisfied, we must suppose v= 0, v'= 0,

in order to satisfy the equation [1678] j
and then the increment of the radius a.av [1677']

[16855]
becomes nothing, and the radius [1677'] becomes a .{I -{- ay), which is the only form

Vj

that will satisfy the equation of equilibrium [1677].

f (1194) The values of A, B, [1686], and the resulting expression of v [1683, 1687],

maybe computed, by the method in [16846]; but the general solution or value of v is

obtained much more simply in [1694'], or [1701], The same values may also be found in

the following manner
;

in which, for the purpose of illustrating these calculations, we have

separately taken into consideration, the case of curves of revolution, before entering upon the

general solution [1695
—

1701], where the same results are obtained in their most general

form, by a similar computation.

If the spheroid be homogeneous, and of the density 1
,
the value of K, arising from the

mutual attraction of its particles, will be as in [1467], which, in the case of a sphere, where

a=:0, becomes —
g^
—

. Changing a into c, and multiplying by the densityov

A 3

[1686a] P
—

1) we shall obtain the quantity
—J^ . (p

—
1) [1676'''], to be added to the value

of V, computed for a homogeneous spheroid in [1467], to obtain the whole value of V
corresponding to the spheroid treated of in [1676""

—
1687""]. Putting, as in [1638],

[16866]
;•= a .

1
1 + „ . (r(2)_|, r(3) + r^4) + &ic.)l,

we get, by neglecting a^,
- i= -

.
{
1 — a .

(
Y^^^ -}- F(3> -\- he.)], and tile preceding

A 3

[1686c] expression [1686a] becomes illi.. (p—1).{1
—

a,(r(2)_^y(3)_|_^c.)^ If the value
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therefore there are, in general, two figures of equilibrium, since av is

susceptible of two values, one of which is given by the supposition of v=0, [1687]

another by the supposition of v equal to the preceding function of f*.

of V [1467] be increased by this quantity, before substitution in [1636], it will augment the

second members of [1637, 1639], by the same quantity, and the expression [1639] will

become,

constant=^.a2—?^\{iFf2)_|_.y(3)^3Y(4)^&,c.|o o
[1686d]

Supposing, as in [1647^"], 5^=0, jS'=0, kc.
;

we shall get, from [1632],

«.Z(2)= _^^.(,,2_j)^ a.Z(3)=0, a.Z(4)= 0, &c. [1686c]

Substituting these in [1686c?], and putting the arbitrary constant quantity equal to the constant

/t /I 3

terms of the second member, -J!! . a^ -j- ^'^ . (p
— 1

) -f-
a a^ . Z^^\ we shall get, byo oft

connecting the terms depending on F^^^
, Y^^^ Sic,

4«..o[*+s-(f-')}^"+[^+s-fr-')]-^'i ,, ,, ,,
ra--3 c3 T l-\aKg.(y?—i). [1686/]

Dividing this by the coefficient of Y^^^
,
and putting -|

a * .
(p
=

~f-^^ ,
it will

c3

+-A?-')o3

become of the following form,

4,£?/_jN 2i— 2 c3

r(^)+ L_^ll_. yo) + ^--+1 «^-
.r(o + &c.=-|,.(,«-J). ,[168%]

l+-3-(p-l) t+ ^3-(P-l)

Both members of this equation are functions of /x, y/(l
—

fi,^)
. cos. zf, \/{\

—
[>?)

. sin. «,

satisfying the equation [1620] ; therefore each of those members must be of the same form,

as is proved in [1479']. Hence the similar functions of ja in both members must be equal,

and we shall have T^^)=— f <p
. (^2
_

^^^ F(3>^ 0, Y^'^'>=0, and generally [i686/i]

FW=_ 0, i being any integral number greater than 2. We must however except the case

where the factor of Y^\ in the first member of [1686^], is equal to nothing ; for then we
. 2t— 2

,

c3
snail have

^
. .

^
i~ "3

*
(p
— 1)=05 and the expression depending on F^'^ will vanish

from [1686/], and leave Y^'> arbitrary. Therefore the general expression of the radius

[16865] will become a .
{
1 -j- a . F^^^- a . F(»)}, whenever the quantities a, c, p, are so [I686i]
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If the spheroid have ao rotatory motion, and be not acted upon by any
[1687"] force, except that arising from the attraction of its particles, the first of

these two figures will be a sphere, and the second will have for its meridian,

a curve of the order i.^' These two curves become identical when 1 = 1,

dependent o)i eacli other as to satisfy this equation, which is the same as [1685],

If this equation he not satisfied, we must also put 'V'(*) = 0, and the radius [1686t]

will be reduced to o . {l-\-a.Y^^^) ', substim'iing the value of Y'-^^ [1686/t], it becomes

[1686Z] ;-= (^.(l-l-a.y<2))^t/..p— f «9.(m.2
—

-J)|;

which is of the same form as in [1648]. If the equation [1685] be satisfied, the value of

V may be taken equal to Y^'^ [1528], and if we suppose, as in [1678"], that this corresponds

to a spheroid of revolution, in which Y^'> is independent of -s:,
its value must be found by

[1686m]

putting «= 0. Hence F^'^=
j

^'
— -

. . jx*-^
-'- Sic. > .B ; and die radius

a.{l-l-a.F»}=f/.| l-l~.^..G/f/;—^^^.f//-2+ &c.)|
. Ifweput a.5=a',

[1686n] and use V [1687], it becomes a .{\~\-c! v). Comparing [1683,168'/], we get A, B,

he, [1686].

'•

(1195) If the spheroid have no rotatory motion, we shall bave the centrifugal force

a(p= [1647^'"], hence Y^^^= [16867a] j
and the value of the radius [1686Z]

will be reduced to the constant quantity a, corresponding to f< sphere. Then the general

expression of tlie cadius [l6S6fl will be

«.(l+a.YO)+,...r(;))= a.(l+ a.r«) = «.|l+ «\(,.'-iJ^^.,;.-^

as in [1686w]. If i= l, this radius will become a.(l + a'f*)j

and by neglecting the accent on a', it will be, as in [1687'"],

[1687a] «. (l-{-af;.)
= a.(l-f a.cos.^) ;

corresponding to a sphei-e DMB, whose radius is CD=CM=a,
and centre C. The origin of i=AM, being at the poini A, In

the axis of revolution DCB, al the distance CA= a.cc from

the centre C
; the angle CAM=^&, cos.5=a. Then by [62] hit.,

[16876] CM=\AJ\r— 2Ajyi. CA .cos. CAM-\- C A^i=AM— CA .cos. A C M,

neglecting a^. Hence AM= CM-\-CA. cos. &, or in symbols, r= a+ a « . m-,

as in [1687"'].
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because the radius a. (l-fafJ^) is that of a sphere, in which the origin of the [1687'"]

radius is at the distance a. a from its centre [16876] ;
but then it is evident

that p
= l [1684^, &:c.] ;

therefore the spheroid must be homogeneous ; [1687'"]

which is conformable to the result of the preceding article [1671'", &c.].

28. When we have figures of revolution, which satisfy the equilibrium,

it is easy to deduce, from them, figures which are not of revolution, by the [1687^]

following method. Instead of fixing the origin of the angle ^, at the

extremity of the axis of revolution, we shall suppose that it is placed at the

distance 7 from that extremity, putting &' for the distance of any point from [1687"|

the extremity of the axis of revolution, and & for the distance of the same

point from the new origin of the angle &
;

also ^—
13 for the angle [1687"']

contained between the two arcs ^ and 7 ;
then we shall have,*

cos. <3' = COS. 7 . COS. 6 + sin. 7 . sin. (> . cos.
(ts
—

13).

Putting therefore the following function equal to r . (cos. ^'),

[1688]

*
(1196) Let C B

fig. 37, be the axis of revolution, corresponding to any figure of

revolution [1687''] ; C A ihe new axis from which the polar distances 7, ^, are counted ;

ABD a spherical surface, described about the centre C, with the radius 1, and cutting [I688a]
the radius of the spheroid CDR in the point D. , Then in the

spherical triangle BAD, we have BD=:^, the polar ^ ^^
» ri68861

distances A B = y, A D = 6
;

and if AEF be the /^
meridian, from which the longitudes ^, -a, are counted, we shall / /
have the angles EAB^^, EAD = t^, whose difference / /

is the angle BAD= vi—
j3. Hence from [63] Int., we get \ \

[1688]. Now the radius «.(l-j-ai?) of a spheroid, in \ \
equilibrium, and having no rotatory motion, is given in [1 686m, w], \,
and if we change a' into a, to conform to the notation [1690],

-^

it becomes
a.j

1 -{- « .

^,/,'

_
—^^j- . M''-^+ Sic.

j
I

, in which ix=cos.BD=cos.6' [I688d]

of the present notation [1687^']. Substituting this value of
fji,

in the preceding expression of

the radius, and using the abridged symbol [1689], it becomes a . {!+ «. r.(cos.^')}, as
[I688e]

in [1689^. This, by means of [1688], is easily reduced to the form [1690] ; which

represents the value of the radius a.(l-\-av), satisfying the equation of equilibrium

[1674], and makes av= a. r . {cos. 7 . cos. ^ -f sin. 7 . sin. ^ .cos.
(ttf
—

js)}. As the
[1688/]

situation of the assumed point B may be varied at pleasure, without altering the point D,
the quantities 7, (3, as well as a, may be considered as wholly arbitrary, and be taken at

[l688g]

pleasure.

72
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[1689] r . (cos.
= COS.* ^—

'i^~^\
• cos.*-^^' + &c.

;

the radius of a spheroid, at rest, and in equilibrium, which we have just

[1689'] proved to be equal to a .{1 -}-a.r . (cos. 6')j, will become,

[1690] a -}- a a . r .
{
cos. y . COS. ^ -f- sin. y . sin. ^ . cos.

(t^
—

13) | ;

and although this is a function of ts, it appertains to a solid of revolution, in

[1690'] which the angle 6 has not, for its origin, the extremity of the axis of

revolution.

Since this radius satisfies the equation of equilibrium [1674], whatever be

the values of «, f3, 7, it will also satisfy it, if we change these quantities into

a, p', y ; a", f3", 7", &c. ;
and as this equation is linear in v

, v', it will

follow that the radius*

a-\-ua .T .^ COS. 7 . COS. 6 + sin. 7 . sin. 6 . cos. (^
—

13) |

^^^^^ +a «. r.
5
COS. 7'. cos. ^ + sin. 7'. sin. ^ . cos.

(ts
—

13')}

+ &c.

will also satisfy it. The spheroid to which this radius appertains, is no

[1691'] longer a spheroid of revolution, but is formed of a sphere of the radius a,

*
(1197) The value av [1688/^ is a function of ^, •sj, 7, p, which for brevity we shall

denote by av = a. r'(d,-a,y,^) ; hence the corresponding value of av [1672', Sec]

will be av' = a.r'
{6', a', 7,p). These values satisfy the equation of equilibrium [1674]

of a body having no rotatory motion, leaving the quantities a, ^, 7, arbitrary [1688_g-] ; and

this equation will be represented by

[1691a] constant= f * a . r'
(^ ,-55 , 7, ^)

— a.fr' [6', -n', y,^).dp .d^. sin. p.

In like manner, if we change a, |3, 7, into a', ^', 7', a", /s", 7", &;c., it will be evident

that o!v= a', r'
(^ ,

-Kf
, 7', (3'),

o!'v = a".
r'(^ ,

-a
, y". ^"), &£c,, will also satisfy the equation

of equilibrium [1674], which will become of the forms,

constant= ^it a' .T' {6,-us,y',^')
— a' . fv' {6','s/,y', ^') .dp .dq' . sin.p ;

t^^^^^^ constant= 4 * a", r' (6,vi,y", p")
— a' .fr'{d',zs',y",^") .dp.dq'. sin. p ;

&iC.

Adding together the equations [1691o, 5], putting

a^ Vi = a . r' (^^,7,p) + a . r'(^trf,7',^') + &:c.,

^^^^^'^
«i«'i= «.r'(d>',7,^) + «'.r'(^W,7',p') + &^c.,
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and of any number whatever of strata, similar to that formed by the excess

of the spheroid of revolution, whose radius is a-^- aa.r (^pi,),
above the [1691"]

sphere whose radius is a ; these strata being placed above each other, in any

arbitrary manner.

If we compare the expression of r.Ccos. ^') [1689], with that of
[1691'"]

P^^ [1628], we shall perceive that these two functions are similar, and that

they differ only by the quantities 7, ^, which in P^'^ are v and ^]>, and by a [169F"]

factor independent of (a,
zs

; therefore we shall have,*

C , .-, ON (,
d .r.(cos.6') } ) /dd.r.(cosJ)\

, ,
__ +\_J!^__/+i.(i+l).r.(cos.«'). [1692]

Hence it is evident, that if we represent by « . Y^^ the following function,

namely,

a . y(') = a . r .
I
COS. 7 . COS. 6 + siu. 7 . sin. 6 . cos. (^

—
/3) j

*

[1693]

+ «' . r .
I
cos. 7' . cos. &

-\- sin. 7' . sin. 6 . cos.
(ro
—

13') j

+ &c.
;

Y^^ will be a rational and integral function of p, ^1—jx^.cos.^, ^/iH^.sin.xrf, [i693^

which will satisfy the following equation of partial differentials,t

and dividing the sum by Uj^,
we shall get,

constant=
|.

-n- . uj
—

fv'i .dp.dq'. sm.p ; [1691(f]

which is the same as the equation of equilibrium [1674], in which v is changed into v^ and

t/ into v'i. Therefore the radius a.(l+«iVi) will also satisfy the equation of
[1691c]

equilibrium, as in [1691].

*
(1198) Putting v= y, 4^

= p, in 5 [1629], it will become like the value of

cos. 6' [1688] ; therefore we shall have S= cos.6'. Substituting this in [1628], we get,

by using [1689],

Substituting this value of P<'^ in [1630], and rejecting the common factor
' '^ (^t—1)

^

we obtain [1692].

f (1199) Substituting cos. («— p)
== cos. w . cos. p + sin. zi . sin. fi [24] Int., in

[1688], and putting cos. ^= f*, sin. 6= ^{l— fj.^),
we get,

cos. 6'= cos. 7 .
fi. + (sin. 7 . cos. ^) . /(1— f/,2)

^ ^.^g^ ^ _|_ ^gj^^ ^ ^ gj^^ ^^ . ^( 1_- ^2^ . gin. zs
-, [16936]
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Differeii'

tial equa'
tion

'

[1694] ^-^
—

rf^ ^+\^+'-o+i)-y"'-

Therefore if we take for Y^'^ the most general function of this nature, the

[1694'] function « . (1 + « • Y^'^) will be the most general expression of the radius

of the spheroid, at rest and in equilibrium.

We may obtain the same result, by means of the expression of V in series,

given in [1467]. For the equation of equilibrium being, by the preceding
article [1661],

[1695] constant = V-\-a^.N ;

if we suppose all the forces, excepting those arising from the mutual action

of the particles, to be reduced to a single attractive force, equal to

[1695^ -f
^ .

(P-I).c3
s-"-

-^
»

4^ il ^ " *

placed at the centre of the spheroid, and then multiply this force by the

element of its direction — dr, and take the integral, we shall obtain,

[1696] ^^,kziiyLf.= a\N;

[1696'] and since at the surface, r = a . (l + «2/) [1676''], the preceding equation

of equilibrium [1695] will become.

which contains the first power of the three co-ordinates

/x, y/(l
—

fji-^)
. cos. -sJ, y/(l

—
fx^)

. sin. ztf
;

therefore, as i is a positive integer, the expression of r.(cos. ^') [1689] will evidently
•

be a rational and integral function of the same three co-ordinates, which will, as has already

been seen, satisfy the equation [1692]. The same may be proved of the functions multiplied

by a', a", he, in [1693], and the sum of all of them, or the whole function [1693], may be

[1693c] expressed by a.Y'-'^. This quantity satisfies the equation [1694], which is similar to

[1692] J
and as the number of the factors a, a', a", &;c., [1693], is unlimited, we may take

the most general function of the form a . Y^'\ and then the most general expression of

the radius [1691, 1693] will become a . (1 + a . F®), as in [1694'].

*
(1200) This quantity and the first member of [1696], which is deduced from it, are

found as iji [1676'% he] ; this last being taken for a^ . JV [1660", 1695'].
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constant=F+ |aff.-.(l
—

p).2/.
*

[1697]

We shall substitute in this equation, the value of V given by the formula

[1467], putting r == a . (1 -{- ay), and using y [1464], namely,

y= y(») + Y(^> + Y(^) + &C. [1698]

*
(1201) Substituting the value of r [1696'] in [1696], we get,

^ a l+ ay a \ UJ'

neglecting o?
',
hence [1695] becomes

constant= ?^+4'* -(p
—

!)• !"*•"• (p
— O-y*

Transposing the term t*'(p— '~i ^^^ connecting it with the constant term of

c3
the first member, we find constant= V— | a * .

-
. (p
—

1) • y, as in [1697].

Substituting the value of V [1467], putting r^a, in terms of the order a, and also

4*.a^ Ati.c?
f *.a2.(i_ay), we get,3r 3a.(l+a2/)

const.=
l|f!+4a*.a^^F«»+JF(«+ir^2) +

_i_.5r(i)_|_j^^^^^,^^^^^(l_p)^y

[1697a]

+ 4a^.^.(l
—

p).y.

Transposing the term l^r.a^, and supposing it to be equal to the constant term of the first

member, then dividing by fa^.a^, we get,

o =
-y+3.|r(0)+jri^ + ir(s) + _l_.r«+&c.| + |.(i-p).y.

Substituting for y its value [1698], and reducing, we obtain,

=
^2 Yw—i r(2)— 4 yo) _(2i--2) ^ Y-(o_gj^^ I^ ^'+^ ^

[1697c]

+ ^3.(i-p).ir(o)+ r^i^ + Y(2) + r(o + &c.^,

which is easily reduced to the form [1699J.

73
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Hence we shall obtain,

=
j
(i_p) .

^3 + 2
j
.y<«)+(i-p) .

^,
. rm +

5
(i-p) .

^,
-I

I

. y<^)

[1699]

the quantity a being taken of such magnitude as to make the constant term

in the first member of [1697] equal to |*.a^ [16976]. This equation

[1699'] gives Y(°> = 0, Y(^) = 0, Y(^) = 0, &c. ; unless one of the

coefficients, as for example that of Y^^\ becomes nothing; from which

we shall get,*

i being an integral positive number. In this case all these quantities vanish,

[1701] except y^'^, and we shall have y = Y^'^ which agrees with what we
have just found, [1694'].

Hence it is evident that the results obtained by the reduction of F in a

[1701'] series, are as general as possible ;
and there is no fear that any figure will

be omitted, in using the analysis depending on this reduction. This agrees

with what we have seen a priori in the analysis of ^ 11 [1465'], where we
have proved that the form we have given to the radius of the spheroid is

[1701"]
not arbitary,t but follows necessarily from the nature of the attractions of

such spheroids.

29. We shall now resume the equation [1635] ;
and if we substitute the

value of V, given by formula [1506], we shall get, for the different strata of

the fluid, t

*
(1202) Proceeding in the same manner as in [1686g-, A], we shall obtain, from

[1700o] [1699], Fo)=0, r('>= 0, &;c. But if the coefficient of Y^*^ be nothing, it will

leave Y(*) arbitrary, and [1698] will become y=YW. The coefficient of Y^'), put

equal to nothing, gives [1700], which may be put under the form [16S5].

f (1203) The subject of this development has already been very fully discussed in note

1050, pages 136—157.

J (1204) Substituting the value of V [1506] in [J 635], it produces [1702]. For the

first, second, third and fourth integrals of [1506] produce respectively the third, fourth, first
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•' ' -^ of equi-
librium

-f ar2.{Z^o^+ Z(2)+r.Z(3)+r2.Z^4^+ &c.}. (1) [1702]

The differentials and integrals refer to the variable quantity a
;
the two first

integrals of the second member of this equation must be taken from « = a [1702']

to a == 1
;

a being the value of a, corresponding to the level stratum under

consideration^ and this value at the surface being taken for unity. The two [1702"]

last integrals must be taken from a = to a=^ a. Lastly the radius r

must be changed into «.(14-«y) [1503""], after taking all the differentials
[1702"']

and integrals. In the terms multiplied by «, it will suffice to change r into

a
;

but in the term —
. r"p . d .a^, we must substitute a . (1+ay) for

r, and then it becomes ^ • (1
—

°^y) -Jo p-d.a^, which is equal to the [1702""]

following expression,*
«

i^.jl_a.YW
— «.F^)— «.Y(2)—

&c.}./(,%.(?.a^ [1703]

This being premised, if we compare the similar functions in the equation

[1702], we shall find, in the first place,

and second of the second member of [1702]. The greatest value of a, which in [1505'] is

put equal to a, is here [1702"] put equal to unity, or a=l, corresponding to the outer [ITOlo]

surface of the fluid.

*
(1205) If we put, as in [1702'"], r == a . (1 +"ay), the term ^ .f\.d.a\

neglecting a^, and using y [1698], will become as in [1703]. Substituting this in [1702],

we get,

+ S-/o'p-^-«'-^-^^^°^+^^"+^^'^ +^«+&c.^/;p.rf.a'

~
r -^0^ i ~2r

~
(2i+ l).r*

T o^^-
J

,3

[1702a3
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mine P
'^ a '^ a O tt

ri704l -*-^.Y^''Kr%.d.a?+ *~.f%.d.{a\Y^'^) + .a\Z^''^ f

the two first integrals of the second member of this equation must be taken

[1704'] from a = a to a = 1
;

the three other integrals of this second member

*
(1206) The first member of [1702a] is the same as the integral of the first member of

[1615], representing the integral of the sum of the forces F, F', he, acting on the fluid,

multiplied respectively by the elements of their directions df, df, he. j this sum is

integrable in the case of nature [1616''^, Sic], therefore the first member of [1702a],

or y— ,
is also integrable ;

and as p is a function of a [1503""], the quantity f—
must also be a function of p or a, which is constant for the whole of the level stratum

corresponding to a
;

that is, it is independent of the variable quantities /*, to, corresponding to

the different points of the surface of this stratum. Transposing all the terms of [1702a],

except those depending on Z'^^\ Z^^\ Stc, to the first member, and putting, in

the factor a r^ of these last terms, r= a, because they are of the order a, it v^^ill

become of tliis form,

[17026] Ao . r^«^ + ^1 . F«>+ ^2 . r^2) J^hc. = aa^.{ Z^^^+ Z^^) _{_ « . j^(3>_|_ &c.| .

Now the second member is given, in [1632], in functions of f*, \/(l
—

/x^)
. cos. «?,

^(1
—

iiP)
. sin. TO, which satisfy the equation [1634] ;

and as this can be done only in

one manner [1479'], the similar terms of [17026] in each member must be equal ; hence,

for any integral value of i, we have Ai.Y'^'^= aa'.Z'''K When i= 0, it becomes

Aq . F(o) = aa^ . Z'^\ which denotes that all the quantities of [1702a], independent of

fA, w; or, in other words, independent of F^^\ Y^ , Stc, Z^^\ Z^^\ he, are

to be put equal to each other, in the two members; and this gives the equation [1704}.

The other equation Ai . ¥'-''> = aa^ . Z^, indicates also, that the quantities depending

on ZW, F(Oj in [1702a], destroy each other ;
and by putting all these terms equal to.

nothing, we obtain.

[1702c]

= 4a..f\.d. f/i'^'\ \-i^.T^0.r%,d.a^*^ a \(2i-|-l).a'-2/ 3a •^ "^

'

r -'O
^

\(2i-\-l).riJ^
'

in which the sign d does not affect r, but only a
; therefore r may be brought from under the

sign of integration ;
and as all these quantities are multiplied by a, we may afterwards, by

neglecting a^, put r= a; and the equation [1702c], divided by a, will become as

in [1705].
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from a = to a = a. This equation does not determine either a or

Y^^\ but gives merely the relation between these two quantities ;
so that [1704"]

the value of Y^"^ will be arbitrary, and may be taken at pleasure. We [1704'"]

shall then have, when i is equal to, or greater than, unity,

Equation

First

the first integral being taken from a = a to a = I, and the other two

from a = to a ^ a. This equation will give the value of Y^'\ [1705']

corresponding to each fluid stratum, when the law of the densities p shall

be known.

To reduce these integrals to the same limits, we shall put,

4 ir

•-'o P'^*Va^-V 2i-i-l"^
' [1706]

2i+l

the integral being taken from a= to «^1
; Z'^'^ will be a quantity [1706']

independent of a, and the equation [1705] will become,*

*
(1207) Separating the integral X) P • ^ • (—:^ )

™to two parts, the one between

the limits a= 0, « := a, the other between a= a and «= 1, the sum of these

two parts will be equal to the whole integral, or

Substituting this in [1706], we get, by transposition,

Multiplying by a\ we obtain,

substituting this in [1705], it becomes,

4. -.. [17076]

(2t+l).3
multiplying by ^-^~

. a^+i
, and changing the order of the terms, we get [1707].

74



294 SOLID SPHEROID, NEARLY SPHERICAL, [Mic. Gel.

= (2i+ 1) . a'.
r«>/o"f

. d.«= + 3««'+'./;p.
<?.

(^)Second
form.

[1707] —S.To.d. (0"+' . Y«^ — 3 a''+' . Z'(')—
S.f^^.d. (a^+^

. Y«) — 3 rt^^+i . Z'(')

all the integrals being taken from « = to a = a.

We may make the signs of integration disappear, by taking the differentials

[1707'] relative to a. Hence we shall obtain the following differential equation of

the second order,*

'f/(Zrw\ (*.(i+ l) 6 p. a
} ^,.- 6p.a2 /^ yor

[1708]
da^ J I a^ fp'd

*
(1208) Z« [1632] is independent of a

;
T^^^ [1464, 1463] is a function of a

;
and

if we take the differential of [1707] relative to a, and divide by da, we shall get, by putting

d . fp . d . a^ = p
. d . a^ = 2 a^ d a, &:c.,

0={2i+l)A.a^-KY^'^.fp.d.a^+{2i+l).a\f^^yfp.d.a^-j-{2i-\-l).a\Y(^.{?.2a^)

[1707c] J^2.{2i+l).a^\fp.d.{Y^^Ka^') + Sa^^+Kp^(^iI^ya^-'+ {2
—

i).Y^^^^

—
3p.^'(i

+ 3) . a'+2.r«+ a^+3. f
^J^'^

\l—2. {2i-i-l) .a^ . Z'^'\

Reducing this, by neglecting those terms free from the sign of integration, depending on

Y^'\ dY^'\ which mutually destroy each other, by the vanishing of their coefficients, we get,

=
(2 i + 1

)
. i . a'-^ . r^'") . /p . <? . a3+ (2 i+ 1

)
. a' . (^^) .fp.d.a^

[I707rf]
\ da /

-lr2.{2i + l).a^i.fp.d.{Y^K a^-^)
— 3 . (2 i+ 1) . a^i . Z'^'\

Dividing this by (2 i -j- 1
)

. a^', we obtain,

0:=i.a-'-KY^^.fp.d.a^Jr<^~^-(^^)-fp'd-a^+^'fP'd.{Y^'Ka^-')
— 2Z'^\

Taking the differential of this equation, and putting d.fp.d.c?= 2a^da, and

d ./p . cZ . (r(^ a^-i)
^

p , ^ ,
(
Y^^\ a9-0= p

.^ (-^^)
. a-'+2 + (2

—
e)

. r^'^ a-^+i ?,

we shall get, by observing that Z'^''^ is independent of « [1706^,

=— i.(i+l).rt-i-2.rw/p.(?.a3+i. «-»-!.
(.^^V/p.c;.a^ + 3 i.a-i+^^
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The integral of this equation will give the value of Y^^^ with two arbitrary

constant quantities. These constant quantities are rational and integral

functions of n, \/T^ . cos. ^, [/T^ . sin. ^, of the order i f and if [1708']

we represent them by U^\ they will satisfy the following equation of

partial differentials,
DiffQren-

( dix )T^1_^2'^'^ [1709]

One of these functions is determined by means of the function Z'^'^, which

vanished in taking the differentials, and it is evident that it will be a multiple

of that function.! With respect to the other function, if we suppose the [1709^

of which the second and fourth terms destroy each other ; and if we connect the third with

the eighth, and the sixth with the seventh, we get,

=— i .
(t+ 1) . a-»-2. r^'^ .fp.d.a^-\-6 a-^+i . Y^'^ . p

+ ep.„^^(^)+.-..(-|!>)./p...„3.

Dividing this by a^.fp.d. a?, we get [1708].

[1708a']

*
(1209) It follows from [1466, 1433A;—Z], tliat F^'^ may contain the powers of f*,

^(1— (x^)
. COS. trf, \/{\

—
fx^)

. sin. -ss^ not exceeding i, but some of the terms may be of

the order of the positive integral numbers i—2, i— 4, Sic. ; as may also be perceived by

the formulas [1528a
—

e] ;
and we may incidentally remark, that the integrals or differentials of

these expressions, relative to a, do not alter the nature of these functions, which must satisfy [17086]

an equation similar to [1460, 1465], as in [1709]. The partial differentials in [1708] are

relative to a
;

and (x, w, are considered as constant ;
therefore the two arbitrary quantities,

added to complete the integral, must be arbitrary functions of |x, zcf, or rather of

fA, \/{\
—

\i?)
. COS. zrf, v/(l

—
\i?)

. sin. -m
;

because it is only under this form these quantities enter in the expression of F^'^ [1708'].

f (1210) Supposing t/^'^ to be connected with the factor A, in the general value of

F^'\ we may consider Y^'^ = A . C7^'^ as a particular value of Y^'^ satisfying the

equation [1707] ; J7^'\ being independent of a [1708'], may be brought from under

the sign of integration, and the expression [1707] will become, by considering ^ as a

function of a,

=
^(2t+l).a\^./^''p.(?.a3+3a2'+^/^V«^.(a2-^..2)— 3./^"p.rf. (a«-^.^)? . t/'W

[1709a]— 3 a^H-i . Z'^*\
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fluid to cover a solid nucleus, it may be determined by means of the equation
of the surface of the nucleus, observing that the value of Y^'\ corresponding

[1709"] to the fluid stratum contiguous to this surface, is the same as that of the

surface. Therefore the figure of the spheroid will depend on that of the

internal nucleus, and on the forces which act upon the fluid.

Sr<f 30. If the spheroid were entirely fluid, we should have nothing to

fluid
.^ determine one of the arbitrary constant quantities, and it would seem as if

spheioia.
-^ ^ '

there ought then to be an infinite number of cases of equilibrium. We shall

[1709'"] examine, in a particular manner, this case, which is the more interesting,

because it appears to have been the primitive state of the heavenly bodies.

We shall observe, in the first place, that the strata of the spheroid must

[1709""] decrease in density, in proceeding from the centre to the surface. For it is

evident, that if a denser stratum were placed above a rarer one, the particles

of the upper stratum would penetrate into the lower, in the same manner as

a heavy body sinks in a lighter fluid
;
therefore the spheroid would not be in

equilibrium. But whatever be the density, at the centre it must be finite ;

therefore by reducing the expression of p to a series, ascending relative to

the powers of «, it will be of the form
Density.

[1709V] P
=

f3
—

7. a"— &c. ;*

Dividing by the coefficient of C/^'\ we get its value, represented by a multiple of Z'^'^
j

but it is necessary that the values A, p, he, should be so adjusted, as to make this value of

17096] ?7^»^ conform to the hypothesis of being independent of a. Several examples of finding

such values of C7^*^ are given in this chapter, as for example in [1726].

*
(1211) In this formula, the density at the centre is p, corresponding to a= 0, an4

[1710a] the value of p [1709"] must decrease as a increases, supposing n to be positive. This value

of p gives p.d.aP=3a^da.p = oa^da.^ — 3/. a"+2 da— he.
;

the integral of

3
which is fp .d .a'^= a^.B r-r.y.a'^^— he. Also a^.p=a^.^— y.a''+^

— &c. ;
*' '

n-\-o
'

therefore,

a3.^— 7.a'M-3— &LC.
-.a''— &;c.

[17106] =l--^.^.a"-&c.;
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|3, 7, and w, being positive ;
hence we shall have, [1709"]

fp.d.a^ (n+ 3).^

and the differential equation in Y^*^ will become

6 W . 7 . a" o } ^^^ Differen-
I V-r ^ V ^ tjai equa-

r2 tion in

—a-\'-(^^-^'-\\-J^)- 1™]

To integrate this equation, we shall suppose Y^'^ to be developed in a [lyill

series, ascending relative to the powers of a, of the following form, vaiueof

Y» = a^ . C/ (0
_|_ a^ U'^'^ + &c.

[1712]

The preceding differential equation will give,*

(s+ i + 3) . (s
— i + 2) . a^-KU^"^ + {s'^i+ S) .{s'^i-\-2) . a''-^C7'«+ &c.

= ^1^ .{(s+l).«^-^C7«+ (5'+l).a^-^C/'»+ &c.}.
W

[1713]

as in [1710] ; hence,

••('+')-^3=M^+')-6+ ;^3.^.a.+S«=.=^(i-2).(.-+3)+^"+^c|

Dividing this by o^ we get the coefficient of Y^') [1708] ; substituting this and [1710] in

[1708], it becomes as in [1711], which may be put under the following form,

*
(1212) The first term of Y'^ [1712], namely a' .U^'\ produces, in the first

member of [1711a], the following expression, observing that U^'^, 17'^'^, he, are [1712a]

supposed to be independent of a [Hll'],

\s.{s—l)—{i^2).{i + S) + 6s].a^,m^=\ss + 6s-^i^—i+ 6] .a'-^.U^^

=
(5 + i+3).(5— i+ 2).a«^.C7(i), [i7i3„j

which is the same as the first terra of [1713], In like manner, the second term of [1712],

a*'. t7'®, produces the second term of [1713] ; which is similar to the first term, changing

s into s', and U"^'^ into U"'^, he. In this way, the first member of [1713] will be

found to correspond to the first member of [1711a]. Proceeding in the same manner with

the second member of [1711a], we shall find that the first term of [1712] a* . Z7^*\

produces the first term of the second member of [1713]; the second term, a^ .U'^^\

75
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Comparing the similar powers of a, we shall have, in the first place,

{Vtm (5+ 2+3).(5—2+2) =0, which gives s = i— 2, and 5 = ^2—3.

produces the second of [1713] ; and so on for the other terms. To satisfy this equation, it

is necessary that the coefficients of the same power of a should be equal, in both members.

[17136] Now the first term of the first member is multiplied by a'~^, and the first term of the

second is multiplied by a*+"~^, n being positive [1709"'] ;
these cannot therefore be of

the same power of «, and we must put the coefficient of a*"^ equal to nothing, or

(« -}- i
-j- 3) . (5

— i -|- 2) = 0. This may be satisfied by putting either 5 -|- i -|- 3= 0,

[j713c] qj. g— ^ _|_ 2= 0. The first of these expressions gives s = — i— 3
; substituting

this in [1712], it becomes F^'^= «-'-3 . f/^o _|_ q*' . [/'W _|_ ^c. This series being

ascending relative to the powers of a [1711'], the greatest negative exponent of a, will be

found in the first term a~*~^.i7^*\ which will therefore exceed the other terms, and become

[1713rf] infinite, when a is infinitely small, making a. a . T^'^ infinite near the centre of the spheroid ;

which is contrary to the hypothesis on which the equations [1705, 1711, 1713] are

founded, namely, that this quantity is of the order a a. We must therefore make use of the

other value of s, deduced from s— i-|-2 = [1713c], whence s= i— 2; then,

as the first term of [1713] vanishes, the whole expression will become,

(s'-{-i-{-3).(s'
— i + 2).a^-2.?7'»_j_(s"+4_|_3).(5">_i+ 2).a^'-2.C7"W+&tc.

[1713e] =-^^ . {(5+1) . a^+«-2. £/«-{- (s'+ 1) .a^+»-2 . Z7'«+ &c.}.

Comparing the exponents of a in each member, term by term, in the order in which they stand,

we shall have, 5'— 2 = 5+ n— 2, 5"—2= 6-'+n— 2, s'"^2 —s"-\-n—2, &c.
;

[1713/] hence s'=s-{-n, s"=s' -\- n= s -^2n, s"'=s" -^n
—

s -{-S n, he. Then making

the first, second, &ic., terms of each member of [1713e] respectively equal to each other,

we shall get,

[J713g] ?7'W= 6n.y.(5+l) jj^.y ^„^^^ 6n.y.(/+l) jj,^^ ^^ ^^
(n+3). ^ . (s'-H-l-3) . («'—i+2)

^
'

^
^n-\^),^,^s"-\-i-\^).{s"—i-\-2Y^

'

Substituting this value of ?7'®=A'.Z7®, in C7"^'^, we get another value of Z7"^'^, of the form

U"^o=h",m\ and this being substituted in C7"'« it becomes of the form U"'i'^=h"\m\

&c. ; h', h", h"', Stc, being used for brevity instead of the coefficients produced by these

operations. By means of these values, [1712] becomes,

Y^^=U^^.a'.{l+a^. h' + a2» . h"+ a^n ,h"'-\-hc.}

[1714a]
=

C7®.o'-2.|l + a» . A'+ a^" . h"+ a3» . h'" + &c.|.

This value of Y^*^ may be considered as complete, because the similar series, arising from

the other value of s=— i— 3, must be neglected, for the reasons stated in [1713"], though

[17146] in general their sum would have been considered as the complete value of Y^% each

being multiplied by a different arbitrary quantity U^'^.
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To each of these values of 5, there corresponds a particular series, which,

being multiplied by an arbitrary constant quantity, will be an integral of the

differential equation in Y^'^
;

the sum of these two integrals will be the

complete integral. In the ^^vesent case, the series corresponding to s=—i—3 [1713"]

must be rejected ; for the value of a . Y^'\ resulting from it will be

infinite, when a is infinitely small ;
which would render the radii of the

strata near the centre infinite, [1713^:?]. Therefore, of the two particular

integrals of tlie ea:j!?re55tow o/" Y^'\ that which corresponds to s= i— 2, is [1713'*]

the only one which ought to be used. This expression will then contain

but one arbitrary quantity, which can be determined by means of the

function Z^'l*

Z^^^ being equal to nothing [1632], Y^^'> must also be equal to nothing, [1713""]

so that the centre of graviy of each stratum must be at the centre ofgravity of..-«•• Centre of

the whole spheroid ; for the differential equation in Y^^ of the preceding f^^%^_
.
• 1 •

I turn is at
article glVeS,t the centre

of gravity
of the

spheroid

[1714]ydd" J^Ka' fp.d.ay ff>.d.a^'\~dV)'

This equation may be satisfied by making Y^^^ = , C7^^^ being [nw]

*
(1213) If we substitute F^') [1714a] in [1705], the terra Z7^*^ may be brought from [nubn

under the sign of integration, as in [1709a], and then U'^'^ becomes a multiple of Z'^^K

f (1214) IVIaking i=l in [1708], it becomes as in [1714]. This is satisfied by

putting Y^*^ = U^^Ka~^, as is evident. For its differentials, C7^^^ being independent

of a [1712a], are
(i^^

=— U'^K a-^ ,

(^gi!i)=2
£7^. a-^. Substituting [1714c]

these in [1714], it becomes

in which the terms mutually destroy each other. That the expression Y^^^= U^^^ . a~^

corresponds to s= i— 2, may be proved from the values [171 3g]. For t=l makes
«=:t—2=— 1 [1713'"], or 5+1 = 0; hence U'^'^ [1713^] becomes
m^= 0. Substituting this in t7"« [1 7 1 3^] , we get [7"»=

; and in like manner,
U""'»= o, f7""(0= o, &c.

; hence the expression [1712] is reduced to its first term
«• . Z7">, or Y(i) == ?7(i) . a-\ as above. This is the only part of Y(^> which is to [171 4rf]
be used, as was observed in [1714J].
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independent of «. This value of Y^'^ is that which corresponds to the

equation s= i—2 [1714c^] ; consequently it is the only one which ought to

be used. Substituting it in the equation [1705] of the preceding article,

[1714"] supposing Z^'^= 0, the function U^^^ will disappear,* and it may therefore

be taken of any value at pleasure ;
but the condition, that the origin of the

radius r is at the centre of gravity of the terrestrial spheroid, makes it

vanish.t For we shall see, in the following article [1745], that Y^'^ is

[1714"'] then nothing, at the surface of every spheroid, covered with a stratum of

fluid, in equilibrium; we shall therefore have, in the present case, f7^^)=0;

[1714""] hence Y^'^ is nothing for all the fluid strata of which the spheroid is

composed.

We shall now consider the general equation [1712],

[1715] F') = a' . C/(') + a' . C7'(^) + &:c.

s being, as we have seen [1713'"], equal to i— 2, s is nothing or positive,

[1715'] when i is equal to, or exceeds, 2
; moreover, the functions U'^'^, U"^^, &c.,

are given in terms of U'-'\ by the equation [1713], so that we shall

have,

*
(1215) Putting i= 1, Z^^^= 0, F^i) = U^'^^ . a-\ in [1705], it becomes,

'' 3'^a'^ 3a a '^0
^ ^

3a^ ^ ^ ^ '

If we bring V^^^ from under the sign f^ as in [17145'], the last integral of [1714e] will

become —
-^-^
—

. f p . d .a^, which being equal, and of an opposite sign, to the

second integral, destroys it. Lastly, as C7^^^ is independent of a [1712a], we shall have

d V-^^=
;

therefore the first integral, y p .d U^^\ becomes nothing, and the

whole expression [171 4e] vanishes, leaving Z7^^^ indeterminate; consequently, also,

Y(i)= C7'^^ . ar^ remains indeterminate.

f (1216) It will be shown, in [1745], that if the origin of the radius be at the centre of

gravity of the spheroid, we shall have, at its surface, Y^^'>=0
; therefore, at this surface,

[1714/] r('^= Z7^i^ a-i= 0, or Z7^i>=
;

but Z7('> [1712a] is independent of a, and

must therefore be the same within the spheroid, as at the surface ; hence we shall have

generally U^^^=0. Substituting this in Y^'^= [I714<r|, which corresponds to

[171 4g-] any part whatever of the spheroid, we get generally Y^^^ = 0, when the origin of the

radius r is taken at the centre of gravity of the spheroid.
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in which h is a function of «, and U^^ is independent of a [1712«]. If we

substitute this value of Y^'^ in the differential equation [1714], we shall get,

-— =
I z.(z + l)—

^
S .
—— —L—-- —

; [1717]

f\ 3

the product i . (i-\-l) is greater than -r^—5, when « is equal to, or
^

J p.d . a^

p . fl^

greater than, 2
; because the fraction rr^——= is less than unity. For

J p . d .or "^

its denominator, fp.d.a^, is equal to p.a^—fa^.d?;-\ and the

quantity
—

fa^. dp is positive, when p decreases from the centre to the [17171

surface.

Hence it follows, that h and — are always positive, from the centre [1717"]

to the surface. To prove this, suppose that these two quantities are positive,

in proceeding from the centre
;
dh ought then to become negative before h.X [1717"']

*
(1217) This general value of Y^^ is the same as in [1714a], putting for brevity

a'-2 .
1

1 -|- a'' . A'+ a^" . A"+ &tc.
}
= A

;
so that h will be a function of a, U^'^ being

independent of a, as in [1712a]. Substituting in [1 70S] the value of Y^'^ [1716], and

its differentials (^)= ^.t7^'\ (^J^^^^ ,U^u^ then dividing by £7^^ [17i4/t]

we get [1717]. Moreover, from s= i— 2 [1713'"], we find tliat s is nothing when

1= 2, and s is positive when i exceeds 2, agreeably to the remarks in [1715'].

f (1218) This is a result of the usual formula for the integrating by parts,

fA.dB=A.B-fB.dA, ^mea]

which is easily proved by taking the differential, and agrees with [1717'], by putting

A=
p,
B= a\

X (1219) Since h and dh are supposed to be positive at the commencement at the

centre of the earth, the positive values of h must increase, in proceeding from the centre to

the circumference, as long as dh remains positive ; and before h can decrease, dh must

become negative. Now it is evident, that before the sign of dh can change from positive to

negative, it must pass through the state of dh^O, whilst h still remains positive. At this

point, the expression [1717] would become, -j^
=ii .(i-\-l)

—
-ll^—l

A . jjo^ [nua]

76
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Now it is evident, that for this to take place, d h ought first to become

nothing ;
but the moment it becomes nothing, d dh becomes positive, as

[1717""] appears by the preceding equation [1717], consequently dh must begin to

increase
;

it cannot therefore become negative ;
hence it follows that h and

dh must always preserve the same sign, from the centre to the surface.

Now these two quantities are positive, in commencing at the centre
;

for we

[1717^1 have, by means of the equation [1713], 5'— 2 = s+n— 2 [1713/*];

therefore s' = i-\-n— 2 [1713-''] ;
and then we get,*

hence we deduce.

[1719] U'^^

Therefore we shall have,t

if i^ 2, we shall have i . {i-\-l)'^6, also

6p.a3

6p.a3 <6 [1717']; hence the

factor i . [i-j- I)
— -—--— of the preceding expression will be positive ;

therefore the

second member of [1717fl], or the value of -r-^, will then be positive ; consequently

dh will increase, and will retain its positive sign, as in [1717""]. Therefore, if h and dh

[17176]
are positive at the centre, they will both continue positive, in proceeding from the centre to

the surface of the spheroid.

*
(1220) The equation [1718] is easily deduced from the value of U^^ [1713^] ;

and

if we substitute in this s=^i— 2 [1713'"], s =s-\-n= i -\- n— 2 [1713/], which

[1718a] give s-\-lz=i— 1, /_]_ ^ _[. 3 = 2i+ ^ + 1, «'— i-\-2= n, it becomes

as in [1719].

t(1221) Substituting s= i—'2, s'= i-\-n
— 2 [1718a], and C7'^'^ [1719], in

[1720a] [ni5], it becomes, F^^^a^^.ZJ^^^+a^-^-^ ^^-^:|f^^
[1716]; being in fact the same as in [1714a]. Dividing by C/"^'', we get h [1720].

The differential of this value of h, divided by da, gives
—

[1720].
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^-"^
+(n+ 3).(2i+n+l).^+^^-'

, o [1720]

7, f3 and w being positive [1709''], we perceive that at the centre, h and dh

are positive, when i is equal to 2, or exceeds 2 ;* they are therefore altvays [iTHQf]

positive from the centre to the surface.

Relative to the Earth, the Moon, Jupiter, &c., Z^*^ is nothing, or

insensible, when i is equal to, or exceeds, 3 ;t the equation [1705] of the [1720"]

preceding article then becomes,

=
^Sa'^^^ .//p.

d .

(^A.)-(2*+l).a^;i./^%.c/.«^+3.// ^.d.{a^^K)]^
. C7« ; [I72i]

*
(1222) If we put i=2-{-e, e will be nothing or positive, when i=2, or i>2,

and the expressions [1720] will become,

^) 75 (3? ^'j being positive ; and it is evident, that when a is infinitely small, these values of h

and — will be reduced to their first terms, which in the present case are always positive ;

therefore the values of h and — are positive, at the centre of the spheroid, as was

assumed in [1717'"] ; consequently they will preserve the same signs from the centre to the ri720cl

surface, from what is proved in [17176].

t (1223) It appears by the formulas [1632], that a.Z(3), a.Z^'^\ he, are of

the order S, S', he, or of the order of the disturbing forces of the planets ; which may be
[I72la]

neglected, in computing the figures of the heavenly bodies, because one of the greatest of

these forces, namely the disturbing force of the moon upon the earth, has no greater effect

on the figure of the earth, than to produce a small ebb and flow of the sea. Hence, in
[i72ii]

computing the figures of the heavenly bodies, we may neglect all the terms Z<3), Z^'*\

Z^^\ &ic Z^'\ in which i is equal to 3, or exceeds 3. Therefore, if we neglect

Z^^ in [1705], and multiply this formula by ^.^^ll^Lt^,
we shall get,

If in this we substitute Y^^=:h. U^^ [1716], and bring U^'^ from under the sign /,

because it is independent of a [1712a], it becomes as in [1721]. At the surface, the limits
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[1721'] the first integral being taken from a = « to « = I, and the other two

from a = to a ^ a. At the surface, where « = I, this becomes,

[1722] =
I

—
(2* + I) .h,fjp.d.a'-i-3.f^^p.d.(a^+'h)

I . m^
;

which equation may be put under the following form,*

[1723] 0=
^
_(2z—2).p.A+ (2i+l).h.f^^aP.dp—3.f^^(^+'h.dp

I . U^'K

dp is negative from the centre to the surface [1709""], and h increases in

the same interval [1720'] ; therefore the function

[1723^ (2i + l).h.f^a\dp'—3.f^a^'^h.dp

is negative in the same interval.f Hence it follows, that in the preceding

[1721c'] of the first integral, a=a, a= l, change into «= 1, a= l
;

therefore that integral

must vanish at the surface, and the two remaining terms will then become as in [1722],

[1721rf] The letter h, without the sign of integration [1722], is that corresponding to the surface of

the spheroid, where a= 1, which may be represented by h^.

*
(1224) Integrating by parts, as in [1716a], we get

fp.d. {a'^h)=p.{a'+n)—f{a'+n).dp ;

also, as in [1717'], fp.d.a^=p.a^—fa^ . d
p.

The terms without the sign / vanish,

at the first limit of these integrals, a=
;

and at the second limit, a=\, these

expressions become

[1723a] f^p.d.{a'+^h)
=

p.h—f^a}+^h.dp,
and

fQP'd.a^=p
—

f^a^'d?.

Substituting these in [1722], we get [1723].

f (1225) The increment dh being positive from the centre to the surface [1720c],

[17236] h must increase from the centre to the surface, where we shall suppose it becomes equal to

hi [
1 721 (fj, so that we shall have Ai>A; moreover, i is positive, and by hypothesis

[1724a] [1720'], greater than 2, in the cases under consideration, and a never exceeds unity ;

therefore the quantity (2 i -f- 1) . Aj
— 3 a' A, must evidently be positive from the centre

to the surface. Multiplying this by a^.d p,
which is negative, because p decreases in

proceeding from the centre to the surface, we shall obtain, for the product, the negative

quantity (2 i+1 )
. A^ . a^ . tZp

— 3 a}+^h . d
p. Now as this element is negative, its integral,

taken from a=0 to a=l, and represented by {2i-\-\).h^.f^a^.dp—^.f^(f-^h.dp,

will also be negative. If to this we add the negative quantity
—

(2t
—

2) .p.Aj, the sum
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equation, the coefficient of U^^ will be negative, and cannot vanish at the

surface ;
therefore U^'^ must be nothing ; consequently Y^'^ = [1716],

and the expression of the radius of the spheroid becomes,

a + ««.{Y(°) + y^^)] ; [1724]

therefore the surface of each level stratum of the spheroid is elliptical,

consequently its external surface is elliptical.

As it regards the earth, Z^^^ is, by [1632], equal to —
^'C*^^

—
i)»* tl'^^T

and the equation [1705] of the preceding article gives,t

0==
^ |*.a^/^\.dA-4^.a=^A./^%.t;.a3+ f

^./^''p.rf. (a^A)
I

. C7^2)_-^-.o5. (^^ [1725]

At the surface, the first integral, f^ p -dh is nothing ;{ we shall therefore
[irasq

have, at that surface, where a = 1 [1702"],

If a 9 represent the ratio of the centrifugal force to the gravity at the
[1726']

equator, the expression of gravity, neglecting quantities of the order a, being [1727]

—
(2 1— 2) .

p
. A, + (2 1+ 1) . ^ ./qI a3 . <Z p

— 3 ./o^ a'+3 A . tZ
p, which is the factor of

[17246]

V^'^ in [1723], will be negative. Therefore the equation [1723] cannot be satisfied in any
other way than by putting U^^=0, at the surface of the spheroid. Now U^"^ [1712a] is

independent of a, and must be the same, within the spheroid, as at the surface
; consequendy

the value of U'-'\ when i^ 2, is U^'^= 0. Hence we have, when i^ 2,

F^'^= [1716]; therefore the general value of the radius of a level stratum [1503"],

will be a+ cta.{ Y^^^ + Y^^) + Y®|, and by putting Y^^^= [1714^], it becomes [1724c]

as in [1724], which is the equation of an ellipsoid [1503a].

*(1226) This follows from the third equation [1632], neglecting 5, S', S", &c., as

in [1721a].

f. (1227) Putting, in [1705], i= 2, and Z^^) as in [1724'], also Y^^=h.U^^^

[1716] ;
then muhiplying by a^, we obtain the equation [1725], observing that U^^\ being

mdependent of a [1712a], maybe brought from under the sign of integration.

1(1228) The limits of the integral f^p.dh, at the surface, become a=l and

a— 1; therefore J^p.dh= 0, as in [1721(/]. Substituting this in [1725], putting [I726a]
«=1 in terms without the sign /, and dividing by the coefficient of f7^'\ we get [1726].

77
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[1727'] equal to | * . /p . ^ . aP,^ we shall have ^ = I * . o 9 . /p . rf . «^ Hence

[1728] 2h— ^-foP-d-i^^^)
'

[1728'] Therefore, if we include, in the arbitrary constant quantity a, which we
have taken for unity, the function

„ Y(o)
« ^ <P

5 .y^i p . a^da

the radius of the terrestrial spheroid, at its surface, will be,t

Radius - . ah CD » (1 fji.^)
of the Jl -t~ -^^ - •

ellipsoid. 9h — ^'fo'P'd'i^'h)
[1730]

^'^
b.f^p.a^da

*
(1229) If we neglect terms of the order a, the attraction of the spheroid upon a point of

[1728a] its surface, will be the same as that of a sphere [1506a, J] ; which, by putting r=l,
becomes 4* ./,V •

^i*
^^» Multiplying this by a 9, we shall obtain, by the definition [1726'}',

[17286] the centrifugal force, represented by ^ [1616''"] ; hence g= ^'!f
. a^ ./^^ p.d .a^, as in

ri728cl [1'727']. Substituting this value of g in [1726], then dividing the numerator and denominator

by %*'fp'd.a% or 2 it.fp. a^ da, we get [1728] ;
in which the first terra of the

denominator ought to be 2\ [172 1<?], instead of 2 A.

f (1230) Putting i= 2 in [1716], we get T^^)—. ^ ^ ^(2) .

substituting this and

[7(2) [1728] in the expression of the radius [1724], it becomes,

aa.hcp. {iJp
—

J)
ft + aa.r^o).

,^ 2./p.c^.(a^A)
' 5 .fp .a^da

.

-rrfo) % a a. hep ,

aa .h(p. (l
—

itP^)

[1730a]
=a+ aa.r()--

^ ./p . cZ .
(a^'^ A)

+
2./p.c^.T^

-

"^^^
b.fp.a'da

'

d.fp.a^da

As a is arbitrary, we may denote the three first terms of this expression by 1 [1725'], which

will not alter the last term, always neglecting quantities of the order aP. Hence this radius

will be, at the surface, as in [1730],

2
[

«.^i(p.(l— fx^)

[17305] 2h — ^-/p-^-C^"^)
*

^

o.fp.a^da

[17306']
The expression [1730&] does not contain % and the radius is the same, for the same value of f*,



in.iv. §30.] COVERED BY A FLUID IN EQUILIBRIUM. 307

This radius is that of an ellipsoid of revolution, in which the least semi-axis [17301

is unity, and the greatest semi-axis is

-
,

a A (p Greatest

1 "T- • Tn ^
—

^
—

.,
• semi-axis.

'^^
6./0V. a^rfa [1731]

The figure of the earth, supposing it to be a fluid, must therefore be an ^ ^

ellipsoid of revolution [17306'], in which every stratum of the same density, supposbg

is elliptical and of revolution* The ellipticities increase, and the densities eih>oid*°

lation.

whatever be the value of -zs
; therefore the spheroid must be of revolution, and by [1724c],

it will be an ellipsoid of revolution. The least serai-axis, at the surface of the spheroid, is

found by putting fji=l in [1730], which makes it equal to unity; and the greatest [IT'SOc]

semi-axis, corresponding to fA=0, is given in [1731].

*
(1231) It was shown, in [1724], that the radius of each level stratum of the ellipsoid

is a + aa.r^o^+ att.r^s), [1732a]

If we put %= 2, in [1716], we shall get T"^^^ = h . 27^^^, h being a function of a, [1732a']

which we shall denote by h= 4^ (a), and 17^^^ being independent of a [1712a] ; so that [17326]

ZP"* is the same at the surface of the ellipsoid as upon any of the level strata j therefore it

is equal to the value given in [1728]. Hence F^^= ~'^
^ '7i^(lh\ ^

^°^ ^^^ [1732c]

^'^
b.fo'p-a^da

radius of the level stratum [1732a] becomes a+oa.F'*)— -^^^^^^4??=%^^;
oj, -^.yo p.a.{a n)
""^

5.f,'p.a^da

if we include aa . Y^°^
'

ri } { oi,\
^° ^® arbitrary constant quantity «,

2^ -^-70 p.«« (.g h.)

*
b .Jq p.d^da

as is done in [1728', &c.], it becomes,

a A Z\_l V ^ZJ. . of any

Oh ^-foP-d.ia'h)
' Btratum.

5./oip.a2rfa [1732rf]

which is similar to [1730], and for the same reason must correspond to an ellipsoid of revolution,

in which the least axis is a, found by putting f*:^! ; and the greatest axis, corresponding to

f)
•

I aa.4'(a)
' '' "^

gl ^'fo'p-d.ja'h)
'

[1732e]

5 ./q^ p.a^da
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decrease, from the centre to the surface.^ The relation between the ellipticities

[1731"] and the densities, is given by the following differential equation of the

second order,t

^1732j
ddh ^ 6^ /

J p^^ \ __ 2p.a^
^

dh
^

da^ a^
*

\ S.fp.a^daJ fp.a^da'da'

This equation is not integrable by any known method, except in some

particular hypotheses, relative to the density p ; but if the law of the

[1732^ ellipticity were given, we could easily obtain that of the corresponding

density.! We have seen that the expression of A, given by the integral of

*
(1232) The two semi-axes of a stratum of revolution, or level surface, are, as in

[1732/] [I732e], a and a-] 1^'ri ^l r 5a\
• The ellipticity s is measured by the

^ 5 'fo^ P' a^da

ratio of the difference of these axes, divided by the least axis, and is therefore represented by

[J732g]
£ = 9~Ti // f ^h\

' '^^^ quantity a, and the denominator of this expression, are

^ 5 ./q p . a^da

[1732^1
the same for all the level strata. This ellipticity must therefore be proportional to a.-\>[a)y

or oL.h [17326], which increases from the centre to the surface [17236], while the density

decreases [1709""].

f (1233) Putting i= 2, in [1717], and for d.a^ its value ^a^da, we shall

obtain the equation [1732].

f (1234) To show, by some examples, the method of computing p from A, by means of

the formula [1732], we shall suppose h= aS whence T" = 4 a^,
—— = 12 a^.

Cv Ct (Xr (X

Substituting these in [1732], after transposing --^ to the second member, it becomes,

[1732i] i^a-i-^^.^l .^-j—^^j
____.4a— oa

^p^^^rf^
'

Multiplying this by —=^-^3
—

5
we get 0=^ .fp.a^da-\- bp.o^, whose differential

/w ft'*

is
—

^p.a^da-\-bdp.a?-\-\bp.a^da=\Qp.a^da-\-bdp,a^. Dividing this by

5 a^ .
p,

we find —=— \*- .
—

,
whose integral [59] Int., is

1 _JLi. —J#

[1732i'] log- P
== -^ • log-

"+ log* constant . c= log. c.a
^

;
hence p

= c a
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this equation contains, in the present case, but one arbitrary constant

quantity, which disappears from the preceding value of the radius of the

spheroid ;* there is therefore but one possible figure of equilibrium, in a [1732"]

spheroid differing but little from a sphere ; and it is easy to show, that the

If we suppose h to be constant, we shall have dh= 0, ddh=sO
;

and [1732] will

become =
^.(1-3-^^); multiplying by f^.fp.a^da,

we get

0=3.fp.a^da— p.a^ whose differential is = 2p.aPda— Sp.a^da-{-a^.dp= a^.dp; [I732i']

hence dp = 0, and p
= constant. Therefore, in general, if the ellipticity be constant,

the fluid will be homogeneous.

*
(1235) This is similar to what takes place relative to the two values of F®,

[1708', 1713", 1714", &£c.]. For from the differential equation in Y^'^ [1708], we have

deduced, in [1716], the expression Y^*^=h.U''''^
;

in which A is a function of the quantity

a [1714a], supposed to be variable, as in [1708] ; and U^"^ is an arbitrary quantity [1708'],

considered as one of the constant quantities, introduced by the integration of [1708], depending

upon s=i—2 [1713'"], the other term depending on s=— i—3 being rejected, [1713"].

Now if we change Y^'^ into h, and put i=2, the equation [1708] will become like

[1732]. Making the same changes in Y'-^^=:U^K-^{a) [1732a', 6], which was deduced [1732/k]

from [1708], we shall get, for the value of h, depending on [1732], an expression of the

form h= b.Q.{a), Z> being an arbitrary quantity, independent of a ; and a (a) a function [1732A/]

of a. This value of h is also called ].{a) [17326]. Putting it for -^{a), in the

expression of the radius [1732d!], observing also, tliat at the surface, where h becomes A^,

a becomes 1
, and A^

= i . fl
(

1
) ; we shall get, for the expression of the radius,

ft 4- aa.&.n(a).(l— fx^)

Now h being independent of a [1732A/], that term may be brought from under the sign of

integration ; consequently the numerator and denominator become divisible by the arbitrary

constant quantity h. The expression of the radius then becomes,

. aa.Q.{a).{l—'y?)

''^2n(i)-i4i--f-i":-"Wi'5 .f^p.a^da

which is free from that quantity h
; and this radius can only have one form, when a is small.

But if we were to retain the part of Y^^ arising from die series produced by 5=— i— 3, [1733^1

[1713"], that value of Y^^ would be composed of two terms of the form [1716], whose sura

would be the complete integral [1713"]. In like manner. A, deduced from [1732], would
have two terms, A= 6 .a(a) +S .n (a) ; and by changing the arbitrary constant

78
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[1732"'] limits of the oblateness of this figure,' are | « 9, and fa?;* of which

the first corresponds to the case where all the mass is collected in the centre,

and the second to the case where the mass is homogeneous.

quantity B into h . 6', it would become of the form A= 4. (a)
= 6 .

f
^ (a) -f- ^' • n (o) | ,

whence \z=h .\€i{l) -\-l' .Tl{\)\. Substituting these in fl732<Z], we find that the

numerator and denominator of the factor of (1
—

fj,^)
become divisible by h, therefore h

[ITdHkn] vanishes from the expression ; but the other arbitrary quantity h' remains, and renders the

form of the ellipsoid, dependent upon it, arbitrary.

*
(1236) The greatest semi-axis, corresponding to the surface of the ellipsoid, is given

in [1731], and by subtracting from it the smaller semi-axis 1, we obtain the ellipticity

[1732m"]
ah^cp

^

5'fo'P'Ci^da

Dividing the numerator and denominator by A,, and putting /p.a^da = i.fp.d.c?,

/o'p.<«.(«=-^)
[i732m"'] also, for brevity, H=

;q
—

1
—

5 , we get,
Jq p. a. a

EUiptici- a(p "<?
ty of the S -— -
earth.

[1732n] . S
6./,V.^.(a^|)

2-|fl*

^.fo^f.d.aP

[1732o] Now p decreases, and h increases, from the centre to the surface [1732A] ; so thatIT 7

7- <C 1
; also a^ . -7- <[ 1 . This, being multiplied by a^, gives a^ .-r<^ a^. Its

differential, multiplied by p, gives p.d .(a^ .

j-j <^p.d .a^, both elements being

positive. Integrating, we get, Jl^ p . d . (a^ .

-t-j <^fQ^ ? . d . a% both expressions

being also positive; substituting H [1732m'"], we get H .f^ p .d . a^<Cf^ p ,d .a?
;

hence H<^ 1 ; therefore H must be a positive quantity, and less than unity, so that its

limits must be H= 0, H= 1. Substituting these values of ffin [I732w], we evidently

[1732p]
obtain the limits of the ellipticity ; namely, at the Jirst limit H=0, it becomes £=|a9 ;

(I7325]
and at the last limit H=l, we get s= ^a(p, as in [1732'"]. The frst value

corresponds to the case where the whole mass is collected, in a spherical point, of an infinite

density, at the centre, and surrounded by an infinitely rare fluid 5
the second value corresponds

to the case of uniform density. For if the mass be all collected in the centre, the integrals
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The direction of gravity, from any point of the surface to the centre, does [1732""]

not form a right line, but a curve, whose elements are perpendicular to

the level strata, which it passes through. This curve is the trajectory,

intersecting at right angles, all the ellipses, which by their revolution form

these level strata. To determine its nature, we shall take for the axis, the

radius drawn from the centre to the proposed point of the surface, 6 being

the angle which this radius makes with the axis of revolution.* We have [1732']

fp.d.a^, and fp.d.fa^.j-j, will be reduced to the central element, whose radius

is d 0, the density of this element being infinite and represented by p'.
In the other parts

of the spheroid, p:=;0. In this case,

f^^.d.a^= ^'.dd^, and
f^f.d.(^^.jj

—
^'.da^.j^,

and the last expression vanishes in comparison with the first ; so that we have, from [1732m'"],

H= 0, and the second formula [1732n] becomes s == | aqj.

If p be constant and equal to unity, we shall have f^ ^,d.a^ =^f^d,a^= a^=l^

because at the surface a= 1
;

and f^.dAw'.-j^^ =^fd .\a^ .

-^ j
= o^ .

-^
= 1,

because at the surface a= l, and h= \'y hence if=l [1732n»'"], and then,

from [1732n], s= ia9, as in [17325r].

*
(1237) Thus, in fig. 38, AC is the semi-axis of revolution, AL the greater semi-axis

of the ellipsoid, whose surface is C FJL
;

and two

of the level strata, infinitely near each other, are MGEb,
JVHIKB. FHGA is the proposed trajectory^

which intersects at right angles all the level strata, so

that the element GH is perpendicular to the curves

MGEb, JVHB, at the points G, H. The line

AF is taken for the axis of this curve, making the

angle CAF=S, whose cosine is jx. Join A, G, and

continue it to ^', draw Ge perpendicular to AFj also GI parallel to AF; then if

2.f,'p.d.(a%) _l

[1733r]

[1732s]

[1733a]

we put 2 \

expression of the radius AE \_ll32d] will become

AE=a-{-ak.a.-\.{a).{l— iJp)
= a-\-ak.ah.{l— itP)

as in [1733]. When (^
== 0, it becomes AM= a-{- ak.ah^

it becomes Ab= a. In the case of a=l, they will become

AC= 1. Lastly, the ordinate Ge— ay' [1 733^ .

[17336]

k must be independent of a, and the general [1733c]

[1732&],

and when /x
= 1

,

AL^l-^ak.h, [1733rf]

[1733e]
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just seen, [1732^], that the general expression of the radius of any stratum

^f\^^^^
of the spheroid is

stratum.

[1733]
a+ ak.ah.(i — iJ^^),

k being independent of a. Hence it is easy to prove, that if we put «?/' for

[1733'] the ordinate let fall from any point whatever of the curve upon its axis,

Equation We shall have,*
of the
vertical

curve.

a.'if
= a.ak . sin. 2 ^ . < c—f"'

——- S
,

[1734] c being the complete value of the integral f ——
, taken from the

centre to the surface.

*
(1238) We' have computed, in [15795], the sine of the angle formed by the radius

[1734a] AG'^t and by the arc Gfl", drawn perpendicular to the curve MGEb, at the point

G, fig. 38, page 311. If we neglect terms of the order aP, we may take the angle itself,

instead of its sine, and then the formula [1579s] will become, for the
ellipsis MGEb,

[17346] angle A'GH= | . . sm. 2.CAG.

Substituting the values of AM= a-\-ak .ah, Ab= a, [1733£ri, it becomes

[1734c]
A'GH = aJc.h.sm.2.CAG,

and as this is of the order a, we may, by neglecting terms of the order a^, write CAF=6,

[1734rf] for CAG, and we shall get A'GH= ak.h .sm.2 6. The angle GAF=A'GI

being very small, we may put it equal to its sine —r- , and as the ordinate G e= cty',

[1734e] [1733'], and .^ G is nearly equal to Ab, or a, we shall have the angle A'GI=—.

Subtracting from this, A'GH [1734^^, we get the angle HGI= ak.h.sin.26.

[1734/]

LOO a

In the differential triangle HGI, we have HI= G H. sin.HG I ; and as this is of

the order a, we may put HI equal to the differential of G e, or ocdy', also

GH=Bb= da; moreover, the preceding value of HGI may be taken for its sine.

In this manner we shall get, from [1734/*],

[1734g-] ady'=da.<-^— ak.h.sm.26i, or a.^^——^—-'=— aA.sm.2fl. — . A.

Integrating this relative to a, considering a, k, 6, as constant, and adding the arbitrary constant

quantity a k . sin. 2 6 .c to the second member, we shall get.

[1734A]
a.-= a^.sin.2^.c— aA;.sin.2^. C— .h=ci,k. sm.26 A c—f—.h [

.



III. iv. §31.] COVERED BY A FLUID IN EQUILIBRIUM. 315

31. JVe shall now consider the general case, in ivhich the spheroid is [1734"]

always fluid at its surface, but may contain within it a solid nucleus of any ^p^"^^*

^^ of a solid

figure whatever, differing hut little from a sphere. The radius, drawn from
"^f^^l^

by a fluid.

the centre of gravity of the spheroid to its surface, and the law of gravity at

be

Multiplying this by a, it becomes as in [1734]. This vanishes at the point A, where a=0,
because the factor a.a.h becomes nothing. It ought also to vanish at the point F, where

a = l; therefore the factor c— f^
—— must vanish. Hence c= f^

-^—
; [1734t]' *^ a " a

consequently the arbitrary constant quantity c is equal to this mtegral, taken from a= to

a= l, as in [1734'].

If A be constant, the fluid will be homogeneous [nSSi^, and

Hence [1734] becomes a t/
= a a . A; . sin. 2 d .

j
c-\-h. log.

-

^
; in which c must

taken so as to make this vanish at the point JP, where « = 1, and log.
- =log.l= ;

therefore we must put c= 0, and the general value of a
y' will become

ay'=^aa.k. sin. 2 6.h . log.
-

.
[l734Jfc]

This also vanishes at the point A, where a= 0, because the factor a . log.
- becomes

nothing when a = 0. For if we use the tabular logarithms, and put a=
-j-r-

,
we

[I734r]

1 In.,
shall have log.

-=
log. 1 0"= ?i, and a . log.

-=
-rr^ ;

which decreases rapidly

as n increases. For by putting successively n= 1
, 2, 3, 4, &.C., it will become J^, -j-|^,

TTJTo' To^oo-» ^^'i which evidently bccomcs nothing whcn n is infinite. The same result

would have been obtained, if we had used hyperbolic logarithms ;
as is evident from the

[I734m]

consideration that the hyp. log. of any number is to the tab. log. of the same number, in a

constant ratio, represented by the hyperbolic logarithm of 10= 2,30258,50929. [1734n]

If h^ca, we shall have f ~—= A* c.da = ca. Hence [1734] becomes

ay'=aa .k . sin. 26 .{c—c a)
= a.c ,k . sin. 2 6 . (a

—
a^), which is the equation of a

parabola. For if we put a= i
-[- y, and i/:=ck. sin. 2 5 . (J

— 2px), it becomes

ac.^. sin. 2d . (^
— 2p x)

= ac .k. sin.2 6. {^
—

y^) ;
hence J— 2px= i— y^, [17340]

and y^z=2px, the equation of a parabola [379(f], whose vertex corresponds to y= 0,

or a= J.

79
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that surface, have some general properties, which are the more important to

be examined, because they are independent of every hypothesis.

The first of these properties is, that in a state of equilibrium, the fluid

^r"\°ce P^^^ ^'f ^^^ spheroid will assume such a form, that the function Y^'^ will

[1734'"] disappear from the expression of the radius draivn from the centre of gravity
coincides
with that of the whole spheroid to its surface ; so that the centre of gravity of this

surface will coincide with that of the spheroid, [1745&
—

e].

To prove this, w^e shall observe, that R being supposed to represent the

[1734""] radius drawn from the centre of gravity of the spheroid, to any one of its

Equations particlcs, the expression of this particle will be f^.I^dR.dii-.d-a; and
resulting

wn'diti'on
"^^ ^^^" have,* by means of the properties of the centre of gravity § 12,

that the

the co-or- 0= fp.R^dR.dl^.d^.il ',

dinates
is in the

"^.IX"! 0=f?.R^dR.d\^,dvi. y/l—p? . sin. ^
;

t^^^
0=fp.R'dR.diJ^.d^.^T=::ir^.cos.zs.

[1735'] Supposing the integral fp.R^dR to be taken, relative to R, from the

origin of R, to the surface of the spheroid, and then developed in a series

of the form

[1736] f^p.WdR= iV(o)+ iV(i) + iV(^> + iV(3) + &c.,

*
(1239) We have shown, in [1480rf], that if the spheroid be homogeneous, a particle of

[1735a]
^^^ ^^^& will be represented by dM=R^dR.d[u.d'us; and if this be multiplied

respectively by the three co-ordinates [14805], x= R . ii, y= R. \/(l
—

ix^)
. sin. -us,

z= R. ^(1— fji-2)
. COS. zs, it will produce three products,

[17356]

[J735c] R^dR.dii^.dzi.ii^, B?dR.d[}^.d'us.\/[\
—

\)?).s\n.zi, R^dR.d[>^.dT^.\/{l
—

/x^j.cos.w;

whose integrals [126, 127] represent the mass Jl/of the spheroid, multiplied by the distances

[1735rf]
of its centre of gravity, from the planes, from which the co-ordinates x, y, z, are measured ;

and if this centre of gravity be taken for the origin of these co-ordinates, or the origin of R,

[1735e] these integrals must be nothing, by the nature of the centre of gravity [124'"]. The same

[1735/"] would take place, if the spheroid were not homogeneous. For if the density of the

[1735g-] particle dM be p instead of 1, its mass will become dM=^p.R^dR.d^.d'ui',
this being multiplied respectively by the three co-ordinates [1735&], will produce tlie elements

[1735A] p.R^dR.d^i.dTH.ii^, p.R^dR.d\h.d-si.\/{i
—

.a^)
. sin.w, p.R^dR.d\h.dTS.\/{\

—
m-^)

. cos.-cr ;

whose integrals, as above [1735e], must be put equal to nothing, by the property of the

centre of gravity [124'"] ; hence we get the three equations [1735].
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N^^ being,* for all values of i, subjected to the following equation of partial

differentials,

oj^-w-^HT)nj-m+ VJiJl^+Z.(i+ l).iV». [1737]

[1738]

[1739]

we shall have, by [1476], when i differs from unity,

0=fN^'Kdi^.dzs.^/TII^. cos. TO.

The three preceding equations [1735], depending on the centre of gravity,

become,

=fN^'^ .is^diJ^.dvi; = fN^'^ ,d^,d^. \/T=^ . sin. to.

=fN^^^ ,d[i'.d'si. \/T^ . COS. TO.

N^^^ is of the formf

iV(^> = H.(^-\-H' . {/T^ . sin. zi -\- H" . v/T^V • cos. to. [1740]

*
(1240) The density p being a function of R, /x, ot, we may find the integral fp.R^dRj

relative to R
;

and if we suppose it equal to the expression JV^"^ -j- JV^^^ -|- JV*(^^ + &c.

[1736], the formulas [1735] will become

0=fd,x.dzi.ii. {JVW^ JV<'>+ &c.| ;

0=/d[^.c/^.V/(l— f^2).sin.TO.fA-W+ JV^i> + &c.}; [1738a]

0=/J,x,.d*.V/(l— M.2).cos.TO.{JV^o^ + JVW+ &c.}.

Now it is shown, in [1480i], that the quantities fx, y/(l
—

f^^)
. sin. z*, ^{l— fjL^)

. cos. to,

are each of the form Z''^\ satisfying the equation [1481] ; therefore, by [1476], we may put

equal to notliing, in the preceding integrals, all the terms where the index of JV differs from
[17386]

unity, as JY^^\ JV^^\ JV^^\ &c. ; hence we get the formulas [1738]. Substituting

these in [1738a], all the terms will vanish, except those connected with JV*^^\ and these will

become as in [1739] ;
the whole of this calculation being like that in [1482a, 1483a—A].

f (1241) The expression of JV [1740] agrees with that in [1483'], putting Ji— H,
B= H', C= H". This value of JY^^\ being substituted in the three expressions

[1483], produce, as in [1483"], the following equations J ./JV^'^ .d {x . dts . ii
= ^'r . A,

i./^"(i).df*.d:xrf.v/(l— fx2).sin.*=J*.5, J./JV^".<if*.rf*./(l— H,2),cos.TO=J*.C. [1740O]
The first members of these equations vanish, by means of formulas [1739] ; therefore

= ^^.^, 0=i*.5, 0=J*.C; hence ^=fl=0, B=H'=0, C=H"=^0,
as m [1741]. These values of H, H', H", being substituted in JV<" [1740], it becomes

^•(1)= 0, as in [1742].
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Substituting this value in these three equations, we shall find,

[1741] H=0, H' = 0, H'^O;
[1742] therefore N^'^'> =

;
which is the condition required by the supposition that

is the the origin of R is at the centre of gravity of the spheroid.
condition
tliat the

Kentre' ^^ ^^^^^ "^^ compute the value of N'-^\ for a spheroid, differing but

of!Sr'*^ little from a sphere, and covered by a fluid in equilibrium. In this case, we
spheroid.

[1742] have R = a.(l -\-ay) [1503""], and the integral fp.R^dR becomes*

[1742"] I . fp . d .
{a'^

. (I + 4 ay)] ;
in which the differential and the integral both

refer to the variable quantity a
; p being a function of a. Substituting for y

its value Y^°) + Y^'^ + Y^'^ + &c. [1464], we shall get,

[1743] N^'^ = a.fp.d.(aKY^'^),

The equation [1703] gives, at the surface, where « = 1, observing that

Z^^) [1632] is nothing,!

[1744] fp.d.(aK F^)) = Y(^> .fp.d.a^;

[1741a] *(1242) Since R^dR = id.R4, and R= a.{l-i-ay), R^= a\ {l-{-4ay),

neglecting a^, we have R^ dR = ^d .^a'^ .(l-{- 4 ay)] ; therefore

[17420] p.K^dR= ^p.d.\aK{l-\-4ay)\, and fp.R^dR= l.fp.d.{a^.{l-^4ay)l,

as in [1742"]. Substituting in the first member its value [1736], and putting in the second

member the value of y [1464], we get,

[17426] JV^o^+A'f»+JV(2)+&:c.={i./p.(?.a4.( 1+4a. r<o)) ]+ a.fp.d.{a\ Y^^))+ a.fp.d.{a^. Y(2))+&c.

The integrals in this second member affect a only ;
so that the quantities fp.d.{a'^. Y^*^),

/p . <Z . (a^ . Y^^^), he, being substituted for JV^^\ JV(^), &,c., would satisfy the equation

[1742c] [1737], because Y^^\ Y^% he, satisfy the similar equation [1465]. Now from

[1479'], the function fp.R?.dR can be developed but in one way, in a function of the

form JV*(*^) -}- JV^^^ -f- "^^^^ "f~ ^c. ; it necessarily follows, that the similar terms of the first

and second members of the preceding equation, must be equal to each other
;
hence

[1742d] JV(<')=|./p.^.a^.(l+ 4a.Y(^>), JV(i>=a./p.(?.(a4.r^i>), J^<^^'>=oL.fp.d.{a\Y^^'^), he.

The second of these equations is the same as [1743].

f (1243) Substituting Z'(^>=0, and z=], in [1705], and taking the integrals to

correspond to the surface of the spheroid, by which means the first integral of [1705], whose

limits were a=a and a = 1, will vanish ; we shall get,
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the value of Y^^^ in the second member of this equation, being its value at intwi

the surfece ; therefore, iV^^^ [1742] being nothing, v^^hen the origin of R is ra)=o.

at the centre of gravity of the spheroid, we shall have also Y^^^ = 0. [1745]

32. The permanent state of equilibrium of the heavenly bodies makes

known to us some of the properties of their radii. If the planets did not

revolve about one of their three principal axes, or very near to one of them, [1745']

there would be produced, in the position of the axes of rotation, some

variations which would become sensible, particularly in the earth. Now by

the most accurate observations, no such variations are perceived. Therefore <

[1745"]

in which the term Y^-^^, loithout the sign f, corresponds to the surface of the fluid; and we [1745a']

must put the quantity a, which falls without the sign of integration, equal to unity. If we

then divide by 4 *? ^^d transpose the first term, we shall obtain [1744]. Substituting this

value of fp.d.{a^.Y^'^) in [1743], we get JV^^'>= a.Y^^\fp.d.a^, or

a . r^^^=
3 ; and since, by [1742], J\^^'>= 0, when the origin of R is at the [17456]

centre of gravity of the spheroid, we shall have, in the same hypothesis, Y'-^^= at the

surface of the spheroid [I745fl, a']. We shall now compute the centre of gravity of a fluid

stratum, at the surface of the spheroid, the thickness of this stratum, measured in the direction

of the radius, being supposed constant and equal to dR
; also the density p constant and equal

to p'. Then the elements [1 735A] will be

[1745c]

p'JR. R\dii..dvi. II, p'.dR'.R\dii..d^.^{ 1—
M.2).sin.*, p'.dR.R^.d^.d-a.y'{1— fx2).cos.-a ;

whose integrals are p.dR .fR^.dfi. dzs .[j., p'
.dR .fR^ .dfj. .dvi .^{l— fji^) .sin.-zs,

p'. dR .fR^ . dii. .d-a .\/{l
—

fx^)
. COS. -a, representing, as in [1735«ri, the products, of

the mass of this stratum, by the distance of its centre of gravity from the planes, from which

the co-ordinates x, y, Zy are counted. Now

If we substitute these in the integrals [1745c], all the terms, except those depending on F^^>,

will vanish, for the same reason as those depending on JV^^^ N'^^, JV''^\ Stc, vanish, in [1745d]

[17386]. Hence these integrals will become,

p'.dR'.fSa^a.Y^'Kdti.dz^.li, p'
. dR .fSa^ a . Y^'K dij. .dm .^(l—y?) . sm-zs,

f'.dR .fSa^a.Y^^'^ .dfj^.dm. v/(l— fi<.2)
. cos.'© ;

and since at this surface Y^^^ = [1745], all these integrals will vanish. Hence the

distances of the centre of gravity of this stratum, from the planes abovementioned, will be

nothing ; therefore the centre of gravity must be at the origin of R; or in other words, it
'

must be at the centre of gravity of the spheroid, as was observed in [1734'"].

80
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we must infer, that a long period of time has elapsed since all parts of the

heavenly bodies, and particularly the fluid particles on their surfaces, have

been arranged in such a manner as to render their state of equilibrium

permanent ; consequently also their axes of rotation. For it is very natural

to suppose, that after a great number of oscillations, the bodies must assume

[1745'"] the forms corresponding to the state of equilibrium, on account of the

resistances, suffered by the particles of the fluid. We shall now examine

into the conditions arising from this supposition, in the expression of the

radii of the heavenly bodies.

If we put rr, y, z, for the rectangular co-ordinates of a particle dM of

the spheroid, referred to the three principal axes, the axis of x being the axis

[1745""] of rotation of the spheroid ;
we shall have, by the properties of these axes,

demonstrated in the first book, [228],

[1746] 0=fxy.dM, 0=fxz.dM, 0=fyz.dM.
These integrals must include the whole mass of the spheroid. R is the

radius drawn from the origin of the co-ordinates to the particle dM; 6 is

the angle formed by R and the axis of rotation
;

to is the angle which the

[1746'] plane, formed by this axis and i2, makes with the plane formed by this axis

and that principal axis, called the axis oi y; we shall then have,*

X = R .(j^ ; y = R. \/T^ . cos. « ;
z= R. \/i—^^ . gin. zs

;

dM = p,R'dR,di^.d^,

The three equations [1746], given by the nature of the principal axes of

rotation, will, by this means, become,t

0=/p.R^dR.di^. </TO.fx. ^i_^2. COS. xs
;

[1748] 0=fp,R^dR.d\>^,dvs.ii.. \/i
—

,x2
. sin. w ;

=/p . ii* <Z i? . ^f* . ^TO . (1
—

f.2)
. sin. 2«.

*
(1244) These values of x, y, z, agree with [1480&], and that of dM with [1480(?],

multiplying it by the density p.

f (1245) Substituting the values x, y, z, dM, [1747], in [1746]; the two first of

•these equations produce the two first of [1748], and the third of [1746] becomes

>QaB:fp .R'^dR.dii..dvi.{l— fjL^)
. sin. « . cos. « ;

multiplying this by 2, and substituting sin. 2 w= 2 sin. « . cos. •kt,
we get the third

equation [1748].
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We shall suppose the integral fp.R^dR to be taken, from 72 = to [17481

the value of R corresponding to the surface of the spheroid, and then to be

developed in a series of the form,

fp.I^dR= U^'^ +U^'^ + U^'^ + C7(^) + &c. ; [1749]

CZ^'^ being, for all values of «, subjected to the equation of partial

differentials [1437],

( ^ Wi 2N /'dU^'^\ > ) i<ddW'^\

( a, ^+--i^ + i^(i+ l)^U-. [1750]

We shall have, by the theorem [1476], when i is different from 2, observing

that the functions ti.^/JIZjiP.cos.'us, fi.^/iIIJj2.sin.OT, and (1
—

fA^).sin.2w, [I75(y]

are comprised in the form U^^\^

= /C7« . (Z (X . c? ^ . ^/T:^ . cos. zi
;

=/£/"« ,di>^,dzs. v/T=^ • sin. «
; [1751]

=/C7». ^^ . <?«.(1— fio^)
. sin.2irf.

The three equations [1748], depending on the nature of the axes of rotation,

will, by this means, become,t

*
(1246) If in the general value of F^^^ [1528c], we put successively, all the coefficients

equal to nothing, except B^\ j11^\ Af^ ; and then put these quantities equal to 1 , we

shall have the particular values of F^^\ represented by

f* . V/( 1—
M-^)

. cos.
-5:^, M- . v/( 1—

1*^)
. sin. zj, (1

—
[i?)

. sin. 2 w, [1751a]

as in [1750']. If we represent any one of these quantities by ^^^^, the formula [1476] will

^ve the equations [1751], for all values of i differing from 2.

f (1247) The integral of the first of the equations [1748] being taken relative to a,

which affects only p, R^ it becomes, by using [1749],

0=/{C7(o>+ C/(^>+ &c.| .<Zm. (its. f* . V/(l
—

f*^)
. COS.W ;

or, as it may be written,

+/C7^2) , ^^ , (Zta .,*. v/(l—M'^).cos.«+&c. ;

and this, by reason of the first of the formulas [1751], becomes like the first equation [1 752].

In the same manner, the second and third of the equations [1748] produce the second and

third of [1752], respectively.
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=fU^'''^ .di^.d-a.fx.^T^ . COS. w
;

[1752] 0=fU^^Kdii.d 7^.11. v/F^. sin. -5^
;

=fU^^^ .di^.dzs. (l
—

y?) . sin. 2 «.

Therefore these equations will depend wholly upon the value of U^^\ This

value is of the form [1528c],

C7® =H .
(f^'
—

i) + ^' . f^ . i/I=i^ . sin. t3 + //". f^ . v/l=? . cos. «

+ if'". (1— M-')
. sin. 2 ^ + jff"". (1— M-')

. COS. 2 «.

Substituting it in the three preceding equations [1752], we shall find,*

[1754] if' = 0, H"= 0, H"'=0.

[1753]

*
(1249) When we substitute the value of U^^'^ [1753], in the formulas [1752], we must

reduce the products of the sines and cosines of th and its multiples, by the formulas

[17
—

20] Int. ; so that an expression of the form fd vi . sin. n vi . cos. m trf, will become

^^ ./dm . sin. {n-\- m) .TS -{-^ .fdrn .sin. {n
— m) . -zrf. If we suppose n and m to be

integral numbers, differing from each other, these integrals will be,

1— cos.(n-|-m).w . 1— cos. (n
—

m).-!*

[^^^"1
2.{n-\-m)

^
2.{n— m)

'

which vanish at both the limits cf=0, 2^=2*, [1470'] ; hence we have,

[17546] f dzs . sin. n zi . cos. m ttf= 0.

Again, when n =m, we shall have, as in [1544a],

[1754c] r d^.s\a.^'nzs='!r ;
f £Ztrf.cos.^wztf=ir j

f d •vi. sin. n-ui. cos. n '^=
;

therefore, in the first equation [1752], we need only notice the term H" of [1753] ;
in the

second of these equations, we need only notice the term H'
;
and in the third, we need only

notice H'". Hence these equations become, by using the integrals [1754c],

o=/f.c/^.v/(i-M.^).lir".f^.v/(i-H-')l-*r

[175id] 0=fiidiJ..\/{l— ii.^).{H'.ii..\/{l
—

iJp)\.if',

0^fdi..{l-i.^).{H"'.{l-i.^)\.':r;

or, by reduction,

[1754e]
= H'.-x.fd^.{y?— iJ.^) =jff'.*.(i,.3_i^5_|__*^).

0=H'".,r./cZf..(l-2f.24-^4)_H'".*.(f.-§f.3+ |f.5^^«,);

these integrals being taken so as to vanish when
fji.

=— 1. If we put (*
=

1, which
i»|
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Conditions

required

The conditions required, in order that the three axes x, y, z, should be the ^ ^""^

principal axes of rotation, are therefore reduced to the three preceding [ITM']

equations ; and then U^^^ [1753] will be of the form, axeTX'

C7(^) ^H.(u?— i)-\- H"". (1— f.^)
. COS. 2«.

[1755]

When the spheroid is a solid, differing but little from a sphere, and covered

by a fluid in equilibrium, we shall have R = a.{\-\- ay) [1742']; [17551

therefore,*

f^.R'dR = \,f^.d.{a\(\ + ba.y)\. [1756]

If we substitute the value of y = y(°> + Y^'^ + Y(^> + &c. [1698], we [iTseT

shall get,

C7(^) = « . /p . J . {a' . Y(2)). [1757]

The equation [1705] gives, at the surface of the spheroid,t

l^./^P . e?. (a^ F^)) = icr. Y(^) ./„^.^.a'- Z(^) ; [1758]

the other limit of M- [1470'], they become —
-*^H".i(, = /^H'.<r, = \^H"'.ic', [1754/]

hence fl'=0, fl"=0, H'"=0, as in [1754]. Substituting these in [1753], we

get Z7® [1755].

*
(1250) In like manner as, in [1741a], we have

R'^dR= \d.R^=^\d.\a.{\-{-ay)\^= \d.\a^.{l-\-ba.y)\.

IVIultiplying this by p,
and integrating, we get [1756]. Substituting y [1698], in the second [1756a]

member of [1756], we find,

/p./?''Ji2=/{^p.<Z.a5+ «.p.d.(a5.r^o))|-|-a./p.d.(a5.r«)+a./p.d:.(a5.r(2))4.&c.;

then, by means of [1749], we get,

jjco) _|_ [7(1) _}. ijm _j_ &c.

= /{|p.df.a5 4_a.p.e?.(a5.rw)|+a./p.d.(a5.r^i^)+ a./p.dl.(a5.r(2))+ &c.;

which is similar to [17426]. Hence we deduce, as in [1742^,

Z7^o^=/{ip.<Z.a5+ a.p.rf(a5.r^o))?5 C;'»>= a./p. <?. (a^.F^") 5

[17566]

This value of £/^^^ agrees with that in [1757],

f (1251) Putting i=2 in [1705], and supposing the stratum to correspond to the

surface of the spheroid ; the first of the integrals of this formula will vanish, because the

Umits of the integral become a= l, a= l; and the whole expression will become, as

81
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[1758']

[1759]

[1760]

SOLID SPHEROID, NEARLY SPHERICAL, [Mec. Gel.

Y^^^ and Z^^\ in the second member of this equation, are the values at

the surface
;
we then have,

C7(.)_5.„.Y(.)./;p.^.a3_i^.
The value Z^^) is of the form [1528c],*

[1761]

Condi-
tioDS

arisins

from the
revolution

being
about a

principal
axis.

Z(2> =— 1 ^ .
(m."
—

±) +^ . M-Vl—M.^ • sin- ^ +^' • M- . v/i^=? . cos. Ttf

+ g",(l—i>F).sm.2zs+f". (1— M-^) .cos.2«.

and that of Y^^^ is of the form [1628c],

y(2) ==—h.(iJ?— i) + h'.i^. v/r=V • sin. vi-^h" . M.. v/i=i^ • ^os. ^

+ h'\ (1— M-')
. sin. 2zs + h!'". (1— M-')

. cos. 2*.

Substituting these values in the preceding equation, and also that of

C/(^) = H. (/—i) + H"". (1
—

f.^) . COS. 2 .., [1755],

we shall get,t

[1758a]
in [1758],

= -^*. F2>./oi p
. ^ .a^ + l^ ./,i p

. t? . (a\ T^^)) + Z^^^
; observing

that, in the terms which fall without the sign /, we must put a= 1 . Moreover, the terms

Y^^^ and Z^^\ which fall without the sign /, correspond to the surface of the spheroid,

5a
where a=l. Multiplying [1758] by

—
,

we get

[17585] a.fp,d. («5.r(2)) =4 a . F^) .fp.d. a

substituting this in [1757], we get [1759].

3 5(r.Z^^^

4ir

*
(1252) The general values of Z'^% Y^^), assumed in [1760, 1761], are precisely

of the same form as in [1528c], the constant coefficients being changed. The coefficients

[1760a] of {\s?
—

J), in [1760, 1761], are put negative, for the convenience of making them

conform to the actual signs in a . Z^^^ [1632], and in a .{l-\- a,y) [1648].

f (1253) Substituting in [1759] the values fJ^^) [1755], Z^^) [176O], F^^) [176I],

it becomes, by connecting together terms of the same form,

•H. (m-^— J)+ H"" . (1
—

M.2)
. cos. 2 «

[1761a]
=^-|aA./P.^.a^+f;.U^.(f^«~J)+^faAVp.eZ.a3-^.g'^.,.V(l~f*')-sin-^

+^far'./p.^.a'-J^.g""^.(l-p-^).C0S.2t..
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These are the conditions arising from the supposition that the spheroid revolves

about one of its principal axes of rotation. This supposition determines the

constant quantities h\ h", ¥\ by means of the values of g', ^', g"' ;
but it [1762^

leaves the quantities h and h"" indeterminate, as well as the functions Y^^\

F^), &c.

If the forces, foreign from the attraction of the particles of the spheroid,

be reduced to the centrifugal force, arising from its rotatory motion, we shall

have ^=0, ^'=0, ^"=0;* therefore h!=0, A"=0, h"'=0, [1762"]

and the expression of Y^^^ will be of the form,

Y(2) = —h.
(m,2
—

I) +A"". (1
—

M-^)
. cos.2«. [1763]

This equation ought to be satisfied for all values of jx, « j hence the coefficients of the terms

of the second member ought to be equal to those of the first ;
and as the coefficients of the

terms M-.v/Cl
—

m-^)
. sin. to, M'-v/(1

—
M-^) . cos. to', (1

—
/x^)

. sin. 2 to', vanish in the

first member, they ought also to vanish in the second member ; therefore we must have,

|a;^'./p.rf.a3_^.^=05 |aAVM.a^-|^.5-"=0; |«r./p.eZ.a3-^.^"=0. fi^gi^^

Dividing these by ^a.fp.d.a^j or its equal 5 a .fp .a^ da, we get, by transposition,

the values of h', h", A'", [1762]. In like manner, by putting the coefficients of fj-^
—

J,

(1
—

|x2)
. COS. 2 -m, in each member of [I761a], equal to each other, respectively, we find,

H=-^ah.fp.d.a^+ ^^.^g; H""=:^ah"" .fp . d
.a^-^£.g"". [1761c]

Now the forces acting on the spheroid being known, we shall have the expression of a.Z^^^,

[1632] ; consequently the values g, g', g", g'", g"", will be given, and from these we may
determine A', A", h'", [1762] ; but h, h"", depend on the preceding arbitrary quantities

H, H"", [1761c] ; therefore h, h"", are indeterminate, as well as the quantities F^^)^ y(4)^ [I761d]

&c., which are not affected by the equation [1748], or [1752].

*
(1254) If the forces S, S\ he, vanish, the value a.Z^^) [-1632] will become

g
a.Z^'^^=^—^g.{ii.^

—
i), or Z(2) ==— |- .

(fx2
_

I). Comparing this with

cr

[1760], we find that g is changed into -, and that we must put ^=0, g"=0, [1762a]

^"'=0, ^'"=0. The values g', ^', ^'", being substituted in [1762], give A'=0,

A"=0, A"'=0; hence Y^^) [1761] becomes as in [1763].
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33. We shall now consider the expression of gravity at the surface of the

[l763r\ spheroid, putting this force equal to p. It is evident, from § 25, [1645'",

1646], that we shall obtain the value of p, by taking the differential of the

second member of the equation [1702], relative to r, and dividing this

[1763"] differential by
— dr, which will give, at the surface,*

—
«r.J2.Z^°)+2.Z(2>+ 3r.Z^^) + 4?'^.Z^^^ + &c.J;

[1764'] these integrals being taken, from a = to « = 1. The radius r, at

Krth'a the surface, is equal to l-{-uy, orf
surface.

[1765] r=l+ay = l + a . {Y^'^ + Y« + F^) + F^) + fee.} ;

*
(1255) It is shown, in [1645'", &;c.], that the differential of the second member of

[1635], taken relative to r, and divided by
— dr, gives the value of p ;

and the

second member of [1635] is the same as the second member of [1702], because the

[1764a] first members of both these equations are J . In finding this differential, we may

neglect the variations of the limits of the integrals, as in [1447;?, 1562^]. JVIoreover, the two

first integrals of the second member of [1702] vanish, when the attracting point is at the

surface, because tlie two limits of the integrals are «=1, a=l
;

and as the sign / affects

a only, we may introduce r, under that sign, so that the second member of [1702] will become,

[1764&]

[1764c]

4*^lp^3 ,^
/-l ,

5«_3
y(o)_|_i!i.y(i)

,
a'^

.Y^^ + hc.l

-f a.{r2.Z(o^ + r2. Z®+ r3.Z(3) +r^.Z®+&c.} j

and its differential relative to r, being divided by
— dr, gives

p=|../..l,.<^.a3+4»*./.p.<J.j^'.r<«)+?^.r-+?^.T<=>
+
gl);^.r.o+8,e.|

—
a.f2r.Z^o^+2r.Z(2)+ 3r2.Z<3>4-4r3.ZW -^iy-^Z^^^+hc.].

which, by bringing r^ from under the sign of integration, becomes as in [1764].

f (1256) At the surface of the fluid, where «= 1, we have r= l-\- ay [1676''] ;

and this, by means of the value of y [1756'], becomes as in [1765]. If we neglect a^, we

may put r=l, in the terms of [1764] multiplied by a, by which means we shall have,

[1766a] P==-^^^^:^Jo'P'd.a^+ 4a^J,^p.d4aKY^^^-\.^aKY^

— a . {2 . Z^o^ + 2 . Z^2)_}. 3 . 2^(3) _^ gjc.|.
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therefore we shall get,

+ A>a-.,f^'p.d,{(^.Y^'^ + ia\Y^'^ + ia\Y^'^ + ^a'.Y^^ + kc,} [1766]

— a. {2 . ZC') + 2 . Z(^) + 3 . Z^^) +4. Z(^> + &c.;.

We may eliminate the integrals from this expression, by means of the

equation [1705], which becomes, at the surface,*

^./„>p.<i. (a^.Y"^) = i*.y« ./,'p.,i.o'-Z« ; [1767]

therefore, by supposing

P=:|*./„ip.^.«3_|„^.y(0)^4„^.y'^ip.^.(^3^y(0)-)__2a.Z(''\ [1768]

we shall find,t Force of

gravity at

^ = P + a.P.[Y(2) + 2.F^>+3.F^) + (i— l).y«+ &c.| f^Tthe

— a. {5 . Z^2>+ 7 . Z(3^ + 9 . Z(^> + (2i+l).Z« + &c.}. [1769]

Substitutmg in the first term the value of

1

[17666](T4f^=l--2ay==l--2a.{r^o^+F^i^+r(2)+ &C.f,

it becomes as in [1766].

*
(1257) At the surface of the spheroid, the first of the integrals [1705] vanishes,

because its limits become a=l and a= l; and by putting «=!, in the terms

without the sign of integration, we get, as in [1767],

=- 1 * . T^^ ./„! p.d.a^+^ ./o^ p.d.{a^ Y^^)+ Z^\ [1767a]

f (1258) Substituting the value of P [1768], instead of the corresponding terms of the

second member of [1766], this formula becomes,

+
4a^./„ip.^.^§a^ra)+3«5.y(2) J^ (Jdllhfll

. Y^^ -{-
kc.'^ tl768a]

— a. {2. ZC2) + 3 . Z(3> -\-i. ZW +&c.| ;

in which the term of the second member, of the order z, being put equal to a P^% we
shall have,

82
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[1769'] The variation of gravity at the surface of the earth, w^as first discovered by

observing the lengths of a pendulum vibrating in a second of time. We
have seen, in the first book, that these lengths are proportional to gravity.*

[1769*] Therefore if w^e put /, jL, for the lengths of a pendulum, vibrating in a

second, corresponding to the gravities p and P, the preceding equation
vrill give,

— ~'\ 5.Z(^)+7.Z(^)+ 9 . Z(^) + (2^+l) . Z('> + kc.\.

[1770'] Relative to the earth, « Z^^^ is reduced to —
^ ^ .

(,;,2
__

^^ [1632];

or, as it may be expressed,!

[1771] a Z^^) =— 1 a 9 . P . (fx2_|),

IMultiplying [1767] by (i -j- 1) • «, and transposing the first term, we get,

[1768c]
= -4 « * ./o^ p . cZ .

^ii±I^J^^!:I^)
+ |.(^^

Adding the expressions [1768&, c], we obtain, by putting I ir .J"^ p .d . a^=P [1768],

in the terms multiplied by a,

aP(0=—8a*. rw./oV.^.«^+ f .(*+l).a*.Y('^/o'p.^.a3— (2i+l).a.ZW
= a . F^'^

(i
— 1 )

. 4 * . /o^ p . rf . a3~ (2 i+ 1
)

. a . Z ^'^

[I768d] =a.r®.(i— 1).P— (2i+ l).a.ZW.

which is the same as the general term of the second member of [1769]; observing that

[1768e]
when i= l, the expression [1768(Z] becomes aP(^^=— 3a.Z^^^ = [1632].

Hence the value of p [1768a], becomes as in [1769].

[1768/]
*
(1259) This follows from r=— .g [86]. For if the time of vibration The

If

given, we shall have the length of the pendulum r proportional to the gravity g. Therefore

mPI L
[1770a] L:l::P :p= — . Substituting this value of p in [1769], and multiplying by

—
, we

obtain [1770].

t (1260) The forces 5^, -S', he. [1632], being neglected, we have Z®=0, Z^^^=0,

&c. [1720"] J also a Z^^^= —'^g .
(m-^
—

^). Now g [1616^^'] is the centrifugal force

at the distance 1 from the axis, or at the surface of the equator nearly ; and, by [1769], the

[1770&] gravity at the equator is nearly equal to P; therefore acp is nearly equal to -, or

g-
= P . a 9 ; hence

'

a Z^^^=— ^acp.P .{^i?
—

J), as in [1 771]. Substituting these

in [1770], we get [1772J.



ffl.iv.^33.] COVERED BY A FLUID IN EQUILIBRIUM. 327

a(p being the ratio of the centrifugal force to the gravity at the equator, [iTriT

[1726'] ; moreover, Z^^>, Z^'^ &c., are nothing, [1720"] ; therefore we Le„gthof
, ., . a pendu-

shall nave, lumonthe
earth's

[1772]

The radius of curvature of a meridian of a spheroid, whose radius is

1 -f- a
y, is,* Radius of

,.i-.(i^.)^J -.la->r@j I.

curvature
of a meri-
dian on
the earth's

surface.

Jf* ) . [1773]

*
(1261) Referring to fig. 28, page 217, in which CD is the semi-axis of revolution,

CjI the serai-axis of the equator, DPpA the meridian, arcDP= 5, CH=aj
HP= b', CP=r= l-{-ay, angleDCP=d, cos.d=fA, dd= ''^ [1773a]

[50] Int., Pp= ds=^ s/{d a^-\-d V^) [1 579e]. Then, from the first of the equations

[372], changing a;, y, v, into «, h\ 6, respectively, we get, by neglecting terms of the order a^,

—
dii.{l-{-ay)

/(1-mP) [17736]

The radius of curvature, at the point P, being represented by r', we shall have /=—
^
—

[1773c]

[53c], ds being constant; and as the sign of r* is arbitrary, it may be written

^=—
7rfa\'

without considering any quantity as constant. In the triangle CHP, we [1773rf]

have CH=CP.cos.HCP, PH= C P.sm.HC P; or, in symbols

a= (l-fa2/).cos.^= (l+ay).fA, h'= {I + ay) .^{l— yP) ; [1773c]

whose differentials, relative to /x, are

da = (1 -\- ay) .d ix-\~aiJ^ . dy ;

db'^a.dyy(l-ij.^)-^{l+ay).J!lj!L.==:ZJ!lA!tAlJru.(y^^

Dividing da [1773/] by ds [17736], and neglecting a^, we get.

Its differential is to be taken relative to ^ only, because th does not vary in the meridian arc
[1773^]DP A', hence.

[1773/]

[1773g-]
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Putting c for the length of a degree of a circle, whose radius is equal to that

[ITTST we have put equal to unity, the expression of the degree of the meridian of
Length of

,
. 'J Ml I.

a^degree
tho SpherOlQ Will DC,

meridian
on the r / 1 \
earth's \ ( d • /* V\
surface. C . < 1 -{""•(

—
i ) V

[1774] / \ d\u J
/-S(-'-KS)n

j.\ d^ / )

[1774^ y is equal to Y(°)+ Y^^) + Y^'^ + &c. [1756'] ; we may make Y^") vanish

from this expression, by including it in the arbitrary constant quantity, which

we have taken for unity ;
and also Y^'\ by fixing the origin of the radius

at the centre of gravity of the whole spheroid, [1745]. This radius will,

by this means, become,*

[1775] 1 + « .
1

Y^'^+ Y^'^ + r^'^ + Y^^ + &c.
i
.

Substituting this and dh' [1773/] in r' [1773<^, and neglecting a^, we get,

~~
d.

/rfaV

\ds)

as is easily perceived by reduction, and developing the two last terms
; observing that the

differentials of y are taken relative to iJ' only [1773^. This value of r' is the same as

[1773Z] in [1773] ;
and if we multiply it by c [1773^], the length of a degree of a circle vv^hose

radius is 1, we shall get the length of a degree of the meridian [1774], corresponding to

the radius /.

*
(1262) The value of y [1774'] changes r [1702'"] into

[1775«] r= a .
^
1 + a .

(
Y(o) _|_ yd) _{_ y(2) _^ g^c.) ] ;

and if we put a-\-aa. F(°>=1, we may, in the terms of the order a, put a= 1
; by which

means this value of r will become r= 1 -f a .
(
Y^^'> -{- Y^^^ -}- &c.). Supposing the origin

of r to be placed at the centre of gravity of the spheroid, we shall have y^^^==0 [1745],

[]7756] and the preceding value of r will be of the form [1775]. Comparing this with its value

1+ay [1764'], we get, ?/
= 1^2) ^ y^^^ + Y^^^+ he.



m.lv. <^33.] COVERED BY A FLUID IN EQUILIBRIUM. 329

Now from [1620] we have,

therefore the expression of the degree of the meridian [1774] will become,*

*
(1263) If we, for brevity, put y [17756] under the form y= 2 F® the sign 2 of

finite integrals including all positive integral numbers exceeding unity, the expression of the

radius of curvature [1773] will become,

^""^ ^ ' VW~)
^ ""^^'^ "^ ^ '

\W~)
' ^"^^^"S this to [1776], we get,

=_
(i2^ ;_ 1) . Y^'^ + ,x .

(-^^)
— ^

;^^ r [17766]

This being integrated, relative to 2, and multiplied by a, we get,

...j.C^).(M.-7;mi )j

Substituting this in the radius of curvature / [1776a], it becomes,

i_a.2.p4-,:-i).rc)-{-.t.. y
('^Y''')

— ^ \ dzfi J
' ^ '^

\ d^ ) 1— f^

Multiplying this by c, we get, from [1774] the length of a degree of the meridian

= C-ac.2.(t-2+ t-l).F«+acf..2.(^)-ac.2.^^^, [1776rf]

as in [1777] ; putting for % all positive integral numbers, 2, 3, 4, . . . . . oo .

83
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Length of
a degree
of the
meridian
on the
surface of
the earth.

[1777]

1— M-^

If we compare with each other, the expression of the radius of the earth

[1777^] [1775], the length of the pendulum [1770], and the length of a degree of

the meridian [1777] ;
we shall find that the term a.Y®, of the expression

of the radius, is multiplied by i— 1, in the length of the pendulum ;
and

^th"*" by i^-\-i
—

1, in the degree of the meridian. Hence it follows, that

[1777"] however small i— 1 may be,* this term ivill be more sensible in the lengths

t^^t'erms of the fendulum, than in the horizontal parallax of the moon, which is

Y^^\ proportional to the radius of the earth ; and it will be still more sensible in the

^P
'

measures of the degrees, than in the lengths q£ the pendulum. The reason of

[1777'"]
this is, that the terms of the expression of the radius of the earth, suffer

mdiusof two differentials in the expression of the degree of the meridian ;t and in
the earth,
&c.

*
(1263c() Observing that the least value of i in [1775] is «= 2, so that i— 1

must be equal to, or exceed, unity.

f (1264) The second differential of r=\-\-ay [1765], relative to f*, gives

i-j-^)
= a . ("Taj > hence the last term of ?•' [1773i], becomes

multiplying this by c [1773/], we get the corresponding term of the degree of the meridian

[1777a] [1777], c a. (1
—

f/-^)
, /_|N ^c„ ,

(1
—

f^^)
•

(j^ J
therefore the degree of the

meridian contains a term depending on the second differential of r, as is observed in [1777'"].

Now if we substitute the value of y [17755] in the preceding equation, we shall obtain a

series, whose general term is c a .
(
1—

m-^)
.

(
-

j,
and as the value of Y^^ [1510],

or [I528d, e, &;c.], is composed of terms of the form A .
^i', whose second differential,

/ddY^'^\
relative to |x, is multiplied by i.{i

—
1) j this will produce, in ca. (1

—
f*^)

. f

j
, or

[17776]
J° the expression [1774], the term i .

{i
— ]).ca.(l

—
h-^)

. .^ . M-*"^. Hence we

perceive the manner in which the factors of the order i^ are produced in the formula [1774].
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taking each differential, these terms are multiplied by the corresponding

exponent of
/j^,

in consequence of which they become more important. In

the expression of the variation of two consecutive degrees of the meridian, the [1777""]

terms of the radius of the earth suffer three successive differentials ;* those terms ?^^

which cause the figure of the earth to vary from an ellipsoid, may by this means
f^^l^

become very sensible ; and the ellipticity, deduced from this variation, may be ofth^'^^777/> 71 measures

very different from that deduced from the observed lengths of a pendulum. °^^^°^.

These three expressions have the important advantage of being independent of gj^
the internal constitution of the earth ;\ that is, they are independent of the [1777»]

figure and density of the strata ; so that if we can determine the functions

Y<^\ y(3)^ ^^.^ ^y ^^g measures of the degrees of the meridian and of the

parallaxes, we shall obtain directly the length of the pendulum. We may, by

this means, ascertain whether the law of universal
gravitation agrees with

the figure of the earth, and with the observed varisraDus of gravity at its

surface. These remarkable relations between the expressions of the degrees

of the meridian, and the lengths of the pendulum, may also serve to verify

any hypothesis, assumed to represent the measures of the degrees of the

*
(1265) Putting C for the length of a degree of the meridian [1774], corresponding to a

latitude, whose cosine, neglecting terms of the order a, is
fx. ; we may suppose C to be a function

of (X, represented by C= 9 (fji.) ; and ^ C, (x', to be increments of C, (x, respectively, [1777c]

arising from an increment of one degree in tlie latitude. Hence we shall have

C+ 6C=<p(fx+ \i!). [1777d]

Developing the second member according to the powers of m-', by Taylor's theorem [617], it

will become C -|-
^ C'= 9 (/x) -}- fJ^'

•

(
-^—

) + &cc
;

from which subtracting C=(p(|x),

and neglecting the second and higher powers of
fx',

we shall find,

Now from [1777a, 6], C contains a term depending on the second differential of y or Y^^,

of the order i^ .ca .A . f*'""^ ; therefore the value of 5 C will contain a term depending
on the third differential of y, or T^'^, which will have a factor of the order i^.

t (1266) The expressions [1770, 1774, 1775], contain the values of T^s), F(3), &c.,

Z®, Z''^\ Stc, corresponding to the surface of the spheroid ; but do not contain any of these

quantities for the interior of the earth, nor any expressions relative to the density of the internal
[1777/]

mass, so that those formulas are independent of the internal constitution of the earth.
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[I777vii] meridian
;

as will appear by the application we shall now make of this

method, to the hypothesis proposed by Bouguer, to represent the lengths of

the degrees, measured in the North, in France, and at the equator.

We shall suppose the expression of the radius of the earth [1775] to be,

[1778] l+a.Y(2) + a. Y(%

and that

[1779] Y(2)=,_J.(f,2_|)
.

Y^'^ =— B.
|m-^
—

J-f.^ + _3_j.

It is evident that these functions of m. satisfy the equations of partial

differentials to which Y^^^ and Y^^^ are subjected.* The variation of a

degree of the meridian will be, by what has been said,

[1780] aC.\3A— ^^B\.y?+ 15 a C.B.iJ^.

hypothe- Bouguer supposed this variation to be proportional to the fourth power of

[1780']
the sine of the latitude, which is nearly equal to i*'*. Therefore by making

the coefficient of tt? vanish from the preceding equation, we shall have,t

[1781]
-S = sV -^

;

*
(1267) The values of Y^^\ Y^^^ [1779], are deduced from those in [1528c, e],

putting all the coefficients, except B^\ B''^\ equal to nothing, and making B^^^=— Jl,

J5^o)
= ^B. The values [1779] give

Substituting these in the length of a degree [1777], which we shall call C, it becomes

[17786] =c— ^ac.A+ ^^ac.B-\-ac.{SA— ^^B)p^ + i5ac.B.iJ^'^.

At the equator, where
fJi-
= 0, if we denote the length of the degree by C, we shall r

have C'= c— ^ac.A-{-^^^ac.B; hence, as in [1780],

[1778c] C— C'= ac.(SA— l^^B).t>^^-\-l5ac.B.(^\

f (1267a) If we suppose with Bouguer, that C— C [1778c] is proportional to y^\\

we must put the coefficient of (x^ equal to nothing, or SA— ^^^B = 0; hence I

[1779a] B=^\A, as in [1781]; and Y(4) j-1779] changes into Y^^)^— /^^.(f^^—Im-^+it^).!

Adding this to Y^^^ [1779], we get,

[1779a'] Y^2)^Y(4>=-^ . (f.2-_J)__^^.(,a4_6 f.3+^3^)
=_ /^^.(^4+ 4f,2) ^r^A.
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Hence the radius [1778] drawn from the centre of gravity of the earth [i78r]

to its surface, will be, by putting the radius of the equator equal to unity,

1—
"3^.(4 M-' + f^'). [1782]

The expression of the length of the pendulum / [1772], will become, by [1782]

putting L for its value at the equator,*

L+facp.L.,.^— ^-.(16f.2 + 21,x^). [1783]

Lastly, the expression of the degree of the meridian will be, by putting c [1783']

for its length at the equator,!

C+VV«^C.M.*. [1784]

We shall here remark, that from what has been said, the term multiplied

by fA^ is three times more sensible in the expression of the length of the [1784']

Multiplying this by «, and adding the product to unity, we get the radius [
1 778],

At the equator, where /x
= 0, this becomes 1 -\- -^fJ « A

; and if we suppose the

radius of the equator equal to unity, the preceding general expression of the radius r will be,

as in [1782], r^ 1 — 3?^ «^ .
(m-^ + 4

fx^), neglecting terms of the order a^. [17816]

*(1268) If we substitute the values of T^^) [1779], and F^^) [I779a], in [1772],

we shall get,

= (L+ ^«.^L-T^^«..4i-|«<p.L) + |«<p. I.. p,2_^. (16^.2 + 21 M.4); [I783a]

and by writing i for L-]-a.(^AL— j^j^.AL— | (p
. Z*), neglecting »^, we find

l=L-\-^x(p.L.ii'^ '-^
.
(
1 6 M-S -|- 21 fi.''),

as in [1783]. At the equator, where [17836]

/*= 0, this length of the pendulum becomes L, as in [1782'].

t (1269) Putting B= ^\A [1781], in [17786], we get

which, by writing c for c— 14|- etc .A, and neglecting a^, becomes

as in [1784]. This gives c for the length of a degree at the equator, as in [1783'].

84
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pendulum, than in that of the radius of the earth ;* and five times more

sensible in the expression of the length of a degree, than in that of the

length of the pendulum ; lastly, on the mean parallel of latitude, it will be

four times more sensible in the expression of the variation of the consecutive

[1784"] degrees, than in that of the degree itself.f According to Bouguer, the

difference of the degrees of the pole and of the equator divided by the

[1784'"] degree of the equator, is ^lyf^ ;
which is the ratio required in this

hypothesis, by comparing the degrees measured in Pello, Paris, and at the

equator.! This ratio is equal to y^* a A
; therefore we shall find,

[1785] «^ = 0,0054717.

*
(1270) The coefficient of fji-^

in the expression of the radius of the earth [1782], is

— -^^xA; that in the length of the pendulum [1783], divided by the value L, is

— ^xA, which is three times the former. Again, the preceding term, relative to the

[17846] pendulum, is to the corresponding term of the degree of the meridian [1784] ^-^ecA, as

one to five, as in [1784'].

•{•(1271) The variation of two consecutive degrees of latitude is §C= [j/.(—j

[1777e] ; which, by substituting the value of C [1784], becomes ^-[if.ocAcii?, [>! being

[1784c] the increment of (x, arising from an increase of one degree in the latitude. Now if an arc,

whose sine is fx, be increased 1°, the sine will be increased by \° .\/{\
—

[j?)
=

\i! nearly,

[52] Int. ;
hence W=^i-i-.lo.^{\—^^).t»Ac.\^\ and '^=^^xAc.\/{l

—
i>?).^i?.

^/(l_l!Jl^)

Dividing this by the variable part of [1784] ^-xAcii^, we get the ratio 4 .
—

,

which, in the mean latitude, where (x=\/(l
—

\:^)
=

\/^, becomes simply 4, as in [1784"].

{ (1272) The terms of the ratio slyfa represent, in toises, according to Bouguer, the length of

a sexagesimal degree at the equator, and the excess of the polar degree above the equatorial.

In decimals, this ratio is 0,0168978. Now by putting successively (x=0, and fA=l, in [1784],

[1785a] we obtain the equatorial degree =c, and polar degree= c+ -'j/ « ^ ./3
;

the difference of

these, divided by the former, is V/-**^= 0.0168978 ;
hence «^= 0,0054717, as

in [1785]. It may be observed, that the ratio, computed from the table of measures in

[2010], agrees nearly with the above. For, by that table, tlie lengths of the degrees at

the equator, Paris, and Lapland, are respectively 25538,85, 25658,28, 25832,25;

subtracting the first from the two last, we get 1 19,43, 293,40 ;
which being divided by

[17856] the fourth power of the sines of the latitude of Paris 51°,3327, and Lapland 73o,7037,

become respectively 440,1 and 416,9. The mean of these 428,5, divided by the

degree of the equator 25538,85, gives the ratio 0,0168, nearly as in [1785cf].
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Taking the length of the pendulum at the equator for unity ;
the variation [1785']

of this length, in any place whatever, will be,*

00,54717

_^pi_.516^2^2U^}+|«9.f^^. [1786]

We have, by ^ 1 9,t « 9 = 0,003451 13 ; hence a «
<p
= 0,0086278, and [1786']

the preceding formula becomes,

0,0060529 . i^^
— 0,0033796 . m-^ [1787]

At Pello, where fx
= sin. 74° 22', this formula gives 0,0027016, for the [1787']

variation of the length of the pendulum. According to observations, the

variation is 0,0044625,1 which is much greater than by the theory ; therefore, [1787"]

*
(1273) Substituting L=l, and aA [1785] in [1783], we obtain, for the length

of the pendulum, the expression 1 ^—r-— . (16 fJ-^-]-
21

fA**) -|- f «<? -M-^ ;
from which

[1785c]

subtracting the length corresponding to the equator, we shall get the variation from the

equatorial length, as in [1786].

f (1274) In [1584], we have q
= ^^, and by putting 4.

= 0, in [1583], we

shall get the whole gravity at the equator ^^ 4 ^ p . A: .
(

1 -f x^) (x
—

ang. tang. X)
^ ^^^ ^^^^^^^

the centrifugal force, at the distance 1, is ^ [1583"] ;
therefore at the surface of the equator,

where the distance is k.\/{l-{-'K^) [1565c], the centrifugal force will be /^.^/(l-j-X^).^.

Dividing this by the preceding expression of the gravity p, at the equator, we get the quantity

named x
<p [1771'] ; hence, by means of [1589a], we find,

fe.(l+ X2).X3.g >l^
"^~4';rp.A;. (1+ X2) . (X

—
ang. tang. X)

~
4 ir

p
. (X
—

ang. tang. X)

=
4*p.(jx3

—
|X5+ &;c.)

—
|.*p*l—fX^+kc. ~4*p-^^"r^^ -t-*'^.;

= ?-(l+l'^'' + &^c.). [17876]

Substituting g-, X^, [1592], we get nearly « 9= 0,0034675 ; and [1786] becomes
[i787c]

0,006093 . fx2
_ 0,0033796 . ii\ differing a little from [1786', 1787].

J (1275) In the table [2038] the length of the pendulum at the equator is 0,99669,
1 00137

that at the latitude of 740 22' is 1,00137, and
-^^^-

= 1,00469; so that if the

length of the pendulum at the equator be taken for unity, that in the latitude 74° 22' will

exceed it by ,00469, which differs a little from 0,0044625 [1787"]. [1787d]
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as the hypothesis of Bouguer does not agree with the observed lengths of

the pendulum, it must be rejected.

34. We shall apply the general results we have here obtained, to the case in

which the spheroid is not acted upon by any foreign attractions, supposing it to

[1787"'] be formed of elliptical strata, having their centre in the centre of gravity of the

spheroid. We have seen [1731'], that this is the case when the earth is

[1787""] supposed to have been originally fluid
;

it is also the case when the figures

Kd"" of the strata are similar. For the equation [1705] becomes at the surface,

, ./^ where a = 1 ,*at the '

surface rTf\

^pVe'dd; = Y« .f'p.a^da ^- ,f' p.d. (a'+^yw)—— .

[1788]
"^^

2t+l
^^ ^ ^- ^4*

[1788'] The strata being supposed similar, the value of Y^'^ is, for each of them, the

appiica- the same as at. the surface ; therefore Y^*^ is independent of a, and we
tion to

whereThe shall haVC,!
strata are

similar. ^^ „ , ( ^ /jJ-SX . ) ^Wsimilar. ( /j-LgX )

[^i r»./;p.«va.ji-(^).«'j 4-^

If i be equal to 3, or greater than 3, Z^'^ will be nothing relative to the

[1789Q earth ;t and the factor 1 — (
^"7. )

. «* will be always positive ; therefore

*
(1276) The first integral of [1705] vanishes at the surface, because the limits are

[1788a] rt=l, a=l ;
and if we put fp.d.a^=S.fp.a^da, in the second of these

|

integrals ; also a= 1, in the terms without the sign /; the formula [1705] becomes,

[17886]
= _4*.r('-)./oV.«^^« + ^./oV.^.(a^'+='Y^^^)+ Z«;

Dividing this by
— 4^ we get [1788].

f (1277) As y-^ is independent of «, and the sign / refers to a only, we may bring

Y^'^ from under that sign ; then

substituting this in [1788], we get [1789].

t (1278) The forces S, S', &c., being insensible [1647^"] when computing the

permanent figure of the earth, the values Z'-^\ Z^^\ Z'-^\ &:c., [1632], will be nothing,

[1788c] or generally Z»^'^= 0, if i be equal to 3, or greater than 3. Now in the formula [17S9],
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we shall have F'^ = 0, when t= 3, or t>3. Y^'^ is nothing when

we fix the origin of the radii at the centre of gravity of the spheroid,

[1745]. Lastly we have, by § 33,*

Z(^> = — i?. (m-'
—

i) . 4^./„V. a't^a ; [1790]

hence we find,

V(2) h<P-{f^^—i)'L^P-a^da . .jyg~
/o^p.a2rfa.(l— a2)

' ^

and the earth will be an ellipsoid of revolution. Therefore loe shall consider, [1791']

in a general manner, the case in which the figure of the earth is formed by thte&nh

the revolution of an ellipsis about its axis. ^sowof
revolution.

We have, in this case, by fixing the origin of the radii of the earth, at the [1791"]

centre of gravity of the earth,!

yo) = o, Y<^ = o, y(^> = o, &c. ;

[1792]

Y^'^ = -h Q^'—i);

the factor 1—
( ~\ ) .a', is always positive within the limits of the integral ; because
\2i+l/

a never exceeds 1, and <^ 1, when *]>-2, as in [1789']. Hence the

integral f^ p.a^daA 1 — f .
,

,
)
•«'

[
must be a positive quantity, which we shall

[i788(fj

denote by ^. Substituting this, and Z^^= [1788c], in [1789], we get F'\^=0.

Hence r^'^ = 0, when i>2.

*(1279) In [1771] we have a .Z^2)^__ j„^ .p, (^2__ j)
. and if we neglect [1788c]

a2, we may, from [1768], put P= ^ *
./o^ p . rf . 03= 4,^ ./^i p . a^^ia

; hence Z^^)

becomes as in [1790]. Substituting this, and i= 2, in [1789], we get

Y^^\f,^p.a^da.{l—a^)= ^i<?.{,j?
—

i).f,^p,aUa. [1791a]

Dividing this by the factor of Y(-^\ we get [1791] ; which corresponds with an ellipsoid of

revolution [1503a, 1730']. This value of Y^^\ computed for the surface, is also, by

hypothesis [1788'], the same for all the strata of the spheroid.

f (1280) In this computation it is supposed, that the earth is composed of elliptical strata [1792a]

of revolution [1791'], having the same centre, and their axes in the same situations, but the

elL'pticities and densities variable. Hence it will follow, that the above origin of the radii

86
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h being a function of a. We also have, [1788c, e],

^17935
Z(^) = 0, Z(^> = 0, Z(^) = 0, &c.;

therefore the equation [1705] will give, at the surface,*

[1794] = Q .f,^^ .d ,{a'h) + b . (^—2h) ./,' ? .d , a\ (1 )

This equation show^s the relation which must exist, between the densities of

the strata of the spheroid and their ellipticities, in order that the equilibrium

may take place. For the radius of a stratum being,! [1792c/],

[17941 a.jl+a.Y^o)—.aA.(f.2_±)J

[1791"], is also' the centre of gravity of the ellipsoid included by any stratum, as that

corresponding to a. The general expression of the radius of this included ellipsoid is, by

[17926] [1503«, 1724c], 72= « . (1+ a.Y^ + a.FW + a.T^^))
. j^ence Y(3)^o, r(4)^0,

&;c., as in [1792]. Then, by reasoning as in [1745], we shall find, that at the surface of

this enclosed ellipsoid Y^'^= ; so that in general, for all the strata, Y^^^= 0, as in

[1792] ;
and the preceding radius of this included spheroid will be

[1792c] R= a-\-aa.{ Y(o>+ Y(2)).

Lastly, as the spheroid is of revolution [1792a], R must be independent of w
;

hence -a

must vanish from Y^^) [1528c], and we shall have, Y^2)_^(0) ^ ^^2_^), Putting

[1792rf] 5^°^=— A, it becomes as in [1792] J consequently R=a.\\-]-a..Y^'^'>
—

a.h.{[i?
—

\)\,

as in [1794'].

*(128I) Putting *=2 in [1788], and substituting the value of Z^^^ [1790], we

[1794a] shall get, Q=Y<^^Kf,^^.a^da~^.f,'^.d.{aKY^^^)Jr^^.{y?^^),fi^.a^da',

which, by using Y^^^ [1792], becomes,

the quantity [i?
— i being brought from under the sign /, because the integrals refer to a

only. Dividing this by iV •
(m-^
—

i)? we obtain,

[17946]
= 6 ./qI p

. c? . (a^ h) + (15 cp— 30A) .f^ p . a^da ;

and by putting f^.a^ da =4 .fp.d.a^, it becomes as in [1794].

f (1282) Y^"^ being any arbitrary constant quantity, we may take for it the value — ^h,

in order to render the expression of R [1794'] more simple ; and then we shall get,

[1795a] R—a.\l—ioLh— cth.{ii
— i)]=a.{l— ah.ii'% as in [1795].
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if we suppose Y^^'>=— ^h, which may be done, this radius will become,

a.\l
—

ah.iJ?\ ; [1795]

and then « h will be the ellipticity of the stratum.* [1795']

At the surface of the spheroid, the radius is I — ah.\^ ; hence we see [1795"]

that the diminutions of the radii, in proceeding from the equator to the poles,

are proportional to ii? ; therefore they are proportional to the square of the [1795'"]

sine of the latitude.^ ItZ^"^
earth, and

The increment of the degrees of the meridian, in proceeding from the of& degree

equator to the poles, is, by the preceding article, equal to 3 c. a A,, lu,^ ; J c being [1796]

the degree of the equator. This increment is therefore proportional to the ^^^'

square of the sine of the latitude.
of*?he'"^
latitude.

*
(1283) Putting successively M':=1, and fA=0, in [1795], we obtain the polar

and equatorial semi-axes of the stratum a— a .ah and a, whose difference is a .ah ; [17956]

dividing this by the semi-axis, we get the ellipticity ah [1795'].

f (1284) At the surface of the spheroid a=], the general expression of the radius

[1795] becomes 1 — ah.iiP-, and the semi-axes [17955], 1— ah, 1. The difference

between the equatorial radius 1, and the general expression of the radius 1— ah .
jjl^, is

ah. [I?, which is proportional to ^^, or to the square of the sine of the latitude,

nearly [1648'"]. ^1795,^

X (1285) Substituting the values [1792] in [1777], it makes all the terms depending on

r® vanish, except F^^) .
^Jsq {___\ _= q. Hence the general expression of a

degree of the meridian, represented by C [1777c], becomes,

C=c—
ac.5.Y(2)-facfi..(^^)

= c+5c.aA.(M.2— i)
— 2c.aA.fJi3

= c— ^c.aA-f-Sc.aA.fJL^. [1795rf]

At the equator (x
= 0, and at the poles fi

= 1
; hence the increment of the degree, in

proceeding from the equator to the poles, is 3 c. a A, as in [1796]. If we put
c— ^c.ah= z, 3c.ah= y, we shall have C==:«-fy .,1.2; and the equatorial [I795e]

degree will be z, the polar degree z-}-y. From this value of z we get c= —
t

1— 4 ""
'

andthen y= 3aA . c= 3a A . j—|— . From this last equation, we find

" ^^
S^^y

= '^^ ^"'P^^^^ t^*^^^^^-
[1795/]
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The equation [1794] shows, that if the densities are supposed to decrease,

[1796'] from the centre to the surface, the ellipticity of the spheroid will be less

than in the case of homogenity, unless the ellipticities increase, in proceeding
from the surface to the centre, in a greater ratio than in the inverse ratio of

[1797] the square of the distances from the centre. For if we suppose ^ = _-
,

we shall have,*

[1798] f^.d. (a^h) =fp.d.(a'u) = u.fp.d. a^+ f(du.fa^ . d p).

If the ellipticities increase in a less ratio than -^ ,
u will increase from

[1798']

the centre to the surface, consequently d u will be positive ;t moreover,

^ P is negative, because the densities are supposed to decrease from the

centre to the surface [1709""]; therefore f(dn.fa^.dp) is a negative

quantity,! and by putting, at the surface.

*
(1286) Substituting, in the first member of [1798], the value of h [1797], it becomes

fp.d. (a^ u), as in the second expression [1798]. Now we have

a^ .
p
= fa^ . d

p +/p . d . a^,

as is easily perceived by taking the differential of both members. Multiplying this by d u,

and adding pu. d . a^, we get,

[1796a] a^ .
p .du~\- pu. d . d^= du .fa? . d

p -{- d u . fp . d . a? -{- ? u . d . d^,

the first member of which is evidently equal to p . d (a^ u), and the two terms of the

second member du .fp . d . a^-{-pu . d .aP are equal to d .{u .fp.d . a^), as is easily

proved by development; hence [1796a] becomes

[17966] p .d .[c?u)= d .{u.fp .d .a^)-\-d u.fa? • d p ;

the integral of which is fp.d. {a^n)
= u ./p .d.a^-j-f{du .fa?. dp), as in [1798].

f (1287) The ellipticity ah is proportional to ^ [1797], and if we suppose u to

be constant, the ellipticity will increase, exactly in proportion to
-^

while a decreases, in

proceeding from the surface of the spheroid to the centre. If the ellipticity increase in a less

ratio than —
,

as is supposed in [1798'], it must be because u decreases, while a

decreases ; and on the same hypothesis, u must increase with o, so that when a is increased

by the positive element da, u will also be increased by the positive element d «, as

in [1798'].

a796cl t ( i287o) If we represent this negative quantity by f{d u . fa^ .dp)=—f.f^ p .d .a^,

f being positive, the integral being taken from a :=: 0, at the centre, to a= 1
,

at the
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/,' P .d .(a'h)
= (h—f)./; p. d .a\ [1799]

/ will be a positive quantity. This being supposed, the equation [1794]

will give,*

59^^ [1800]
4

'

[isooT
consequently uh will be less than fa?; therefore it will be less than

in the case of homogeneity, where, d p being nothing, / is also equal to

nothing [18006].

Hence it follows, that in the most probable hypotheses, the oblateness of

the spheroid is less than fa?. For it is natural to suppose that the strata [1800"]

of the spheroid become denser in approaching towards the centre
;
and that

the ellipticities increase, from the surface to the centre, in a less ratio than

—
,

because this ratio gives an infinite radius to a stratum infinitely near to
a

[1800"']

the centrcjt which is absurd. These suppositions are so much the more

probable, as they become necessary, in the case where the spheroid was

originally fluid
;

then the denser strata are, as we have seen [1732A],

nearest to the centre, and the ellipticities are so far from increasing, in [1800""]

surface; the expression [1798] will become,

Now at the surface, where a= I, we have u = h [1797]. Substituting this in the

preceding expression, it becomes as in [1799].

*
(1288) Substituting the value of fo^p.d. (a^h) [1799], in [1794], it becomes

= 6.(A-/)./oV.t?.a3+ 5.(?— 2A)./oip.ei.a3; []800«]

dividing this by fip.d. a^, we get,
= 6 . (A

—/) 4- 5 .
((p
— 2 A) ; whence we

easily obtain A, as in [1800]. If the density be constant, f?p
= 0, fa^.dp^O,

du.Ja^.dp= 0, f{du.fa^.dp)= 0; this last quantity is equal to —f.fp.d.a^

[1796c], and fp.d.a^ is finite; therefore we shall have /= 0, and then [18006]

h=
^(p, [1800].

t (1289) Substituting ah= au.a~^ [1797] in the difference between the polar and

equatorial axes of any stratum, [17956], it becomes, a.ah^au.ar^; which is infinite [1800c]

when a= and u finite.

86
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proceeding from the surface to the centre, that, on the contrary, they
decrease [1732/t].

Supposing the body to be an ellipsoid of revolution, covered by a

[1800^] homogeneous fluid of any depth, and putting o! for the least semi-axis of j

[1800"]
the solid ellipsoid, also ah' for its ellipticity, we shall have, at the surface of;

the fluid,*

[1801] f,'p.d.(a'h) = h— a"h'-i-f;'p.d.(a'h)',

the integral in the second member of this equation being taken relative to

[I80r] the inner solid ellipsoid, from its centre to its surface, and the density of the

fluid which covers it being put equal to unity. The equation [1794] will'

give, for the expression of the ellipticity ah of the terrestrial spheroid,t

[1801a]

*
(1290) The integral of the first member of [1801], whose limits are a= 0, a= l,

may be divided into two parts; the one between the limits a= 0, a=a', and,

represented by f^' p. d . (a^ h) ;
and the other between the limits a= a', and a= 1 ;

the density of this last part Ireing p
= 1

,
so that it will be expressed by

fjp-d.{a^h)=fjd.{a^h).

The general integral of this expression is a^h— a'^h'
;

the constant quantity
— a'^h' being

added, so as to make it vanish at the first limit, where a=a', and h=h'. At the second

limit, where «= 1
,

it becomes, fjp . d . {a^h)=h— a'^ N
; adding this to the other

part // p .
d_. {a^h), we get the whole value of f^ ^.d .{w'h), as in [

1 80 1 ] ;
which is

a general formula, corresponding to any value of A whatever. We may, in the same manner,

find the value of f^^.d. a^, which is used in the next note
;

but it is easier to derive it,

from [1801], by supposing the arbitrary value of h to be represented by h= a~^, whence

A'= a'-2, a^h= a^
;

and as the value of h, in the first term of the second member of]

[1801], corresponds to the surface, where a=\, that term will become A=I, and,

[18016] the whole expression [ISOl] will give f^^p.d.a^^l — a'^-{-f/ p
.d. a^.

f (1291) Substituting in [1794] the value of f^^ p
. d {a^ h), [1801], also that of

|

f^p.d.a^ [1 8016], we shall get,

= Q.{h^a'^h' -\-fo"'p-d'{a'h)]-\- b.((f>—2h).{l
— a'^+fo'''p.d.a%

or by reduction,

h . {4— 10 a'^ + 10 .// p
.d .a^)

[1802a]
=5(p.(l — a'3+/o'''p.c?.a3)

— 6A'.a'5 + 6./o«'p.^.(a5A).

Dividing this by the coefficient of A, we obtain A, and then a A, as in [1802].
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£llipti-

eity.

-{- 10.fo"' p. d.a^
*

[1802]

the integrals being taken from a=0 to a = a'. [1802']

We shall now consider the law of gravity ;
or what is the same thing, the

length of a pendulum, at the surface of the spheroid, supposing it to be

elliptical and in equilibrium. The value of /, found in the preceding article [1802"]

[1772], becomes in this case,*

l=L + aL. If?— ^i .(M'^
—

i). [1803]

Putting therefore L' = L— i^L. (f 9—h), we shall have, by neglecting [1803']

quantities of the order a^, J^^fdu-^
lum

;

Z= L'+ aL'.(|-(p
—

^).M-2. [1804]

From this equation it follows, that L' is the length of a pendulum, vibrating [1804]

in a second, at the equator, and that this length increases, from the equator to
^^^^^^

the poles, in proportion of the square of the sine of the latitude [1648'"]. of\hr
latitude.

If we put a s for the excess of the length of the pendulum at the pole, above [1804"]

its length at the equator, divided by this last length, ive shall have,\

a £ = a . (I (p
—

h) ; [1805]

*
(1292) Substituting the values [1792] in [1772], and reducing, using L' [1803'], and

neglecting 0?, we get successively,

Z=:L— aA.iv.(M.2_J)+5„^.2^.(p,2_A)=2;,^„i.(f(p— A).(fi2
—

^)

= L' + ai'.(f(p
—

A).f/-^ as in [1803,1804]. [1803a]

At the equator, where m-
= 0, the value of [1804] becomes L' ; therefore the general

value I [1804] exceeds that at the equator L', by the quantity a i' . (f 9— h) . ii.% which [18036]

is proportional to the square of the sine of the latitude [1648'"].

f (1293) The excess of the general length of the pendulum I, above that at the equator,

found in [18035], becomes at the pole, where (*= 1, aL' . {^tp
—

h). Dividing this by
the length of the pendulum at the equator L', we get the quantity as [1804"] j hence

as=a. (f9
—

A), as in [1805]. Transposing ah, we obtain Clairaut's beautiful theorem [1806a]

[1806], in which terms of the order a^ are neglected, and this is sufficiently accurate in the

present state of practical astronomy. Mr. Airy has shown how to obtain a similar formula,
in which such terras are noticed, in the Transactions of the Royal Society of London
for 1826.
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Clairaut'i
remarka-
ble equa-
tion be-

tween the
consequently,

[1806] as-|-aA,= -|a(p,
ellipticity

earth^ wMck IS tt remarkable equation between the ellipticity of the earth and the

and the Variation of the length of the pendulum^ from the equator to the poles. In the
variation <^ o»/jt '•/ -* -t

Tison
^^^® °^ homogeneity, ah = ^acp ;* therefore in this case we have,

[1807] _ as = ah;
lengths of

him onhs but if the spheroid be heterogeneous, the two quantities as, ah, will vary

a s. from I-
a

(p, so that the one of them will exceed f « 9, as much as the other

[1808] falls short of the same quantity.

35. The planets being supposed to be covered by a fluid in equilibrium,

it becomes necessary, in the calculation of their attractions, to compute the

attraction of a spheroid, whose surface is a fluid in equilibrium. This may

[ISOB^ be done, by a very simple process, in the following manner. Resuming the

equation [1505], we may eliminate the signs of integration, by means of

the equation [1705], which gives at the surface of the spheroid,!

[1809]
^./;p.rf.(a'^^.Y«)

= |'.y«./o'p.d.«=-Z«

If we fix the origin of r at the centre of gravity of the spheroid, it will make

[1809'] Y(»)= [1745]; moreover Z^'^ =0 [1632]; and Y'") being arbitrary,

[1810] [1704'"], we may suppose it to vanish from F.t The equation [1505] will

then become,

*
(1294) In the case of homogeneity, we have by [18006], h= l(p, or aA=^fa(p;

substituting this in [1805], we get a£= a.(|-(p
—

|(p)
= |a<P, or (ss= ah, as in

[1807a] [1807]. If we suppose ah= i a
(p~{-g', the value of as, deduced from [1805], will

be a£=|.a(p— g', as in [1808].

f (1295) The equation [1809] may be deduced from [1705], observing, as in [I788fl],

that the first integral vanishes at the surface
;

and that a= 1, in all the terms without the

[1809a] sign of integration. This equation takes place for all integral values of i, which are equal to,

or greater than, unity, as is observed in [1704'"].

{(1296) In the terra depending on Y^'\ [1505], the sign / affects a, which is also

supposed to be contained implicitly in
p,
F® ; but r, and (2i+ l) may be brought from

[1809i] under that sign so that this term becomes
r2 i4-l).r'f^ -/p

• ^ • i^'^^' ^^'^)' ^^"^^ '^
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Value of

or or
(^

I I J covered

by a fluid

a C Z(3) ^(4) ) jpequi-

We may observe, that in this formula, ^'ir
. f^ ^ . d.c? denotes the mass of

the spheroid ; since when r is infinite, the value of V is equal to the mass [1811']

M of the spheroid, divided by r* This being supposed, the attraction of

the spheroid, parallel to r, will bo —
(

-—
)

;
the attraction perpendicular [l8ll"]

the same as the first member of [1809], multiplied by a . r~^~^
j and the second member

of [1809], multiplied in the same manner, becomes -oTfT -^^'^ -Sq p'd.a^
—

^"^^
— .

Therefore this represents the value of the term of [1505], depending on F^'^, * being any

integral positive number, excluding i= [1809a]. If in this expression, we put t= l, [1809c]

» = 2, Stc, and substitute the corresponding terms in [1505], it will become.

[I8IO0]

[18106]

Substituting in this Y^^^= 0, Z">= 0, [1809'], and supposing F^^Mo be nothing, or

that a .y^i p
. rf . (a^ . F(°)) is included as the arbitrary constant quantity of the integral

/q^ p.d .a^, we shall get,

and by a different arrangement of the terms, it becomes as in [1811]. We may observe,

that the words ^^
it to vanish from V" were inserted in [1810], instead of the equation

4 * . rco)_ ^(0)^ 0, given in the original.

*
(1297) V [1385'"] represents the sum of all the particles of the spheroid, divided by [isiOc]

their distances from the attracted point. If we suppose the attracted point to be at a very

great distance r from the centre of the spheroid, and any particle dM of the spheroid to be

at the distance r— r from the attracted point,
-

being very small, we shall have,

fdM ^dM f , r^
,

1^
, \ 1

'

1

M
become V= —

,
if r' be

infinitely small in comparison with r.

87
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[181F'] to this radius, in the plane of the meridian, will be — ^ —
. ( —r— '

*

Expres-
sions of the
attrac-

tions.
lastly, the attraction perpendicular to the same radius, in the direction of

dzi J
[181in the parallel of latitude, will be,

—
r. v/l—/J^^*

The expression of F,

[1811a]

[18116]

*
(1298) It follows from [455'], that if the three rectangular co-ordinates of the attracted

point be represented by r, (x', -a', the attraction of the spheroid, resolved in directions parallel

to these co-ordinates, and tending towards the origin, will be represented by

Ur)' WV '

dV
d-a'

[ISllc]

[ISllrf]

[1811e]

[1811/]

which may, for brevity, be represented hy R', R", R'", respectively, as in [1447^].

In the annexed figure, which is similar to that in Vol. I, page 18J, C is the centre of the

spheroid ;
A the attracted point ; PEQ^AP a spherical

surface described about the centre C, with the radius

CA:=CP=CE=Cq=Cq= r; CP is the

polar semi-axis ; EQ^q an arc of the equator ; PaAQ,
Pb B q, two meridians, infinitely near to each other

;

AB, ab, parallels of latitude, infinitely near to each other;

P E the meridian from which the angle •m is counted, so

that ECq= zj, PCA= &. Then, as in [275a, &c.],

we shall find the aYcQq=r.dzi, avc A B=r.dz:s. sin. 6

arc .y2 «= d&

[1811g] observing that cos. ^ == ja, and

[ISllfc]

d^ [50] Int. If we now draw through
v/{i-f^)

the centre C, the lines C A!, C B, parallel to the arcs A a, AB, respectively ;

we may suppose the rectangular axes of the co-ordinates r, ii', zs', to be represented by

CA, CA', CB, respectively J
and we shall have

Aa'= dr dxcAa= d^'=
r .dii'

V/(1-,X2)
' arc AB= d is'= r . d'a . y/(l

—
fi.^).

[1811i]

Expreg-
sionsofthe
attraction.

[1811fc]

IMoreover, it is evident, from what has been said in [28a, 5], that if we substitute these values

of d r, d[tf, d ts', in [1S11&], we shall obtain the attraction of the spheroid, resolved in

directions parallel to these lines, which will therefore be,

R--C
rfF\

dr)
R„_ v/(l-f^)

'UJ'
/2'"=—

»-./(l-M^)
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relative to the earth, supposed to be elliptical,* becomes,

V=y +
'^-^^p

^
. M.

(i^'
—

i) ; [1812]

M being the mass of the earth. [1812^

36. Although the law of attraction in the inverse ratio of the square of

the distance, is the only one which particularly interests us
; yet the [1812"]

equation [1456] affords so simple an expression of the force of gravity at

the surface of a homogeneous spheroid, in equilibrium, whatever be the

exponentf of the power of the distance to which the attraction is proportional, [1812"']

that we have thought proper here to give it. The attraction being as the

power n of the distance
;

if we denote by dm the mass of a particle of

If we put M-
= COS. d, we shall have,

(^^)=(^)-(^)=-(f)-—-Qvd-.'),
, „,, 1 /rfFN . , . 1 /dr\

and H=-.l—j; or, as it may be written, •(ti)' by taking the axis

CA" on the continuation of the line AC, instead of C A'
; so that the direction of

the force R" may correspond to the positive values of dd. Then the preceding forces

will become,

^—
[dr)'^

^'
;-(^)5

^"=
-rT^-(^)- [18111]

If either of these forces he positive, it will tend to decrease the corresponding ordinate ; and
the contrary if the sign be negative, [ISllaJ.

[1811m]

*
(1299) It is also supposed, in formula [1812], that the ellipsoid is of revolution; in

which case we shall have, as in [17926, d], T^^) __ q^ y(4) __
q, &c.

; and

Y^^^=—
h.{ix^

—
^), [1792]. Substituting these, and the values of Z^'\ Z^^\ &c.,

[1793], in [1811], we get, by using ^':r ,f^i p .d .a^=M [1811'], [1812a]

F=i;./„ip.^.a3_l|^.(,.__j).y.^ip.^.,3+ |^.(,._^).^,.^^ip.^.,3

=
T-^'-(^^-*)-^+||.(^^~*)-^=^+ ^-^^^^.^.(.^-*),

as in [1812].

t (1299a) Excluding however, as in [1455'], all negative values of the exponent n
[isigc]

exceeding 2.
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the spheroid, and by f its distance from the attracted point ;
the action

oi dm upon that point, multiplied by the element of its direction —
df^

will be — dm .f"" df. The integral of this quantity, taken relative to /,
[1812""]

. dm . f''+^

is
* '-

: and the sum of these integrals, extended to the whole
w-f-1

V
[1813] spheroid, is ——

, supposing, as in [1448], V= ff''^^ ,dm.
71 "Y" 1

[1813'] If the spheroid be a homogeneous fluid, endowed with a rotatory motion,

and not attracted by any foreign body ; we shall have, at its surface, in the

case of equilibrium, by ^ 23,t

]^
[1814] constant = j—^-^hS-'^'i^

—
f^^) 5

[1814']
r being the radius, drawn from the centre of gravity of the spheroid to its

surface, and g [IGIG""", &c.] the centrifugal force, at the distance 1 from the

axis of rotation.

The gravity p, at the surface of the spheroid, is equal to the differential of

*
(1300) This computation is made in a similar manner to that in [1616^, &c.], and the

dm /""+' . 1

[1813a] integral of the expression
—

^£-
— is

^7-7 '/dm .f^+^ ; but by [1448],

changing dM into dm, we have fdm.f^^^=V, and the preceding expression becomes

-;r^'
as in [1813].

f (1301) The integral of the product of the centrifugal force, multiplied by the element

of its direction, is ^g -r^ -{^
—

M-^) [1616'=^"', 1618] ; to this add the similar integral

V
[1814a] TT [1813], arising from the attraction of the particles ; the sum

represents the expression f{F.df-\-F'.df'-{-hc.), treated of [161 6'^ &ic.] ;
and

[18146]
this, by [1615], is equal to /^. Hence /^=- -^ + ^^.^2. (l-,.^),

tJ TT
which is similar to the equation [1635] ;

and since J^ is constant at the surface of

the fluid [16356'], this equation will become as in [1814].
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the second member of this equation, taken relative to r, and divided by [1814"]

— d r ;* hence we get,

^=;rir-(^)-^-(^-^^)-
[1815]

We shall now resume the equation [1456], which corresponds to the

surface of the spheroid, [supposing n to be any positive number from to [ISIS^

CO, or negative from to — 2, inclusive],!

dV\ ,,_{n+l).A {n + l).V
JV)-"^ 2a -^ 2a

' ^^^^^^

This equation, combined with the preceding, gives, [for the same values
[18I6']

of n [1815']],t

,

C (n+ 1) .r , ) ,^ „.

p = constant + I
^^

1 }'g-r. (1
—

m.^). [1817]

At the surface of the spheroid, r is nearly equal to a
; putting therefore

*
(1302) This method of finding p is precisely like that in [1763"], where it is proved

that the differential of J ,
taken relative to r, and divided by

— dr, gives nearly

/7tt
the value of p; and it is shown, in [18146], that J*— is equal to the second member [1815a]

of [1814] ; therefore the differential, taken in this manner, and divided by — dr, gives

p, as in [1815].

f (1303) The limits of n [1815'] are the same as in [1455'] ; they are not in the original [I8I60]
work. Similar restrictions are introduced in [1816', 1817', 1818'], so as to include all the

formulas [1816—1819].

t(1304) Substituting (^\ [1816] in [1815], we get.

Multiplying [1814] by ^, we get, f= constant^
^"+'^'^-^-(^-^)

2a ' "^^^^' 2a
—"

' 4 a

w+ 1 ~2a'
substituting this in the preceding value of p, and including the terms —

|- , in [1817o]

V
the arbitrary constant quantity of o"' ^^ becomes as in [1817]. If we put r=a=l,

m the factor (^^^^ l)
• r, it becomes ^^- 1 = 2L=i . hence

[1817] becomes as in [1818].

88
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[1817'] «=1, in order to simplify the calculation, we shall find, [n being as

above],

[1818] p = constant -J- (^^-^ ) -g- (1
—

m-^).

[1818']
If P be the gravity at the equator of the spheroid, and «

(p the ratio of the

alonoT centrifugal force to the gravity at the equator [1647'^] ; we shall have,

fwS'as [n being as before],*
the power

[1819] p = P .

I

1 +
(-J^J

. «9. M-' > .

[1819']
Hence itJoUows, that from the equator to the poles ^ gravity varies in proportion
to the square of the sine of the latitude [1648'"]. In the case of nature,

w^here n =— 2, we shall have,

[1820] p=P.{l-\-^a(p.ii^;

which agrees with what we have found before.f But it is very remarkable,

[1820'] that if n = S, we shall have p = P
;

that is, if the attraction be

bil^eJuu proportional to the cube of the distance, the gravity at the surface of a
when the
attractior

is as the

dSlnJe'.'' mOtion.t

rttmction homogeneous spheroid will be everywhere the same, whatever be the rotatory
is as the

*
(1305) The value of p [1818] becomes, at the equator, where m.

= 0,

F= constant -|
—

.g

[1818a]
and if we substitute, in [1818], P instead of these terms, we shall get,

p= P _-.^.^2j

but by hypothesis [1818'], a(p=-^,
or g= a(p.P; hence

_ (n— 3) „ 2
[1818&] p=P— '—^ .acp.P.ii%

as in [1819] ;
which becomes as in [1820], when n=— 2.

t (1306) Putting, in [1648'], P= ** a .{1—f a(p —fa 9 . ^|, it becomes

[1818c]
^^p_|_^^„,5a(p.^2=,p_|_p.|a<j,.^2^ neglecting a% as in [1820].

[1820a] t (1307) It may be proper to remark, that terms of the order a^ are neglected in this

computation.
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37. In the investigation of the figures of the heavenly bodies, we have

only noticed quantities of the order a
;

but it is easy, by the preceding [1820"]

analysis, to extend the approximations to quantities of the order a^, or to ^tl^^"^

higher orders.* For this purpose, we shall consider the figure of a theTrder

homogeneous fluid mass, in equilibrium, and covering a spheroid which
^jj..*.'

differs but little from a sphere ; the whole having a rotatory motion, as is the [1820'"]

case with the earth and planets. The condition of the equilibrium at the glneo^*"
spheroid.

surface gives the equation [1635],t

constant = V— \g -i^- (/— i) + [i^ • »^]-

*

[1821]

[1821^

The value of V is composed, first, of the attraction of the solid spheroid,

covered by the fluid, upon a particle of the surface, whose co-ordinates are

r, ^, ^; second, of the attraction of the fluid mass upon the same particle.

Now the sum of these two attractions is the same as the sum of the following

attractions : first,
that of the solid spheroid, supposing the density of each [I82l'q

stratum to be diminished by the density of the fluid
; second, that of a

spheroid, having the same external surface as the fluid, and the same density ti^i»n

as the fluid. We shall suppose V to be the first of these attractions, and

V" the second, so that V=V' -\- V'\ Then we shall have, by supposing [i82i"'q

g to be of the order «, and equal to ag',

constant = P+ ^"— i « ^' • r^ .
(m-'
—

i) + [i "g' . r^]. [1822]

*
(1307a) We have already given, in [1560a, &,c.], Poisson's method of noticing the

higher powers of a, in the computation of V and its differentials.

f (1308) The external forces S, S', &;c., being by hypothesis nothing, Z^\ Z^*\

&c. [1632] must vanish ; a.Z^^^ will become =—
J^.(M'^

—
h), and a.Z''^^=^g;

substituting these in [1635], we get f— = V-{-^g .r^— ig-'r^'{l*-^
—

J). Butwe-— = y-t-iig.r-
—

tg.r,\^li.'
—

^). uuiwe
[i821a]

have, at the surface of the fluid, f = constant, [16356']; hence

constant=F+i^.r2— J^.r2.(fi2_j)
.

which is the same as in [1821], except in the term -{~^g -r^, neglected by the author.

This produces a similar term, which I have inserted between the brackets, at the end of

each of the equations [1821, 1822, 1828, 1834, 1836], in addition to those given by the

author, in the original work. Putting F=F'+F" [1821""] in £1821], it becomes
[i82lb]

as in [1822].



352 SOLID SPHEROID, NEARLY SPHERICAL, [Mec. Cel.

We have seen, in [1436], that V may be developed in a series of the form,

[1823] V'= — +-^ +-^-\--^ + kc.,

U^^ being subjected to the equation of partial differentials [1437],

[1824]

and we may determine C/®, by the analysis of § 17 [1533, 1541, &c.], with

the requisite degree of accuracy, when the figure of the spheroid is known.

Also V" may be developed in a series of the form,

77(0) TJW TJK^)

[1825] F"=^ +^ +^ + &c.
;

C//^^ being subjected to the same equation of partial differentials as U^^,

[1825'] [1824]. If we take the density of the fluid for the unity of density, we

shall have [1541],*

ri8261 U^^ = ^"^
Z^'^

•

r'+^ being supposed to be developed in the series [1533],

[1827]
r'-^ = Z(°> + Z(^) + Z(^) + &c.

;

in which Z^^ is subjected to the same equation of partial differentials as

f/(») [1824]. Therefore the equation of equilibrium [1822], will become,t

*
(1309) Putting p=I, and U}^ for U^^ in [1541], we get,

^'
(i-}-3).{2i+ l) ^V-rf^y-''"— (t+ 3).(2i+ l)

as in [1 824]. Now from [1 533] we have W-^= Z'^^^ + Z'^"+ Z'^^^ + &c.
;

and if

we change (x', -z/, Z'^'^ into fi, zs, Z^^, respectively, as in [1540""], it will become,

[1825a]
^'"^= Z^''^ + Z^'^ + Z^2) + &ic.

J
r being the radius of the attracted point of the surface

[1821']. Z^'^ satisfies an equation similar to [1534].

f (1310) If we suppose the sign 2 of finite integrals, to include all values of i except
[1827a] ^^^^ the expressions of V, V\ [1823, 1825], will become, by using [1826],

ri828«l V'=^'"'+^^' F"-^'V2 ^=i2!+2.__±^ :^,Z^K
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constant ==- + -^+..^.^£/^'^+ ^,^3^,^,,^,^
.Z(0

|
^^^^^

i being equal to unity, or greater than unity. [1828']

If the distance r, of the attracted particle from the centre of the spheroid,

be infinite, V will be equal to the sum of the masses of the spheroid and [I828'q

fluid, divided by r ;
and if we put this sum equal to 7rt, we shall have,

C7(o) _|_ f/co) ^ ^^ [18286]. We shall carry on the approximation so [1828"']

as to include quantities of the order a% supposing

r=l+«2/ + aV; [1829]

which gives,*

We shall suppose,

y = F^> + y(^> + Y<^ + &c. ;

2/
= F(^>+ F(') + Y'('^+ &c. ; [1831]

1/2
= iJf (0)

_|_ jjf
(1)+ il^ (2)

_^ Jl (3)
_^ gj-c,

.

Substituting these in [1822], we get [1828]. When r is infinite, the values of Vf V",

JJ(0) JJ
[1823, 1825], are reduced to their first terms , —i—, and then

r
'

but, by [1385'"], or [18 10<?], V then becomes —
, or, in the present notation, -;

hence ^^!!l+i21= -, and ZJW 4- i7W=m, as in [1828'"]. [18286]

*
(1311) The value of r [1829], raised to the power i+ 3, by the binomial theorem,

becomes as in [1830], neglecting a^. Substituting in [1830] the values of r^+^ [1827],

y, 1/, f, [1831], we shall get,

Z^o)_j_^a)_|_2(2)_^gjc.= l + (t*+ 3).a.jr<i>+r(2)4.&c.J
[1832a]

and as there can be but one way of developing a function in the forms Z^^*\ Y^^\ [1479'],

the terms of the form Z^^'^, Y®, must be equal to each other in [1832a] ; hence we
obtain the equation [1832], i being any integral positive number, excluding i=0.

89
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y(0^ y(i)^ an^ jjf(i)^ being subjected to the same equation of partial

differentials as U^^ [1824], and we shall have,

[1832] Z«= (i+ 3) .a. yW + fe+^^Mli) . «2 , j^(i) _|_ (i+ 3) .a^ Y'W.

[leas'] We shall then observe, that U^^ is a quantity of the order a, since it would

be nothing, if the spheroid were a sphere.* Hence, if we carry on the

approximation to quantities of the order a^, U^'^ will be of the form,

[1883] C/«= a . £/'('> + «^ . U"^"^.

Therefore, if we substitute these values in the preceding equation of

equilibrium [1828], and change r into l+ay+«^y [1829], we shall

get, by neglecting quantities of the order a^,t

*
(1312) Adding the equations [1823, 1825], and using F'+ V"= V [1821""],

[18325] C7(«+ Z7/<»^
= w [ i 828'"], we get J^= - + iL + IL. + &c. + il^+il^+ &c.

m
r

If the spheroid be a sphere, whose mass is m, we shall have [15066] V= -
;

which is

the first terra of the preceding value
; therefore the remaining terms ,

—^- , Sic,

must be of the same order as the excess of the spheroid above the sphere ; that is, of the

order a, as in [1832'].

f (1313) Putting in [1828] C/^"'+ Z7/°>= m [1 828'"], and substituting the value of

Z« [1832], and C7« [1833], we get,

wi
,

1 1 ' '

2t-4-l
constant= —+2 .

-—
• <

'

[1834«] (+U2J^'^'' + ^l+i-Y'^'

Now from [1829] we obtain, by neglecting a^,

[18346] 7= i+ ^y"!|,^23^
=m.(l-«y + a^y^-aV);

therefore the first terra' of the expression [ 1 834a] produces the terras raultiplied by m in

[1834]. The same value of r gives -j^pr
=1 — {i-{-l) .ay— &£C. ;

hence

^il^ = a.J7'(»-)-(i+l).a2y.C7'^^^;

tl^^'^l 4a'r.r(') _ 4a-r.rW_ 4 a^-^r . (^•4- 1) . y . YC")

(2i+l).r*+»
~"

2»+l 2J+1
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constant= m.{l — «2/+ «V— "^^1

« . f/'w + „2 . C7"(0 __ (e 4- 1) . a2
2^

. C7'w

K 1^ yr.,
4a^<.(z+ l)

y(i) , 4«f* y,^,)

+ 2.<;~^2i+r 2f+ l
*^' ^2i+r ) [1834]

^
2.(2^+ 1)

Putting the terms of the order «, and the terms of the order a^, separately

equal to nothing, we shall obtain the two following equations,*

'•('"-aSi)-^'"
=^- ^""-f •("'-« ' [1835]

( ^i'"^2.(2t+l) 5-*'** ) [1836]

The other terms under the sign 2, being of the order a^, we may in them put r :^ I
, and

by substituting these values, the terms under that sign become as in [1834]. Lastly, from

[1829] we get r^=l-\-2ay, to be substituted in the two terms multiplied by g' [1834a], [i834d]

to obtain the corresponding terms in [1834].

*
(1314) The equation [1834] must be satisfied for all values of fA, «, a

; the coefficients

of the different powers of a must therefore be put equal to nothing. Now the constant term

of the second member independent of a, is 'm
; that of the order o, independent of

(fJ"^
—

i), is equal to ^a^'; and if we put that of the order a^ equal to — aP.C,
the sum will be m -f- i "g'

— a^ • C", which is to be put equal to the constant term of the
[1836a]

first member. Then the terms independent of a are m=m. Those of the order a give,

Ja^=-m.ay +
«.2.|i7'«.+ji^.r«|_f|:.(^i._4)+ j„g/. ^^^^

Dividing by a, and substituting the value of y [1 831], we get,

transposing the first and third terms, it becomes as in [1835]. The terms of [1834, 1836aj,
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C being an arbitrary constant quantity. The first of these equations

[1836'] determines Y^'\ consequently also the value of y* Substituting these

values in the second member of the second equation, we may develop it by
the method of [1530''], in a series of the form,

[1837] iV(^> + m^ + iV(^) + &c.
;

depending on a^, being divided by a^, give

Z7"«-(i+ l).y.t7'«)-^4i^.y.Y«

[1836c]

—g'y'{i'^—i)+ig'y'

Using the values [1831], the term m . {y^
—

y') becomes 2 . (w . M^"^— m . Y'^^) j

substituting this in the preceding equation, and transposing the terms depending on F'('^ to

the first member, we get [1836].

*
(1316) The form of the internal solid spheroid being known, its attraction, or rather

the value of V [1823], will be given ; consequently the general value of ?7^*^ [1823] will

be given, and then C/'®, C/"^*^, [1833]; also g" will be found by means of the known

rotatory motion. Therefore the second member of [1835] will be given, and as it can be

developed in only one manner, in functions of the form Y^'\ ?7^'\ [1479'], it follows that

the functions of the first and second members of [1835], must be separately equal to each

other, for any value of i
j therefore when i= 2, we shall have,

[1839a] (m-f ^) . FC^)= (J'^s)_ ^ ^/ . (^2
_

^)
.

[1839&]
and for all other values of i exceeding i=0 [

1 828'], we have (m— -

j
. F^'^= U'^^ .

Hence we may find Y^^\ Y^^\ Y^^\ &c.
;

and by substitution, in the first equation

[1831], we shall get the value of y, in terms of the known quantities Z7'^'^, U'^^\ &c.,

and^'. These values of y, U'^'^, U"'^\ being substituted in the second member of [1836],

it becomes known, and may be developed, in a given function of the form [1837], or

[1839c]
2 . JV^^

;
so that [1836] will become J,.(m—^t^) • Y'^^ =^I..N^^; and as this

second member can be developed in only one manner, in the proposed form [1479'], this

equation must exist separately for each value of *; therefore im—
j

. F'W= JV('5 ;

hence we get Y'^^ [1838]; and by putting i= l, «=2, &;c., we obtain,

[1839(i]
r'<^^= _^^ ;

F'(^)= _^^ ; &ic. ; whose sum is equal to y [1831], as in

[1839] ; hence, by substituting the values of y and y, thus found, in [1829], we obtain r.
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N^'"^ being subjected to the same equation of partial differentials as U^^, [1837']

[1824] ;
and we may determine the constant quantity C, so that iV^"^ may

be nothing, and we shall have,

Y'(t)
__

4 * '

[1838]

consequently,

j\rm Afi^ 1^(3)

y= Jl.^ +_il^ +-il-_+&c. [1839]

Hence the expression of the radius r of the surface of the fluid will be

determined, neglecting quantities of the order a^
;
and we may, in the same

manner, carry on the approximation as far as we wish. We shall say no [1839]

more upon this subject, since there is no other difficulty than that arising

from the length of the calculations
;
but we may deduce from the preceding

analysis this important conclusion, namely, that we can affirm that the

equilibrium is rigorously possible, though we cannot state the precise figure

which will satisfy it. For we can always find a series of figures, which, by [1839"]

substitution in the equation of equilibrium, will leave remainders that become

successively smaller, and will finally be less than any assignable quantity.

90
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CHAPTER V.

COMPARISON OF THE PRECEDING THEORY WITH OBSERVATIONS.

38. To compare the preceding theory with observations, we must know
the figure of the terrestrial meridian, and the curve described by a series of

geodetical operations. We shall suppose a plane to be drawn, through the

axis of rotation of the earth, and the zenith of any place upon its surface.

This plane, continued infinitely, will describe in the heavens the circumference

[1839'"] of a great circle, which will be the meridian of that place. All the points of

[1839""] the surface of the earth, which have their zenith in this circumference, are

*^Md'*^ under the same celestial meridian. These points form, upon the surface of
merWilM. thc Cttrth, a curve, which is the corresponding terrestrial meridian.

Equation To determine this curve, we shall represent the equation of the surface

rie. of the earth by*

[1840] U = 0',

[1840']
u being a function of three rectangular co-ordinates x, y, z. If a/, \j, z',

be the three rectangular co-ordinates of the vertical line, which passes through

[1840"]
the point of the surface of the earth, determined by the co-ordinates x, y, z,

we shall have, by the theory of curve surfaces, the following equations,!

*
(1316) The nature of the equation of a surface u= is explained in [196'", c, d, e],

for a plane and a sphere. The equation of an ellipsoid [1363], after transposing all the

terms to the second member, and dividing by Ic^, becomes of the form m=
;

as in the

Equation foUowing cxprcssion, which will be used hereafter,

ellipsoid.
x2 m3/2 nz^

[1840a]
u=\—--- — =0.

f (1317) The situation of a right line, drawn in any direction whatever, may be

[18406] determined, when we know the places of the two lines, formed by projecting it upon any
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=
©-'^^-(S)-<'^-.

ax. dz .

Equations
of the
vertical
to the
surface.

[1841]

Dl

Z

E
\

s

two of tlie planes in which the axes of the co-ordinates are situated
; as for example, those

o{ xy and yz. For if we erect, upon these two lines, planes perpendicular to the planes

of xy, yz, they will intersect each other in the proposed

line. We shall suppose that d, f, are two points of the

surface of the earth, infinitely near to each other, and

having the co-ordinate z equal in both points ; so that

for the point d, the co-ordinates are

CA= x, AD= y, Dd= z',

and for the point /,

CK=x+ dx, KF=y-\-dy, Ff=z;
DF being the projection of df upon the plane of acy.

Then drawing DE parallel and equal to AK, we

shall have DE^dx, EF=dy. If dgi be

the vertical line drawn through the point d, perpendicular

to the surface of the earth, and DGI its projection upon the plane of xy, we shall have,

for the co-ordinates of any point ^ of the line dgi, CM=oc', MG=
y', Gg= z',

[1840'] ;
and the co-ordinates of the point i, infinitely near to g, will be x^-{-daf, i/

—
dy',

3^-\^dz! ;
the negative sign being given to d^/, because in the present figure, dy' decreases

as dccf increases. Hence if / be the point of projection of i, and JJV* be let faU,

perpendicularly upon G M, we shall have, GJ\'=— di/, JVI=dx/. Now it is

evident from the construction, that the equal and parallel lines df, DF, are perpendicular

to the plane IDdi] therefore the line DGI, in that plane, must be perpendicular to

DF
;

and as GJV, JV/, are respectively perpendicular to DE, FE, the triangles

DEF, GJYI, must be similar. Hence DE:EF::GJV: JVI
;

or in symbols.

A. KM JC

or dx= — dy.di/
. At the point d, the equation of the

corresponding to the co-ordinates x, y, z. At the point f,

X -\-dx, y-\- dy, respectively, z remaining unaltered
;

dx'.dyx:
—

di/:da/j

surface of the earth is u = 0,

the co-ordinates x, y, become

and then the equation w=0 becomes, by development as in [610], and retaining only the

first power of dx, dy, u-\- f
—

j .dx-\- (-^j .dy= 0', in which u and its

differentials correspond to the point d!, where dx=0, dy= 0. The difference of these

two equations is
(T')*^^ + (3~)*^y

= 0j and by substituting the preceding value

of dx, it becomes _
(^).^ +

^^).rfy=0. Multiplying this by -^,
we

[1840c]

[1840d]

[1840e]
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Multiplying the first of these equations by the indeterminate quantity >, and

adding the product to the second equation, we shall obtain,
Diflbren-

ilolx- Cf^ ^^^
a plane

' '

parallel to

the verti-

cal line.

[1842] ^ \d^) )

[1842'] This equation is that of any plane parallel to the vertical line just mentioned.*

get the first of the equations [1841], depending on the projection of the vertical line dg
upon the plane of x y. It is evident, that the projection of the same line, upon the plane of

xz, must produce a similar equation, which may be deduced from the preceding, by changing

y into z, and
tf into z, as in the second of the equations [1S41]. If for any point d of the

surface, the co-ordinates a?, y, z, be given, also the equation of the surface u= 0, we

[1840/] shall have the values of
(j-)y (t")' [t')' Substituting these in [1841], we shall

^et two differential equations, containing dx', dy', dz', and constant quantities, which

represent the differential equation of the vertical line dgi.

*
(1318) The equation of a plane, passing through the origin of the co-ordinates x', ?/, 2/,

which, for distinction we shall call the first plane, is z'= Ax' -\- Byf, [19c]. If a

[1840g] second plane be drawn parallel to the first plane, and at the distance C from it, measured in

the direction of the co-ordinate 2/, the preceding value of z' will be increased by C, and the

[1841o]
equation of this second plane will be z'= Ax' -\- B y'-\- C. Now the differentials of both

!j
these expressions are identical, namely dz'= A.dx^-\-B.dy'. This may therefore

ti^nX' he considered as the general differential equation of parallel planes ; the values of w2, B,

pllnes! being the same in all these parallel planes. Again, if any line be drawn, at pleasure, in the

[1842a'] first plane, the second plane will be parallel to that line ; therefore the equation

[18425] dz'^A.dx'-{-B .dy'

^l^^ may also be considered as the equation of any second plane, drawn parallel to any line,

anriine,*" dcscribed in the first plane. We shall now proceed to apply these principles, supposing the

plane?**"^' first plane to be drawn through the line dgi fig. 40, page 359, and the second plane to

be drawn parallel to this first plane.

It was proved, in the preceding note, that the two equations [1841] comprise the conditions

necessary for the line dgi to be a vertical line. These two equations may be included

in one more general expression, by multiplying the first by a constant but indeterminate

quantity X, and adding the product to the second ;
the sum is
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The vertical line, when infinitely produced, coincides with the celestial

meridian, whilst its base is distant from the plane of the meridian, by a finite

quantity ;
it may therefore be considered as parallel to this plane.* The

differential equation of the plane of the celestial meridian may therefore [1842"]

coincide with the preceding equation, by assigning a proper value to the

quantity x. We shall now suppose

dz! = a.d3^-^h,d'if, [1843]

to be the equation of the plane of the celestial meridian.f Comparing it Equation
of the

with the equation [1842], we shall get, miridiM

This expression is evidently equivalent to the two equations [1841]; since the equation

[1842c] cannot exist, for all values of the indeterminate quantity X, unless the equations

[1841] are separately satisfied. If we divide [1842c] by the factor of dz', and transpose

the first and last terms, we shall obtain [1842] ; and by putting

(!^)+-(f^)=-^-©.
-> -=^' [18420

it will become d2f=z^,dx'-{-B.di/. This is the same as the differential equation of

parallel planes [lS42a] ;
and as it includes both the equations [1841], or the differential

equations of the vertical line dgi, this vertical line must be situated in one of these

parallel planes ; therefore it follows, from [18426], that the equation ds:f=Ji.da/-\-B.d'i/, [1842rf]

or [1842], is the differential equation of any plane, drawn parallel to that vertical line.

*
(1319) It appears from the definition [1839""], that if the vertical line ig d

fig. 40,

page 359, be continued infinitely to the heavens, it will coincide with the celestial meridian, [1842c]

though the point of that line, upon the surface of the earth, might be distant from that

meridian by a finite quantity, considered as the base of a triangle. Now this base being
finite and the sides infinite, the angle included by these sides must be

infinitely small,

or nothing ;
so that the two sides may be considered as parallel.

f (1320) The general equation of any plane is 2!= Ax' -{-B y' -\- C [1841a]. Its

differential is dz!= A.dx'-\-B.di/', and by putting A= a, B^h, it becomes
of the same form as [1843]. Comparing the equations [1842, 1843], we find that the

coefficients of dx', dy\ become equal, by putting

i\

^ .
6 = -X. [1844«]

\dx)

91

/du\ , /du^
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To obtain the constant quantities a and b, we shall suppose that we have,

as given quantities, the co-ordinates of the base of the vertical line, drawn

[1844'] parallel to the axis of rotation of the earth, and those of another vertical line,

drawn at any other given place upon its surface. Substituting these

co-ordinates successively in the preceding equation, we shall obtain two

[1844"] equations, by means of which we may determine a and 6. The preceding

Tetreg- equatiou [1844], combined with that of the surface w = 0, ivill give the
trial me-
ridian. cufvc of thc tcrrcstrial meridian, passing through the given place.*

[1844'"] If the earth be an ellipsoid, u will be a rational and integral function of

terTesuiai
the sccond dcgrcc in x, y, z\ the equation [1844] will then be that of a

meridian

^general- plauc,! wliosc intcrscction with the surface of the earth, will form the
ly a curve

cufva"tur1
tcrrcstrial meridian. In general, if the surface be of a more complicated form,

[1845] tliis meridian will be a curve of double curvature.

In this case, the line, determined by geodetical measures, is not that of

the terrestrial meridian. To describe this, we must form the first horizontal

[1845'] triangle, so that one of the angles may have its summit at the origin of the

Substituting this value of X=— J, in the expression of a
; then multiplying by ( J~)j

^®

^- «-C^)=C-:)-KS)' --^''''^-

*
(1321) From [1844], we get the value of ^j in terms of x, y. Substituting this in the

[18446] given equation of the surface [1840], it becomes = function of
(a?, t/). Hence, for any

proposed value of x, we may find the corresponding value of y ;
and these, being substituted

in z, will give z in terms of a ; so that the curve of the meridian may be determined, by

points, for all values of x.

f (1322) The partial differentials of the equation of an ellipsoid [1840a], give

/du\ 2nz /du\ 2x /du\ 2my

Substituting these in [1844], we get,

-2!nz+ 2«^+-2m63/ ^ or ^= ^a:+— .J/;
k^

' n ' n *'

which is the same as the equation of a plane [19c]. If the equation m=0 contained powers

of X, y, z, greater than the second power, the equation [1844], would be that of a surface of

[1844rf] -a higher order than the first degree ;
and the intersection of that surface with the surface of

the earth, would in general form a curve of double curvature [255].
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curve ;
and the other two angles their summits upon any two visible objects.

We must then find the direction of the first side of the curve, with respect [1845"]

to the sides of the triangle, and its length, to the point where it meets

the side which connects the two objects. We must then form a second

horizontal triangle, with these objects, and a third object, situated at a [1845'"]

greater distance from the origin of the curve. This second triangle will not

be in the same plane as the first
;

it will have nothing in common with it,

except the side formed by the two first objects. Therefore the continuation

of the first side of the curve, will be elevated above the plane of this second

triangle ;
but we bend it down upon the plane in such a manner, that

it will always form the same angles with the side which is common to both [1845'^

triangles ; and it is evident, that to do this, we must bend it towards the

plane, in the direction of the vertical. This therefore is the characteristic [1845^]

property of the curve described by geodetical operations : its first side, which ^cd^/iTy

may he supposed in any direction, is a tangent to the surface of the earth ; its °.pera-

second side is the continuation of this tangent, bent downwards in the direction

of the vertical; its third side is the continuation of the second side, bent [1846]

downwards in the direction of the vertical ; and so on, for the other sides.*

*
(1323) For the sake of illustration, we shall observe, that in the same manner as a

curve is considered a polygon of an infinite number of sides, any surface may be supposed

to be composed of an infinite number of plane triangles. We shall therefore suppose DAE,
DFE, fig. 41, to be two such contiguous triangles £j^

upon the surface of the earth, having the side DE
in common

;
A being the commencement of the

meridian line AB, described by geodeUcal

operations ; D, E, the objects placed at the summit

of the first triangle DAE ;
F the object placed at the

summit of the second triangle. These two triangles

being in different planes j we may suppose the second

DFE to revolve about the common side or base

DE, till it comes into the situation DfE in

the plane of the first triangle DAE, continued

to /; the point F having described the infinitely small arc Ff, which may he considered as

perpendicular to the surface or plane of the triangle DFE. If the line BC be so situated

in the second triangle, as to cause it, by this revolution, to come into the situation B c,

on the continuation of the right line AB, this line BC will represent the continuation

of the meridian on the plane of the second
triangle. In like manner, the continuation of

[1845o]

[18456]
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If in the point where two of these sides meet, we draw, in the plane

[1846'] which is a tangent to the surface of the spheroid, a line perpendicular to one

of these sides
;

it is evident that it will be perpendicular to the other side.

Linede-
Heuco it follows, that the sum of these sides is the shortest line that can be

leodetica^ descrlbcd upon this surface between the extreme points.* Therefore the
operations

minimum. ^*^^^ descTibed by geodetical operations, have the property of being the shortest

[1847] that can be described, upon the surface of the spheroid, between any two points

the line BC is to be made to revolve about the side FE, till it meets the plane of the third

triangle ;
and so on for the other sides, as in [1846].

In this trigonometrical process, we can determine the triangle ADE, by measuring one

of its sides, as AE, and all its angles, DAE, DEA, ADE; we must also observe

the angle BAE, which the meridian line makes with the side AE. Then, by the usual

rules of trigonometry, we may compute the sides AB, BE, B D, AD, D E
;

also

the angle ABD = cBE= CB E
',

and having obtained, from observation, the three

angles of the triangle D E F, or D Ef, we shall also have the three angles of the

triangle E Be, or E B C
', by means of which we* may compute the second side BC

of the meridian line. In this way the meridian may be continued through any number of

successive triangles.

*
(1324) Instead of restricting ourselves to the case here treated of by the author, we

shall suppose, more generally, that ADBE, C D BE, fig. 42, are two plane surfaces,

inclined to each other in any given angle, and

intersecting each other in the right line D E. Then

it is required to connect any two given points A, C,

by two right lines AB, B C, drawn in these

planes, so that the sum of these lines AB-\- B C,

may be a minimum. From the points A, C, let fall

[1846a] j the perpendiculars A A', CC, upon the line DE;
putting AA'= a, CC' = c, A'C = b,

A'B= x, BC'= b— x; then AB= ^ia'+ x% B C= ^{0^+ {b
— x)%

whose sum ^(a^-^-a^) + /{c^ -f {b—xfl is to be a minimum. Its differential, relative

to X, put equal to nothing, and divided by d x, gives

rjQ^gj-,
X h— X ^j? __ ^^'

.

which is equivalent to cos. ABD = cos. CB E, or angleABD= angle CBE.

[]847o] Therefore, to render AB-\-B C a minimum, we must make the angles ABD, CBE,

equal to each other, which is the property of the arc of the meridian, or of any other arc,

described upon the surface of the earth by geodetical operations, [1845""]. The forms and

situations of the infinitely small planes, into which the surface of the spheroid is supposed to
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of their surface;* and by what we have seen, in the first book [49"], they

would be described by a body moving uniformly, upon that surface.

Let X, y, z, be the rectangular co-ordinates of any point of the curve
; [1847']

x-^dx, y-\-dy, z-\-dz, will be the co-ordinates of a point infinitely

near to it. If ds be the element of the curve, and we suppose this

element to be continued by a quantity equal to d s, we shall have '^ '^
^

x + 2dx, y-\-2dy, z + 2dzj

for the co-ordinates of the extremity of this line ;t and if we bend it down

in the direction of the vertical, the co-ordinates of this extremity will become,

x-{-2dx-\-ddXj y-\-2dy + ddy, z+ 2dz-{-ddz ; [1847'"]

therefore — ddx, — ddy, — ddz, will be the co-ordinates of the [1847""]

be divided, being wholly arbitrary, we may suppose them to be so situated, that the line of [18476]

intersection DBE may be perpendicular to A B, and in that case it must also be

perpendicular to B C, because the angle CBE=AB D, [1847a]. This agrees

with what is stated above, [1846'].

*
(1324a) Hence it follows, that on a spherical surface, the geodeiical curve is a great [1847c]

circle ;
because a great circle, connecting two points, is, as is well known, the shortest curve

line that can be drawn between them, upon that surface.

•j- (1325) The co-ordinates of the point A, fig. 41, page 363, being x, y, z, those of the

point B, infinitely near to A, will be x-\-dx, y-\-dy, z-\-dz', tlie increments in

proceeding from .^ to B, being dx, dy, dz; and by construction, the point c is on

the continuation of ^£ ; so that if we make, as in [1347"], Bc= AB, the increments
[l848o]

of the co-ordinates, in proceeding from B to c, will also be d x, dy, d z; making the

co-ordinates of the point c equal to x-{-2dx, y-\-2dy, z-{-2dz. Again, the

co-ordinates of the point B being x -\-dx, y-\-dy, z-\-dz ',
their differentials are

dx-\-ddx, dy-\-ddy, dz-{-ddz, which represent the increments of those

co-ordinates, in proceeding from the second point B to the third point C ; and by adding

them respectively to the co-ordinates of B, we have the co-ordinates of C,

x-{-2dx-\-ddx, y-\-2dy-\-ddy, z-{-2dz-\-ddz. [18486]

as in [1847'"]. This point C is the base of the line cC, which is supposed to be perpendicular

to the surface DFE [18456]. Subtracting the co-ordinates of the point C, from the

corresponding ones of the point c, at the summit of the vertical line c C, we get the

co-ordinates of that point c, referred to the point C, as the origin ; and these co-ordinates

will be — ddx, — ddy, — ddz, as in [1847""]. [18486']

92
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vertical line, counted from its base. Consequently we shall have, by the

nature of the vertical line, supposing u = to be the equation of the

surface of the earth,*

= {-r-\.ddy— {-r-]'ddx',
Equation \dxj

""

\ayj
of the

geodetical
curve, or

line.

[1848]

which equations are different from those of the terrestrial meridian. In these

^ '

equations, d s ought to he supposed constant ; for it is evident, that if we

*
(1326) If we take the integrals of [1841], considering x', yf, 2/, variable

; x, y, z, and

the terms depending on u, as constant, we shall get,

= (—].i/— I -^1 . 3;'+ constant ; 0=(—-].2'— ( -^) . a/+ constant.
\dxj

^
\dy)

^ '

\dxj \dz)
^

At the point d, fig. 40, page 359, we have «'= «, y'
=

y, z'= z j and then these

equations become,

[1848c] =
(^). J, -(^).^+ constant; =

(^)
. ^-

(^)
. ^+ constant.

Subtracting these respectively from the preceding, we get,

and it is evident, that if we take the point of the surface d for the origin of the co-ordinates,

we shall have x=0, y=0, z= ;
and the preceding equations will become,

[1848dl ^'5 y'» ^» being counted from the point d of the surface of the earth, fig. 40, corresponding

to the point C, fig. 41, page 363. Now we have shown, in [18486], that the co-ordinates

of the point c, of the vertical line Cc, counted from the point C, as the origin, are respectively

— ddx, — ddy, — ddz. Substituting these for x', y', z, respectively, in the preceding

equations [1848c'], we get,

and by changing the signs, they become like the two first equations [1848]. Multiplying the
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neglect infinitely small quantities of the third order,* we may suppose that

the continuation of the element ds meets the base of the vertical in which [1848"]

it is deflected.

We shall now enter into an examination of the results which can be obtained,

relative to the figure of the earth, from the geodetical admeasurements, made

in the direction of the meridian, or in a direction perpendicular to the meridian.

We may always suppose that there is an ellipsoid, touching each point of the [1848'"]

surface of the earth, upon which the geodetical admeasurements, also the latitudes oscu-

and the longitudes, counted from the point of contact, for a small extent, eiupsoid.

would he the same as upon that surface. If the whole surface were that of

an ellipsoid, the ellipsoidal tangent would be the same throughout the whole [1848""]

surface ;
but if the figures of the meridians be not elliptical, as there is

reason to believe is the case
;

then the ellipsoidal tangent will vary in

different countries, and it can only be determined by geodetical measures,

made in different directions. It would be very interesting to ascertain, in

this manner, the osculatory ellipsoids of a great number of places upon the

surface of the earth.

[1848^]

Equation
of the

We shall put,t ttfewth^

U= 7?+ f -\- Z^
— 1 — 2aw'=0, [1849]

[1848/]

first of the equations [1848] by
—

VT") ' ^^ second by (t~ )»
and dividing the

sum by (^)j ^^ obtain the third equation of [1848], which was not given by the

author, but is here introduced, because it furnishes the third equation of [1850]. The

equations [1848] are evidently different from those of the terrestrial meridian, determined in

[18446, fee], from the formulas [1840, 1844].

*
(1327) Supposing, as in [1845&, 184SJ], cC, fig. 41, page 363, to be perpendicular to

BC, we shall have, B C ^^/{Bc'— C (?)
= B c—^ &c. Therefore BC' 2-Bc

differs from Be by a quantity of the order TH"' which is of the third order; [1848g]

because Be is of the first order ds, and Cc is of the second order. In the original

work, this difference is stated to be of the fourth order.

f (1328) If the earth were an ellipsoid, we should have, as in [1840a],
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for the equation of the suface of the spheroid, which we shall suppose to differ

[1849'] hut very little from a sphere, whose radius is unity ; so that a. may be a very

small coefficient, ivhose square ive shall neglect, u' may always be considered

as a function of only two variable quantities x and y ;
for if we suppose it

[1849"] to be a function of x, y, z, we may eliminate z, by means of the equation^

[1849'"] z = ^1— a^— y^.
- This being premised, the three equations [1848],

corresponding to the shortest line described upon the surface of the earth,

become,!

xddy— yddx = a.
(~i—j -ddy

— «. I-— V. ddx;
Equation ^' ^^ /^ d u' \ , ^ / d
of tlio

geodetical
'

lino,

neglecting
terms of / J i

xddz— zddx = a.(-— ].ddz; \ (0)a2.

First

form.

[1850] yddz— z ddy = a. (~— j.ddz,

[I85(y] We shall call this curve by the name of the geodetical line.

k k
[1849a] the semi-axes of the ellipsoid [1363"], being k,

—
,

—
: and as these differ

from each other only by quantities of the order a; m and n will differ from unity only by

quantities of the same order a. If we now put

[1849a'] ^
= l+«5-. ^=l+«5'' ^

= l+«^';

[18496] the preceding value of u will be ii = 1 — x^— y^
— z^— "" {g ^^ -{~ g y^ ~{' g" ^^) 5

[1849c] which, by putting gx^-{-g'y^-\-g"z^=
—

Sm', becomes of the form [1849]. In a similar

way, the equation of any other figure of the spheroid may be reduced to the form [1849].

*
(1329) If we neglect a^, we may reject terms of the order a, in u' [1849] ; but if we

neglect terms of the order a, we shall have z= \/{\
— x^— y^) [1849]; and this

value of z being substituted in u', it will become a function of x, y. In the case of

an ellipsoid [1849c] we shall get
— 2 w'^^r^ +^'2/^+5^' • (1

—^— y% ^^

-2u'=g"+ {g-g").x^-^{^-g").yK
[1849i]

f (1330) The partial differentials of u [1849], relative to x, y, z, are

/<iu\ ^ ^ /du'\ /du\ ^ „ /du'\ /du\

u' being considered as a function of x, y, only, [1849"]. Substituting these in [1848],

dividing by 2, and transposing the terms depending on a, we get [1850].
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We shall put r for the radius, drawn from the centre of the earth to its

surface ;
^ the angle which this radius makes with the axis of rotation,

supposing this to be the axis of z
; (p the angle, formed by the intersection of

the plane of xz, with the plane included by the radius r and the axis z; we

shall then have,*

X ^= r . sin. & . cos. 9 ; 2/
= ^ • sin. & . sin. tp ;

z = r . cos. 6, [1851]

Hence we deduce,!

*
(1331) X, y, z, [1851], are found in the same manner as y, z, a:, [460], putting

«= (p.
The values [1851] give x^ -\- y^ -{- z^= r^ [461] ;

hence [1849] becomes [18506]

r^— 1 — 2aw'= 0, or r^ = I -{-2 au ; whose square root, neglecting a% is

r=l -{- au', which is used hereafter. [1850c]

f (1332) The differentials of the equations [1851] are,

dx= dr . sin. & . cos. cp-}-r d6 . cos. 6 . cos. cp
— rd(p. sin. 6 . sin. <p ;

dy= dr . sin. d . sin. cp -|- r <Z 4 . cos. fl . sin. 9 -[- r (?(p . sin. ^ . cos. <p ; [1851a]

dz= dr . cos. 6— r d6 . sin. ^.

Multiplying the first of these equations by
—

y=— r . sin. 6 . sin. cp, and the second by

x=r.s\nJ.cos.cp; putting for brevity .4=sin.^^.sin.(p.cos.(p, J5=sin.^.cos.^.sin.(}).cos.(p;

we get, —
y dx=— A .r dr—B .j^d 6-\-r^d (p. sin.^ d .

(sin.^ cp) ;

xdy= A.rdr-{-B.r^dd-{-T^dcp.sin.^d.{cos.^(p); [1851af]

xdy— y dx= 7^ dcp . sin.^ 6 . (sin.^ 9 -}- cos.^
cp)
= r^dcf>. sin.^ 4

;

as in [1852]. The same result might also be easily obtained, from the differential of

y-=
tang. (p, deduced from the values of x, y, [1851].

Multiplying the values [1851] by cos. 9, or sin. 9, we obtain the four following equations,

X . cos. 9= r . sin. 6 . cos.^ 9,
— z . cos. 9 ^^— r . cos. 6 . cos. 9,

y . sin. 9= r . sin. 6 . sin.^ 9,
— z . sin. 9=— r . cos. 6 . sin. 9 ;

then multiplying these respectively by dz, dx, dz, dy, [1851a], we find,

xdz . cos. 9= rdr. {sin. 6. cos.^ . cos.^9|
— ^^6 . {sin.^d.cos.^9| ;

— zdx.cos.(p=— rdr. {sm. 6 . cos. ^ . cos.^9}
— r^d6.

\cos.'^6 .cos.^(p\-\-B .r^d(p;

ydz. sin. 9= rdr. {sin.
6 . cos. 6 . sin.^9}

— r^d6 . {sin.^d . sin.^9| ;

— zdy . sin. cp
= —rdr. {sin. 6 . cos. 6 . sin.^ 9}

— r^d6. {cosJ^d . sin.^ cp\
— B .r^d^.

93

[18516]

[1851c]
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Geodeti
cal line.

[1852] y2 ^ gjjj
2
fyj^^_.^^y— v dx :

Second J a 1

form,

[1852']
— r^.d^ = (xdz— z d x) .cos.(p-\- (ydz— zdy).sm,(^\

IS ds'=^d3^+df+dz''=dr' + r'.d^'^r'.d^\s\n.H,
Or.

[1852'"] Considering u' as a function of x and i/, and putting 4^ for the latitude
; we

[1853] may suppose, in this function, r = l, and 4.
= 100°— &, and we

shall have,*

[1854] X = COS. 4. . cos. (p ; y= cos.
^].

. sin. 9 ;

hence we shall obtain,t

If we add these four equations, the first member of the sum will become like the second

member of [1852']. In the second member, the coefficients of rdr, as well as those of

r^ d
cp, will mutually destroy each other

;
and the remaining terms will be, by reduction,

as in the first member of [1852'],

— T^dd .\ cos.^ cp
. (sin.^

6 -f- cos.^ &) + sin.^ 9 . (sin.^ & -\- cos.^ 6) }

=— r-^ ad . jcos.'^(p-}"Sin. 9|
=— r'de.

If we now, for a moment, put C, D, for the coefficients of sin.
cp, cos. 9, in the value

of dy [1581a] ;
that is C== dr .smA -\-r d& .cos.^, D= rd

cp .sin. 6
',

we shall

[]851e] have £Za?=Ccos. 9
— J), sin. 9, <?

1/
^= C . sin. 9 -|- -D . cos. 9 ;

hence ds^ [44]

becomes, by successive reductions,

d s^= d x^-\-dy^-]- dz^

=C^.(cos.^9+ sin.
^
9) -j- 2CD .

(
— sin. 9 . C0S.9+ sin.9 . cos.9) -\-D^. (sin.^9-[-cos.^9)-|-^2^^

= C^Ji-D^4-dz^=(dr. sin. d+ rdd. cos. df+ (dr. cos. 6^rd6. sin. 6)^ + D^
[1851/]

^ ' ^ ^ ^
=:(?r2.(sln.2^+ cos.2d)+2r<?r.<Z^.(sin.a.sin.^— sin.d.cos.fl)+ r2fZ^2^(cos.24+ sin.2d)-}-D2

== dr^+ r^ d6^ + D% as in [1 852"].

It may be o' served, that this result might be obtained very easily by a geometrical method,

similar to that used in note 642.

*
(1333) In fig. 28, page 217, the angle PGD is equal to the complement of the

[1853a] latitude =100°— 4^5 and PCD=L The difference of these angles is G P C,

which is of the order of the ellipticity a. Now as u' is multiplied by a, in [1849, 1850],

we may neglect terms of the order a, in the values of x, y, contained in u'
; therefore, from

[18536] [1850c], we may put r=l, also ^=100°— 4^? in *j ^j [1851], and they will

become as in [1854].

j- (1334) Supposing u to be a function of x, y, the complete differential will be as in the

[1855a] first member of [1855] ; but if we suppose u' to be a function of 4^, 9, [1864], this
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But we have,

a:2_|_2/J=cos.H;
^ = tang. 9 ; [1856]
X

hence we find,*

d^ = -i^+lM, d9=^lil.^yM.cos.\. [1857]
sin. 4/ . cosT^Jf*—- or

Substituting these values of ^4^} <^9» in the preceding differential of u', and

comparing separately the coefficients of d x and d y, we get,t

/ du'\ COS. 9 /du'\ sin.(p /'du'\
^

\dx J sm.-^'\d-^J cos.-^' \dcp J
^

/du'\ sin. (p
/du'\ cos. 9 / du'\

\di)
^ "~

^^ •

v"^;
+ ^^ •

V"^;- [1858T

dilFerential will be as in the second member of [1855] ; and it is evident that these two

expressions ought to be equal to each other.

*
(1335) The sura of the squares of jj, y, [1854], putting cos.^9 + sin.^(p= 1, gives

the first of the equations [1856]. Dividing the value of y [1854], by that of x, we get the

second equation [1856]. The differentials of these two equations are

2xdx-\-2ydy:=— 2cos.^.sm.-^.d4.;
a:rfy-yrfa;

^_^^ ^^^^^

Dividing the first by
— 2 cos.

%]>
. sin. 4-, and multiplying the second by cos.^9, we

get [1857].

f (1336) This substitution being made in [1855], it becomes,

\dxJ''^''^[dy)-'^y-\Tjisin.4^.cos.4^S'^[-Ii)i ^ ^5

which must exist for all values oi dx, d y. If we put dy = 0, and divide by d x^

we obtam
(^-j

=-
(^j

•

3^,.^.,,,^
-
(^)

• '—^^ ', substituting, m the
^18566]

second member, the values of x, y, [1854], we get [1858]. In like manner, by putting

dx=0, and dividing by dy, we get f^V-f— "l
• ^^— + (~\ . ^-^^^^ •

which, by a similar process, is easily reduced to the form [1858'].
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From these we obtain,*

dx

du'\ fdii

[1859] ^_ \d\)
{xddy— yddx) — \l\l,(xddx-^ycldy).sm. 4. . COS. 4^

iJ p /
cos.^-vf

^ \ i} iJJ

[1860] Now by neglecting quantities of the order «, we havef xddy— yddx= ;

also the two equations,

[1861] xddz— zddx = Oy yddz— zddy = 0.

From these two we obtain, f

,7 z^.ixddxA-yddy)
[1862] zddz= —-

^ I 2
~

•

[1863] The equation af^ -\- y^ -\- z^= 1, gives,^

[1864] xddx-\-yddy-{-zddz-\-ds^=^0.

*
(1337) Multiplying the equation [1858] by ddy, and [1858'] by —ddx; then

adding the products, we get,

{-—•

)
. ddy— (-r- )

-ddx
\dxj

^
\dyj

(du'\

C C03.(p. ddy— sin.(p. ddx ") /du'\ ( cos. cp.ddx-{-sin.(p. ddy ")

Substituting cos. =
, sin.(p=—^—

, [18541, we obtain [1859].
COS. 4 COS. 4

f (1338) This equation, and the two equations [1861], are found by putting a= 0,

in [1850].

f (1339) Multiplying the first equation [1861] by xz, the second by yz, and adding

[1862a] the products, we get {x^ -{-y^) . z dd z— z^ . {x dd x-\-y d dy) = ; dividing this

by ar^-\-y^, we get [1862].

§(1340) Neglecting a in [1849], we get x^-{-y^-\-z^=^l, whose second difFerential

is 2xddx-{-2yddy-\-2zddz-{-2.{dciy^-{-dy'^-^dz^)=0; substituting d^^

[1852"], and dividing by 2, we obtain [1864]. This, by using zddz [1862], becomes,

17 I 7 7 I z^.{xddx-\-yddy) ,
7 o n

[1863a] xddx+ yddy+ \»J^f +<?s^= 0.
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Substituting the preceding value of zddz, we shall have,

xddx + yddy =— (c^ + y^).ds'' = —ds\cos.^-\^; [1865]

consequently,*

Therefore the first of the equations [1850] will give, by integration,!

r^dq) .sm.^6 = cds -{-ad s .fds . I -r—j ; (p)

c being an arbitrary constant quantity.

The second of the equations [1850] gives,!

d . (x d z— zd x) =a. ( —— \ , ddz
'^

Multiplying by x^-\-y^, we get [x^-[-'^-\-z^).{xddx -\-yddy)-{-{c^-\-'if^).ds^==iO 'y

transposing the last term, and using [1863], we obtain

xddx-\-yddy=— {x^-\-y^).ds^= — cos? \^.ds^, [1856], as in [1865].

*
(1341) Substituting [1860, 1865] in [1859], we get [1866].

f (1342) Multiplying [1866] by a, and substituting the product in the first of the

equations [1850], we get xddy— yddx= a.
(-r-)

. d s^
; its integral is

[1866a]

xdy— y dx == cds -\- ads .J't——) . dSf

as is easily proved by taking the differential j observing that ds is constant [1848'].

Hence, by using [1852], we obtain [1867].

J (1343) The equation [1868] is evidently the same as the second of [1850]. Now if

we substitute in [1862], for xddx-{-yddy, its value — dsr^. cos.^-^ [1865], we

get 2ddz=—
^2n^2—

• Dividing this by z, and using a^-{-y^^ cos.24. [1856], [I868a]

we obtain ddz=— zds^. But from [1863, 1856], we have

z^=] — {x^-{-y^)
= 1— cos.2 4.= sin.24 ;

hence 2r= sin.4/, and the preceding value of ddz becomes, ddz=— ds^. sm.-^, [186861
as in [1869]; substituting this in [1868], we get [1870].

94
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but it is evident from what precedes, that we have

[1869] ddz=^— ds\sm.^',

hence we get,

[IS^O^ d,{xdz— zdx)=:^^ad^.(~\.sm,^.
\dx J

'

In like manner,*

[1871] d,{ydz-^zdy)= — ad^.(^^.sm.-\.',

therefore we shall have,t

r^ d6 = c' ds . sin. cp-{- c" ds . cos. 9

[1872] — a{? s . COS. (p.fds. } (—-
]

. COS. cp+ (-—- ]
. sin. cp . tang. 4. V (q)

— ads. sm. (p .J a s . < (
-—-

j
. sm. 9

—
(
——

j
. cos. 9 . tang. 4- > .

*
(1344) The last of the equations [1850] is easily put under the form,

[1871a] d.{ydz— zdy) = a.(-^J.ddz'y

substituting ddz=^— ds^ . sin. 4> [1869], we get [1871].

f (1345) Taking the integrals of [1870, 1871], and adding the constant quantities

^cf'ds, —c'ds, [1848'], we get,

xdz—zdx=^— cf'ds— ads .fds .(-—] . sin. ^ ;

[1872a]

"^

ydz— z dy = — c ds— ads .fds • i'T~] • sin. 4'«

Multiplying the first by
— cos. 9, the second by

— sin. 9, and adding the products, we get,

— (xdz— zdx) . cos. 9— {ydz— zdy) . sin. 9

[18726]
=(/ ds . sin. (p-\-c" ds . cos. (p-\-ads . cos. (p.fds .

(-J-)
• sin. -^

-\- ads .sm. (p .fds .(— ] .sin.-^.

The first member of this equation is equal to r^.dd [1852'] ;
and if we substitute, in the

second member, the values of
(j^\

, (^) , [1 858, 1858'], we shall get [1872].
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Geodetica
line in the

We shall, in the first place, consider the case, in which the first side of the [1872^

-,
. . -, . , /^7 7-T • T direction

geodetical line is parallel to the corresponding plane of the celestial meridian,
°^^^^-^^^

In this case, d^, dr, are both of the order « ;* and by neglecting [1872"]

quantities of the order o?, we shall find,

ds=^ — rd^', [1873]

*
(1346) To illustrate what is said relative to the curve of the meridian, we have given

the annexed figure ; in which CX, CY, CZ, are the radii of the earth, drawn parallel

to the axes of x, y, z, respectively ;
CZ being the

axis of rotation, and ZCE the plane of the celestial

meridian, corresponding to the commencement H
of the geodetical line HhliL. ZmlF, Z if,

are two curves formed upon the surface of the

earth, by two planes Z C F, Z Cf, passing

through the axis C Z, and intersecting the plane of

X y, in the infinitely near points JP, /. Drawing
im perpendicular to Im, also the radii CF,

Cf, CI, &tc., we shall have, [1850", &;c.],

ZCI=&, XCF=<p, FCf=d(p',

CI=r, HI=s, Ii = ds.

At the first point H of the curve, the angles 6, (p,

become respectively,

6^
= ZCH, (?,

= XCH';
CH' being the line of intersection of the plane

Z C H'H with the equator XCY; the line CH not being drawn in the figure,

to prevent confusion. If the earth were spherical, the curve Hit L would coincide with

the plane of the celestial meridian C Z E, and the arc im would be nothing in

comparison with li
; or, in other words, the angle mli would be nothing. Moreover it is

evident, that if the ellipticity of the osculatory ellipsoid, at the point /, be of the order a, the

[1872c]

[1872rf]

[1872e]

[1872e']

angle mli will generally be of the order a
; consequently li

Ff

will be of the order aj and [1872/^

[1872ff]
as Ff is generally of the same order as m i, the ratio ^ will also be of the order a.

11

Now Ff is nearly equal to rda?, or 9, because r is nearly equal to unity [1850c] ; moreover

Ii=ds, therefore ^ is of the order a. Hence if we divide the equation [1867]

by d s, the first member will be of the order a
; consequently its second member will also

be of the order a, and as the last term of this second member is multiplied by a, the other

term c will also be of the order a
; and we may incidentally remark, that the value of c ig

[1872A]
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[1873'] the arc s being supposed to increase from the equator to the poles. As the

latitude is expressed by \', it is evident that we shall have,

[1874] , =
100°-+-(g);

[1872i] computed in [18S8]. Again, if we neglect, in [1852"], the terms dr^, r^ c? (p^ . sin.^ ^, of

the order a^, in comparison with dJ^, dd^, or d-^^, [I872A, 1850c], we get ds^^r^d&'^,

[1872^] whose square root is ds = — r d 6, as in [1873] ; the negative sign being used, because

6 decreases when s increases, [1850", 1873'].

*
(1347) If the point i of the geodetical line HIL, be projected upon the plane of

ZCFI, as in the point i' of the annexed figure, which is drawn separately for distinctness ;

the perpendicular i i will be of the order a, in

comparison with ds [1872"] ;
and if we neglect

[1874a] terms of the order a^, we shall have Ci= Ci'.

Continuing the line CI towards /', also the

line Ci' towards k, so as to make Ck=CT,
and drawing IZ' parallel to C Z, we shall

have very nearly the angle Z'Ii'=-\', because

this line IZ', continued infinitely towards the

heavens, marks the place of the pole ;
and the

line li', continued in like manner, marks nearly

the plane of the true horizon
;

so that the angle Z' li', represents nearly the elevation of

the pole above the horizon, or the latitude of the place ^]^.
IMoreover Z'TI'=6, and

the angle kli'= ^; therefore Z' li' + Z'IF— kli'= F Ik= l00o becomes,

ki' k i'

in symbols, 4 + ^——= 100°, or ^= 1000—4+—. But Ik=— rdd,

[18746]
ki' = — dr

',
the negative signs being prefixed, because the spheroid being oblate, the

angle 6 decreases with rj hence 6= 100'-^—
'^^~^~7'a'

^ ^^^ ^^^^ ^^^"^ °^ ^^^

ri874cl expression —^ ,
which is of the order a [1872i, A;],

we may put r=l, and

d6=— d-^, and it will become ^= 100°— 4.
—

-4, as in [1874] ; observing that

we may change
— into (t~) • For the radius r being considered as a function of

—
-j.c?4-|-f

—
j.ei<p.

Dividing this by d-].j

[1874d] we get ^^
=
(^) + (^)

.

^?.
. Now

(£)
is nothing in a sphere whose centre
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which gives,*

hence we find,

d^=:^d^^ad^,[^y,
[1874']

ds = d^A\ +«^' + «-
(4~p") \

• [^^''^1

Therefore by putting s for the difference of latitude of the two extreme [1875']

points of the arc 5, we shall have,t

is the origin of r, and in this spheroid it is of the order a
;
moreover this is multiplied by

—-
,

which is nearly equal to —
,

and is also of the order a [1872A] ; therefore the

dr / dr\
product is of the order a^, and may be neglected, making TJ

=
(tt)

• [1874e]

*
(1348) The differential of r= 1 + a m' [1850c] is (j^

= a . (~\ ;
hence [1874/]

[1874] becomes 4= 100°—
•\>
— " •

("7~) »
^^^ ^^ differential of this is

d& = — d-\>
—

a.d.(^-^,
[1874/^

Now u' is a function of r, -^^^ (p; and dr, dcp, [1872i, &c.], are of the order a, in

comparison with d 4^ ; therefore, in the term a . J . f
——

j
,

we may, by neglecting a^,

reject the variations of r, cp, considering 4 only as variable ;
and we shall have.

Substituting this in [1874/^], we get the equation [1874']. IVIultiplying this expression by

— r=— (l-faw') [1850c], we obtain —
rd6:=d-^.<]-{-au'-\-a.(---^j\:=ds, [187ig]

[1873], as in [1875].

f (1349) If
4-/ be the value of

-v]^,
at the commencement of the geodetical line, and we

put 4-
—

4^/
= ^) d-\'

= d^, and m' 4-
(

-—^ J
= C7, the expression [1875] will

. , ,

V rf4 / ... [1875a]
become ds=d s -\- ad^ .U ; U being a function of e, 9, r, which varies in proceeding

along the geodetical line s
;

but the variations of 9, r, [1872i], are of the order a in

comparison with those of 4- or s'
; so that if we neglect terms of the order a^, in ds [1875a],

we may consider s' as the only variable quantity in U; and by formula [617], it will become, [18756]

96
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Arc of the

;eodctical

[1876]
*= ^ +

"-|«'
+ (7+^)^+0-K^) + (^)l+^'-'

u' being the value of u', at the origin of 5.*

[1876'] If the earth be a solid of revolution, the geodetical line will always be in

the plane of the same meridian ;
it will vary from it, if the parallels of

latitude be not circles
;

the observations made upon this variation may
therefore serve to elucidate this important point of the theory of the earth.

[1876"] We shall therefore resume the equation [1867] ; observing that d(p,-f and the

U= U,-{-^. (~l) + &IC., Uj being the value of U when s'= 0. Substituting this in

[1875a], we get ds=d s'
-\- ad s' .U^-\- a . ^ d ^ . (——] -\- &£c. Its integral gives,

[1875c]
s= ^-\- as' .U;-\-^ as'^ .

(-—^j -\-&[C. At the extremity of the geodetical line, where

s'=
e, it becomes s= s-]-as.U^-\-^as^.(

—'

j
4- &;c. Substituting in this the value

[1875(i] of U^= uJ -{- (
'

j [1875a], corresponding to the first point of the curve, it

becomes as in [1876],

*
(1349a) The expression of s [1876] may be considerably simplified, and the terms of

the order s^, and other even powers of s avoided; by taking «/, U^, to correspond to the

mean latitude, between the two extremities of the arc s, instead of that at its origin. In this

[1875c] case we shall put, as above, v]^
—

4'/
= ^j U ==u' -}- (

j ; -\^^ being this mean

latitude, and 4^ the latitude at any other point of the arc. We shall then have, as in

[1875/] [1875a—c], d-].=d^ ;
d s= ds' -\- a.ds',U=ds -\-a.ds' .U^-\- a.s ds' . f~^\-^hc.

Integrating this, and adding a constant quantity, so as to make s vanish at the origin, where

[1875g-]
s'=— Is; we get s={s'-]-ls)-]-a.{B'-^is) .U,+

ia.{s'^—is%(^j^y
neglecting s'3.

Now putting ^= ^s, corresponding to the other extremity of the curve, the terms of the

order s^ will vanish, and we shall get,

[1875/1] 5= £;+as.L^,= £+ a£.|< + (^^^)|;

in which m/ corresponds to the mean latitude abovementioned. Terms of the order s^ are

neglected in this formula, but it is easily continued to any degree of accuracy.

f (1350) c and dcp [1872A
—

i] are of the order a; therefore we may neglect terms of

[1876a]
the order a, in the factors of these quantities in [1867], putting r=l [1850c],
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constant quantity c, are of the order a [1872A
—

i]. We may suppose, iri that

equation, r = l, ds = d-\^, and ^ = 100°— 4.; hence we shall have, [1876'"]

d<^.QOS.''^ = cd^ + oid^.fd^.(^^^. [1877]

Now if we put V for the angle, formed by the plane of the celestial meridian, [1877^

and the plane of xz, from which the angle <? is counted, as its origin,* we

shall have dx! . tang. V= dif \ ^'i fji 2', being the co-ordinates of this [1878]

meridian, whose differential equation we have found, in the preceding

article [1843], to be

dz! = ado^ -^-hdif. [1879]

Comparing this with [1878], we find a and h to be infinite, and [1879^

— - =
tang. V. [1880]

Then from [1844], we obtain,!

=
(,^).ta„g.F-(g;

ds= d-\. [1875], 5=100°—
vj.. Substituting these in [1867], we get [1877], in [18766]

which terms of the order 0? are neglected.

*(1351) ZCX, fig. 43, page 375, is the plane of z a? ; ZCE, ZCe, the planes

of the celestial meridians, corresponding respectively to the points H, I, of the geodetical

line HI L. We shall suppose R, r, to be two points of the plane ZCe, infinitely near

to each other, the co-ordinates of the first point /?, being CP=a/, PQ=i/j QR=z' ; [1877o]

those of the second point r, Cp= x-\-dx', pq= y'-{-di/, qr= s^ -\- d zf . Drawing

Qs parallel and equal to Pp^ we shall have Q^s= dccf, sq= dy\ the angle

s^q^XCe= T^. In the rectangular triangle Q,sq, we have Q s . tang. sQ^q= s q,

or in symbols dx'.tan^.V=di/, as in [1878]. This is the equation of the plane of the [^^776]

celestial meridian ZCe, and is equivalent to that assumed in [1843, 1879], which may

be put under the form — -
. d x'-{--.dz= dy'. Comparing this with [1877J], we get,

a 1—
7 = tang. F", 1

= 0' This last gives 6= oo
,

and the first makes a of the same
[i877c]

order as b, as in [1879', 1880].

t(1352) Dividing [1844] by &, we get
1

.

(^) -^
.

(^)
_

^^)
= 0, and by [1881a]

using the values [1877c], it becomes as in [1881 j.
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hence we deduce,*

t'««^l = X. tang. V-y-u. (^) . tang. F+a.

We may supposef V=(p, in the terms multiplied by «
; moreover,

[1883]
^ =

tang, cp ;
hence we have, J

[1882a]
*

(1353) Substituting in [18S1] the two first expressions [1850a], and dividing by 2, it

becomes as in [18S2],

\ (1354) The distance of the point / of the geodetical line HIL, fig. 43, page 375,

[1883a] from the plane of the corresponding celestial meridian, ZCe, is of the order a; and by

neglecting such quantities, we may put the angle XCe=XCF, or V=(p. Again, if

from the point /we let fall upon CF the perpendicular It
',
and from t let fall upon CX the

perpendicular ^M, we shall have Cu=x, ut=y, [1840"], angle mC^^ 9 [1850'"]; and

[1883c] in the rectangular triangle Cut, we have —
=tang. mC/, or -=tang.(p, [1883].

{(1355) Substituting the values of C^Y Cj^\ [1858], in [1882], after

transposing the terms depending on a, we get,

( COS.? /du'\ sin. (p /du'\ )
^ . tang. F-y= «. tang. F.

^ --—^
.

(^-j --^^ .

(^-J ^

[1884a]
C sin. p /d u'\ COS. p /d u'\ ")

*

X sin. 4
*

\d-\/ C0S.4
*

\d(pj )

'

Putting in the second member V=(^ [1883], also tang. 9 . cos. 9 =: sin. 9, the terms

connected with "^ • (jT ) mutually destroy each other, and the coefficient of

tx

fdv!\
3.4

*

U<P/
is

I
sm. 9 .

,

1
<

• 3 f 2 )
1

tang. 9 . sm. 9+ 003.9= .sm.9 + cos.9= .Jsm.''9-|- cos.''9^
=

;° ^ ^ ' ^
COS.«> COS.?)

*
COS. p

[18846] consequently the equation [1884a] becomes x . tang. V—y= ^
^

' Multiplying

this by . cos. -^ . cos. 9, we get,

COS. 4^ . C0S.9 .

{f
-

tang.^]
=- . « •

(^) 5

which, by means of [1883], and x [1854], is easily reduced to the form [1884].
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COS. 4^ . COS. (p
. ftang. <p

—
tang, v

\
= \ "^ /

;

which gives,*

[1885]

[1886]

The first side of the geodetical line being supposed parallel to the plane of

the celestial meridian [1872'], the differentials of the angle F, and of the

distance (?
— V) . cos. 4^, from the origin of the curve, to the plane of

the celestial meridian, must be nothing at this origin.f Hence we shall

have, at this point,

_^(,^r).tang.4^= \os.H
'

*
(1356) From [34', 22] Int., we have

sin. p sin. V sin. p . cos. V— cos. p . sin. V sin. {p
—

F")

tang, (p
—

tang. y= ~= = ^ . [ISSSdl'^ ^
cos. 9 cos. r COS. p . COS. F COS. 9 . cos. K -•

COS. V
Substituting this in [1884], and multiplying by

—
'—f we get,

COS* '^

a (—\
•

f TZ\ \dt.J COS. r
sm.

(ffl
— y) =—^^~^ . ;^ ^

COS.24 COS.?
'

in which the second member is of the order a ; therefore the first member, or sin.
((p
—

V), [18856]

must be of the same order
;
and by neglecting terms of the order a^, we may put it equal to

<p
— V [43] Int. Lastly, as V differs from 9 by quantities of the order a [18856],

we may put =1, [61] Int.; and then the preceding equation will become

as in [1885].

f (1357) Supposing Z C E, fig. 43, page 375, to be the plane of the celestial

meridian, corresponding to the Jirst point .H" of the geodetical curve, we shall have
[i887al

XCE=V,', and for any other point / of that curve, we have XCF=(p; hence the

angle ECF:^<p— V,j and as this angle would be nothing if the earth were spherical, it

must be of the order a in the case under consideration. Therefore if we neglect quantities of

the order a^, in finding the distance Iv of the point /from the plane ZCE, we may suppose [188761
the angle FCI=^, also CE=CF=CI=1. Then the angle ECF=c(>—V,,
the arc EF=(p— V,, and the distance Iv may be found very nearly, as if it were a

96
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therefore the equation [1877] will give,*

[1888] c=
«.('^ytang.4^,

;

in which u' and
4^^ correspond to the origin of the arc s.

:^mr At the end of the measured arc, the side of the curve makes, with the

plane of the corresponding celestial meridian, an angle which is nearly equal

[lees'] to the differential of
(<?
— V) . cos. 4^) divided bj d-^, V being supposed

[1888"] constant, in taking the differentials ;t therefore if we denote that angle by ^,

we shall have,

[1889] vi = -J . cos. I'
—

(9
—

F) . sin. ^^.

parallel of latitude, included between two meridians Z E, Z F, of a spherical surface ;

[1887c] consequently it will be represented nearly by lv= E F . cos. FCI= (9
—

F)) . cos. 4-,

as in [1886]. Now the first infinitely small element Hh of the geodetical curve [1872'], is

parallel to the plane of the celestial meridian ZCE, corresponding to the first point JET j

therefore the differential of the general expression of the distance Iv [18S7c], which is

[1887fri d 9 . cos. 4^
—

(9
— V) . sin. -^ .d-^, becomes nothing at that first point j

and by using the

accented letters corresponding to that point, as in [1892], we have

= <Z
9^

. COS.
4-,
—

(9/
— FJ .s'm.-^^.d-^,.

Dividing by d-^,. cos.
4.^ ,

we get -y= (9,
—

V,) . tang. 4.^ ; substituting [1885], it

P««''^
beco.es ^=lk);^, asin[.887].

[1888a]
*

(1358) As the integral /^+-("T~) [1877], commences with the first point of

the geodetical curve, it is nothing at that point ;
hence if we accent the letters, as in [1892],

we shall have, at the origin of the curve,

[18886] d(f>.cos.^-^,
= cd-^,, or c= ^7 • ^os.^

4^, ;

substituting [1887e], we obtain [1888].

f (1359) Supposing a plane /w, fig. 43, to be drawn through /, parallel to the plane of the

corresponding celestial meridian ZCe, and letting fall upon it the perpendicular iw, it

will be equal to the differential of the distance of the point / from the plane of this meridian.

[1889a]
This distance is easily deduced from [1887c], changing V, into V, which corresponds to the
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If we substitute the value of
(tt)»

deduced from the equation [1867],

and also the preceding value of 9
— V [1885], we shall obtain,*

"=
c-£+

•

! (4-7)
• '""s- *"'

-
(4^)

• *'"^-
^+•^''-^•(47)!= [^«^i

the integral being taken from the beginning to the end of the measured arc.

We shall put £ for the difference of the latitude of these two extreme

points ; supposing s to be so small that we may neglect its square ;
we shall [I89(y]

then have,t

a s . tang.'vl^

COS.
-v)^ •K^)-'^"=-^+(^-f)l- ''''"

given plane Z C e
; hence it becomes (9

— V) . cos. 4>, and its differential is

iw= d(p . COS. 4^
—

d-]^ .{(p
—

J^) . sin. 4- J V being considered constant, because this

distance is measured from the given plane corresponding to K. Dividing iw by Ti=dSf
we obtain the sine of the angle i Iw, which, on account of its smallness, may be taken for

the angle itself, or to [1888"] ; and since by [1875] ds is nearly equal to d-^j this angle
iw dp [1889ft]

will become — = ^*=— . cos. 4.
—

(9
— V) . sin. 4') as in [1889].

*
(1360) Substituting c [1888], in [1877], and dividing by d^.cos.^-^, we get,

A!._„ /<^«/\ tang. 4,
g /du\

Using this and [1885], we obtain, from [1889],

/du'\

/du'\ tang. 4, ,
a ... /du'\ '^'Vj:) .

,

which is easily reduced to the form [1890].

f (1361) Putting for brevity U equal to the second member of [1890], also ^=:^^-\-s', n890ol
and developing it as in [1875a, i], according to the powers of

s', we shall get, neglecting a'2,

and higher powers of e', to=
t/^ -f s' Y-—'V

Supposing now, for a moment, W to
^legofci

represent the terms of the second member of [1890] between the braces, and W, its value

at the origin of the curve, where 4'
=

4^/ 5 we shall have,

H^=(^,f)..a„g.+,-(^)..og.+ +/.+ .(l^), V=^.W. peso,
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[isgii

[1892]

The values of ^,
(^7)'

^"^
(IS)' ^^S^^' ^^^ greater

accuracy, ^0 6e made to correspond to the middle of the measured arc. The

angle * is positive when it falls on the same side of the meridian as the

increments of (p.*

To obtain the difference of longitude of the two meridians corresponding
to the extremities of the arc, we shall observe that w/, V^, 4^^, 9^, being the

values of w', V, 4^, ?, at the origin, we have,t

The differential of this value of U, relative to -i-, is (
—-

)
= '

. W-\ . ( ) ;

\dij COS.H COS.4 V<^4/

... , /dU\ a . sin. ^, rrr ,

« /dW,\ .
,

[mod] hence, at the ongm, we have
{^~j

= -^^- . ^^+__ .

(^_-j
. At the origin

of the curve, where 4'=4'/> u'= u', [1892], the integral fd-\>.(~\ [1888fl]

vanishes, and the value of W [lS90c] becomes W,= ;
whence U,= -.W^=0,

[1890e] [1 890c]. Substituting these in [ 1 8906, d}, we get w= s' .

(
—

')
=_^ .

(
-—

')
. The

\ d -f/ COS. Y- \ ^ Y /

differential of W [1890c], relative to -4, becomes, by observing that the first term

[—
-^

j
. tang. 4', is constant, relative to this differentiation,

/dW\ /ddu'\
,

rdu'\ 1
,
/du\

in which the coefficient of (
—^

)
is r- + -=— tang.^^/' [34'"] Int.

;

hence f-—'"i
=—

(^—r-^ . tang. ^,
—

( -^ "^ . tang.^ ^. . Substituting this in [ 1 890e],
\a4/ V«?>"y/ \d<P /

[1891a] weget ^=-^^. { (0^) + (f;)
-tang.^^.

};
which, by changing a' into

£, to correspond to the whole arc, becomes as in [1891], »/' being used for
-^^ ; observing that,

in all these calculations, we have neglected terms of the order a^, and s^.

'^

(1362) This is conformable to the calculation in [1889a, &], where the positive values

[1892a] of 3J correspond to the case in which the line i w, fig. 43, page 375, falls on the same side

of the meridian as the increments of 9.

f (1363) The second formula [1693] is the same as [1885], and the first formula is

[1893a]
deduced from this, by changing 9, F, u', ^, into 9^,, V,, m/, ^^,, respectively, to

make them correspond to the first point of the curve.
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%
"(-fj

<p
— r=:

du'

d
(p J ^

but we have nearly, by neglecting the square of £.*

cs fdul\
<p
—

<p,
=—or ;

therefore we shall have,t

V—V=— du' d du!

^^^/l V dt)
'

^^''^'^''^\d<r>d^/
' '

hence we obtain this very simple equation,

(V— V;) . sin.
4^,
= ^;

*
(1364) If we put, as in [1875a], -^ = -^^-j- s', considering s' as the variable

quantity, instead of 4'^ and
-v^^

as constant; we shall have d4'= d^, and [1877] will

become, d o . cos.^ .
{^/^ -{- ^)

= c d ^ -j- a d ^ .fd ^ . (
—

) . If we neglect terms of

the order s'^, as in [1893'], we may omit the integral of the second member, and retain only

the first term c d s. Now this term being of the order s', the first term must be of the

same order ; therefore we may neglect the term s', in cos.^
{4^, + 0» ^°^ ^^ shall get

d(p .cos.^'4,= cds. The integral of this, taken so as to vanish when 9= 9^, is

(9
—

(pJ.cos.^%^^:^c£'; whence we easily deduce the first of the equations [1894], s being

put for s'. The value of c [1894] is the same as in [1888].

t (1365) Putting for brevity 1/"= a .

(-^j
. (cos. •4)'^ , we shall have, from the

second of the equations [1893], 9— F'= U. If we put, as in [1894«], i^= -v^^ -[- s',

and develop U, according to the powers of e', retaining only the first power, we shall obtain

(p—V=U^-\-^ .

(~j; U, being the value of U when s = 0. In the case of

s' = 0, this equation becomes
9^
— V^= IJ,. Subtracting the first of these equations

from the second, we get, F"— F^= (9
—

9J
— s' . ^—'j

j and by using the values of

,-,„ c, [1894], we obtain V-r,= -^.(^).^.^,-,.(^^^.
Now

the differential of U [1895a], relative to -^i gives,

97

[1893]

[1893']

[1894]

[1895]

Difference
of longi-
tude of th«
extremi-
ties of the

[1896]
geodetic&l
curve.

[1894a]

[18946]

[1895a]

[18956]

[1895c]

[1895e']
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Thus we may determine, hy observation alone, independently of any knowledge

of the figure of the earth, the difference of longitude corresponding to the

[1896'] extremities of the measured arc ; and if the value of « be so great, that it cannot

be imputed to the errors of the observations, we shall be sure that the earth

is not a spheroid of revolution.

JVe shall now consider the case where the first side of the geodetical line is

[1896"] perpendicular to the correspondirig plane of the celestial meridian. If we take

cuiarto this plane for the plane of zx\ the cosine of the angle, formed by the side
the men- ^ ^ ' O ' ./

dian.

[1897] of the geodetical line and the plane, will be s/dx^+ dz'
j, ^^^ ^^^

and by changing u', cos. 4', tang.il', into «/, cos.
i^^, tang.'<|'^, respectively, we

get the value of -

("t~')« Substituting this in [1895c], and changing s' into s, we obtain,

r- F = -^±- . f^'V tang.i!^ - J^. ^ (^^) 4- 2 . ^^'Vtang..!. ] .

This may be easily reduced to the form [1895J. Multiplying tliis last expression by sin.'i/'^,

nr Tr\ • . as.tanff.4, ( /du'\ , , fddu'\ ) • r- l.

[1895rf] we get (r- V) . sin. ^,= -~
. ^^ )

. tang. ^+ {j-^) j
; m wh,ch

the second member is the same as the expression of vi [1891] ;
hence we get [1896].

[1897a]

[1897&]

[1897c]

*
(1366) In the annexed figure, which is similar to fig. 43, page 375, except that the

points X, E, coincide, CZ is the axis of Z', CX the axis of x
',
CY the axis of y,

Hh IL the geodetical line, whose first element Hh
is perpendicular to the plane XCZ; this plane being

that of the celestial meridian, corresponding to the point

£r[l896"]. Now the arc ds of the geodetical line s,

is inclined to the axis of y, by an angle whose cosine is

dv '

•—
[406] ; therefore the sine of the same angle is

d7f\i {ds^
— dy^f

/ ds^J ds

and by substituting the value of ds^= dx^ -\- dy^ -\-dz^

Ux'^-\-dz^)i „
[1897d] [1852"], it becomes as above, -^-

~, But byds

[1897c]

hypothesis, the first element Hh is perpendicular to

the plane XCZ, or parallel to CY
)

therefore the

precedmg angle ot mcUnation, and its sme
ds
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vanishes, at the origin of the curve ;
hence we have dx = 0^ dz = ; [18971

consequently,

d .(r . sin. 6 . cos. 9)
==

;
d . (r , cos. 6)

=
; [1898]

therefore,*

rd6 = rd^. sin. 6 . cos. 6 . tang, (p ; [1899]

but by neglecting quantities of the order a^, we have,t

d s = r dcp . sin. 6
; [1900]

therefore we have, at the origin of the curve,

d 6 tang, cp
. cos. 6

ds
[1901]

are nothing at that point j
hence {dx^ -\-d z^)*

= 0. This equation cannot exist, unless

we have separately d x =1 0^ f?z = 0; which, by substituting the values of a?, «, [1897/]

[1851], give the two formulas [1898].

*
(1367) Developing the equations [1898], we get,

(Zr.sin.^.cos.(p-}~^^^ • cos.^.cos.fp
—

r<Z(p.sin.d.sin.<p= ; dr. cos.d— rrfd.sin.^=0. [1898a]

Multiplying the first by cos. ^, the second by
— sin. 4 . cos. <p, and adding the

products, we obtain,

Qz=rd^ .cos. <p .fcos.^5-}- sin.^d}
—

rc?<p. sin. 4 . cos. ^ . sin. 9

=:r d^ . COS. 9— r d(^ . sin. & . cos. d . sin. cp. [1898&]

Dividing this by cos. 9, we get the expression [1899], which corresponds to the

commencement of the geodetical line.

f (1368) From [1852"] we have ds= ^{r'^dc^^.sm?d-{-dt^^r^dl>^)', and dr
[19990]

[1850c] is of tlie order a. Moreover, Hh is perpendicular to the plane Z CX; and

as this plane is inclined to the plane ZCH'H, by a quantity of the order a, it follows,

that the angle Z CH cannot differ from the angle ZCh but by quantities of the

order a. Now these angles represent the values of ^, corresponding to the points fl, h
;

their difference d d must therefore be of the order a, at the commencement of the curve.

Hence, by neglecting quantities of the order a^, we have ds=\/{r^dcr>^.sm.^6)=rd(p.sm,6, rigooal

as in [1900]. Substituting this, in the second member of [1899], we get,

r d6= ds . COS. 6 . tang. 9.

Dividing this by rds, we obtain [1901].
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The constant quantity c", of the equation [1872], is equal to the value of

[1901'] xdz— zdXi at the origin of the curve
;

therefore it is nothing,* and the

equation [1872] gives, at that point,!

[1902] 3- = -2 • sm. (p.
as r"*

[1902^ Novv^ by observing that ? is of the order «, and neglecting quantities of the

order a^ vre get sin. ? = tang, (p ;t hence vs^e have,^

[1903]
c'= r^. COS.

^^.

[1903']
The quantities r^

and
&^ correspond to the beginning of the curve ; therefore,

*
(1369) From [1872a], we have,

[1900a']
xdz— zdx^=^— d' ds— ads .fds A— \ .sm.-]^ ',

and as the integral of the second member vanishes, at the beginning of the curve, where all

[190061
^he integrals in [1872] are supposed to commence, we shall have xdz— zdx=— c"dsj

so that xdz— zdx, at that point, is equal to — d' d s, instead of c", as stated by the

author. Now at the beginning of the curve, dx= 0, dz= 0, [1 897/] ; therefore, at

[1901a]
that point, xdz—zdx=0, consequently also — c"ds= ;

and as ds [1848'] is

constant, we have c"= 0.

f (1370) Putting c"= 0, in [1872], and then observing that, at the Jirst point of the

curve, the integrals of the second member are nothing [1900&] ;
we shall have, at that point,

[1902a]
r^ d6= c' ds . sin.

(p j dividing this by r^ d 5, we get [1 902].

[19026] t (1371) From [34', 44] Int., we have -^^^ = cos. 9= 1 — ^ cp^
4. ^c. Now at

the first point of the curve, cp, or (p^==XCH', fig. 45, page 386, is of the order a;

sin. 9/

[1902c] therefore, by neglecting a^, we shall have, as above, ^
=

^' ®^ ^'"* 'P*'^ ^^'^S- fr

§ (1372) The two values of —
[1901, 1902], being put equal to each other, give

—^' =
-^

. sin. (p. Dividing by the coefficient of </, we get,

tang.<p
c'= r . cos. 6 .

—
:

•

.

sin. (p

[1903a] Changing r, 6, into r,, 6^,
to correspond to the first point of the curve, and putting

tang.fp,

sin. 9/

=
I, [1902c], we get c' [1903], in which terms of the order a^ are neglected.
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by observing that, at this point, the angle <? is the same which we have [1903"]

before called (p^—F^, [1893], and found to be equal to
_A|_pL ;* we [1904]

shall have, at this origin of the curve,t

dd, fdul\ sin.
4^^— a .

ds
'

\dcp J
'

cos.^
4'/

*

The equation [1872] then gives,t

[1905]

dd6^ cosJ, d^, a.(^), [1906]
ds^ r,

'

ds \d-\^

*(1373) In [1896"], the plane of zx is taken for the plane of the celestial meridian,

corresponding to the first point of the geodetical line j therefore V, [1877', 1892] is nothing.

<ii)and the expression of
c?,
— F" [1 893] becomes, as in [ 1 904], <p,

= ^^y . [1904a]
COS** Y/

f (1374) Changing r, &, into r^, 6^,
in [1902], and using c' [1903], we get, at the origin

,. , <^^/ sin.», , sin.p. , cosJ^ . _ r^^^^ t
of the curve,

-—=—^ . c == —— . r, . cos. &,
= . sm. (p

. Now a ri904al
ds r-" '*/'/

being of the order a, we may change sin.
(p,

into 9^, and then using its value [1904a], we

(T
A /dii \ COS A

get
—-'= a .

(

—-^
)

. -J— . At the point H, fig. 45, 6, differs from the complement [1905al° ds \d<p / r,.cos.24^
i o / r > j

of the latitude 4', by quantities of the order a [1876'"] ;
therefore if we neglect a^, we may

put COS.
^/
= sin.

4^,, also r^=l, [1850c], in the preceding expression, and then it

becomes as in [1905].

t(

t (1375) We must substitute c"= [1901a], in [1872], then take the differential,

observing that ds is constant [1848'] ;
we must also neglect terms of the order a^. This

calculation may be much simplified, by observing that at the commencement H of the curve,

9, or 9^, [19026], is of the order a; so that in terms multiplied by a, after taking the

differential, we may put cos. 9=1, and neglect the terms multiplied by a . sin. 9. Now
[1906a]

if we represent by fUds, fU'ds, the terms under the sign / in the second and

third lines of [1872], this foiraula will become,

r^ d6= c'ds .sin. 9— ads . cos. cp .fUds— ads . sin. cp.fU'ds,

Its differential is,

2rdr.d6-{-r^.dd&
= dds . ^9 . cos.(p-\-ads.d(p. sin.9 .fUds— ads^. U.cos.cp

—
ads.dcp.cos.cp .fU'ds— ads^. U'. sin.9 [19066]

Reducing this, by means of the values of 9 [1906a], and observing that fUds= Oj [1906e]

98
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but we have,*

[1907] ^'=—i—; r,
= l + «<; ^^

= 100°- ^,-«/^^'ds r,.sm.d/
/ ' /' / r, '\d^J'

therefore we shall get,t

Now by observing, that at the beginning of the curve, we have

fU'ds= 0, at the commencement of the integral [19006], we get, for the second

member, cd$.d(p— ads^ .U. If we neglect in U the terms multiplied by sin. 9, and

put in the other term cos. <p
= 1, we shall find 17= (— ) ;

and the equation [19065]

will become, at the first point of the curve,

[1906rf] 2r^dr,.dd, + r;'.dd6^= (^ds.d(p,-^ads^.(j^\

The terms dr^, dd^, [1850c, 1905], are each of the order a, in comparison with ds',

therefore we may neglect the first term of [1906c?]. Then dividing by r^d^, and using

[1906c] (/ [1903], we get ^^=-^— •

^'
—
^ •

(f")
• Putting r,2=l ,

in this last term, we

finally obtain [1906].

*
(1376) The first of the equations [1907] is easily deduced from [1900], the second

[1906/] from [1850c], the third from [1874], substituting /^-^j
=

a.f^j,
deduced from

[1850c], for the first point of the curve.

f (1377) Substituting, in [1906] the values of t^', r^, [1907], we get successively,

dd^, cos.^^ /du'\ cotang.^, {du'\
H^~ rji

. sinTf

~
""\d^)

~
(M-a02

~~ " '

\d^)
fdul\

[1907a]
=

(
1 — 2 a m/) . cotang. &,

— a.
\^—j

.

But from
6^ [1907] we get, by development [617], and using [54] Int.,

[19075] cotang. 6,
=

tang.
^

4^,+ a . (^) |
=

tang. 4., + a .
(
1 + tang.^ 4,^ .

(-^^
.

Substituting this in [1907a], and reducing, we get [1908].



III. V. § 38.] PERPENDICULAR TO THE MERIDIAN. 891

[1909]
ds r.sin.^, cos4, (

'^ \d^J & ^'
^

'

the equation [1867] will give,t

c= r^.sm.6^. [1910]

Hence we deduce, t

*
(1378) The value of

d^ [1907] gives, by using [61] Int.,

sin.
6,
= COS.

^
4'.+ « . (~) ]

= COS. 4^,- « .

(-^^)
. sin. 4^,

=
cos.^,.|l-a.(^).tang.4^,];

[1909«]

hence = .\ 1 + a .
(^ )

. tang. X [ > neglecting terms of the order o?.

sm.6, COS. 4/ (. \o4/ '

Substituting this, and -=
(1
— « w/)) [ISO"?], in the first equation [1907], it becomes [19096]

as in [1909].

f (1379) Since the integral, in the second member of [1867], commences with »,

[19006], it will vanish at the first point of tlie curve ;
and we shall have, at that point,

rj^d(p^.sin.^d,=cds. Dividing this by <?«, and substituting
—-'

[1907], we get c [1910], [1909e]

1(1380) Taking the differential of [1867], writing r,, %, 6^, m/, for r, cp, 6, u', in

order to obtain the values corresponding to the first point of the curve, we get,

2r,dr,.d(p,. sin.^d^+ r,^ .dd(^,. sin.=
d,+ 2

r,2 ,d(^^.d6,. sin. 6^
. cos. 6^==^ad^ .(-^^

.

Dividing this by r^ .ds^ .
sin.^^^, we get, by transposition,

« f^^
^^/ 2 An. il/ 2 — — ^°^' ^'

-4-

'

\<^p/
d«2 'r^ds'ds

'

ds' ds' sinJ^ r2.sin.2^^

*

Now the differential of r [1850c], divided by ds, gives, at the first point of the curve,

T~'= a • —r~ i
and by [1907],

—-'=
-,

. Substituting these, we obtain, [1910a]

c ''< J dd, . /du;\
if/i^ 2 a.—-^ 2.-^. cos. 5,

a. -—
)° °^/ ds __ ds

'_
I \dp J .

d *2 r 2
. sin.

6^ r^
. sin.2

6,

~*~
r 2

. sin.2
6^

'

and as the third term of the second member is of the order a, we may, by neglecting a**, put

r=l, and sin.
^^
= cos. 4-^, [1850c, 1909a] j and then the preceding expression

becomes as in [1911].
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, . 2 « . -7-^ 2 .
-^

. COS.
(5,

a .
--^

)

[1911] ""^/ «£_ __ (is
, \dj_/ .

d^ rf . sin.
^^ r,

. sin.^
^,

cos.^ 4^,

'

consequently,
*

[1912]
Ad

OfI f d m/ ^y (2
— C0S.2

4^/)

ds^ \dcp J cos.^ 4^^

rfu,'

*
(1381) The first equation [1907], multiplied by ^, gives,

~ = t^^ •

d p^ as v^ , SID. 0^

Substituting this, also —-^

[1905], in [1911], it becomes,

du' ^ fdu'\ . , /'du!\
. . 2a. —— 2a. ——

. sm. 4^/ • COS. &, a .
——

)

rfs2 r^3.sin.2d, r,
. cos.2

^^^
. sin.2

^^

^^
cos.2^^

'

and as each term of the second member is of the order a, we may, by neglecting a^, put

[1912a] »'/=lj sin,
d,
= cos. 4/9 cos.^^

=
sin.4'/, [1907] j hence

du! ^ /du,'\ . „ , /du'\
^^. 2a.--^ 2a. (--^ ) .sm.24.. «.(-—)

[19126] 1^ — _ rfg, _ \dp/ ^'
I _\dpj^ ^

ds^ cos.2,j,^ cos.'*4'/ cos.24/^

Now u' being a function of r, d, 9, its complete differential is

[1918c] ^^'=-^-£}-^^+^£)-^'+(^Ti)-^'-

Dividing this by (Z(p^,
and then writing m/, for w', &tc., we get,

rfw/ /«?<\ , fdu'\ dr. . /du',\ d&,

r«i*^
-d-7,

=
( ^7)

+ U"J •

^,
+W •

T,,

But the first equation [1907] shows that
<?(?,

is of the same order as ds
-,

therefore

-^
is of the same order as -^ ;

and since, by [1850c], dr, is of the order a,
—'

must

dpf ds "-^1

be of the order a. In like manner, -r^' is of the same order as —'

; which, by [1905],

is of the order a. Hence, if we multiply [I9]2c(] by o, and neglect a^ we shall get,

dul fdu'\
[1912e]

a.—
=^«.(^—j.

Substituting this in [19126], we obtain,

4^' :^_ a. f^^) . -^ . 12 . COS.H.+ 2 . sin.S4^,-cos.«4'J ;

d«2 \ df, / cos.44^

and since 2 . cos.^ 4^/+ 2 . sin.^ 4.,
= 2, it may be reduced to the form [1912].
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The equation [1874/—/],

^ = 100°— 4^
— a.

(^-^-^^,
[1913]

gives, by retaining, among the terms of the order 5^, only those which are [191B']

independent of «,*

dd, ^ ^ dd6, as / ddu! \
' ds ds^ cos-^-^ \d(pd^/

therefore,t

*(1382) Putting for brevity U=d-{-a.{^^, we shall obtain, from [1913], [1914a]

-s^
— 1 00°=— U

;
and at the commencement of the arc, 4^^

— 100°=—
Z7^ ; hence

4*
—

4^/
= ^/

— U' Now U may be considered as a function of the constant quantities

6^, 9/, &ic., and the variable quantity s. This may be developed according to the powers

of s [607], in the form U=U^-\- s .
——

-\-^ • ^ . "TTj neglecting s^
; hence

ds ' "
ds'i

[191461

4'
—

4^/
=—

**T~'
—

^*^*~TT"'* '^^^ ^^^^ ^°^ second differentials of the equation

i7=^+ a.f-—
j, multiplying them by

——
,
—-—

, respectively, and

then accenting Z7, ^, u', give,

ds ds ds \d^ J'
^

ds^ ^
ds^

'

neglecting terms of a less order. Substituting these in [19145], we get,

1 , d6, ^ „ ddfi, as fdu'\

In the last term of this expression, which is of the order « 5, we may, by using the first of

the equations [ 1 907], put d s=
r^

. sin. 6^.dcp^=: cos. 4",-^% nearly ; by this means, it

becomes, —
^^^

"^
,

. d .

(-77-)
• Now by proceeding as in [1912c

—
e], we find, that

if we change m/ into (-—), we may change T~-^-(~r^)> into (-—-^^

neglecting terms of the order a.\ he. j hence the expression [1914c] becomes as in [1914].

t (1383) Substituting in [1914] the value [1905], also —=
tang.4.^ [1908],

neglecting a^, a^, &c., and putting ^^^
=

tang. 4.,, it becomes as in [1915]. In [I915al

99
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Difference
of latitude

""""
, ,

US ( /du'\
, ,

/ ddu'\ > , „

ties of the

geodctical
cun-e. The difference of the latitudes, at the two extremities of the measured arc, will

therefore give the value of the function*

r-^,.,, «5 ( /du'\ . , /ddu'\ )

It is remarkable, that for the same arc, measured in the direction of the

meridian, this function is, by what precedes, equal toj-

[1917]

trf

tang. 4.,

'

it may thus be determined by both methods ; and we can judge whether the

values found, by the difference of the latitudes, or by the azimuth angle vs, are

produced by the errors of the observations, or by the excentricities of the parallels

of latitude of the earth.

If we retain only the first power of 5, we have, J

the original work, the factor a was attached to i , /
j

in [1915, 1916], making it, by

mistake, of the order a^.

*
(1384) 4^^, \', •\'

—
4^/ s, being known from observation, we may, by means of

[1916a] [1915], obtain the function [1916], which is the first term of the second member of that

expression.

f (1385) Dividing [1891a] by tang. 4.,, we get,

in which the coefficient of s, in the second member, is the same as that of s in [1916]*

Hence this coefficient may be determined, either by the value of vs, or by that of 4^
—

4'/*

J (1386) Developing 9, according to the powers of 5, in the same manner as we have

done with U, in [1 9 146], we get 9= 9^+ 5 .

-^^
+ i s^ .

-j^+ Uc. If we retain

ri918ol only the first power of 5, it will become 9— 9^
= 5.—', as in [1918]. Substituting

[1909], we get the second expression [1918].
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s.

DifFerenca
of the

(p
—

(p^
is not the difference of longitude of the tico extremities of the arc s

; J"=J'
neglectiTUf

this difference is equal to V— V^.* Now we have, by what precedes, 6-2.

[1885],

a .

which gives,t

y^ \d(? J . [1919]

C0S.2 4^

ddu'\ fddul
as . I —z—i— I

as .

^
^^' ^'^

COS.24., cos.H,
'

*
(13S7) This is evident, because the difference of longitude of two places, usually-

determined by celestial observations, must be equal to the angular inclination of the celestial [1919a]

meridians V^— F^ .

f (I38S) If we put, for brevity, the second member of the expression [1919] equal

to (p'j we shall have (9
— V)=cp'. Developing this second member, according to the

[19210]

powers of s, and retaining only the first power of s, as in [1918a], we shall get,

(p
— V=q>;+ s.-^,

and 9^— F; = <p;;

is ahence we obtain 9— V— (9^
—

V^)
= 5 .

—^
. Now (f>'= « •

( -j" )
• (cos. 4-)"

function of r, 6, cp, of the order a
; these three last quantities depending respectively on

r^, 6^, 9^,
and the variable quantity s

;
but from [1905, 1907, 1915], the variations of

6, r, 4, are the order a, or of the order g^; which will produce only terms of the order a^,

or as^, in the second member of [1921&], and they may therefore be neglected. Hence

it will only be necessary to consider cp as variable, in the second member of [19216], and we

shall have d
(p'^= (—^j . d cp ; therefore the equation [19216] will become.

[1921&]

[1921cj

Substituting in this the value of 9/, corresponding to the second member of [1919] ; also the

value of —-'= -, deduced from the equations ['w S COS. Y-

[1920]. Subtracting this from [1918], we get [1921].

value of —-'= -, deduced from the equations [1907], we obtain the two expressionsw S COS. Y-
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therefore,

DW„- ^^-^z ( V'^+y
'

COS.-+,
ence of

n°eg!eciins For greater accuracy, we must add to this value of V— V^, the term

"^"''

'"'

depending on s^, which is independent of «, and may be computed upon the

hypothesis that the earth is spherical ;
this term is equal to*

[1922]
— i^ •

-1 c3 ^1"!^^ .

COS.
4-^

*
(1389) In computing the value of cp

—
cp^ [1918a], we have neglected the terms

therefore terms of the same orders are neglected in [1921]. Now the term ^s^ .
-—'

is

of the order as^, as is evident from [1912], and this is neglected in [1913'], on account of

the smallness of a and s
;

a being of the same order as the ellipticity of the earth, or

about ^^^ ;
and s, in some of the great surveys, as that in France, may be 6 or 8

degrees, or ^V of the radius of the earth, taken as unity ;
so that a^ may be of the order

[19226] ,
but is generally much less; it is therefore neglected. We shall soon see tliat

[1921] contains also a term depending on s^, which is not multiplied by a; and as s^ may be of

the order —
-, it ought to be retained. To compute this term, we shall suppose the part

of V— K^ [1923], depending on s^, to be developed according to the powers of a, in the

[1922c]
form P . s^ -{- P' . a s^ -\- P" . a^ s^ -{- he. ; P, f, he, being independent of a. If a=0,

this becomes simply P . s^, and the spheroid becomes a sphere ;
therefore this terra,

computed on the supposition that the earth is spherical, may be

substituted in [1921]. In a spherical surface,* fig. 46, the arcs

ZH X, ZIF, HIY, become great circles, forming the right

angled spherical triangle ZHI, the angle ZHI being a

right angle, [1896"] ;
and 'from [1345^^], we get,

cot IZH= cot. IH . sin. Z H, or

cot. ( F"
—

^, )
== cot. s . sin.

6^
= cot. s . cos.

-^^ j

hence tang. (J^— V.) = —^^. If we, for a moment, put^ '^
COS. 4/

'—=ze, it becomes tang. (F^
—

^"^
= 6; and by using [48, 45] Int., retaining terms

[1922d]

of the order e^, inclusively, we get,



III. V. §38.] PERPENDICULAR TO THE MERIDIAN. 397

Difference

hence we shall have, tudeTm-

dd'i

eluding a
term of
the order

« • -r^ ( *3.

There remains yet to be determined, the azimuth angle at the end of the

arc 5. For this purpose, we shall put a/, y',
for the values of the co-ordinates

X, y, referred to the celestial meridian corresponding to the end of the arc s ; [1923^

and it is then evident, that the cosine of the azimuth angle is equal to*

^

^
^

' ^^ ^® refer the co-ordinates x, y, to the plane of the celestial [1924]

meridian corresponding to the origin of the arc, its first side being supposed

perpendicular to the plane of the meridian [1896"], we shall have,t

F-F;=.-Je»=^-i.?^^=^-±*^-J.-4-=^-^.(-cos.=+,+l)'
COS. 4/ COS.34^ COS. 4/ COS.34^ COS.4, COS.34/

/ ' /

s ^ - sin.24 s ^ „ tanff.24= 7— isK -f'
= -— ^sK-^^. [1922e]

COS. 4/ COS.34^ COS. 4/ COS. 4,

The term of this expression depending on s^, is equal to P .s^ [1922c], to be added to

[1921], to obtain [1923], in conformity to the remark [1921
—

1922]. This expression of

V— Vj contains no term of the order s^, which is agreeable to what has been shown in
[1922/1

[1922a
—

6], where the terms of the order s^ are multiplied by a.

*
(1390) The sine of the angle, formed by the first point of the geodetical line, and the line

drawn parallel to the axis of y, is j [1897fZ], being the same as the cosine
[I926al

of the angle formed by the geodetical line and the plane of xz, as in [1897]. In like

manner, the cosine of the angle formed by the last point / of the same geodetical line,

fig. 45, page 386, and the plane of x'z, is ; this plane being that
[192661

corresponding to the celestial meridian of this point [1923']. Now the azimuth angle is that

formed by the geodetical line and the celestial meridian ; therefore the cosine of this azimuth

angle is equal to -^^—
-, as m [1924].

t (1391) The co-ordinates of the first point H of the geodetical line, fig. 45, page 386,

being represented by x,, y^, z^, we shall have, by [1897'], ~=0
; 7-'=0- Substituting

1, -non- n dx^ , dy^ , <^z,^ dv.^ dy [1926c3
these mtl89-c-cn, ^^+

A + _^^=1, „eget ^=1, or
^'=1,

asm [1925].
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[1925]

[1926]

[1928]

GEODETICAL CURVE. [Mec. Cel.

? = o;as ^ = 0;
as

^_1 .

ds~^'

dz d d z^

ds ds^

consequently, by retaining only the first power of s, we obtain/

dx ddXi
I~s ""^'~d?~'

Now we have,t

[1927] x' = x. cos. (V— V) -j-y. sin. (V— V) ;

therefore, V— V^ being of the order 5, as appears by what has been said

[1921], we shall get,t

d s
'

ds^

Now we have, [1851],

[1929] x= r . sin. & . cos.
(p ;

dx' _ ddx^ ^ r^. d^-5. _ -t{y ^<)' ds'

z = r . COS.

dx*
(1392) The expression of —

, corresponding to any point of the geodetical line,

may be considered as a function of the value of that quantity, at the commencement of the

curve, considered as given, and the variable quantity s. This may be developed according

to the powers of s, as in [607, 608] ;
and if we notice only the first power, we shall have

dx dx ddx ™
[1926rf] 3~ ^^ 7"^ "f" * • "rV' This, by means of the first equation [1925], becomes as in the first

r ^/^^T X 1- dz ^,/^^/-^ i ^V ^V, i ddlf
[1926e] equation [1926]. In hKe manner we get

—
[1926] j also T"= 3~ i

* •

~T~i'

f (1393) Changing the rectangular co-ordinates cc, y, into

x', y',
as in [586], or in the adjoined figure, which is similar to

that in Vol. I, page 351
; making I'.lso the angle of inclination of

[1926/"] the axes x, x', equal to V— V^ instead of 6 ; the first of

the equations [586] will become as in [1927]. Now V— F"^

being of the order s [1921], if we neglect s^, we may put, by

[43, 44] Int.,

[1926g] cos. (F— F;) = 1
; sin. (F— FJ = F— F, j

hence [1927] will become,

[1927a] x'= x-^{V—V,).y.

J (1394) In the equation [1927«], the co-ordinates x, y, x', are supposed to

[1928a] correspond to any point whatever of the geodetical line, and are therefore variable ; while
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and if we neglect quantities of the order a^; observing that
9^, -xx-j and

—
', are quantities of the order «

;
we shall find,*

ds

ddx ddu! . ^ ,
dd6 .

^ d(p!^

We then have,t

[1930]

[1931]

V, Vp correspond to the extremities of that curve, and are cotistant. Taking the

differential of this equation, and dividing by ds, we get —-=-^4- (V— Y\ .
—

.

as as as

Substituting ^ [1926], ^ [1926e], and neglecting the terra s.{V-^V).-^, [19286]

which, by [1921], is of the order s^, it becomes as in [1928].

*
(1395) The differential of x [1929] produces the first of the equations [1851a]. Its

differential being again taken, gives,

ddx= ddr . sin. 6 . cos. o -\-r . d d 6 . cos. 6 . cos. 9— r . sin. 6 . cos. (^
. d(^

-\-2dr .d& . COS. ^ . COS. 9— 2dr .d(^ . sin. 4 . sin. 9— 2r ,d(^ .d& . cos. 4 . sin. <p [1929a]

— r .dt^ . sin. 6 . cos. o— r . d d 9 . sin. 4 . sin. 9.

Dividing this by d s^, and putting the accents below r, 6, 9, a?, we shall obtain the value of

-—
5

which may be much simplified, by neglecting terms of the order a^. For by

[1904o], 9^, or sin. 9,, is of the order k; so that if we neglect a^, we may put

cos.9,= l. Moreover, -^'
[1910a],

—-'

[1905], and —^ [1912], are each of [19296]

the order a
;
hence the second member of [1929a] is reduced to its three first terms, namely,

ddx, ddr . ddd, . d^3

Substituting in this the second differentia] of [1850c], divided by ds% which gives

ddr, dduf 1.1 • r

-j-^
= a .

"T"^> we obtain tlie expression [1931]. [1929rf]

-j- (1396) vf is a function of r, 9, 4^, whose complete differential is.

The differential of this, being multiplied by j~, gives, putting for brevity w=f-^\
'— (^\ ,.j>_ ^^ «' \ [1931oT

"=U)' " =
{-4^
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'ddu'

r.r.^. '^^«/' /^ddu'\ d(p^ /"du'^X ddL "'V d^^ ; fdu'\

Moreover,*

[1933] <?5 =
r^.

sin.
(5^.df(p^ ;

rtnn-tfi ddvl C rfw) dv . did dp dio" d-l
,

ddr ddp .
,,

dd-l ")

[lydlo] a . = a. < — . . .
— -4- w . h w . h w . > .

Changing r, <p, 4', Stc, into r^, 9^, 4^^, &;c., we shall obtain the value of " • "TT'

corresponding to the first point of the curve. Of the six terms of which this expression is

composed, four are of the order a^, and may therefore be neglected ; namely, the first and

fourth, depending on a.dr, a. ddr, [lS50c] ; the fifth, depending on a.ddcp,

[1912]; and the third, which depends on
"•'T"'-

T^^* ^^'^ ^^^^^ ^^^^ is o^ ^^®

[1931rf] order a^, is easily proved from [1874/'], ^4'=— d6— a.d.(—j; which, by

neglecting a% gives a.—'==— ^'~r^i of the order a^ [1905]. Therefore the
(t S (t s

expression [1931J] is reduced to the second and sixth terms, depending on dw', v/'.

Now as w' is a function of r, (p, 4*? its complete differential d v/, is of the same form as

that of du' [1931a]; but we may neglect the terms multiplied by dr, d-^, because

they are of the order a [1931c], and produce in a .dv/, only terms of the order a^
; the

remaining term is dw'= (—j . dcp ; or, by substituting the value of w' [1931a'],

[1931e] dw'=(-—-).d(p.
\d<p^ /

Substituting this, and dd-\>=— dd&— Sec. [1931^], in the second and sixth terms of

[193161, we eet a .
——- = « .

( —7-7- ]'-r^— a.w'. --— . Puttmg the marks
'- J» a ^s2 y dp^ J ds^ ds^

°

below the letters u', 9, ^, he, so as to correspond to the first point of the curve, and using

ud' [1931a'], we shall get the first expression [1932]. As this is of the order a, we may,

[1931/] by neglecting a^, subsfitute —'= —
[1909], and

-%-^'
=

tang. 4^, [1908],

and we shall get the second expression [1932].

*
(1397) This is the same as [1900], marking the letters r, &, 9, to correspond with

the first point of the curve.
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therefore, by substituting for r
, ^,, j-',

-Wj their preceding values,

we shall have,*

ddx, ,^ ,. sin.^4'. , fdu',\ „ .

COS.4., (
'^ \i\) ° ^'

5
^

COS.
4.,

*
(1398) The first term of the second member of [1931] being of the order a, we may

put in it, sin. ^^= COS.
4/^ [1907], neglecting a^; and this term will become, by using [1932], [1934o]

ddu' . ,
a (ddu'\ f du'\ . .

a.--f . sm. d.= .
(
——^

J
— a •

( -7^ )
. sm. \ . [19346]

rfs2
'

cos.^f, \ dp^ J \ di J
^' * ^

The value of 6 [1907] gives, by using [60] Int.,

COS.
6^
= sin. 5 4-/+ a •

\~JT-) \
= ^in- 4'/+ « •

("^)
• ^^^- +/ ' [193ic]

Multiplying this by r^= 1 + aw/ [1907], we get, by neglecting always a^,

, ( ,
,

/
, /duf\ COS. 4, ) .

r, . cos. «,
=

i 1 + aM, 4-a.(—7). -; V . sm. 4^, ;' '

(
^ ' '

\diJ sin.4, 5
^' '

and multiplying this by the expression [1908],

-^'
=

^
1— 2 a<+ a .

(-^)
. tang. 4.,

|
. tang. 4.,, [1934d]

we find,

dd6, A ^ , / , fdu'\ , , /«?m/\ cos. 4.) .
,

r,'J-s^-^os.&=]^l-^au,^a.{-^yt^nz.^,
+ a.

(^— j
.
—
^ J

. sm.4., . tang..).,

=
(

1
_ a «/) .

sin.4.^
. tang. 4^,+ a .

[-^
\ . tang.24., . sin.

4-,+ a .

(-J^j
- sin. 4.,

,
. sin.24 /duj\ •

, , /du'\ . .

Using the values of —-^
[1907, 1909], we get successively,ds

df
r. . sm. e, .

dpji dz, If /rftt/N 7

'•d^=-rf7=~^^-r~-«"' + «-UTy'''"S.4>,|. [1934/]

Adding together the three equations [19346, e, /], the first member becomes equal to tlie

, _ ddx - _

~d^ [1931], and the second member becomes as in [1934], observing that the

last term of [1934J] is destroyed by the last terra of [1934e].

101



402 GEODETICAL CURVE, [Mec. Cel.

[1934] Now we have just found, bj neglecting the higher powers of 5,*

[1935] F-F; = -i-.
j l-a^+a/^rVtang.^ -" V"^ , ,

[1936] and -~=l ri926c] ;
therefore we have,t

as

MQQ-M ^^' /I '\ sin.24. fo:u'\ 21-1 /ddv!\ sin.24.
[1937] —-= 5.(1 aM ). r-+a5. --y" )

. taUg/v^,. Sin.4^, aS.i ——f- )
. ^.

We shall in like manner find, J

dz ^ /\ •
, fd'^'i\ * 21 ,1 fddu'\ sin.4>,

*
(1399) The expression [1935] is the same as [1923], neglecting s^, aP.

f (1400) Multiplying [1934] by s, and adding the product to [1935], we get the value

of ~=s.^+{V—Vy^ [1928,1936], as in [1937]; observing that the

[1935a] terms db
-j-

. < 1— a m/+ « •

(~rr)
• *^"S- "^i [ destroy each other

; and that the

coefficient of 5-p . ( ,

'

J
is — cos.^ 1, 4-1 = sin.^-vl, .

COS.34/ \ a?2 /
' '

[1936a] {(1401) The second differential of z=r.cos.Q [1851], is

[19366]
d d z =^ d dr . cos. &— 2 dr . d 6 . sin. 6— r . d d6 . sin. &— r .d 6^ . cos. 6.

Changing z, r, 6, into z,, r^, 6^, respectively, we shall get ddz^; multiplying this by

s d z—
,

we shall obtain the value of —
[1926], neglecting s^, a^,

uS (I S

dz ddr, , ^ dr. d6, . , ddd, . . d^J^

[19360] ^,
=

^--rf-^-^o^-^.-2^T,--^-«'"-^/-^^'-7^'«'°-^-^^/-^2-<^°s-V

d6
We may neglect the second and fourth terms of this expression, because —^

[1905], and

--
[1850c], are of the order a; therefore these two terms are of the order a^. In the

ds

[I936d]
first term we have, from [1850c], ddr,= a. dduj j

and as this term is of the order a,

[1936e]
we may put cos.

6,
= sin. 4., [1934c], and it will become a s .

—~
. sin. 4-,.

The
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and the cosine of the azimuth angle, at the end of the arc 5, will then

become,*

C /ddu;\ ^

.aang.+,.Jl-a<
+
„.(^^0.tang.+ -!W;j. [1939]

This cosine being very small, it may be taken for the complement of the

azimuth angle ; consequently this angle is

only remaining terra is the third,
—

sr^ .sin. 6^.-—^ ; but from [1909] we have,

r, . sin.
^,
= 5 1 + « m/— » .

(-^J
• tang. ^^ I . cos.

^1^, ;

J J A

multiplying this by — s '-fY [i934J], we get,

[1936eQ

sr^. sin. 5^.
-—=— s . (I

—
«m/) . cos.

-t^,
. tang. «/',

=— $ . (1
—

«w/) . sin.
4',. [1936/]

(t 8

Connecting this with the other term [1936e], we get the value of [1936c]

dz ddu—= cc s .7:
=

**-~7^-^'"-"^/~**(l"-*"/')-S'"-'^/- [I936g]

Substituting in this, the second expression of «. -
[1932], and putting, in one of the

terms, sin.
t^^
= cos.

-^p,
• tang, i^^, it becomes as in [1938].

*
(1402) If we put the second member of [1937] equal to A, we shall have, by

., r^r^r^r^-l ^^
/i

^Z ^ COS. 4-, , . ,

corapanng it with [1938J,
— = ^, 3~=— •^ •

~
5 hence we get successively, [1939a]

by using [1937],

i
J.

L = L42_p ^2 , -^—^ = -^—- .
(sin.2,|. -f cos.H/)*= ^—r [19396]ds \

'

sin.24^/ sin.4,
^ ^' ' ^''

sin.4,
' •*

CO8.34,

• ( , / . /<^<N .
a /ddu \ ) ,= 5 . tang. <l.. s 1— «n, 4- X .{

—^
) . tang, il . I 1 > .

The first member of this expression represents, in [1924], the cosine of the azimuth angle,

at the end of the geodetical line
;

and the last member agrees with its value [1939]. This

cosine being very small, it is nearly equal to the complement of the corresponding angle ;

therefore, by subtracting [1939] from 100°, we obtain the azimuth angle nearly, as in [1940].

[1939c]
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C fddu;\ )
du:\ . __ "'XJ^j >

For greater accuracy, we must add the part depending on y', which is

independent of «, and may be obtained upon the supposition that the earth

is spherical. This part is equal to*

[1941] i5^{^ + tang.HJ.tang.>^, ;

angle, at therefore the azimuth angle, at the end of the arc 5, is equal to
the termi- O ' ' Mthe termi
nation of
the geode-
tical line.

[1942] 100°-. .tang^,.
[
l-a<+ « .

(^')
.

x^u^.^,—-^^-y\ [l +tans.«^J
^

.

The radius of curvature of the geodeiical line, drawn at any angle with the

mdiSsof plane of the meridian, being put equal to R, we shall have [53],

expression
of the

upon any
surface. /7

R
[1943]

^•' —
^(^ddxf-i-{ddyf-{-{ddzf

'

[1943] ds being supposed constant. The equation [1849],

[1944] X^ + f -^ Z^ = 1 -{- 2 a u',

gives,t

[1945] xddx-\-yddy-\-zddz = — d^ -{-a . ddu'.

'^(1403) Using fig. 46, page 396, putting the azimuth aagle ZIH=A, and

A' =?=: 100° —v2
; then supposing the earth to be spherical ;

we shall have, in the spherical

triangle ZHI, cot.ZIH=sm.HI. cotZH [134531], or tang.^'= sin. 5. tang. i/.,.

Hence, from [48] Int., A'=
(sin.

s . tang. 4',)
— ^ -

(sin.
s . tang.-*/'^ Y+ ^c. Substituting

sin. s= s—^s^-\- he. [43] Int., we get ^'=5.tang.^,— ^5-3.{itang,%/.,+ tang.3,/.J-|-&,c.,
^ "^

and .^=1000— ^'=100°— *. tang. %/.,+ ^s3.(i -ftang.2,/.J. tang. -v^^ + Stc; in

which the part depending on s^ is as in [1941] ; adding this to the expression [1940], we

obtain the azimuth angle [1942].

t (1405) The first difl'erential of [1944], divided by 2, is

a.du'=xdx-\-ydy-\-zdz;

the second differential, using [1852"], gives

[1945a] u . ddu'== xd dx -\- yd)/ -\- zdz -\- dx^ -{- dy^ -\- dz^= xddx -\-y ddy -\- zddz -{- ds^,

as in [1945].
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If we add the square of this equation to the squares of the equations [1850],

we shall get, by neglecting terms of the order o?*

(a^ -{- 2/ + z") ,\(d dxf + (d dyf + (d d zf] = ds'— 2ud ^ . d du' ;

hence we deduce,

In the direction of the meridian, we have,\

ddu'

d^
'ddu'\

[1946]

Radius of
curvature
of the

gsodeticalDe,in any
direction.

[1947]

[1948]

*
(1406) If for brevity, we put

2xy . ddx .ddy=\xy], 2 xz . ddx .ddz=[xz'], 2yz . ddy.ddz=[i/z],

and then talce the squares of the equations [1850, 1945], and place them beneath each other,

always neglecting a^, we shall get,

f.{ddxf + xK{ddyf : -[^y] = 0,

z^.{ddxf : -]-c^.{ddzf—[xz'\ = 0,

: +^'''{ddyf+ f.{ddzf—\jyz]^0,

!^.{ddxf^f.{ddyf-\-z^.{ddzf-\-ixy-\Jri^z-\ +
\yz-]==:ds^,(^l^2a.^^y

Adding these four equations, we shall find that each of the quantities {d d x)^, {d d yY,

{d d z)^, in the first member of the sum, has the factor ar^ -\- 'i^ -^ z^, and the remaining

terms destroy each other
; therefore it becomes as in [1946]. Substituting in this, the value

of x^ -{- y^ -\-
z^= I -\- 2 a u', [1944], and dividing by

^-^^'^]'\idd''f+(ddyf+(d^^n

ds^

[ddxf-\-{ddyf-\-[ddzf

whose square root gives -R [1947]

- . ^ / I ^ ddu' -r^= 1 + 2 a M + 2 a .
——= 722
ds^

we get,

[1943],

[1946o]

[19466]

t (1407) The value of
«-"j-^ [19316], contains six terms ;

of which the first and

fourth, depending on dr, ddr, [1850c]; also the second and fifth, depending on d
(p, [1948a]

ddcp, [1887], are of the order a% and may be neglected. The sixth term, a . w" .
—-

,

ds^

is also of the order a^ ; for if we divide [1875] by the coefficient of d^, neglecting a^, we
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Radius of therefore,
curvature
in the

[1949] H^lJ^au' + a.''^^'''
direction
of tiie

meridian ;

d-^^

In the direction perpendicular to the meridian, we have, by ivhat precedes, [1932],

/dd u
« . I ^

/dd u

OL .

|)-».(^).tan,.,,;in the d S^ COS
direction
of the ^1 ju,

perpendi- consequentlv,
cular to X ,/

the me- • 7 7
ridian. /ddu

a.

[1951] i2= 1 +«<— «. ('4^y tang. 4>,+
'^"^^^

d^^J
' ^' ^' '

COS.24.,

[1952] If in the expression of V— V^ [1923], we put
— = 5'

;
it will take this

very simple form, corresponding to a sphere whose radius is R,\

[19485] shall get d-\>=ds A \— au'— a.f
j

> ; whose differential is of the order

d d'i'

oL.ds, ds being constant
;
hence a .

——-
is of the order a'^. The only remaining term

d s

1 T.I 1-1 • d,du' dw" ^4 du/' r^/^^r,7^ -ivT // i •

[1948c]
IS the third, which gives a.-—- == a.— .

— == a.— [19486]. Now w being
(t s as cb s '

(t s

considered as a function of r, 9, 4^, its differential d v/' may be put under the same form as

du' [1931a] ;
and since a . dr, a . dcp, [1948a], produce only terms of the order a^,

we need only retain the term depending on d-^ ; therefore,

[1948rf] dw''=(^-~yd^===(^-f^yd^ [1931a'].

.. . ^ _ ddu' /ddu'\ rf4 I'll •

Substituting this m [1948c], we get,
a . -^ = a .

(

"^-j^
)

• ^ J which, by putting as

above,
—= 1, becomes as in [1948]. Substituting this in [1947], we obtain [1949].
ds

*
(1408) Substituting [1950] in [1947], we get [1951] at the origin of the line.

+ (1409) If we divide -^— by the value of R [1951], neglecting a^, we find,

[1953a] ±.
1

=^.|l_„;+ ,.(^)..ang.+,-"-4lplR COS.4, COS.4, (
'

~
\d^/

° ^'
COS.24,, }
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Simple
forms of

„/ the differ-

^-^'=c-^/51-i^'^-t«°g-^+,l- [1953]

ence of

longitudes

The expression of the azimuth angle becomes, mui^of
the extre-

100°— s'. tang. 4-,
. {1
— i5'^ (1 + tang.H,)}- [1954]

mities of

We shall put x for the angle which the first side of the geodetical line forms udS;
with the corresponding plane of the celestial meridian, and we shall have,t [1954']

drawn per-

ddv!_/du'\ dd^ /dvf\ dd^ /ddu'\
di^

/ ddu' \
dp_ d^ /ddu\ d^ ^^9551

l[J'~\^)'lL^'^\^lf)'~d^'^\d^)'ds'i'^ '\dpd'{)' ds' ds~^\d-^)' ds"^'
^,^^^^

^

meridian.

the second member of which is equal to the four 6rst terms of the value of V— V, [1923] ;

substituting these, and s= s'.R [1952], we get successively,

_-, __. s s3.tanff.2J,, s' J23 . s'3 . tanff.2 4,^— ^/= ^ T o
,

=
T ^ r-^^ • [19536]'

it. COS. Y/ OCOS.4, COS. 4, OCOS. 4,

If we neglect terms of the order as^, we may put, in the last term, jR^=l [1951], and [1953c]

we shall obtain [1953].

(1410) Multiplying [1953a] by — sin.4^^, we shall obtain the value of — —
.tang.4'^R -'/J

or — «'.tang.4.^ [1952] ; and the four terras, of which this expression is composed, will be

found the same as the four first terms between the braces in [1942]. This last expression may
therefore be represented by 100°— s' . tang. 4'/+ i «^ • tang. 4'/

. {| + tang.^ 4-/1
• If we [1954a]

neglect as^, we may, as in [1953c, 1952], change s^, into 5^, and the expression will

become as in [1954].

f (1411) If we neglect a^, in [1947], we may, in the value of —
-^ [19315],

neglect terms of the order a, such as those depending on dr, ddr, [1850c]; and we [1955a]
shall have, by arranging the terms in a different order,

ddu' ddip dd-\- ,

dw' dp ,
dio" d-l

7^= ^--^ + ^-7^ + ^-^+^-^- tl9556]

In the expressions of dw', dw", similar to that of du' [1931a], we may, in like manner,

neglect d r, and we shall have, by using [1931a'],

"=C£)-'^^+(^)-''+=(^)-<'^+(l^).''+.

Substituting these, and w', ra", [1931a'], in [19556], we obtain [1955].
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But in the hypothesis that the earth is spherical, we have,*

Formulas
corre-

sponding
to a

spherical
surface.

[1956]

[Mec. Cel.

ds

sin. X

COS.v]^^

'

= cos. X

Therefore,

dd(Pf

ds^

2.sin.X .cos.X

COS. \',

tang. 4-,;

-^= — sm.^x.tang.4',.

[1955c]

[1955/]

rf rl 1/'

*
(1412) Since we neglect terms of the order a, in —-

[1955&] we may use, for

J 9, d-\j, ddcp, d d\^, their values corresponding to a sphere ;
in which a= 0, and

the radius = 1 = C Z, as in the annexed figure, which ^,-'-^^^'L

is similar to fig.
43. In this case, the geodetical line If/^,

is a great circle, as well as the arcs ZHH', ZIF, Zif;
and the infinitely small arc im is perpendicular to Im.

Then we have XH'= (p„ XF=cp, Ff=d<p,

ZH=&,, H'H=4.„ ZI=6, FI:=^, Im=d^,
HI=s, Ii= ds; angles ZHI:='k, ZIi= 'k'

',

and in the rectangular triangle li m, we have

Im= dip= ds .cos-X', im = d s .sm.X'.

But im = Ff .sin. Z1= dcp. COS. -pi hence

d (p
. cos. ip= ds . sin. X'. Dividing this by ds. cos. -p,

and the value of d-p hy ds, we obtain

[1956al

[19565]

d(fi sin. X' d4- = cos. X'.

[1956c]

[1956d]

ds COS. 4 ds

At the commencement If of the geodetical line, cp, 4-, X', become respectively (p^, -^n ^»

[1892, 1954'], and the preceding equations become like the values of —'

,

—
', [1956].

In the spherical triangle ZHI, we have sin. ZHI : sin. Z I:: sin. ZIH : sin.ZH;

or in symbols, sin. X : cos. ^P : : sin. X' : cos. 4", y
hence sin. X' . cos. %//

= sin. X . cos.
-p,

•

The quantities X, -p,,
in the second member, being constant, the differential of this equation,

d'k' d-l sin.4 sin. X' ^ ,.„ .
,

divided by ds. cos. X' . cos. ^^, gives
—= -^

. .
-—

tt • Now the differential
•^ ^ ° ds as cos.^f cos.X

of —
[1956aJ, divided by ds, gives successively, by substituting the preceding values

ds

of
rfX'

ds

rf4

Is'
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[1957]

fddu;\
sin.^X /^^<\ 2^.*

Radius of
curvature
of the

geodetical

line,in any
direction.

First

consequently the radius of curvature R, in the direction of the geodetical

line, is

Putting for brevity,

ddp dx' cos.X' ^4 sin.^.sin.X' rf4 sin.4 • sin. X' ^^^ sin.^.sin.X'

rf^a ds
'

COS. 4 rf«
'

COS.24 ds
'

cos.24
""" ds

'

cos.24

^4 sin. 4. sin. X' ^ rf4 . sin. X' „ ,, ,
sin. X'= 2 .

-^
.

-—— = 2. -^ . tang.^^ . = 2 . cos.X'. tang. -^ .

ds cos.24 rf«
° ^

cos. 4
°

COS. 4

_ sin. X' . cog. X'
,= 2 . . tang. 4^. [1956c]

cos. 4 •

Making the same clianges as in [19566], we get "tV' corresponding to the first point of

the curve, as in [1956]. Proceeding in the same manner with the differential of the second

of the equations [1956a], we get,

dd-^ dX' . ^, rf4 sin.4 sin.2X'
, sin.4 sin.2X' . o ,

-T-^
=—— . sin.X=— -—

. .
—=— cos. X . .

—=—
sin.^X'.tang.'*!' : [1956/]ds^ ds ds COS. 4 cos.X' cos.4 cos.X' ° ' l**'"^ j

which, by changing the symbols, as in [19566], gives the last of the equations [1956].

*
(1413) Changing in [1955] u', cp, ^^, into w/, 9,, ^,, to obtain its value corresponding

to the first point if of the curve, and then substituting the values [1956], we get, without any [1957a]

reduction, the formula [1957].

t (1414) Substituting in [1947] the value of -y-^ [1957], we obtain the expression

of R [1958]; then putting 2 . sin.X . cos. X == sin. 2X
; sin.^X= |— ^ .cos.2 X

;

cos.2 X = I -f-
1

. cos. 2 X
;

we shall find, that the terms independent of X, are [1958o]

represented by K [1959]; and the coefficients of sin.2X, cos. 2X, are respectively

^, B, [1959] ; so that the whole expression of R becomes as in [I960].
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r=l+„<-i„.ta„g.v(^,^)+^"4:?t-+i».(^');

General

expression
of the
radius of
curvature
of the

ddu'i

2 ^ "'
\d-\.J cos.24.^

' 2 \d:[.

we shall have,

[I960] R = K-\- A. sin. 2 x + ^ . cos. 2 x.

geodetical

thi°raer°
"^^^ observatwus of the azimuth angles, and the difference of the latitudes of

the"angie
^hc extremities of two geodetical lines ; the one measured in the direction of the

Second meridian, the. other in a directiofi perpendicular to the meridian; will give,

[I960'] by what precedes, the values of A, B, K. For the radius of curvature will

be given, by observation, in both these directions
;
and if we put R for the

radius in the direction of the meridian, and R' for that in the direction of

the perpendicular to the meridian, we shall have,*

j^_R+ R"

[1961]

B=:

2

R'—R"
2

and the value of A will be determined, either by the azimuth of the arc,

measured in the direction of the meridian, or by the difference of latitude of

[1961'] the extremities of the arc, measured in the direction perpendicular to the

meridian.f We shall thus have the radius of curvature of the geodetical

*
(1415) If the first side of the geodetical line be in the direction of the celestial

meridian, we shall have X==0 [1954'] ;
and /? [1960] becomes R= K -{- B ; but

if the first side of the geodetical line be perpendicular to the corresponding celestial meridian,

[1960a]
we shall have x=100o, and R [1960] becomes R"=K— B. The half sum, and

the half difference, of these values of R', R", give K, B, [1961].

f (1416) If we substitute the value of A [1959], in [1891a, 1915], we shall get, by

[1961o] changing s into e, 55=— ./2 s . tang. 4-, ; -y
—

4'/==
— *^*— i *^ • tang. 4'^ ;

-cj being

the azimuth, and 4'
—

4^/ the difference of latitude abovementioned. Either of these

being found by observation, and having also s, s, 4'y » we may thence determine the value of Ji-
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line, whose first side makes any angle whatever with the plane of the

meridian.

If we take 2 E such that A = B . tang. 2 E, we shall have,* [1962]
Third

R = K-]- x/:¥+W . COS. (2 X— 2 E). '"[i^j

The greatest radius of curvature corresponds to x = E ; therefore the [1963Q

corresponding geodetical line forms the angle E, with the plane of the

meridian. The least radius of curvature corresponds to x = 100° -\-E ; if [1963"]

this least radius be r, and the greatest radius /, we shall have,\"
Fourth
form.

R = r -\- (f
—

r) . cos.^ (X
— E) ; [1964]

X— E being the angle which the geodetical line corresponding to R, makes

with that corresponding to /.

We have before observed, [1848'"], that at each point of the surface of ^^^
the earth, we may suppose an osculatory ellipsoid to be formed, upon which ^^T^n

the degrees in every direction are sensibly the same as upon the earth, for a

*
(1417) The expression [19C2] gives

{A^-\-B^y= B.{l+ tang.2 2 E)*= ^^- [34'"] Int. [1962a]

Substituting the same value ofA [1962], in the two last terms of [I960], we get successively,

by using [34', 24] Int.,

A . sin. 2 X
-j-B . COS. 2 X= B . tang. 2E . sin. 2\-{-B. cos. 2 X

= {A^ + B^y . cos. (2 X_ 2 £). [19626]

Substituting this in [I960], we get [1963].

t(1418) Putting X=E, and R= r', in [1963], we get r'=K+ {A^ -{-B^f ;

then putting X=100°4-E, and R= r, we obtain r=K— {A^ -{- B^)K The
half sum, and the half difference of these values, give

K=i.{r'-\-r), {A^+ B^)i=:^.{r'—r), [1963a]

Substituting these in [1963], and using also | . cos. (2 X
— 2£)= cos.^(X E) ^,

[34] Int., we get successively, as in [1964],

i^= 4.(^'-l-r)+ i.(r'
—

r).cos.(2X
—2E)

= ^(r'+r) + (r'— r).cos.2(X— £)— |.(r'~r)=:r-|-(r'— r).cos.«(X
—

E).
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ofr°"
small distance about the point of contact. We shall express the radius of

'Al this ellipsoid by the function*
spheroid.

[1965] 1 _> a . sin.H .
5
1 + A . COS. 2 .

{(p + ^)] + [ah , COS. 2 . (?+ |3j] ;

[19636] *
(1419) The last term of [1965], a h . cos. 2 . (9+ (s),

is not in the original work.

Term The Bxpression of the radius given by the author being

[1964a] 1 — a . sin.^ ^.{l-\-h. cos. 2 . (9 + |3j| ;

by the
author. which is not sufficiently general, as evidently appears, by putting .vj^

= 0, or 4^= 100°.

For at the equator, where 4^
= 0, the radius becomes equal to 1, which corresponds

to an ellipsoid of revolution, and is not so general as might be assumed ;
and at the pole,

[1964a'] where 4'=100°j itbecomes 1— a .
{

1 -f-^- cos.2 .
(cp+ P)}> which is no^ com^an^, as

it ought to be
;

since it contains the variable quantity 9. The true value of this radius may
be investigated in the following manner

; being nearly the same as in a paper on this subject I

published in the fourth volume of the IMemoirs of the American Academy of Arts and Sciences.

The equation of the ellipsoid [1363] may be put under the form

[19646] cc^-\-y^+ z^= k^+{l— m).y^-}-{i—n).z^;

and by using r^, [18505], in the first member
;

also y, z, [1851], in the second member, it

becomes r^=P-|-(l — m) .r^ . sin.^^ . sin.^(p-j- (1
—

w) . r^ . cos.^ ^. Now 1— m,

1 — n, are of the order a [1849a
—

a'] ;
hence r differs from k by quantities of the same

nQ64 1
order, so that if we neglect a^, we may put, in the second member, r= k, d= 100°— ^/j

[1913], cos.^
-vj^
= 1 — sin.^ 4^ ? ^nd we shall get successively,

r= ^.{l + ^.(l— m). sin.2 6 . sin.^ 9 _{- -|
. (I
_

n) . cos.^ 6}

= ^.{1+^.(1— m).(l — sin.2sP).sin.29+ ^.(l— w).sin.2s^|

\\9Md] =^.{1+^.(1— m).sin.29—sin.2 4.. [| . (1
—

m) . sin.^ 9— ^ . (1
—

w)]|.

Substituting sin.^ 9= 2
—

2 • cos. 2 9, and putting for brevity i.(l — m) =— ah,

|.(1
—

m)
—

i.{\
—

w)= a, we get,

r= k.{l — ah -{-ah . cos. 29— sin.^4'. {a-\- ah .cos. 29)^;

[1964c] and if we put k=l-{-ah, itbecomes r=- l+ aA.cos.29— a. sin.^4'. (l-|-A.cos.29).

If we suppose the meridian ZCX, fig. 43, page 375, from which the angle 9 is counted,

to be moved backwards by an angle ^, and the meridian Z C Y to be moved also, by the

same quantity ;
it will change 9 into 9 -j- |3j and the value of r will become,

[1965o] r= 1 — a . sin.24. .
{ i+ A . cos. 2 . (9 + p)| + a A . COS. 2 . (9 -f ^),

which agrees with the corrected expression we have given in [1965]. This, when 4^
= 0,

becomes l-\-ah . cos. 2 . (9+ |3),
which varies in different parts of the equator ;

and

when 4/= 100°, it becomes 1 — a, which is constant; therefore this corrected

expression is not liable to the objection mentioned in [1964a'].
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the longitudes 9 being counted from a given meridian. The expression of

the terrestrial arc, measured in the direction of the meridian, will be, by [lees']

what precedes,*
Corrected

s=:s—— .{l + h. cos. 2 . (9-M3)} . {1 + 3 . 008.^4^
— 3 s . sin.^J ^^

meridian.

+ [as.h, cos. (2^ + 2/3)]. [1966]

*
(14.20) Putting the expressions of r [1850c, 1965a] equal to each other, then

rejecting 1, which occurs in both members, dividing by a, and writing for brevity

q=l-\-h. cos. 2 . (9+ |3),
we get, [19656]

u'=— sin.2 4; .
1
1 -{- A . cos. 2 .

(cp+ ^) } -f- ^ . cos. 2 . (9 + P) [1965c]

=— q. sin.2 4. + A . cos. 2 . (9 -{- ^). [1965rf]

The partial differentials of this last expression, relative to 4'j are

rdu'y

[1965c]

[1965/]

/du'\ ... . ,

( -77 )
=— 2q . sin. ^ . COS.

-^^
= — q . sm. 2 -^ ;

The differential of this value of
("tt)

relative to 9 gives, by using q [19656],

/ ddu'\ /dq\ .

In like manner the partial differentials of w' [1965c], relative to 9, give

\-^j
=2h. sin.84. . sin. 2 . (9 -f p)

—. 2 A . sin. 2 . (9+ 3)

= —
2A.cos.^4.sin.2.(9+ p) ; [1965g]

(ddu'

\

-j^j
=— 4 A . cos.2 4 . cos. 2 . (9+ p). [1965^j

Changing in these expressions the quantities 9, 4., u', q, into 9^, 4.,, m/, gr^, respectively, [1965i]

we shall get the values to be substituted in [1876], to obtain the following expression of s ;

using for reduction sin.^
4^/

== ^
— i • cos. 2 4-^

:

s= £ + a s . {— gr^
.
sin.24.^-1- A . COS. 2 .

(9, -|- ^)
— 2

gr,
. cos. 24.J

+ 1 a£2 . |_ ^^
. sin. 2

4.^+ 4^, . sin. 2 4.J

= s + as. {A .COS. 2 . (9^4-p)
— 1

gr^

—
^g-^ . cos. 2 4.J +f a82 .

gr^. sin.24<,

= £— ^as.^^.p+3. COS. 2
4.,
— 3 e . sin. 2 4.J + a s . A . cos. 2 .

(9,+ ^). [1965A]

Substituting q, [19656], it becomes as in [1966], the accents of q^, 9^, &c., being omitted [I965q
by the audior.

104
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If the measured arc be of considerable length, and the latitudes of some

intermediate points between the extremes have been observed, as in France
;

[1966'] we shall have, hy means of these measures, both the length of the radius

taken for unity, and the value of a .
{
1 + A . cos. 2 . (9 + /3)}.* We shall

then have by what precedes.

This function becomes more simple, by using the values of
%)>, 9, corresponding to the

[1965m] middle latitude between the extreme points of the arc s, as in [1875e
—

^], where the even

powers of s are avoided
;

and the same method may be used with advantage, in several of

the formulas of this article. For if we suppose generally the arc s to be a function of s,

which can be developed in a series of the form,

[1965w]
s= Ao-\-Ai.s~^A2.s^-{-A3.^-{-hc.',

in which Aq, Ai, Sic, are independent of s
;

we shall have, by putting successively

£=— ^s', s= |£', and representing the corresponding values of s, by 5^, s',

ri965n']

[19650] Hence s'—
s,
= 2. [Ay^ . {\ s') +.^3 • (i ^'f + ^c.\= A, . s' + i.^3 . s'3+ &c.

;
in

which no even powers of s' occur ; and this represents the value of s included between the

limits — I / and -f- 1 s'. Hence it is evident, that if we use the values of
•\', 9,

[1965jp] corresponding to the middle latitude of the arc 5, we may omit the term depending on s^, and

[1965Z;] will become s = s— \az . q .\l -\-'^ . cos. ^\>\ -\-(is .h . cos. 2 . (9 -{- (s).

We may observe, that the last term, as . A . cos. 2 . (9-}-^) [1966], is not in the

[1965g] original work. This term is produced by the term aA . cos. 2 . (9-|-p), which I have

introduced in [1965]. For the part of m' [1965c], depending on this term, is A.cos.2.(9-{-^) ;

which produces nothing in the terms [1965e], which are substituted in [1876], but affects the

term a s . w/, by the quantity as .h . cos. 2 . (9 -j- ^)'

[1966a]
*
(1421) Substituting q^z=l-\-h. cos. 2 .

(9,+ ^), or h . cos.2 . (9,+ ^)
= 9,-1,

[19656, {], in [J965A;], it becomes successively, by neglecting terms of the order a^, and

[19666] putting for brevity
— 1 -f 3 . cos. 2

4^^
— 3s. sin. 2

4-^
= 2 X,

s= s— las.
5-^. {1 + 3. COS. 2

4-^
— 3s. sin. 2 4'/| + « £ • (?/

—
1)

= s— ^as .q^.\
—

l-j-3cos.24'/
—

3s.sin.24'/f
— «£= s— «s— as .q^ .\

[1966c] =s.{l—a— aq^.X} = {l—a).s.\]-^aq^.-K].

In this equation, s is supposed to be expressed in parts of the radius, taken as unity ;
if this

s

[1966i]
radius be equal to a toises, and s be also given m toises, we must change s mto -

,
or

muhiply the preceding value of s by a, and we shall get,

[1966e]
5 = a.(l— a).s.{l

—
ay,.X}.
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Corrected
azimuth.

•5f =
[
— 2as .h . sin. 4- • tang. 4- • sin. 2 .

(<p + 13)].* [1967]

The observations of the azimuth angles, at the two extremities of the arc,

For any intermediate arc s', we may change s, s, X, into s, /, X', respectively, and we have

s'— a.{l
—

a).s'.\l
—

aq,.-k'\. [1966/]

Dividing this value of s', by that of s [1966e], neglecting a^, we get,

s'$_ = 14-a9,.(X— X'). [1966g-]s^

s s— s s

Hence «
9/
=

, .
,^ =a.{l -\-h. cos. 2 .

(9^ -j- P) ^ [1 966a] may be computed ; [1966A]

and then a.{]
—

a), from either of the equations [1966e, /]. In finding X, X', [19666],

we may, as in [1965?w], use the values of 4-? <Pj &^c., corresponding to the middle of the arcs

s, s', respectively, and neglect the term depending on s.

*
(1422) This equation, like [1965, 1966], is given differently by the author, the

original being

^ , tang 2 J.. (1+ cos 2
4.) .

zi==—2ah.s.—2—i-L-L :n
. sm. 2 . (9+ p) . [1967a]

COS. %L

This difference arises from the term ah . cos. 2 . (9+ (3),
introduced in [1965], as we

shall soon see. If we substitute the values [I965jg-, /] in [1891], we get,

,tf=—
"'•^^"|•^ .|—2A.sin.2.((p-|-p).cos.^^^.tang.4.+2A.sin.24..sin.2.((p+ (3)|

=— —
cos .L

'

^
— ^^' sin.2.((?+(3) .cos.-4.sin.4'+4^'Sin.-4.cos.4'.sin.2.((p-|-p)|

___ «£. ^"g-T ^2 A.sin.2.((p4-p).cos.-4. sin. 4^
COS.

4^
\T 1 t'/ T T

= —2as.h. sin.4' . tang. -4 . sin. 2 . (9+ p) ; [19676]

as in [1967]. The additional term A . cos. 2 .
(cp + p)j which I have introduced in

[1965c], produces nothing in the expression ( M [1891] ; but in the term (~\ ,

it produces — 2 A . sin. 2 . (<p+^). Substituting this in [1891], we get this additional term

in
xrf, namely, cos T '^^' ^'"' ^ • (^+ ^) > ^"^ ^7 subtracting it from the terms

computed in [19676], we get the value of vs, corresponding to the expression of the author,

7 tang,2^ , N C, I
sin. X. COS. 4- )"~ ^^ • ' •

"c-^ir^:

• ''"• 2 .
(<? + 13)

.

I
1 +

j;^^^^ J
; the quantity between the

[i967c]

braces being easily reduced to the form 1 4- cos.^ -4, by putting tang. 4-
= ^^°"^

.

COS* •%!/
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[1967] will thus give the value of ah . sin. 2 . (9 + /3). Lastly, the degree,

thl"de°ree
'^^^sured ill a direction perpendicular to the meridian, is equal to*

perpendi-

[1968] p _!_ JO ^ „^ p _|_^ ^ ^os^ 2 .
(9+ ©} . sin.^— [3° .ah. COS. 2 . (9 + (3)].

cular to

dian. Therefore the measure of this degree will give the value of «^.cos.2.(94-/3).t

Thus the osculatory ellipsoid vv^ill be determined by these different measures.

It will be necessary, for an arc of considerable length, to notice the square

*
(1423) The length J) of a degree, in a direction perpendicular to the meridian, is

found nearly, by multiplying the radius R [1951] by 1°. Hence, by neglecting the marks

below
<p,, 4'/j qn ^^ i"^ [1965m], we have,

[1968a]

and by substituting the values deduced from [1965c?, e, A], it becomes, by observing that

sin. •I'
• COS. 4^ • tang. 4^

= sin.^ 4*,

-D= l°.p— ag'.sin.24'-{-«^-cos.3.((p-{-l3)+2ag'.sin.4'.cos.4^.tang.-v]^
—

4aA.cos.2.((p-|-^)|

[19686] =lo.{l+a(7.sin.24.— 3aA.cos.2.((p-f p)|;

which, by means of [19656], becomes as in [1968]. The value given by the author, in the

original work, is

[1968c] D= 1°+ 1° . a .
f
1 4- A . cos. 2 .

((p+ ^)} . sin.^s). + 4° . a^ . tang.24. . cos. 2 . (9+^).

The difference of these two expressions arises from the term of u' [1965(?] represented by

h . COS. 2 .
((?+ |3),

mentioned in the last note. This produces, in (
j

,
the term

— 4 A . cos. 2 . (9 + (3) ; and in [1968a], the terms,

1°. a A . C0S.2 . (<p+(3) . 1 1 Vr 1
= 1° . « A . cos. 2 . ((p-fis) .

{
1— 4 . (l+tang.24.)}^

(. COS.24 )

[1968d] = 10 . a A . ^— 3— 4 . tang.2 4.|.cos.
2 . (r H f.)

Adding these to [1968c], we get [1968].

f (1424) Putting a A. cos. 2 . (9+ ^) =a?, [1968] will be of the form .^-{-Bx'y

[1968e] ^, -S, being functions of the latitude, &;c., from which, and aq, [1966A], x maybe

determined, when Jl, B, and the length of the degree are known ;
and we may combine a

number of such expressions together, for greater accuracy, as in the next section of this work.

[1968/]
From the results, obtained in [1966A, 1967', 1968'], we may get the values of a, a, h,

provided the observations be sufficiently accurate and diversified ;
hence the form of the

osculatory ellipsoid will be known.
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of s* in the value of w
; particularly if the azimuth angle does not vary in [1968"]

proportion to the measured arc, which is the case with the observations in

France ;
we must then add, to the preceding expression of the radius of the [1968'"]

ellipsoid, a term of the form ak. sin.^|^ . cos.^^ . sin. (9+ /S'),
to obtain the

most general expression of that radius.f

39. Next to the sphere, the ellipsoidal figure is the most simple ; and we

have already shown [1731'], that the earth and planets must have that form,

if we suppose, at their origin, they were in a fluid state, and that they have [1968""]

retained the same figure as they became solid. It is therefore natural to

compare the measured degrees of the meridian with this figure ;
but the

comparison of several observations has given, for the figure of the meridians,

very different ellipses, which vary so much from the observations, that they [1968'']

cannot be adopted. However, before we give up wholly the elliptical figure, Method of

finding the

we ought to determine that form of the ellipsis^ in which the greatest error of ^"i.P.h'^jJfu

the measured degrees, is less than in any other figure of this kind. We ^reatest^

. ..... error of a

must then examine whether this error is within the limits of the errors of
"^^^^^f

the observations. This may be done in the following manner.
minimum.

We shall put a^'\ a'^\ a®, &c., for the measured degrees of the meridians
;

^(1)^ ^(2)^ ^(3)^ ^P^^ £qj. lYie squares of the sines of the corresponding latitudes ;{ [1968"]

*
(1424a) Terras of this order are included by usiog the values of

-v}., <p, corresponding

to the middle of the arc, as in [1965w, &;c.].

f (1425) If we restrict ourselves to an osculatory ellipsoid, it will not be necessary to add

the term here mentioned, because the expression [1965] contains all the terms as far as the

order a, inclusively.

1(1426) Putting in [179 5<ri, c— ^ah.c=z, 3ah.c=y, p=M.^ we shall have, [1969a]

by neglecting a^, z -\- p y for the length of a degree ; /*= cos. 6 being nearly equal equatorial
length,

to the sine of the latitude [1795'"]. This agrees with [1969] ; therefore the length a of 'J^^f-j^

a degree may be put under the form, tothepoie,

a= z-\-py=:z-{-y. cos.^ 6= z-\-y.ii-^
= z + y. sin.^lat.

[19696]

square of

The length of a pendulum, in any latitude, is also expressed by the formula [1969J], f^^^^
latitude.

supposing z to be the length of the pendulum at the equator, and « +p its length at the
^gggjn

pole, as is evident from [1804, &;c.].

105
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Ke-°^ and we shall suppose, that in the required ellipsis, the degree of the meridian
ridian, or . iiiz-ii-/-
length of a is expressed by the followme; formula,
pendulum. i. J o '

[1969] , 2+py.

In this expression, terms of the order a^ are neglected ;
and as it is an object of curiosity

[1969c] to ascertain their effect, in the computation of a large arc of an elliptical meridian, we shall

give the following investigation.

The radius of curvature of an arc of the meridian, in the latitude %//, being represented by

[1969rf] 7?^, the polar semi-axis by h, the equatorial radius by ^= ^. ^(l-j-X^), we shall have

n969 1
^'^ value of jR^, as in [1585]. If we develop this formula, according to the powers of X^,

neglecting terms of the order X^, and reducing by means of [6, 8] Int., we shall get,

[1969/] /?,
= A; . (1 + X2) .

{
1 — I X2 . C0S.2 -^ + .y- X^ . cos.^^

Radiusof = ^ . (1
-L

x2) . n — f X2 . (1 + cos. 2 %/.) + if X^ . (3+ 4 . COS. 2 ^^+ cos. 4^1^)^
curvature. \i/«. ^ \i /im . , j

fo^ =A;.(1+X2).{(1— fX2+ |5X4)_(fX2_J|X4).C0S.2,/.+ ^fC0S.4^/^}

[1969g] =^.{(l+iX2— ^3^X4)
— (fx2_^3^X^).cos.2^+ i|X^cos.4./.}.

IVIultiplying this last expression by A 4', we get d s, or the differential of the arc of the

meridian s, corresponding to the increment of latitude d-^. The integral of this, supposing

it to commence at the equator, is

[1969/1] s=.k.{{l+ i\^— ^\X').-4^—{i\^
—

^\\'').sm.2^+ ^^-.\X\sm.4-4].

Arc of the From this we obtain the following expression of the arc s' of the meridian, comprised between
meriman. or ' l

form.
the latitudes ^^', ^.

[1969t] 5'=A;.Kl+i^'—F^X4).(,^'—^^)—(fX2—^X4).(sin.2^^'— sin.2^)+^'^^x4.(sin.4^/^'— sin.4^^)|.

We may put this under another form, by substituting k=7if.{'l-{-'k^)~^=I^f.{^
—

I ^^~l"l'^'*)>

and reducing, which gives,

[1969J] s'=l</4{l-i\^-{-i^X'').{^'—^)—{%X^--^\'').{sinM'—sm34^)+2^^^^^^

[1969/]
If we put k'= k . \/{l -{- X^)

= k . {1 -\- s),
s will express the ellipticity in parts of the

Second polar radius k, taken as unity, and we shall have X^= 2 s + s^. Substituting this in
forms of

tVtrt [1969^, h, i], we get, by reduction, neglecting s^,

[1969m] R^= k.{{l +^s-j-tVs^)— f s.cos.2^;' + 4f s^cos.4^1 ;

[1969»] 5= A; .
f (1 + ^ £ -f ^V^^) • ^— t s • sin. 2 ^^ + -tf

s^ . sm.4-41 ;

[19690] s'==k.{{\-]-^s-\-^^^s^).{^'—^)
— is.{sm,2^'—sm.2^)+ iis^{sm.H'—smA^)].

These will be varied a little, if we express the oblateness e' in parts of the equatorial radius.
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Putting x^^\ x^\ x^^\ Sic, for the errors of the observations, we shall have [1969^

k 1 ,
1 8 1 •

-

making -=l— s'= --—
;

or s'= I— ---= --—=
j ;

whence [1969p]° k l~r£ J- r' •'t' -4-1
i

-= i
-f 1 . If we neglect s^, we shall have, s=~— 1 = s'-j- s'^, k= lc.{\

—
^), [1969p']

Third

'ks = ]c^, kz^= li! ^^. Substituting these in [1969m, w, o], we get, thy^dius
and arc.

jR= A:'.{(l
— i^-f-^V^')

— t^- COS. 2^ + 11 £^.C03.44.|; [1969j]

s==T<!.\{l
—

k s'+ tV ^') . 4^
—

S s'. sin. 24.+ ^s'2. sin.4
.].} ; [1969r]

y=^.|(l— ^s'+ -j.Vs'2).(^'—4.)— 3£'.(sin.2vP'— sin.24.)+i|s^.(sin.44.'— sin.4sP)f. [19695]

If we put 4^
= 0, 4.'= J*, in / [1969o, 5], we shall obtain the quadrantal arc of the [I969f]

elliptical
meridian jS, namely, Swc'cf'

= ^'.i^.{l
— i^+tV^I- [196»»1

the meri-

If we put L equal to the latitude of the middle point of the measured arc, / equal to the
^'*"-

difference of the latitudes of the extreme points of the arc, we shall have 4*' =Z« -\-\h tl970o]

\/
= L— ^l ', hence,

sin. 2 4^'
= sin. {2L-\-l) = sin. 2 L . cos. I -\- cos. 2L . sin. I

;

sin. 24.^ sin. (2 JL—
I)
= sin. 2 L . cos. I— cos. 2 L . sin. Z ; [19706]

sin. 2 4-'
— sin. 2 4^

= 2 . cos. 2 i . sin. Z ;

and in like manner,

sin. 4 4^'
— sin. 4 4^

= 2 . cos. 4 L . sin. 2 /= 4 . cos. 4L . sin. I . cos. Z.

Substituting these in [1969t, k, 0, s], we get the four following expressions of the arc of the [1970c]

meridian s', whose middle latitude is L, and difference of latitudes Z. « r.u' ' Arc of the
meridian.

s'=A;.{(l-|-^x2— /jX4) .Z— (|X2— -3^X4^ . sin. Z . cos.2 jL+ ^X^ sin.Z . cos.Z . cos.4 if [i970rf]

=^.{(1— ix2 -I- If x4).Z— (1X2—^9^X4). sin. Z. COS. 2 L+i|-X4.sin.Z. cos. Z.cos.4L| [i970e]

=
k.{{l ~\- i s ^^ s^)

.1— ^ s . sin. Z . cos. 2 JL+ i| s^ . sin. Z . cos. Z . cos. 4 L] [1970/j

=:A/.{(i
— ^s'+tV^^)*^— f ^'* sin.Z. COS. 2Z«-(-i|^£^.sin. Z. cos.Z. cos. 4 L}. [1970g]

In the first term of each of these formulas, Z is expressed in parts of the radius, taken as form.

unity ;
but as it is usually given in degrees, we must change Z into -

, putting

p= ST"*, 2957795, or p= 63°, 66198, for the arc equal to the radius, according as we [1970fe]

shall use the sexagesimal or centesimal division. If Z be expressed in seconds, the

corresponding values of p are p
= 206265% or p= 636619", 8. Moreover, if we [1970;i']
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^g'^
the following equations, in which we shall suppose that p^^\ p^^\ p^^\ &c.,

[1969"] form an increasing progression,
form an

increasing
progres-
sion.

put e for the length of a degree, measured on the circumference of the equator, expressed

[1970ij in fathoms, metres, or any other linear measure, taken as unity, we shall have, by using the

Arc of the
^^^"^ °^ P Corresponding to a degree, k'=p.e. Hence the formulas [1970e,^] will become,

meridian.

[1970jfc] «'=e.f(l—^x2-f |3X4).Z— (fxs— ^9^x4).p.sinJ.cos.2L-f^Ap.x4.sini.cos.Z.cos.4L}

[1970Z] =e.{(l—i^-\-^\s'^).l.
— §s'.p.sm.l.cos.2L + i'^^''.p.s\n.l.cosJ.cos.4L}.

Fifth
form

[1970»il Using p as above, and putting for brevity M, JV . f-^, P . p-^, for the coefficients of

4-'
—

•j', sin. 24/'
—

sin.24j cos.44''
—

cos.44', in either of the formulas [1969i, ^, o,*] ;

'• ^^ or for the coefficients of I, cos. 2 £/, cos. 4i>, in either of the formulas [IQlOk.T],

meridian,
respectively, we shall get this general expression oi s

,
Sixth
form,

[1970o] s'—M . (4^'— 4) + JV.
(sin.

2 -4'— sin.2 -4) -f P .
(sin. 4 4-'

— sin. 44)

[1970o'] = jjf . (4'_-4) -f JV. COS. 2L + P. cos. 4 L.

M, JV, P, are expressed in terms of the semi-axis of the earth and its ellipticity, and we

[1970p] easily find by inspection that P=^^^ .
—

, neglecting terms of the orders X^ s^ and

P s^. The first of these forms is similar to that used by Mr. Airy, in the Philosophical

Transactions for 1826, page 570
; although he does not restrict himself to the consideration of

an elliptical meridian, but supposes it to vary from that form, in terms of the second order of

[I97O5] the ellipticity ;
and by this means P became independent of M, JV, and his system of

equations contains three unknown quantities J\I, JV, P, to be determined by using the

principle of the least squares. The quantity P being very small, we may, in [1970o, 0'],

compute its value, by using any ellipticity which does not differ much from that resulting

from the same observations
5

and then connecting this term with the quantity s', making

[1970r] s^=s'
—

P.(sin.44'
—

sin.44')5 we shall get s^
=

Jlf.(4'
—

4')+'^«(sin.24''
—

sin.24)j

depending on two unknown quantities JIf, JV*, as in the method used by La Place [1970].

Instead of this method, we may put, in [1970^], x2= y|^-|-X', or in [1970?],

[19705]
^'= Fo^TT -|~ ^'j sJ^d neglect the square and higher powers of X', or s"

; by this means the

system of equations [ 1 910k, Z] would depend on the two unknown quantities e, X', or e, s',

only. This method is given by IVIr. Ivory, in the Philosophical JVIagazine, London, 1 828,

page 345, using the formulas [1969^, 1970/].

After we have obtained the values of J\I, JV, we may easily deduce the ellipticity.
For if

EUipti-
we compare [19695, 1970o], using the value of p [1970A, A'], we shall get.

city.

[1970i] Jtf= A/.(l
— Js'+3Vs"); JV=— ipk'.s'; P=^fpZ/.£'2;

[1970</)
hence —.|p.

— ==
l-jjUI—^-^:^, nearly, or -=—fp.—+ |
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^(1) z »^'^ . V = a:^'\ Systemofr J '
equations
for the

a(2) ^__ 9- ^(2) ni -7.(2) determina-

ellipticity.

a(3)_2_p(3).y = a;(3)^ (^)
[1970]

n being the number of the measured degrees.

We must eliminate from these equations, the two unknown quantities z

and y, and we shall have n— 2 equations of condition, between the n

errors x^'\ x^^\ a;^"^. We must then determine the system of [1970']

equations, in which the greatest error, neglecting its sign, is less than in any

other system.

We shall suppose, in the first place, that there is but one equation of ^^^^^^

condition between these errors, which we may represent in the following ^reateLt^
error is a

manner, minimum.

a = m x'^^'> -{- n x^^^ -\-p x^^^ + &c. ; [I97i]

a being positive. We shall have the system of values of x^^\ x^, &c.,

which gives the least value to the greatest error
; by supposing them, [1971^

independent of their signs, to be equal to each other, and to the quotient of

a divided by the sum of the coefficients m, n, p, &c., taken positively ;t [1971"]

use the value of p [1970A'], corresponding to sexagesimal seconds, this will become,
j,,j.

1 Ml M ^'
-=— 154699 • ^ + *, whence -=— 154699 • ^— i • [1970u]

If we compare the values of JV, P, [1970<], we shall have, for the case of an elliptical

meridian, P=— tf ^ • •'^j or P=—
y^^

s . JV, nearly. [1970»]

*
(1427) If a represent the length of a degree, and there be no error in the elliptical

hypothesis, or in the observations, we shall have a=^z-\-py [1969], or a—z—py=0. [i970w;]

If there be an error, producing, in the terms of the first member of this last equation, the

quantity x, we shall have a— z—py= Xj which is of the same form as the

equations [1970].

f (1428) If all the quantities m, n, p, kc, [1971], were positive, as well as a, it is

evident that the least possible values of the errors a?^^\ a;(^> aP, would be found, by

dividing a, by the sum of the coefficients m-\-n -{-p -\- &c., so that

106
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[1971'"] each quantity having the same sign as the coefficient of that quantity in the

proposed equation.

If we have two equations of condition hetiveen these errors, the system which

[1971""] will give the least possible value to the greatest of these errors, will he such,

that by neglecting the signs, all these errors will be equal to each other, excepting

one, which will be less than the others, or at least will not exceed them.

Supposing therefore that this error is x''^\ we may determine it, in a function

[1971V] of ^(2)^ ^(3)^ ^^^^ jjy means of one of the proposed equations of condition
;

then by substituting this value of x'-^^ in the other equation of condition, we
shall obtain another equation between x^^\ x^^\ &c.

;
which will be of

the form,

[1972] a = mx^^^-{-nx(^^ + &Lc.

a being positive,* we shall have as above [1971"], the values of .(2) ^(3)
J

[1979'] &,c., by dividing a, by the sum of the coefficients m,n, &c., taken positively,

[1971o] 3,(1)^ ^(2) ^^U)^
-{-n~\-p-{-hc.

This value of the least error, is less when all the quantities m, n, p, &;c., have the positive

sign, than it is when any one, or more of them, are negative ; because the denominator of

this expression is decreased by using these negative values. We may however, in all cases,

consider the quantities m, n, p, he, as positive, by changing the sign of the error of the

[19716] corresponding term. Thus if the second term of [1971] were of the form — nx^^\ we

might change the sign of a®^, putting instead of it — x'^^\ and then — na;^^^= na/^^',

might be substituted in [1971, &;c.], and n considered positive, as in [1971"].

*
(1429) To explain this by a simple case, we shall suppose the two equations of

condition to be,

[1972a] a = m'x^^^+ w'a;^^) ^ ^'^(3) _|_ ^/^(4)
.

«//= ^"^(D _|_ n"x^s) _|_ f^^^) _|_ ^'^^^ .
•

Multiplying the first by m', and the second by
—

m', and adding the products, the sum

[19726] will be free from x'^^
,

as in [1972], a == m x^^^ -\- n x^^'> -{- p x'^'^^
;

and the least value of

x^^\ x^^\ x^'^^ independent of the signs, will be found, as in [1971"], by dividing a, by the

[1972c]
sum M= m-{-n-{- p, taken positively. If these values, when substituted in [1972o],

give for x'^^\ a quantity which is less than this computed value of x^^^, x^^\ x^'^\ neglecting

the signs, the system of values will be those required. For if it be not, suppose that there is

another system, in which the greatest value of every one of the terms x^^\ x^^\ &lc., is less

\m2d] than
^,

so that
^^^^<^, ^^'^<^' ^''^<:^' '^'''<:^- ^"^^'^'^
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and giving successively to the quotients the signs of m, n, &c. These

values, being substituted in the expression of x^'\ in terms of xP^^ x^^\ &c.,

will give the value of x^'^ ;
and if this value, neglecting its sign, do not [1972"]

exceed that of x'''\ this system of values will be that which we must adopt ;

but if it be greater, then the supposition that a;^'^ is the least error is not

correct, and we must make successively the same supposition for a:^^^, x^^\ [1972'"]

&c., until we shall obtain a quantity which satisfies the conditions.

If we have three equations of condition, between these errors, the system

which will give the least possible value to the greatest error, will be such, [1972""]

that if we neglect the signs, all the errors will be equal excepting two, which

will be less than the others. Therefore, by supposing x^^\ x^^\ to be these

two errors, we may eliminate them from the third of the equations of [1972^]

condition, by means of the other two, and we shall have an equation of

condition between the errors xP\ x^'^\ &c. ; which we shall represent in

the following manner,

a = m x^^^ + n x^^^ + &c., [1973]

a being positive. We shall obtain the values of x'^^\ a^*\ &c., by dividing

a by the sum of the coefficients m, «, &c., taken positively, and giving [1973^

successively to the quotients the signs of m, n, &c. These values, being
substituted in the expressions of x^^^ and x^^\ in terms of x'-^^ x^'^\ &c.,

will give the values of x^^\ x^^^
;

and if these last values, neglecting their

signs, do not exceed x^^\ we shall have the system of errors which must be [1973"]

adopted. But if one of these values exceed x'-^, the supposition that x^^^ and

x^^^ are the least errors, is not correct, and we must make the same

supposition, upon another combination of the errors, x''^\ x^^\ xP\ &c., taken

two by two
;

until we shall obtain a combination, in which this supposition
is correct. It is easy to extend this method to the case, where we shall 11973"']

have four, or a greater number of equations of condition, between the errors

the three last expressions by m, «, p, respectively, and adding the products, we get,

m aP -\- n aP'> -\-p af^'^ <:,
—

. [m -\- n -\- p). [1972c]

Substituting [1 9726, c], we get, a<^~.M, or a<^a, which is absurd
',

therefore

we cannot put ^^<1^' ^C'» [1972(^1.
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x^^\ x^^\ x^^\ &c. These errors being thus known, it will be easy to deduce

from them the values of z and ?/.*

The method, which we have explained, applies to all questions of the

same kind. Thus by having n observations of a comet, we may, by this

[1973""] means, determine the parabolic orbit, in which the greatest error, neglecting

its sign, is less than in any other orbit of that kind
;

and we may thereby

ascertain, whether the parabolic hypothesis can satisfy these observations.

[1973''] When the number of observations is considerable, this method leads to

long and tedious calculations, and we may, in the problem now under

^^ consideration, easily obtain the required system of errors, by the following

rBn. method.of finding
when the

greatest
error is a
minimum.

Neglecting the signs, we shall suppose that x^^ is the greatest of the

errors a;^'\ x^^\ &c. We shall observe, in the first place, that there must

[l973vi]
be another equal error, x^''^, of a contrary sign to x^'^

; otherwise, by an

appropriate change in the equation [1970],

[1974]
«®— z—

jp^')
. y = x^^,

[1974']
we could diminish the error x^^, and still retain the property of its being the

extreme error ;t which is contrary to the hypothesis. We shall then

[1973a]
*
(1430) Substituting the values of the errors, a?^^^ x^^\ he, in [1970], we shall

have several linear equations in z, y, any two of which will give the values of z, y, by the

usual rules.

[1974a] t (1431) If we vary z, y, by very small quantities, so that they may become z-\-Sz,

y -{- Sy, and put a//'^ for the corresponding value of x^'^, we shall get, by successive

reductions, from [1974],

[19746] ^^^
= «^'^— ^—

p^'^ -y
— ^ ^—

P^'^
' ^Vi or

^/^'^
= ^^'^— ^ ^— p^^ '^yj

and if — 6z, — Sy, be infinitely small, and of a different sign from x^'^, the value a:® will

evidently be less than x^'\ neglecting their signs. In like manner, any one of the errors x^^^
,

x'-^^ Sic, which has the same sign as xf''\ will be decreased by means of the quantities Sz,

8y. But if any one, as a;^*'\ has a different sign from x^''^, the quantities
— Sz, —

p^'^-^y,

must by hypothesis be of the same sign as a;^''\ and the quantity

[1974c] a:'/''^
= «^''^— ^z— p^''\

S
y,

will be greater than a;^*'^, neglecting the signs. Therefore if the values z, y, be so assumed

as to make the extreme errors a?^'^
, a;^''^, equal to each other, and of different signs, it will

be useless to attempt to decrease this maximum error, by varying z, y j for the variations
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observe that a;^*^ and a^*'^ being the two extreme errors, the one positive, the [1974"]

other negative, and of equal values, as we have just seen
;

there must also

be a third error x^^"\ which by neglecting its sign is equal to x'-^. For if

we subtract the equation corresponding to x^'^ [1974], from the equation [1974'"]

corresponding to x^''^ [1970], we shall have,

«(»')— a®—
{ p'-''^

—
/'^ }

•
2/
= ^^''^— ^^^' [i^^^l

The second member of this equation, neglecting its sign, is the sum of the

extreme errors
;
and it is evident, that by varying y, we may diminish that [1975]

sum, and still retain the property of its being the greatest of the sums that

can be obtained by the addition, or subtraction, of the errors x^^\ x^^\ &c.,

taken two by two ;
unless there be a third error x'-^"\ equal to x^'\ neglecting [1975"]

the signs.* Now the sum of the extreme errors being diminished, and these

Sz, Sy, which decrease x^^
,

will increase x^^'^. Hence we may conclude, that when we

have obtained the values of z, y, which make the greatest term x^^^ of the quantities x^^\

aP\ he, independent of its sign, a minimum, there will also be another of these quantities

x^''\ equal to a;^'^
,

but of a different sign ; so that we shall have x^'^ -j- x'^''^= 0. [1974^]

*
(1432) z and y being supposed, as in [1974a], to change into z-\-5z, y-j-^y,

die values of cc^'^, a?^*'*, x^^"\ [19746, c, Stc], will become respectively,

x}^=x^'^
— 8z^p^'\Sy; xP= x^''^—8z— p^''KSy', a?/»"''=a;^*"''— 3z— ^^'''''.^y. [I975a]

These values of
a?/'^, ir/''\ being substituted for af"^, x^''\ in the second member of [1975],

it becomes x^^'^— a;<') -j- (p^'^
—

p'^''^)
. 5 y ; so that, by giving an appropriate sign to 6y,

we may decrease the numerical value of the second member of [1975]. Now this second [19756]

member, independent of its sign, is the sum of the two maxima errors xf^, x^^'\ since tliey have

different signs [1974"]. Moreover, we may use the quantity Szj for the purpose of making

x}^ equal to x}''\ independent of its sign, or x,^^-\- x^^'">
= 0. For by adding the two [1975e]

first of the equations [1975a], and substituting the equations [1974rf, 1975c], upon which

the equality of these errors depends, we get =— 26z— (p^'^+JP^''') -^y, or

^z= — 2 • (/^^*^+P^' ')
• ^y- Hence 6y being assumed as in [19756], we get the

corresponding value of S z, which will satisfy the equation [1975c], making a?/'^ equal to

xy\ but of a different sign ; the numerical value being less than that of x^'\ a?^''^
; and it is [1975(f]

evident that
a;/'^, a?/''>,

will be the extreme values of the errors x^^\ a?^^)
^ ^o)^ ^^^^

unless another of the errors, as x^'"\ independent of the signs, be equal to aP or x^''\ We
may continue this process of reducing the numerical values of

a?/'^, a?/»'>,
until one of the

other errors, as x}'"\ becomes equal to these last found values x^^, a;/''^, neglecting the signs.
If we increase the numerical values of 8z, 6y, beyond this, the numerical value of

a;/'"> may
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errors made equal, by means of the value of z, each of these errors will be

[1975'"] diminished, which is contrary to the hypothesis. Therefore there are three

errors, x^^
, x^''\ x^'"\ which, by neglecting the signs, are equal to each

[1975""] other
;

and of these, there is one which has a different sign from the

other two.

Supposing this last to be 3fi'\ then the number i' will fall between the

two numbers i and i'. To prove this, let us suppose it not to be so, and

[1975V] that i' is either less or greater than i and i!'. Subtracting the equation

corresponding to i', successively from the two equations corresponding to i

and i" [1970], we shall have,

«w -^ a(«') __ y^)— p(^')}
. y = a:«— a;(^'>

;

[1976]

The second niembers of these equations are equal, and of the same sign ;

and by neglecting the signs, they are also the sums of the extreme errors.

[1976'] Now it is evident, that by varying the value of y, we may diminish each of

these sums, since the coefficient of y has the same sign in the two first

members ;* and we may also, by varying z^ retain the same value for a;^''\

[1976"] Then a;^'\ x^^"\ neglecting their signs, will become less than x^^'^, which will

become the greatest of the errors, without having any one equal to it ;t and

in this case, as we have just seen, we may diminish the extreme error,t

[1975e] exceed that of «/'^, a?/''\
and these last values will cease to be the maxima, which is contrary

to the hypothesis. Hence there are three errors, x^^
, x^^'\ x'*"\ which are numerically

equal, but one has a different sign from the other two.

*
(1433) It is supposed, in [1975^], that i' is either greater than i, %', or less than i, i";

and by [1969"], the quantities p^^^ y'^\ Stc, are arranged according to the values of i',

"•'
therefore p^''^

must be either greater than p®, p^'"\ or less than both these quantities; aiid

in both cases, p^^^
—

jo*^''^ p^'"^
—

p^''^ must have the same sign.

f (1434) This will be evident, by proceeding as in [1975c—e] j whence we shall find

[19766]
that the same values of z, y, which decrease x^''^, x^'"\ will also generally decrease the

terms of the series a^'>, x^^\ he, that are less than a?®, x^'"\ but have the

same sign.

I (1435) If we have three extreme errors, a;®, x'^''\ x'^'"\ of which x^''\ independent

[1976c]
of its sign, exceeds the other two, and has a different sign from it ; we may, by appropriate

changes in z and y, decrease the numerical value of this quantity, as in [1974', Sic.].
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which is contrary to the hypothesis. Therefore the number i must fall [1976'"]

between the numbers i and i".

We shall now determine which of the errors x^'\ af^\ x'^^\ &c., are the

extreme errors. For this purpose, we must subtract the first of the
[1976""]

equations [1970], successively from the others, and we shall obtain this

system of equations,

^(3) _ ^(1) __
(^p(3)

__
p(l))

. y ^ a;(3) __ a;(l) ; (^B) [1977]

. a(4) _ o(i) __ (p(4)
__

p(i)j
.

2,
= a;(4) — a;(^) ;

&c.

Supposing y to be infinite, the first members of these equations will be

negative ;* hence the value of x^'^^ will be greater than x'^^, x^^, x^'^\ [1977^

&c. ;
and by continually decreasing y, we shall finally obtain a value, that

will render one of the first members positive ; which will become nothing,

before it is positive. To find which of these members first becomes nothing,

we shall compute the quantities,

p(2) pUf
'

p(3) p(l)

»

pU)__~^
' [1978]

We shall put ^^^^ for the greatest of these quantities, and shall suppose

that it is,

aSr) „(])
/3(^) = -^5 — . [1979]

If there be several values equal to ^^^\ we shall consider that corresponding

[1977a]

*
(1436) p^^\ p^^\ p^^\ &c., are the squares of the sines of the latitudes [ 1968'^],

arranged according to the »»a^nt<w<?e5 of those quantities [1969"], so that p^^\ p^^\ &c.,

form an increasing progression, therefore the quantities p'^^^
—

p^^\ p^^^
—

p^^\ &c.,

must be positive ; and by putting y positive and equal to infinity, the first members of [1977] [19776]

will become negative ; consequently the second members of those equations must also become

negative ;
and then x^^^

, noticing the signs, must be greater than oP^
,

af^^ , &c.
; observing

that in the remaining part of this article, as far as [1995], the signs are taken into [1977c]

consideration, in estimating the relative values of quantities, so that if x^^^= 2, and

aj^^^=— 4, we should say that a;^^^ is greater than af^\ because 2^— 4.

X
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[1979']
to the highest value of r as the greatest.* Substituting |3(^) for y, in the

r— 1 equation [1977], a;^*"^ will become equal to a:^^^, 2ivA\i^ decreasing

y, x^""^ will exceed x^^\ and the first member of this equation will then

become positive. If we decrease y, this member will increase more rapidly

[1979"] than the first members of the equations which precede it ;t and since it

became nothing when the preceding equations were negative, it is evident

that in the successive diminutions of y, it will always exceed them
; which

[1979'"] proves that a;^*"^ will always exceed x^^\ x^'^\ x^^\ x^'^~^\ when y
is less than /S^^^.

The first members of the equations [1977], which follow that which is

numbered r— 1
,

will at first be negative ;
and as long as that takes

place, a;^''+^^ x^'^^\ &c., will be less than x^^^, and therefore less than

[1979""] a;^% which becomes the greatest of all the errors a;^^^ x^'^\ a;^"^, when y

begins to be less than |3(^) ;
but by continually decreasing y, we may obtain

such a value of this variable quantity, that some one of the errors a;^'^^

a;('-+2)^ &c., will begin to exceed a;^'"^

To determine this value of y, we shall subtract the equation, numbered r

in [1970], from the equations numbered r-f 1, ^+2, &c., and we shall obtain,

fjC'+l)_ a^r)_
J ^(r+1) _pir) j

, y = x^r+1)_ ^(r)
.

t^^^^3
air-h^)_ ftC-)

__
J p(r+^)

__
p(r) ].y = x^-+^^— x^""^ ;

&:c.

*
(1437) The reason for assuming the greatest value of r, is that a?^*"^ will really become

[1977rf] the greatest, if we continue to decrease y, putting for example ^^^^
— S ^ for y, S^ being

positive [1979']. Thus if we suppose the two quantities ^^^^
—

^jj, -jp^ ^j ,
to

[1977e] be equal to ^^^\ we must assume the last of these expressions, which has the greatest

exponent r, as the value of ^'-^K If we now substitute y= ^^^\ in the two equations

[1977], which contain a^'^'\ a^''^, the first members will become nothing. Therefore if

we put y = fi^^^
— S ^, S^ being positive, these two equations will become respectively,

(p(r-t)_p(i)) .8^= x'^'-'^— x^^\ {p^'-^ —P^^^) 'S^= a?^'^— «^'^ • The difference of

[1977/']
these two equations is

{p'-''^
—

p^'—*)).«5p
= a?^'">

—
x'-'-^ in which ^pW

—
pir-t) [i9G9"],

and 5j3, are both positive, therefore the first member of this equation is positive, consequently

f (1438) This is evident, because the coefficient p^*")
—

p^^\ by which y is multiplied,

[1980a] in that equation, exceeds /^^
—

p^^\ pi3)—pW^ p(4)_p(n p(r-i)_^p{i)^ [I977fl, &:c.],

which are the coefficients of y in the equations that precede it.
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We shall then compute the quantities,

&C. [1981]

We shall put jS^^^ for the greatest of these quantities, which we shall suppose

to be —-
TV . If several of these quantities be equal to ^^^\ we shall [1982]

take / for the greatest of the numbers to which they correspond.* This

being supposed, o;^''^ will be the greatest of the errors a:^'\ x^^\ a;^"\ as [1982^

long as y is included between |3^^^ and ^^^^ ; but when we have decreased y,

till it becomes equal to ^^^\ x'-''"' will begin to exceed x^''\ and will become

the greatest of the errors.

To determine within what limits this takes place, we shall compute the

quantities,

p(r'+l) p(r')

»

p(r'+2) „(r')
' &C. [1983]

Let the greatest of these quantities be ^^^\ which we shall suppose to be

-^^7^
—

. If several of these quantities be equal to ^^^\ we shall suppose i [1984]
p p

r" to be the greatest of the numbers to which they correspond ;
a:^'') will

be the greatest of the errors, from y^^'-^^ to y= ^^^K When y=^^^\ [1984^

then a;^'"
"^

begins to be the greatest error. Proceeding in this way, we
shall form the two series.

Series of
maxima

x^'\ x^'\ x^^'\ x^'"\ a;W; (C) rK'.^ *
first

method.

CO, |3(^ ^(% ^(% ^«?), —CO.
[1985]

The first indicates the errors x^^\ x^''\ x^'''\ x^''"\ &c., which become

successively the greatest ; the second series, composed of decreasing [1985']

quantities, indicates the limits of y, between which these errors are the

greatest; thus a;^'^ is the greatest error, from y = co to yz=^^^^; ar^*"^ is

the greatest error, from y = |3^^) to y=i^'^^^\ a;^""'^ is the greatest error, [I985'q

from, y = fS^^) to y = ^^^^ ; and so on.

*
(1439) This is done upon the same principles as were used, relative to r and

[I98la]

3^^\ [1977d—/].
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We shall now resume the equations [1977], and shall suppose y to be

[1985'"] negative and infinite. The first members of these equations will be

positive ;* 3^^^ will then be the least of the errors x^^\ x^^\ &c.
; and by

[1985""] continually increasing y, some of these members will become negative, and

then x'-^^ will cease to be the least of the errors. If we apply here the same

method which was used in the case of the greatest errors, putting x^'^ for the

[1985^] least of the quantities^

a<-^) a^n

[1986'] supposing that quantity to be ~^ ^ ,
s being the greatest of the

P P

numbers which correspond to >.^^\ when there are several quantities equal

to x^')
; we shall find that x^^^ will be the least of the errors, from y=— oo

[1986"]
to y = >S^Kf In like manner we shall put x^^) for the least of the

quantities,

[1987'] supposing that quantity to be
—^^ —, s' being the greatest of the

numbers which correspond to x^^), when there are several quantities equal

[1987"]
to x(^>

; then x'-^'' will be the least of the errors, from y= x^') to y= x<^>;

and in like manner for others. We shall, in this way, form the two

series,

*
(1440) This is proved as in [1977a—c], the quantities p^^)

—
p^^\ p^^^

—
p^^\

[1985a] p'-'^^
—

p^^^ &c., being positive, [1977i], and y=— oo, the first members of [1977]

must be positive and infinite.

f (1441) The calculations in [1985'"
—

1989], are exactly similar to those made in

[19856] [1977'— 1985], changing r into s, ^ into X, and —S^ into ^X, and retaining

the same accents on the letters ;
different signs being given to these two last expressions,

because y decreases in [1979'], and increases in [1985""], making SX positive. By
these changes in [1977/], we get

— (p«— p<^«) . (5 X = a;^*^— a;^*^'^ Now

pW— p(s-t) gjj(j ^j^ ^j.Q |3Q^jj positive; therefore the first member of the preceding

[1985c] equation is negative, and x^'^ <^ x^^^''
;

whence we perceive, that if there be several equal

values of XO, the least error must be considered as that which corresponds to the greatest

exponent x^^\ in order to satisfy the conditions [1986"].
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Series of
minima

x^'\ x^'\ x^''\ x^'"\ x«;
. (/>) L1°^L'e\

fir8t

metliod.

CO. X(i), X^>, X(3), X(?'), 00. [1988]

The first series contains the errors x^^\ x^'\ x^''\ &c., which beconie

successively the least, as y is increased ;
the second series, forming an

increasing progression, denotes the values of y, between which each of these

errors is the least
;

thus x^^^ is the least of the errors, from y =— co to [1988']

y=>Ji); x^'^ is the least of the errors, fro7n y==>^^^^ to
2/
= x^^; x^''^ the

least of the errors, from y= x^^) iq y= x^^)
;

and so on for others. This [1989]

being premised,

The value of y which appertains to the required ellipsis, will he one of the

quantities ^^^\ ^^^\ ^^^\ &c.
; x(^), x^^), x^^), &c. It will he in the first [1989^

series, if the tivo extreme errors of the same sign be positive. For these two

errors being then the greatest, they will be in the series x^^\ x^'^\ x^'''\ &:c.;

and since the same value of y renders them equal, they ought to be

consecutive,* and the corresponding value of y must be one of the quantities [1989^^

§^^\ ^^^\ &c.
;

because two of these errors cannot at the same time become

maxima, and be equal to each other, except by using one of these quantities

for y. We shall now investigate the method of ascertaining which of the

quantities /3^'^, ^^^\ &c., must be taken for y.

*
(1442) The series x'^^\ x'-'^\ x^''">, he, [1985], contains the /naj^ima errors ;

and

the series x^^\ x^^''
, he, [198S], the minima errors. If we put y equal to any one of [1989a]

the quantities p^^\ |3^^^ he, it will render two of the former errors equal to each other.

Thus, if we put y = ^^^^ ,
we shall get, from [1982],

y= »('•')-„(>•)
>

"'^ «('-')_a('-)_(p('-)_p«).y = 0. [1989aq

Substituting this in the equation a^*"
'^— a^*")— \p^'"^

—
p^"^] .y^x^"'^— x^''\ [1 980],

we obtain 0=ix^'"'>— x'-''\ or x^''"> =x^''^
-,

therefore the value y=^^^^ renders the two [19896]

consecutive maxima errors x^'''\ x^''\ equal to each other. In like manner, y= ^^^^ renders

a;^*^'^ equal to x^'''\ and so on for others. It is also evident, from the method by which

^^\ p(2), p(2), &;c., are computed, that no quantities except these can make the

errors equal, and retain the property of maxima. Moreover, it follows from [1975""], that

there are tvvo maxima and equal errors, having the same sign ;
and if they be positive, they [1989c]

must evidently be in the positive series x^^\ x'^''\ &c., [1985] ; but if they be both negative,

they must be in the negative series x^^\ a;W, Stc, [1988], as in [1989', &c.].
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Supposing, for example, that this value is ^^^^ ; by what has been said, it

appears that there must be, between a:^'"'^ and x^''"\ an error, which will

[1989"'] be the minimum of all the errors,* since x^'^'^ and a:^''"^ will be the

maxima of these errors
;

therefore in the series x^^\ x^'\ x'-''^ &c., some

one of the numbers 5, 5', &c., will be included between / and r". We
[1990] shall suppose this to be 5. In order that x'^'^ may be the least of the

errors, the value of y must be included between x^') and x^^^ [1989];
therefore if jS^^^ be comprised within these limits, it will be the required

value of y, and it will be unnecessary to seek for any other. For if we

subtract the equations [1970] corresponding to x^'\ from those corresponding

to x^'''\ x^''"\ we shall have,

[1991]

l(r') ^W __
^p(r') p{s)^

^ y ^ ^.(r') ^(,)
.

jC'-")— ftW— jy")
—

pW}. y = a;^'"") X^'\

If we suppose y = /3^^^ ,
all the members of these equations will be

[1991^ positive ;
hence it is evident, that by increasing y, the quantity x^''"'— x'-'^ will

increase ;t and the sum of the extreme errors, taken positively, will then be

augmented. If we decrease y, the quantity x^"""^— x'-'\ will be

[1991"] increased, consequently also the sum of the extreme errors
; therefore

^^^^ is the value of y, which gives the least of these sums. Hence it

*
(1443) If we put y= ^'^\ we may prove, by the method used in [19895], that

x'-^"^ = x^'''\ both these quantities being maxima, and having the positive sign. Then it

[1989d] follows, from [1976'"], that there must be an equal error, as x^^\ which is of a different sign,

and is a minimum, s
falling between r, r".

f (1444) Since 5>r' [1990], we shall have p^^)>j>^'-'^ [1969"] ; consequently

[1991a]
—

[p^''"'
—

p^*^), or
p^*^
—

jt?^'"'^,
is positive. Hence by increasing y, in the first equation

[1991], it will increase the first member of that equation; therefore also the second member,

or x^^"^— x^^\ will be increased
; that is, the sum of the two extreme errors, x^'"\ ctf*^ ,

taken positively, will by this means be increased. Again, since s <Cr" by [1990], it will

follow, from [1969"], that p^*^<p('-">j therefore —{p^''"^
—p^% or

p^''>
—

p^^"\ is

negative; and by decreasing y, in the second of the equations [1991], the first member of

that equation will be increased; hence the second member, or a?^*""^— a;^*\ which

[1991b] expresses the sura of the maxima errors a?^*" "\ a;^*\ taken positively, will also be increased.

Thus we see, that by increasing or decreasing y, the sum of two of the extreme maxima

errors, neglecting the signs, will be increased ; hence p^^^ is the value of y which makes that

sum, neglecting its sign, a minimum.
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follows, that this value of y is the onlj one which satisfies the conditions of

the problem.

We must examine, in this manner, the values of ^^^\ ^^^\ ^'^\ &c.
; which [1991'"]

may he easily done by inspection ; and if we find a value which satisfies

the precedins[ conditions, ive shall be sure of having obtained the required ^uo™''
jr a of V, by

value of y. ^fr"''"
method.

If neither of these values of ^ satisfies the conditions, then this value of y

mil be one of the terms of the series yS^\ >S^\ x(=^, &c. Supposing, for [1991""]

example, that it is x^^
; the two extreme errors a:^ and x^''^ will then be

negative,* and there will be, by what precedes, an intermediate error, which

will be a maximum, and will therefore fall in the series x^^'^, a;^'"^ x^'''^, &c. [1991^]

If we suppose it to be x^""^, r will then necessarily be included between s and

s'
;

>^^^^ ought therefore to be included between |3^^) and fS^^^.f If this be [1992]

the case, it will prove that x<2) is the required value of y. In this way, ive

may try all the terms of the series >-^^\ x^^\ ><^'^\ &c., until we obtain a term

which satisfies the preceding conditions.

When we have determined in this manner the value of y, we may easily

obtain that of z. For that purpose, we shall suppose ^^^ to be the value

of y, and that the three extreme errors are x^'''>, x^''\ x^'^
;

then we shall [1992Q

have x^'^ = — aj^'^^J consequently,

*(1445) Multiplying the value of X^2) ["1987'] by p^''^--p^*\ we get,

a^s')_ ais) __ ^pW)
_ pM^ , x(2) = 0. [1991c]

The difference of the two equations [1970], depending on the exponents *, *', is

and by putting y = X^'^^
, the first member becomes equal to the first member of the

preceding equation; therefore its second member, x^^^— a?^*\ will be nothing, or

x^*"^= cff^K These values x^^">
, a;^*\ being the extreme errors of the negative series

[1988], with the same sign, there must be a tliird error [1975""], as «^'"\ having a different

sign, and such that r must fall between s and s' [1976'"].

f (1446) x^''^ is the greatest error, from y= p^i> to y=|3® [1985"]; and we
[I99l<fl

have proved, in the last note, that y= >S^^ gives the two maxima errors x^^"^= af-'\ and

r is supposed to fall between s and ^ ; hence X^^^ falls between ^'^\ ^^^K

I (1447) We have seen, in [I989tf, 6], that y= p^> gives the maxima errors x^''^ ,

x^'''\ equal to each other, and of the same sign ;
and by [1975""] there must be another,

109
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/('•)

[1993]

[1994]

Determi-
nation
of z, by
La Place's

first

method.

[1995]

Method
proposed
by

Boscovich,
for the

combina-
tion of a

[1995']

number of

equations
of condi-

tion, to

obtain
the most

probable
result

for the

ollipticity.

|)W . y = x^""^
;

a« — z—
p^''^ '!/

= — ^^'^«

Hence we deduce,

z = a^'-' + a{s)

^joW_|_pW]
2/;2 2

and we shall then have the greatest error x^''\ by means of the equation,

.(»•)

yW. M
+ ^pis)__p^r^

V'

40. The ellipsis, determined in the preceding article, serves to ascertain

whether the elliptical figure is within the limits of the errors of observation
;

but it does not determine, from the measured degrees, the figure which

seems the most probable. It appears to me, that this last ellipsis ought to

satisfy the following conditions.* First, that the sum of the errors committed

as x^^\ which is equal and of a different sign ; hence a;^*^=— a?^'"\ This being substituted

[1992a]
in the equations [1970] containing cif^\ x^''\ produces [1993]. Half the sum of these

equations gives z [1994], and their half difference is x^'^^ [1995].

[:1995a]

[19956]

[1995c]

Imperfec-
tion of

the usual

method of

the least

squares,

[1995d]

applied to

observa-

tions.

[1995e]

[1995/]

*
(1448) This method, proposed by Boscovich, and peculiarly well adapted to the

present problem, is not now so much used as it ought to be
; instead of it, the principle of

making the sum of the squares of the errors a minimum, is generally adopted. This method

of the least squares has already been explained in [815e
—/,849c?—r], and is extremely

well adapted to a set of observations, in which all the measured arcs are of nearly the same

lengths, and subject to the same degree of uncertainty, from the imperfections of the methods

of observation. But if the measure of one of these degrees should differ very much from

the rest, the method of the least squares, applied in the usual manner, would give by far .too

great an influence to this defective observation, in the determination of the figure of the

earth. This may be made to appear, from the consideration of the very simple case, of the

earth being supposed to be perfectly spherical, consequently every degree z of an equal

length, and y= [1969]. If we suppose, upon this surface, an arc of one degree to be

measured in Lapland, and represented by d^'' j also an arc of ten degrees in India, and

represented by 10 . a^^\ we shall have i^^') = 1, i^^) = 10, [1996]. The system of

equations [1970] will become •

a^^^— z= x''^\ a'-^^— z= x'^'^K Multiplying these, as in

[1996], by the quantities t^^)= 1, i^^'>=: 10, we get the expression of the errors of the

whole arcs, nainely.

tW __ 2 = ^n 10a(2)— 10z== 10 ?(2).
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in the meo,sures of the ivhole arcs, ought to be nothing. Second, that the sum [I995"j

of all these errors, taken positively, ought to he a minimum By considering,

To render the sum of the squares of these errors a minimum, we must, as in [815/, 849A:], r-,nQKfrt

multiply these equations respectively by the coefficients of z, and put the sum of the products

equal to nothing j hence we get
— a^^^— 100 . a^"2^+ 101 . z == 0, or

[1995g-}

z=^.\ a^i> + 100 . a^2)
^

.
[-1995/1]

This differs very much from the rule usually adopted by astronomers, in taking the mean of

any number of similar observations, depending on one unknown quantity, which gives,

z=
^ij.

. \d^^ -}- 1 . a<2)
} ; [1995{]

making each one of the degrees in India have the same influence as one degree in Lapland ;

whereas in the expression [1995A], deduced from the principle of the least squares, each of

the India degrees has ten times the influence of a degree in Lapland. This is unreasonable ;

for an arc of ten degrees, measured by one person, with the same instruments, and by the
[1995A;]

same method, is liable to the imperfection of the peculiar manner of observation of that

single observer, and to the errors of one set of instruments ; and it cannot be doubted that [1995Z]

ten consecutive degrees, measured by ten different persons, of equal skill and carefulness in

observing, each being furnished with instruments of the same completeness and accuracy,

would be at least as satisfactory as ten consecutive degrees, measured by only one of these [1995ni]

observers, with the same single set of instruments, notwithstanding the advantage, in this last

measure, of requiring; only two observations of the latitude ihroushout the whole arc. We Proposed
' - "^ " correctioa

shall therefore assume, as a principle, that in the application of the method of the least squares °*g[}jjjj ^^

to geodetical measures, we must suppose any arc of the length of i degrees, to have the same
squares!

weight as i single degrees, measured separately, which toould produce i equations in the [1995n]

system [1970].

If we apply this principle to the system [1995/^, in which there is one degree of the

length a'^^\ and ten degrees each of the length a^^^ , the errors of which are x^^\ x^^^
, [1995oI

nF^
, he; the whole will form a system of eleven equations, corresponding to [1970];

namely,

a(i) — z= cc("
,

a(^)— z= a;(2>, a^s)_ ;j= ^.o^^ a'^ —z==x'^^.
[i995p]

Multiplying these, according to the principle of the least squares [815/*], by the coefficients

of z, and making the sum of the first members of these products equal to nothing, we shall

get
_ a(^)— 10 . a(2) _|_ j i . ^= 0. This gives ^= tt •

(«^'^ + iO •
a^^^), which is [19955]

the same as the mean value found in [1995t], and agrees with the usual methods of

astronomers. The same method may evidently be applied to a greater number of arcs
;

also to cases where the square, or higher powers, of the ellipticity of the meridian, are taken [1995r]

"into consideration
; and it is evident, that by this modification of the method of the least
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[1995'"] in this manner, the whole arcs, instead of the degrees which have been deduced

from them, we shall give to each of these degrees so much more influence, in the

[19955] squares, the larger arcs are prevented from having an undue influence, in the computation of

the figure of the earth.

We shall now apply this method to the system of equations [1970], supposing, as in

[1995i] [1996], that the number of degrees of the arcs a^^\ aP\ &;c., are respectively represented

Symbols, by i'-^\ i^^\ he, and using for brevity the following abridged symbols,

[1995«] i^^^ . a«>=a„ i^^K a^^) ^^^ ^^. ^w . pd)
=

^^ ^
i &) . p(2)

=== p^ ^
&jc. ;

[1995t;l J== j(l) _j_ 4-(2) _|_ ^(n)
. /, ^ ^^(1) ^ ^(1) ^ ^(2) , ^(2) _^i(n) ^ ^(n)

.

[1995v'] I.P= {^^\p^^^ 4- i^2) .p(2) _j_ ^-(n) ^
p(n)

.

[1995M)] IP.A'= i« . «(». p(l) + i^2) , ^(2) , ^(2) _^ ^(n) , ^(n) ^ ^W .

[1995m)'] IP .P'z= i ^1^
.
p(i)

.
p(i) -]- i (9)

. p(2) . ^(2) -f- iW .
pC»)

. pW .

Now if we multiply the first of the equations [1970] by the coefficient of z, as in [1995/'],

the product will be — a^'^+ 2: -|- p^^^
• y=— ^^'^ ; and i degrees of this measure will

produce, in the resulting equation, the expression,

[1995x] — t*(i) . a(^>+ i(i> .z-j-i^'K p« .y= ^i^^\ «« .

Changing the exponents of i, a, p, from 1 into 2, 3, 4, he, we get the similar equations

depending on the second, third, fourth, Sic, of the equations [1970] ;
the sum of all these

products, being put equal to nothing, gives the first of the equations, depending on the

principle of the least squares. This sum, using the above symbols, is represented by

[1995T/] —I.A-\-I,z-{-IP.y= 0.

daraenuf Dividing by
—

/, we finally get,
equation.

[19952] A— z— P.y^O',

which is the same as the first equation [1997], used in the method of Boscovich, for

obtaining the most probable result. In like manner, if we multiply the first of the equations

[1970] by the coefficient of y, the resulting expression will be,

[1995a]
— a^^^ . p^'^ + p^'^ . z -\- p^'^

. p^'^ . y=— P^'^
- oif''^ •

and i degrees of this measure will produce, in the resulting equation, the following

expression,

[199513]
— i^''^ . a^'^ . p« + i« . |j« . z+ i<^> . f'^ .

p^'^
• y—— i^'^ • /'''

• ^^'^ •

Changing, as above, the exponent 1 into 2, 3, 4, Sic. ; adding together the whole of the

[1995^^ resulting equations, and putting the sum equal to nothing, we get the other equation
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computation of the ellipticity of the earthy as the corresponding arc is of greater [1995'"^

extent, which ought to he the case. The following is a very simple method of

determining the ellipsis which satisfies these two conditions.

depending on the principle of the least squares. If we use the above symbols, the equation

will become — IP .A'^IP .z-\-IP .P.y= 0. Dividing tliis by
—

/jP, it becomes [19957]

of the following form, ^°°5

^—.z— P'.y= 0. [19955]

mental

Subtracting from this the equation [1995z], we get an equation, from which we obtain the equ^'on.

following value of y; and then, from [19952;], we get z) namely,
Values of

^" W^^ ' ^ """ P^^ '

[1995e]

Instead of finding the equation [19955], we may proceed in the manner of the author, in

[1998], by subtracting the equation [1995^] from each one of the equations [1970], and we

shall get the following system, corresponding to [1998],

* > </- J J »
like that

Boscuvich.

\a^*)—A\
—

{ p(»)— P} . y= a?<-).
^^^^^^

Multiplying each of these equations by the corresponding lengths of the arcs, in degrees,

t^i>, i(2)j Sic., we get a set of equations of the form,

t« . {a^'^—A\ — t^i\|pa)
— P}.y= i<«.a?w &c. ; [1995.]

multiplying each of these, by the corresponding coefficients of y, in the system [1970],

namely
—

p^^\
—

p^^'', Sic, we get the following system of equations,

--i">.p(i>.{a<'>
— ^1 +i^^Kp^^K{p^^^

— P].y=—iW,pW,x^^\
— i^2) .

^(2)^ ^ a^^^—A] 4- i^2) . p&K { p^^
— P] .y = —PK p^2) , ^,(2) ^

--i^").p(">.^a<")— ^1 + iW . p^»^ . {p(»>_. P} . y= — t*^"^ . pW . a;^») .

[1995a]

The second members of this system are the same as in [1995^, &c.] ;
hence we find, as in

[1995p'], that the sum of the first members of these expressions, being put equal to nothmg,
will give the second required equation, of the form — C+ D . y= 0. Substituting the [1995<]

. -
.^ o Values

value of y, deduced from this, in [19952;], we finally get, for the values of z, y, depending 2^^;^:
on the principle of the least squares, thf leLt

squares,C C in the

2r = .a— r^.— , 7/==-:r. improved
2>

' *
JD

» form.

110
''""''^
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We shall resume the equations [1970], multiplying them by the quantities

[1996] i^^\ i^^\ ^(2), &;c., which express the number of degrees contained in the

We may take into consideration the square of the ellipticity, by means of any one of the values

of s' [I969z—1970o], as for example that in [1970o] ;
and to conform to the present

notation, we shall change successively /into «„ a^, &£C.
; 4''

—
'\'

i"to i^^\ i^^\ &c.
;

[1995X] sin. 2 4.'— sin. 2^ into i^^K p^^\ i^^K p^^\ &c.
;

sin. 4 ^l.'— sin. 4 4- into

i^^^ . ^^\ i(^) .
^(2) ,

&;c.
; by which means we shall get the following system of equations,

to be used instead of [1995a;, &;c.].

Equations
—

«1 +M i^^^ + A'iO .
p(''> + Pt'CD . jd)

=— Z^) . a^D,
noticing

of'thT''' —
«2+ Mi(~^^ + JVi(2) .

p(2) _j_ p i(2) .
^(2)

== __ i(2) . a^)^
ellipticity.

[1995M.]

...
—

a„ + JWz ("^ + JV*iW . p^") + P i (")
.
§(")
=— i («) . a;(«) ;

in which i^^Kx^^^, i^^K oiP\ &c., represent the errors of the whole measured arcs.

If M, JY, P, be wholly independent of each other, as in [19705], the principle of the

least squares [1995»], would furnish three equations by which these quantities may be

[1995v] determined. First, by putting the sum of the equations [1995(ji.] equal to notliing. Second,

by multiplying each of the equations [1995fJi'] by the corresponding factor p^^>, p^^\ &c.,

[19951] and putting the sum of these products equal to nothing. Third, by multiplying each of the

equations [1995^-] by the corresponding factor q^^\ q^^\ &c., and putting the sum of
j

these products equal to nothing.

[1995;r] If we use the formula [1970/], putting as in [I97O5], s'= ^^-|-£", neglecting s"^;

the system of equations [1995/x] may be put under the following form,

—
«i + J^fi(l^ . (1 +|)W .

s")
=— id) . a?(i).

Another

[rsame — a^-^ Mi^^K {\ -\- p<^) .
^')
=- i^) . X^^ ,

equation.

[1995p]
a„+ .MzW . (1 + pW . s")

=— i(^) . a?W.

The sum of these equations being made equal to nothing gives, as in [1995v], the first of the

[1995!r] equations depending on the principle of the least squares ;
and corresponds with [1997].

The second equation is found by multiplying each of the equations [1995p] by p^^\ p^^^,

&c., and putting the sum of these products equal to nothing.

We shall hereafter find, in several instances, that the method of the least squares, when

applied to a system of observations, in which one of the extreme errors is very great, does not

[I995i/] generally give so correct a result as the method proposed by Boscovich [1995"]. The reason

is, that in the former method, this extreme error affects the result in proportion to the second

power of the error
; but in the other method, it is as the first power, and must therefore

be less.
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measured arcs respectively ;
and shall put A for the sum of the quantities

,-w y(l) •(2)
. ^(2) &:c., divided by the sum of the numbers i

also P for the sum of the quantities i^^Kp'^^\

(1) ,'(2)
[1996']

"(1) (2) •(3)
&c., [1995«;']. [1996"]

i^'Kx' i^^'Kx^^'^

P\ &c., [1995?;]

&c., . divided by the sum of the numbers

Then the condition [1995"], that the sum of the errors

&c., is nothing, gives,*

= A— z— P.y.

If we subtract this equation, from each of the equations [1970], we shall

obtain a system of equations, of the following form,

First fun-

damental

equation
of

Boscovich.

[1997]

(1)

5(2) __
^(2)

. y ^ 3.(2)

5(3)_^(3)^y^ 2,(3)

&C.

We must compute the series of quotients
—

,
—

,

arrange them according to their magnitudes li/^\ if^\ y^\ &c.],

beginning with the greatest ;t then multiply the equations [1998] to which

they correspond, by their respective numbers i^^\ i^^\ &c., and place the

equations, thus multiplied, in the same order as these quotients. The first

members of these equations, arranged in this manner, will be composed of a

series of terms of this form.

(O)

and

h^'Ky
^(1) ¥^Ky -(2)

U^).y^C^^)^ &tC. {P)

in which we shall suppose h^^\ ¥^\ &c., to be positive, which can be

done by changing the signs of the terms, where y has a negative coefficient.

System of

equations
of condi-
tion in the
method of
Boscovich.

[1998]

[1998^

[1998"]

[1998"']

System for

the deter-

mination
of y.

[1999]

*
(1448a) Multiplying the equations [1970] by i^'^\ i^^\ i^^\ kc., and adding

the products, the second member of the sura becomes nothing, by the hypothesis [1995"]. [1997a]

Dividing the first member by the sum of «^^^
, i^^, &;c.

it becomes as in [1997].

using the values A, P, [1996'],

f (1449) The signs in this case are to he noticed, as in [1977c]. For convenience of
riggga]

reference, I have named these quantities y'-^^ , y^^\ y^^\ Sic, which was not done in

the original work. They represent the values of y, found by putting successively the errors

a^", a;®, Stc, equal to nothing, and then arranging them according to their magnitudes. [19986]
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[1999'] These terms are the errors of the measured arcs, taken positively or

negatively. This being premised,

It is evident, that by making y infinite, each term of this series becomes

infinite
;
and by decreasing y, they decrease, and finally become negative ;

in the first place, the first term, then the second term, and so on for the

others. As y decreases, the terms, which have once become negative,

[1999"] remain negative, and continually decrease. To obtain the value of ?/, which

renders the sum of these terms, taken positively, a minimum, we must add

[1999'"] the quantities A^^\ hP^\ &c., until the sum begins to exceed the half

sum of all these quantities ; then, by putting this sum equal to F, we must

[2000] determine r, so that we may have.
Formula

[2001]

method of
Boscovich.

^(1) + A(2) _|. ^(3) +A('^1>< ^F.

€(»•)

[2001] We must then put y = —^ so that the error will be nothing for the

degree which corresponds to that one of the equations [1998], whose first

member, put equal to nothing, gives this value of y,^

To prove this, we shall suppose y to be increased by the quantity 6y, so

[2001"] that
jTp; ~\~^y ^^y ^^ comprised between ^^^

and —
. The

r— 1 first terms of the series [1999] will be negative, as in the case of

y= — ;
but by taking them with the sign +> their sum will decrease by

the quantity,

[2002] (^W + /l(2> + /fc^*^ +M''-'^}.6y..

cfr)

[2002'] The term r of this series, which is nothing when y = —^ will become

positive, and equal to /t^*^^ •
^2/ ;

the sum of this term, and of the following

ones, which are all positive, will increase by the quantity,

[2003] (h^"^ + h^'+'^ + &c.) .5y;

*
(1450) The above assumed value of y= y^, being multiplied by M''\ gives by

[1999o] transposition M''^ . y
—

c^*") = 0, which is the same as to put the first member of the

equation [1998], depending on W\ equal to nothing, as is evident from [1998', 1999].
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but bj supposition we have,*

^(1) 4_ ^(2) 4_ ^(3) _f_ /j(r-l) <- ^(r) _^ /^(M-l) _^ &c.
; [2004]

therefore the whole sum of the terms of the series [1999], taken positively,

will be increased, and as it is equal to the sum of the errors of the measured

arcs, i^^\x^^\ i^^\x^\ &c., taken all with the same sign +; this last [2004']

sum will be increased by the supposition of y = ~ -\-
8
y. It is easy to [2004"]

prove, in the same manner, that by increasing y, so that it may be included

between j^^ and j^^ , or between ^^ and
^^^,

&c.
; [2004'"]

the sum of the errors, taken with the sign +> will be greater than

when y=j^,4

*
(145 1

)
In [2000] we have A^i>+ A^^) _^ h'-^'^^F

;
and by the second [2004a]

expression [2001], A^^) -f- h^^^ + ^^'^^^ <C 4 -^- Subtracting this from the preceding,

we find K-''^ -)- A^'"+^^ -J" he. ]> ^i^ ; and by comparing these two last expressions together,

we evidently obtain [2004].

f (1452) It is demonstrated in [2004"], that the sum of the errors, taken positively, is

g(r) g(r)

greater when y=— -^Sy, than when y= — ; and if we put [20046]

the first value, or y=— -j-ijy, becomes y= j^:^^-y
hence y=jrj^^ makes

the sum of the errors, taken positively, greater than when y= —^. If we now put

y= T^^zTf) + ^
y, we may prove, by the method [2002

—
^2004], that this value of y makes

the preceding sum greater than when y = j^^j^^'^
and if we put ^y= T^iz^

—
VFT^*

the value y = ^^^^ + ^
y, will become y= jy^^ ; therefore this value makes

[2004c]

the sum of the errors greater than when y= t^^^jj ; and so on for other values of y,

as above.

Ill
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We shall now decrease y by the quantity
5
y, so that — —

oy may
[2004""]

be included between — and
7^^ ;

the sura of the negative terms of

the series [1999] will increase, by changing their sign, by the quantity,

[2005]

'

(M'^ + h'^^^ . + h^"-^) .6y.

The sum of the positive terms of the same series, will decrease, by the

quantity,

[2006] {h^^'^ + ¥'^''^ + kc.].6y;

and since we have*

[2007] ¥'^ + M^^ + M^^ + /iC-) > h^"^'^ + /i('-+2) + &c.,

it is evident that the whole sum of the errors, taken with the sign +? will

be increased. We shall find, in the same manner, that by decreasing y, so

that it may be between r^) and
7^;^^^ ;

or between
7^;^^

and

&c. ;
the sum of the errors, taken with the sign +> is greater

A('-H3)
'

[2008]

than when y = ~ ;f therefore this value of y is that which renders

this sum a minimum.

jftiue
The value of y gives that of z, by means of the equation [1997],

Boscovich.

[2009] .

z = A— P.y.

The preceding analysis is founded upon the variation of the degrees of

latitude from the equator to the poles, being proportional to the square of

the sine of the latitude ; and as this law of variation exists also for the force

[2009"]
of gravity, it is evident that the same analysis may be applied to the

observations of the lengths of a pendulum,! vibrating in a second of time.

*
(1453) Subtracting the first of the expressions [2001] from h^^^-\-h^^\... -^h^''^=F,

[2007a] [2004a], we obtain N-'^^'^ -{-h^^^^-{-k,c.<^^F. Comparing this with the same expression

[2001], we get [2007].

f (1454) This demonstration is to be made as in [20046
—

c].

J (1455) By [1804] the length of a pendulum varies as |J|.^ or cos.^d, in the same

[2008a] manner as the. length of a degree [19696].
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41. We shall apply this method to the degrees of the terrestrial meridian

which have already been measured. Among these degrees, we shall notice

the seven following, which are given in parts of the standard rod or

measure, used- in the determination of the great arc from Dunkirk to [2009"']

Barcelona, for the purpose of ascertaining the fundamental unity of weights

and measures. We shall designate this rod, which is double the length of the

toise used by Bouguer in Peru, by R ; and shall hereafter show haw to find [2009""]

the ratio of this measure to the metre.

Measured

The first of these degrees is that of Peru, in the latitude 0° 0'. Its ZmI^u'

length, according to Bouguer, is 25538^,85;* the whole measured arc [2009^^]

from which this degree has been determined, is 3°, 4633.

The second is that of the Cape of Good Hope, measured by La Caille,

the middle of which corresponds to the latitude of 37°, 0093. Its length [2009^1]

is 25666^, 65.t The whole arc from which this degree has been

determined, is 1°,3572.

*
(1456) The length of this degree of the ancient division of the quadrant, according to

LaLande, is 56753 toises. Multiplying this by -j-^yftj,
we get the length of a degree of the [2009a]

centesimal division 51077,70 toises, or 25538,85 double toises, as above. The other

lengths were deduced from the toises, in the same manner.

f (1457) Since the publication of this volume of the original work, several of these

measures have been re-examined, and found to be erroneous, or liable to such mistakes as to [20096]

render tliem unfit for the purpose of determining the figure of the earth
j

as will evidently

appear from the following remarks.

The degree measured at the Cape of Good Hope, by La Caille, from the account given

of it by Captain G. Everest, in the first volume of the Memoirs of the Astronomical Society

of London, seems liable to the objection of having been taken without using those precautions [2009c]

which are now found to be absolutely necessary to obtain an accurate result. Moreover, the

northern and southern extremities of the arc were bounded by high lands and mountains, leisures

which could not fail to have a sensible effect on the plumb line, used in the astronomical fyXe

observations, for the determination of the latitudes of those extreme points. He estimates

that a deviation of 4^ or 5*, in each of these observations, would not be too great, when [2009d]

the localities are duly taken into consideration
; observing withal, that a greater attraction than

this has actually been observed in some mountains. For instance, Bouguer found by

observation, that the attraction of the mountain Chimborago produced a deviation of 1% 5
; [2009c]

and Dr. Maskelyne observed the attraction of the mountain Schehallien to be 5%8. The
effect of this correction would be to increase the whole length of the arc measured by
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The third is that of Pennsylvania, measured by Mason and Dixon. Its

[2009vii] middle corresponds to the latitude of 43°, 5556 ;
its length is 25599^60 ;

the whole measured arc is 1°,6435.

The fourth is that of Italy, measured by Boscovich and Le Maire. Its

[2oo9^"i] middle corresponds to the latitude 47°, 7963; its length is 25640^55;
the whole measured arc is 2°, 4034.

The fifth degree is that of France, lately measured by Delambre and

[2009«] Mechain. Its middle corresponds to the latitude of 51°, 3327 ;
its length

is 25658^28; the whole measured arc is 10°, 7487.

The sixth is that of Austria, measured by Liesganig. Its middle

[2009^] corresponds to the latitude of 53°, 0926; its length is 25683^30; the

whole measured arc is 3°, 2734.

The seventh is that of Lapland, measured by Clairaut, Maupertuis,

[2009"] Le Monnier, &c. Its middle corresponds to 73°, 7037 ; by taking a

mean between the several series of triangles, and noticing the refraction in

the valuation of the celestial arc, I have fixed its length at 25832^,25;

the whole measured arc is 1°,0644.

La Caille nearly 9*, to reduce the number of toises in a sexagesimal degree from 57037 to

[2009/] 56918, and the length of a centesimal degree from 25666^,65 to 25613^ nearly;

which would make it agree with the most accurate measurements in the northern hemisphere.

From the remarks of the Baron Von Zach, in the Memoires de VAcademie des Sciences de

Turin, 1811—1812, and in the Monatliche Correspondenz, Vol. XXIII, page 153, it

[2009g-] appears, that the measure in Austria, by Liesganig, ought to be rejected entirely, since no

reliance whatever can be placed on its accuracy.

The degree measured in Lapland, by Maupertuis and his associates, has since been

[2009/i]
re-measured by Svanberg and others, and found to be less than the former estimate by

about 200 toises, as will be seen in the table [2017/].

It is probable that the degrees in Pennsylvania and Italy, were not measured with all the

[2009t] precautions required by modern observers
;

and if these be rejected, there will remain only

the degrees of Peru, France, and the corrected Lapland measure. To these we might add

other modern observations, particularly that in England, and the very large arc measured in

[2009Jfc] India, by Colonel Lambton. We shall hereafter give the result of this combination of

degrees, after having gone through and explained the methods of the author, as they are

applied to the measures he has collected in the table [2009", &;c.].
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In the following table, these degrees are arranged according to the order

of the latitudes.

Latitudes. Lengths of the degrees.

00,0000 25538^,85

.37
,
0093 ------- 25666

,
65

43 ,5556 25599 ,60

47
,
7963 25640

,
55

51 ,3327 25658 ,28

63 , 0926 25683
,
30

73 ,7037 - - 25832 ,25

Hence the equations [1970] become,*

25538^, 85— z— y.0, 00000= x^^\

25666 ,65— z— y. 0,30156= cc(2^,

25599 ,60— 2r— y. 0,39946= «(3)j

25640 ,55— z— y. 0,46541 =x^^\ {A')

25658 ,23— z— y . ,52093= x^^\

25683 ,SO— z— y.0, 54850= x^^)
,

25832 ,25— 2r— y. 0,83887 ==a^>.

The two series [1985] become,!

^.(i) 7.(2) r^

CO
, 423

, 796, 308 , 202, ~ co ;
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Measured
arcs.

[2010]

Resulting
equations.

[2011]

[2012]

*
(1458) The lengths of the degrees [2010] are to be inserted in [1970], instead of

M)
a^2), a(7). The values p(U p(2)

of the latitudes.

,^(7) represent the squares of the sines
rgoiOa]

f (1459) Subtracting the first of the equations [2011] from the others, we obtain the

following system of equations {A), corresponding to [1977]. Dividing the constant terms of

these equations, by the coefficients of —
y, respectively, we get the column of numbers

[soilal

[B), representing the series [1978] ;
the greatest of these quantities, which is called

p^^^ [1979], is ^U)^ _______ ^423 ^796, making r=2, [1979]. The second
[20II6]

equation [201 1], corresponding to this value of r, being subtracted froift the third, fourth,

&;c., equations of that system, gives the system (C), being the same as [1980]. Dividing

the constant terms of these equations, by the coefficients of — y, we get the column of
r2011c]

numbers marked {D) ;
the greatest of these quantities, noticing the signs, as in [1977c], is

112
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[2013]

and the two series [1988] become,*

s^\ 3lP\ x^'^ x^''\

—
o5, 152,080, 483,087, 547,176, od.

[2013'] Hence it is evident, from § 39, that
2/
= 308^,202,t which gives -^\-^ for

[20llrf] 308,202 ; deduced from the last of these equations, which must therefore be the quantity

marked (3^^) [1982]. The exponents of x in this equation are 7 and 2, making r'=7,

[201 le]
r= 2

J
and as this is the last of these equations, the series will terminate j consequently the

series [1985] will become as in [2012].

[2011/]

(A)

127,80— ;y
. 0,30156=x(9)—xCO

60,75—3/ . 0,::<9946=a:(^)— x(i)

101,70 —3/ . 0,46541 =a<4) —x(i)
1 1 9,43— 7/ . 0,52C93= a;(5) —x^^)

144,45— 3/
. 0,54850 =a:(« —x(i^

293,40—2/ • 0,83887=a;(7) —x'^D

423,796

152,080

218,

229,

263,

349,

(C)

_ 67,05—3/ . 0,09790= aK3)— a:(9)—26,10—3/.0,16385=z'4)_x(2)— 8,37— 3/. 0,21937 =-x(5)_a;(2)
1 6,65 —3/ . 0,24694 =x(«)— x(2)

165,60 —3/ . 0,53731 =x(7)_ a:(2)

(D)

—685— 159— 38
67

308.202

[2012a]

[2012i]

[2012c]

*
(1459a) The least of the numbers, in the preceding column (B) is represented by

X^^^ [1985^], hence X^^^= 152,080. The greatest exponent of x, in the corresponding

equation, is 3, which is to be taken for s [19S6']. Hence x'^^^= oP\ a(*^= 25599^, 60,

^(*)= 0,39946. Subtracting this value of a^''^ from d'^\ d^\ he, [2011], we get the

following system (E). In like manner, by subtracting p^^''
from p^'^\ p^^\ &:c., [2011],

we get the system {F). Dividing the first of these numbers, by the corresponding ones of

the second, we obtain the system (G), representing the series of numbers [1987], the least

of which is to be taken for X^^^ [1986"]; hence X(2)= 483,08. The greatest exponent

of a or p, in the corresponding equations (jP) or (G), is 5, making s'= 5 [1987'].

Hence x^''^= x^^\ a^^^= a^^) =25658^,28, p(*')=p(5) =0,52093. Subtracting

[20120^

[2012rf] these from a^''\ a^''\ p^^\ pC^), respectively, we get the systems {H), (/). Dividing

[2012e]

[2012/]

the first by the second, as above, we obtain the system [K), the last term of which, being

the least of the series, gives X^^^=547,17, and the greatest exponent of a or p, in the

corresponding equation (H), gives s"='7, and the resulting error cc^^ The series then

terminates, and the system [1988] becomes as in [2013].

(E) (F) (G) (H) (/) {K)
aW—a'^)= 40«,95 «(4)_p(3)=z 0,06595 620,
a(5)_a(3)= 58 ,68 pW— |?(3)

= 0,12I47 483,08
a(6)_a(3)= 83 ,70 p(6)

— n(3)^o, 14904 561,
a(7)_a(3)=232 ,65 ;)m_j9(3)= 0,43941 529,

a(6)_a(5)= 25^,02
a(7)_a(s)=i73 ,97

p(6)_^(5) =0,02702757
i(7)

;)(5)= 0,31794

907,

547,17

f (1460) If we take the first finite number of the series [2012] for y, and put

2/
= ^a)=,423«,796,

[2013a] it will make a?^^^ ^ a;^*"^
, or x''^'>=x^^^ [1979']; but between these numbers
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the ellipticity of the earth.* We then have,

a:(^) = a;
(^) = — x^^^ = 48«, 60. [20i4]

Least pos-
sible error
of these

measure!.

Hence it appears^ that icith any combination of the seven preceding degrees,

and with any ratio of the polar and equatorial diameters of the earth we may

select, it ivill be impossible to avoid an error of 48*, 60, in the measures of [2014']

x^\ ^(2)^ there is no number a;^*\ in the series [2013], in which s falls between 1 and

2, the exponents of the quantities a;^'^, x'-^^ ; therefore this value of y must be rejected.

If we take the next term of the series [2012], and put y= p^"^^
= 308^, 202, we shall

get a;^'-'^ = a;^'"> [19896], or x^= x^^K Now in the series [2013] are the terms x^^\

x^^\ whose exponents 3, 5, fall between the exponents 2, 7, we have just found; so that [2013&]

the condition [1975^] will be satisfied, by taking for the third error, either of the quantities

aP^, x^^\ corresponding to x^^\ x^^"'
, [1988,2013], We cannot however take the

last of these quantities x^^^= x'^^\ because, by [1989], it is required, in order that

x^^^ should be the least of the errors, that the value of y should fall between X^^) and

X^3) [1989], corresponding to 483,087 and 547,176 [20 1 3] ;
and the assumed ^^^^^^

value y= 308^, 202 does not satisfy this condition. We must therefore take the other

quantity a;^^\ which requires, by [1989], that the assumed value of y should fall between

V'> and X(2> [1988'], corresponding to 152,080 and 483,087 [20 1 3] ; and as this

condition is satisfied, we may put ar^"'^ for the least error, which is equal to the errors xf-^\

x^''^
,

but of a different sign, [1975""], so that we shall have x^^^=x^=— x^^\ and
[2013rf]

y=308«,202.

*
(1461) Having found, in the last notes, a;^''^ = o^), x^^^= x^^^, which correspond [2013e]

to the second and third equations [2011] ;
we shall have, by comparing them with the same

equations of the series [1970], «('") = d^^ = 25666^, 65 ; a^*^ = a(3)= 25599^, 60
;

p(r)
^

^(2)
=

,
301 56

; p^'^
=

p(S)
=

,
39946. Substituting these in [1994, 1995],

and also the value of y [2013d], we obtain.

[2013/]

[2013gr]

z= 25633«, 12—
3/

. 0, 35051 = 25633^ 12— 108^ 02= 25525^ 10
;

a,(r)^ 33^ 52 +y. 0,04895= 33«,52 4- 15*,08= 48*, 60.

This value of 0?^*"^ being substituted in [2013e], gives [2014]. Having obtained y, z,

[2013c?, g], the length a of a degree of the meridian [19696] becomes,

a= 25525*, 1 + 308«,202 . p-^. [2013A]

From these values of z, y, we get Sz-{-^y=T703S^j9T, and the ellipticity [1795/],

^A— y — 308,202 _ , .«^ -
37T¥y

~
77088797

" ^^^ ' ^^^^^

which differs from ^ given by the author, [2013'}.
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some of these degrees, in the elliptical hypothesis. Now this error is

exactly on the least limit of those which might be considered as possible ;

and for that very reason, it is highly improbable that this particular error

exists. We must therefore admit, in the elliptical hypothesis, much greater

[2014"] errors than 48^, 60. By attentively examining the measures of these

degrees, it appears difficult to suppose, that in each of the degrees of

Pennsylvania, the Cape of Good Hope, and Lapland, in which the greatest

errors fall, there can be an error of 48^, 60 ; therefore it seems to follow,

from the preceding measures, that the variations of the degrees of the

[2014'"] terrestrial meridian differ sensibly from the law of the square of the sine of

the latitude, which is given by the hypothesis of the elliptical meridians.*

We shall now determine the most probable ellipsis, which results from these

measures. Multiplying the equations [2011], respectively, by the quantities

[2014""] I
(1) '(2) •(3)

[2015]

&c., which represent the number of degrees contained in

the corresponding arcs, and dividing the sum by i^^^ -\- i^^^ + i'^^^ -j- &c., we

shall get, from the principle that the sum of the errors i^^K x^^^ -\-i^^K x'-^^-^-k.c,

is nothing, [1995"],t

= 25646«, no— z^y. 0,4,3711.

[2014a]
*
(1462) The difficulty of reconciling the measures of these degrees of the meridian

with the elliptical hypothesis, is somewhat diminished by using the corrected degree of

Lapland [2009A] ; by which means the error 48^, 60 would be decreased a few metres.

If we reject the degrees of the Cape of Good Hope and Austria, on account of their

incorrectness [2009/, g] ;
and combine, in the preceding manner, the remaining five degrees ;

[20146] the greatest error will be reduced to about one third of its vahie [2014]. If we confine

ourselves to five of the most extensive and accurate measures, namely, those of Peru, India,

[2014c] France, England, and Lapland, the greatest error will be much more reduced, as will be

seen hereafter, [2017r, &;c.].

1(1463) The quantities d^\ d^^
, he, are contained

in the first column of the system of equations [201 1] ;
and

the quantities p^^\ p^^\ &;c., are the coefficients of — y,

in the same system. The values i^^\ i^~\ he, [2009% kc],

are in the first column of the annexed table
;
the second column

contains the products i^^Kd^'), i^^Ka^^\ &c.
;

and the third

column the products i^^Kp^^\ &ic. Dividing the sum of the

[2015a] numbers in the second column, 614341,62, by that in the

first, we get the terra A of [1997], equal to 25646", 80.

Col. 1.

iW, &c.

3,46a3
1,3572
1,6435

2,4034
10,7487

3,2734
1,0644
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Hence the equations [1998] of the preceding article become,

-— 107^95 + y. 0,43717= a;«,

19 ,85 +y. 0,13561 =a:^2)^

- 47,20 + y.0,03771=a;^3^ {]-p;-— 6,25— y.0,02824= cc(«, (0') Boto^^il

11 ,48— y. 0,08376 =a;^5)^

36 ,50— y. 0,11133= a;^6),

185 ,45— y. 0,40170= a;^.

Hence we easily find, that the series of quantities h^^\ U^\ h^^\ &c.,

arranged according to the magnitude of the quotients,
—

, -j^^^ &c.,* is

0,06198, 0,42757, 0,36443, 1,51405, 0,90031, 0,18405, 0,06787. [2017]

The equations [2016], taken in the order 3, 7, 6, 1, 5, 2, 4, correspond

to the quantities [2017]. The sum of the three first of these quantities, is

less than the half sum of all of them
;
and the sum of the four first, exceeds

this half sum; therefore we have a;^^) =
; which gives y=246^,93; [2017']

consequently z = 25538^, 85 ; so that the expression of the degree of

the meridian is, or t^
meridian.

25538^, 85 + 246^, 93 . sin.^d ; [2018]

sum of the numbers in the third column, 10,47202, we obtain the terra P of [1997],

equal to 0,43717. Hence the equation [1997] becomes nearly as in [2015] ; subtracting

this from each of the equations [2011], we get the system of equations [2016], which
[20156]

corresponds to [1998].

*
(1464) Comparing the systems [1998] and [2016], we find J^i>=— 107^, 95,

5^2)
_

igR^ 85, 6(3)^_ 47«^ 20, ¥*)=— 6^, 25, ¥^) == 1 1«, 48, ¥^^= 36^, 50,

iC7)=i85«,45; §«=— 0,43717, 5^-^
=— 0, 13561, 5(2)^ __o, 03771,

5(4)= 0,02824, 5(5)^0,08376, 5(^)^0,11133, 5(7)
= 0,40170. Hence we

deduce,

?/I)

= 247, r(F)=-146, -^ = 1252, -(^=-221,

J(5) ^ J(6) J(7)—TFT^^^lo/j —
TcT —-- »52o, —T=r- J^S 40l»

qip)

'

g(6)

'

^(7)

[2016a]

These terms, arranged according to their magnitudes, are 1252,461,328, 247, 137, —146, [20166]
—'221 ; and they correspond respectively to the equations [2016] numbered 3, 7, 6, 1, [2016c]

113
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[Sols']
6 being the latitude. Hence we deduce ^l^- for the oblateness of the earth*

and then the error of the degree of Lapland becomes f 86^,26.t This error is

[2018"] much too great to be admitted ;{ which confirms what we have said [2014'"],

that the earth varies sensibly from an elliptical figure.§

5, 2, 4. Now. if we arrange the equations [2016] in the order of these numbers, changing

the signs when the coefficient of y is negative, we shall have the following system of equations,

0,03771 .y— 47,20= x^^\

0,40170.^—185,45=— a?(7),

0,11133.2/- 36,50=— a;C6),

[2016rf] 0,43717.3/—107,95= x^^\

0, 08376. y— 11,48=— a;(5),

0, 13561.y+ 19,85= a:^^),

0,0^24.y+ 6,25=— cc(4).

[2016e]

/id)= 0,03771 X 1,6435= 0,06198
/i(2)= o,40170X 1,0644= 0,42757
/i(3)= 0,11133X 3,2734= 0,36443

/i(i)-|-/i(2)-|./i(3)
= 0,85398

U^)= 0,4371 7X 3,4633= 1,51405

/i(i)
_|_/i(2) _|_7i(3) _|_7i(4) =2,36803

/i(5)=o,08376x 10,7487= 0,90031
^(6) =0,13561 X 1,3572=0,18405
7ia)=0,02824x 2,4034=0,06787

m')-\-h&^ -\-h<^=F=S,52026
Multiplying the coefficients of y, in this system, by the

quantities i^^\ i'^^\ i^^\
'

i'-^^
, i^^\ i^^), i^'^\ respectively, we shall obtain the

products ¥^\ A(~), he, [1999], as in the adjoined table, which agrees with [2017].

The sum of these products is jP= 3, 52026 [2004a], making |F= 1
,
76013. Now

by the same table we have

[2016/] A«+ A^2)_|_^(3^^0,85398<|F, and A^i> +A^2) _|_^(3) ^^(4)^2,36803>iF;
hence we get U''^=U'^\ r = 4, [2001] ; and from [2001'], we find that the value of

y will be obtained, by putting the fourth of the equations [2016tZ] equal to nothing ; which

gives 0,43717.1/- 107^95 =a;^^^= 0, or
3/
= 246^93. Substituting a;«= 0, in

the first equation [2011], we get z= 25538.^,85 ; hence the degree of the meridian

[19696] becomes as in [2018].

[2016g-]

*
(1465) Substituting the values of z, y, [2016^], in the formula of the ellipticity [2013i],

246,93_

77028,10

246,93

[2016/1]
we get a A= ^^T^JR

= ^» as above.

[20161*1 t (1466) This is easily deduced from the last of the equations [2016], substituting y

[201 6g], from which we get a;"^= 185, 45— 99,19= 86,26.

[2016ifc] t (1466a) An error of this magnitude did however actually exist, as has been stated

in [20O9A].

§ (1467) The results of later and more accurate observations do not vary so much from

[2017a] the elliptical hypothesis, as the author has here supposed. This will appear from the

following calculations, made with the measures of the arcs of the meridian of Peru, India,

France, England, and Lapland. The measures of these arcs are given, in column 6 of the
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The operations made by Delambre and Mechain, to obtain the measure

of the terrestrial meridian, included between the parallels of latitude of [2018'"]

Dunkirk and Barcelona, leave no doubt on this point, when we take into

Earth does

_______^ . ^ not vary so
much from
an elliptic

following table A, in English fathoms, at the standard temperature of 62° Fahrenheit ; and
as'i^fu"

the latitudes of the extreme limits of the arcs are expressed in columns 2, 3, according to thelut'ifor.

the sexagesimal notation j being the same as those in Mr. Airy's table, page 570 of the [20176]

Transactions of the Royal Society of London for 1826. The latitude of the middle point

of each measured arc, is in column 4. The lengths of the arcs, in sexagesimal degrees, are

in column 5. The mean length of each of the degrees, in English fathoms, is in column 7.

We shall, in the first place, use the mean length of each of the measured degrees, and the

mean of the latitudes of the extreme points of the arc
; neglecting, as the author has usually

done, the terms depending on the square of the ellipticity. With these measures, using the

formula [19696], a= z-{-y . sin.^lat., we obtain the system of equations in the annexed [2017c]

table B, similar to [1970]. We shall now combine these equations by the method of the

least squares, improved in the manner pointed out in [1995n, Sec.].

Multiplying the equations in table B, by the lengths of the arcs i^^\ t^^^
, &c., table A,

column 5, we get the system of equations in table C, corresponding to the formula [1995a;],

changing the signs of the terms. The sum of these, put equal to nothing, and divided by

the coefficient of —
z, gives,

60655/, 8— 2r— y. 0,32803= 0, [2017d]

corresponding to [1995z]. Subtracting this from each of the equations in table B, we get

the system of equations in table D, similar to [1995^] ; multiplying these by the corresponding

lengths of the arcs in degrees i*^^, i^^^
, &c., we obtain the system of products in table E, [2017c]

similar to [1995j}]. Lastly, multiplying these products in table E, by the corresponding
coefficients of — y in table B, representing p®, p^^^ , &z;c., we obtain the system
in table F, corresponding to [1995^], whose sum, put equal to nothing, gives the

equation [1995/],

— 1235/, 3+ y . 2
,
1 1408 = 0, whence y= 584/, 3. [2017/]

Substituting this value of y in [2017<?], we get «= 60655/,8— I91/,7= 60464/, 1 ; [2017g]
hence the general expression of the length of a degree [2017c] becomes,

60464/,! + 584/,3.sin.21at.; [20m]

and the
ellipticity 2=

3^^
-=^ [1795/]. We shall find hereafter [2017y], [2017i]

that this result would not be essentially varied, by taking into consideration the whole length
of the measured arcs, and noticing the terms of the order of the square of the

ellipticity.

The preceding value of y, being substituted in the table D, gives the errors of the measured
[2017;fc]

degrees x^\ x^^^
, &ic. .
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consideration the great accuracy of this measure. The following are the
[2018""]

principal results of these operations,

Measared

degrees
of the
meridian.

[2017/]

Table. A.

Col. 1.
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Latitudes. Distances from the parallel of latitude of Montjoui to

the parallels of the following places,

Montjoui-
- - - 450,958281 =5^1^

Carcassonne - - 48,016790 = ^(2)^ Carcassonne- 52749^ 48 = a(2)
,

Evaux - - - - 51 ,309414 = d(3^ Evaux - - 137174 ,03 = a^^)
,

Pantheon at Paris - 54 ,274614 = ^(4), Pantheon- - 213319 ,77 = a^^)^

Dunkirk - - - - 56
,
706944 = 6^^\ Dunkirk - - 275792

,
36 = a(5) .

Arcs ofthe

meridian,
measured
in France.

[2019]

— 188510/+ JIf'. 0,112231 -f-JV. 0,1086 + P. 0,216 = —i(i^ a;(i^
;

— 598630 + M' . 0,356252+ JV . 0,3084+ P . 0,412 = — 1(2) . x^^)
;

— 751567 + M' . 0,445331 + JV. 0,0023— P. 0,837 = — t'O) . a;®
; [2017o]

— 172751 +Jtf'.0,102246—JV. 0,0241 — P. 0,175 =— i(4).a<4).

— 98870 + JW'. 0,058393— JV. 0,0383— P. 0,009 =— «(5)^a,(5)^

From these Mr. Airy obtained, by the method explained in [849A;], the values,

Jlf= 16,88164, JV=— 9358, P= 267; [2017p]

hence the length of an arc of the meridian, in fathoms, is expressed by,

16,88164 . seconds in (4^'— 4^)
— 9358 . (sin.2 4.'— sin.2 4.) + 267 . (sin. 4 4.'— sin. 4 4.). [2017q]

Mr. Airy found the lengths of the several arcs, from this formula, to differ from those given

in the above table, by
—

4, +4, —
19, +35, -f- 63 fathoms. He also [2017r]

computed the ellipticity to be ——
[1970m], by putting J)f=16,88l64, JV=—9358, [2017/]

[1969o, I97O0, 20179^]. We shall soon see that this ellipticity is probably too great, by

nearly one tenth part, and that the result of the method I have proposed [1995X—t] will [2017«]

agree much better witli these observations. For if we find the three fundamental equations,

by the method explained in [1995v], we get,

— 1810328 + M'. 1,074453 + JV. 0,35690— P . 0,39300= 0,

— 598948 +Jlf'. 0,356900 4-JV. 0,40287+ P. 0,60850= 0, [2017*]

668370—M . 0,393000 + JV . 0,60850 +P . 2,76623= .

Hence J^f'= 1687659,4, JW= 16,876594, JV=— 8368,2, P=— 10,0; and [2017tt]

the length of an arc of the meridian is expressed by,

16-^,876594 . seconds in (4-'— 4^)
— 8368-^,2 . (sin. 2 ^'— sin. 2 4)
— 10^ .

(sin. 4 4.'
— sin. 4

4.).
^^^^^''^

These numoers differ considerably from those of Mr. Airy [2017p, q], particularly in the

value of P, which he makes above twenty-six times as great as by my method ; and it is in
[2017ir]

114
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These distances being represented bj a^^\

'

a^^\ d'^\ #) ; the latitudes

[5J019'] by ^^'\ ^(2), P\ &^'\ ^(5)
. ^^^ ^,e ghall put x^^\ x'^^\ x^^\ x^^\ xf^\

consequence of his using this excessively great value of P, that he supposes the curve of

the meridian to differ essentially from an elliptical form. The value of P, corresponding to an

[2017x] elliptical meridian [] 97 Ot;], is P=—
-j-^

^ • A*= y^^. ^^ . 8368,2= 8^,4 nearly.

Substituting M, JV, [2017it], in [1970m], we get
- = 311,5,

- = ——
; hence the

ellipticity of the earth, expressed in parts of the polar radius, is
, or '^7^ part

[2017y]

[2017z] of the equatorial radius. The corresponding values of Mr. Airy are ^^r^" j
or .

,

2/8,6 279,0

respectively. If we compute the whole lengths of these five measured arcs, by means of

the formula [2017tj], we shall find the errors of these measures, expressed in fathoms, to be

[2017a] -|- 13, —
17, +11, —

9, -f" 2, respectively. The sum of the positive errors is

equal to the sum of the negative ones, as must necessarily be the case, in this method of

calculation; because the first of the equations [2017^] is found, by putting the sum of the

errors of all the measured arcs equal to nothing [1995v]. These errors are much less than

[2017j3] those, found by using Mr. Airy's formula [2017r] ; the extreme errors of the two formulas

being in the ratio of 17 to 63, neglecting the signs.

If we substitute the elliptical value of P= 8'^,4 [2017a;], in the equations [2017o], the

[2017y] terms depending on this quantity, will be 1-^,8, 3-^,4,
—

7-^,0,
— K,5, —

O-'',! ;

which are far within the limits of the errors of the observations [2017a], and may therefore

be neglected ; or we may connect these terms with the measured arcs, by the method [1970r] ;

observing that they would vary only a fraction of a fathom, by taking for the ellipticity any

[20176] quantity between -^^Ty and ^, instead of using ^. In this way the system [2017^] will

be reduced to the two first equations, in which we must put P= 8-^,4, and they will

become nearly,

~ 1810331 + JIf'. 1 ,074453 + JV. 0,35690 = ;

— 598943 +JH'. 0,356900 + JV. 0,40287 = 0.

Hence we get M'= 1687681, M= 16,87681, JV=— 8415,2 ;
and s is obtained

[2017^] ^ ,1 ...^nn -^

[2017e]

[2017«]

from [1970m]
- =— 154699 . —;— J = 309,8 ;

therefore the ellipticity, expressed in

parts of the polar radius, is
1^(7^ j

and in parts of the equatorial radius, is
-^^'

Then

Oblate- £

nesj. -I

309,8

the formula [1970t;], gives P=— y^^
s . JV= 8/,4 nearly, as above ;

and the length

of an arc of the meridian is expressed by,

[2017^]

16^, 87681 . sexagesimal seconds in
(4.'
—

^;.)
— 8415^, 2 . (sin.

2 4.'
— sin. 2 4.)

+ 8-^,4. (sin. 4 4.'
— sin. 4 4-).
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for the errors to which these latitudes are liable. These errors may

be attributed, either to the observed latitudes of the places, or to the

geodetical measures, the defects of which have an influence on the latitudes [2019"]

of the parallels, whose distances, from that of Montjoui, are supposed to be

If we compute the lengths of the whole arcs of the preceding measures, by the formula

[2017(3],
we shall find that the errors are —

12, +18, — 17, -f- 9, + 1
; which

agree nearly as well with the observations, as thpse computed in [2017a], where the meridian

is not restricted to an elliptical form. Hence it appears -that this strictly elliptical form of the [2017/]

meridian is more conformable to these observations' than the irregular figure obtained by Mr.

Airy^s calculation.

These observations agree so well with the hypothesis of an elliptical meridian, that it makes but

very little difference what method is used in combining them. For the results of the calculations

in [2017i, y, ^] are nearly the same; and we shall find upon examination, that if we use the [2017»]

common method of applying the principle of the least squares, putting P equal to its elliptical

value 8% 4, the results will be nearly the same as those just mentioned. This may be

easily proved, by putting P^8%4 in the two first fundamental equations given by Mr. [2017X]

Airy, in page 570 of his paper abovementioned ; by which means the ellipticity will be

changed from
-x^x-r

lo —
, and the results will nearly agree with [2017^]. The

same also appears from the calculation of Mr. Ivory, in the Philosophical Magazine for 1828,

page 34G; where, by means of the formulas [1970Z, 5], he obtains the ellipticity ^9, using [2017fJ^]

the common method of combining the equations. Finally, if we apply the method of

Boscovich [199G, &;c.] to the system of equations in table B [2017m], we shall find, that the

value of y is to be obtained by putting aP^=0, in the second equation of table D [20l7n],
163

which will give y= - = 589,3 ; and then, from [20l7rf], we shall get,

z= 60655,8— y . 0,32803= 60462,5 ; [2017vl

consequently the lengtli of a degree of the meridian will be expressed by

60462/, 5 + 589-^, 3 . sin.^ lat.

This differs but little from [2017A], and the
ellipticity, resulting from these numbers,

computed as in [2017?:], is ^ nearly.
[2017|]

If we put 4.
= 0, 4.'

= 90-^ == 32400^ in [2017^], we shall obtain the length of a

quadrant of the meridian 5468087, in English standard fathoms, at the temperature of
[20175r]

62° Fahrenheit. We may reduce any of the measures given in this article in standard

fathoms, to the standard metre, by using the ratio of these measures given in the Philosophical
Transactions for 1818, 1826, pages 109, 569

; from which it appears, that the standard metre
of 0° centigrade, was found by Captain Kater to be equal to Sg'"*'*^', 37079 of the [2017p]

English standard, at the temperature of 62° Fahrenheit.



456 FIGURE OF THE EARTH. [Mec Ca

^(2)^ «(^>, &c. The terrestrial arc, comprised between the equator and

the parallel of latitude of Montjoui, is, by what has been said, nearly

equal to,*

[2020] s .
{6^'^ + x^'^— f p . sin. 2 P^] ;

[2020'] s being the mean length of a degree, and p the oblateness of the earth,

reduced to degrees. The arc comprised between the equator and the

parallel of Carcassonne, is

[2021] s .
{^(2)+ a;^^)— f p . sin. 2

d^^^} ;

therefore the arc included between the tw^o parallels of Carcassonne smd

Montjoui, is

[2022] s .
[^(2)
_ ^(i) _|_ ^,(2) __ ^(1) __ I p .

(sin. 2 ^(2)— sin. 2
6('^)].

Putting this equal to a^^\ we shall obtain,t

[2023] ^(') — P^ + a;('> — x^'^— f p . sin.
(^^^^
—

6^^^)
. cos.

(^(2> + d^^))
=

(2)

The parallels of the other places, compared with that of Montjoui, furnish

[2023'] three, similar expressions ;
and by substituting the corresponding numerical

values, we shall obtain the four following equations :$

*
(1468) If we neglect terms of the order of the square of the ellipticity s, the expression

of the length of an arc of the meridian, included between the equator and the latitude 5, will

[2020o] be A:.f(l+ Js).^
—

|s.sin.2^^ [1969n], or ^.(l+|s).^^—|£.sin.2^|. Putting

^= 90'', we get the length of the quadrantal arc, equal to ^ . (1 -f | s)
. 90''

;
hence

the mean length of one degree is k .{l-\-^s). If we represent this by s, as in [2020'],

[20206] and change the ellipticity
s into

p,
to conform to the present notation, we shall get the length

of the arc [2020a], s .\^
— f p. sin. 2^}. From this formula we easily obtain the

expressions [2020, 2021], supposing the errors of the measured arcs to be s . a;^*^, s . aP\

respectively. The difference of these two arcs is the value of a^^^ [2022],

f (1469] Putting [2022] equal to d^\ and dividing by s, we get,

[2023a] ^<2)— ^^1) + a;®— x^'^— f p .
{
sin. 2 6®__ gin. 2 6^^^

= — .

Substituting sin. 2 ^(2)_ gin. 2 ^(^>== 2 sin.
{6(^^
—

6^^^)
. cos. (a(2)_(_ ^cn), [26] Int., it

becomes as in [2023].

J (1470) These equations are deduced from [2023] ;
but if we have a table of natural

sines, it will be easier to deduce them from [2023a], using the values [2019], and changing

successively a^^'> into a^^\ a^^)
, Sec, we shall get very nearly the numbers in [2024].
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52749^48
s

137174^03

s

213319^77
(B) [2024]

[2024a]

2°, 058509 + a;(2)— x^'^— p
.

,
0045829 =

5°,351133 + a;(^)— a;(^) — p. 0,0054036 =

8°, 31 6333 -I- x^'^— x^''> + p .0,0007152 =
27'5792* 36

10°, 748663 + a;(^— x^'^ + p . 0,0105491 = ^—
^—

If we apply to these equations, the first method, given at the beginning of

^ 39,* we find, that in the elliptical hypothesis, which gives a minimum for
[2024^

*
(1471) This method will lead to a formula, similar to [1972] ; observing that p, 5,

[2024], take the place of z, y, [1970], and must be exterminated, as is observed in [1970'].

In the first place we shall multiply the equations [2024] respectively by the quantities

275792fl,36 275792^,36 275792^,36

52749«48' 137]74«,03' 213319«,77'
^' and we shall get,

10°, 7G2590 + 5,228342 . {x^^^
— a?(^)

^
—

p
. 0,0239610= 275792^,36 . 5-1

;

100,758606 + 2,010528 . {x^^^
— a;(»)

|
—

p . 0,0108641 = 275792^36 . s-^ ;

10°, 751840+ 1,292859 .
{x^^^
— x^^^ }+?- 0,0009246= 275792^36 . s'^ ;

10°, 748663 + 1,000000 . {x^^i
— a;^i^ ]+?. 0,0105491 = 275792^,36 . s-i.

Subtracting each of these equations from that immediately preceding it, we shall eliminate s,

and shall get,

0°,003984— 3,217814 . a?«+ 5,228342 . a:^^)_ 2,010528 . x^^^— p . 0,01 30969 = ;

0°, 006766— 0,717669 . d^)+ 2,010528 . x^^^— 1,292859 . x^^^— p . 0,0117887= ; [20246]

0°, 003177— 0,292859 . x^^^ -f 1,292859 . a:^^)_ x'^5) _
p

, 0,0096245= 0.

Multiplying these equations respectively by 1
, H^fff, ^^^t-) we obtain,

0°, 0039840— 3,217814 . x^'^+ 5,228342 . a:^^)_ 2,010528 . x^^^— p . 0,0130969 == ;

0°,0075168 —0,797309 . a?^>— 1,436328 . a^^) _]_ 2,233638 . x^^^— p . 0,0130969 ==
; [2024c]

0°, 0043232— 0,398519 . a^^) + 1,759306 . a;^^) __ 1,360787 . x^^^— p
. 0,0130969= 0.

Subtracting the first from the second, and the third from the second, we obtain the

following,

0°, 0035328 =— 2,420505 . a?(i>+ 5,228342 . a;^^) _|_ 1,436328 . a;^")_ 4,244166 . x^^'> ;

0°, 0031936 = 0,398790 . x<-''>+ 3,195634 . a^^^^— 2,233638 . x^^^— 1,360787 , x^^^ .

In order to compute the minimum error, we must make different suppositions, putting

successively either one of the quantities x^^^
,

x^^^
, Stc, for the least error, and making

115

[2024rf]
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[2025] the greatest error, x^^^ = a;^^) = — x^^^ =— x^^^ = 4",43 ; x^^^ = 3", 99 ;

[2025'] the oblateness p
= -rr-7 ;* and the degree corresponding to the mean

parallel of latitude, equal to 25649^,8. These observations have been

made with so much care and accuracy, that it is not possible that these

errors, small as they are, can really exist ;
it appears therefore that we ought

to attribute them, in part at least, to causes which make the figure of the

[2024e] the other four equal to each other, according to the directions in [1971"
—

1972'"]. In the

first place, we shall suppose that x^^'>
, independent of its sign, is the least of these errors ;

then the first of the equations [2024 cTj gives,

[2024/1 a;(i) =--0°, 0014595 +2,1600 .a;^2)_ 1^7534 , a^cs) _|_ o,5934 .a;(4) .

Substituting this in the second of the equations [2024cZ], we get the equation corresponding

to [1972],

[2024g] 0°, 0037756= 0,8614 . a?^^) _ 2,9328 . a^^) _|_ 3,4323 . a;(4)_ 1,3608 . a?^^) .

Dividing, as in [1972'], this first member, 0°, 0037756, by the sum of the coefficients of

a;(2)j _a;(3), x(-^\ —d^"), which is 8,5873, we get,

a;(2) = _ a.(3)= ^(4)=_ 3.(5)^ 00,00044.

Substituting these in [2024/], we get x^^^= 0°,0052 ;
and as this exceeds the preceding

value of a:^2> = 0°, 00044, the supposition made in [2024e], that the error x^^^ is the

least, is not correct ;
and we must, as in [1972'"], take the next in order, x^^\ and suppose

it to be the least of the errors, independent of its sign. In this case, the second of the

equations [2024<Z] will give, as in [1972'], by dividing the constant quantity of the first

member, 0,0031936, by the sum of the coefficients of x^^\ a;^^\
—

x'^^\
—

x'^^\

in the second member, which is 7,188849, a?^^)=— a;(3)= x^"^^=— x^^^= 0°, 000444.

Substituting this in the first of the equations [2024d], we obtain a;^^)
__

qo, 000399.

This, being less than the preceding value of x^^\ agrees with the hypothesis [2024A] ;

and it will therefore be unnecessary to examine the other cases, in which x''^\ x^^\ x^^\

are supposed to be the least of the errors [1972'"].

[2024A]

[2024i]

*
(1472) Substituting the values of x^^\ x^^\ a;®, [2024i] in the last of the equations

[2025a] [20246], we get 0^,003177 + 0,000888— p .0,0096245=0, whence p=0O,42236.

To reduce this from degrees [2020'] to parts of the radius, we must divide it by

630,66198 [1970A], and it will become P= 7;?4I!-^ = TT^j being nearly as in

oo,ool9o 15U,7

[2025']. Substituting a;^4)_^a)^o [2024*], and p= 0,42236 [2025a] in the

[20256] third of the equations [2024], we get 8°, 316333+ 0^,000302= 213319^77 .5"^ ;

hence s= 25649^, 8, as in [2025'].
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earth differ from that of an ellipsoid. But what proves the fact beyond

doubt is, that the oblateness -——
, which this combination of errors [2025"]

loOjO

gives to the earth, does not agree, either with the phenomena of gravity, or

with the observations of the precession and nutation
;
which do not allow [2025'"]

us to suppose that the earth has a greater oblateness than in the case of

homogeneity, namely -z^*

If we put in [2024] p
= xk» or in degrees! p

= 0°, 276791 ; [2025""]

supposing also,

10000
~1 [2026]

we shall get the following system of equations, f

0°, 000000— z— y. 0^, 000000 ==— a;« ;

2°,057240— z— y. 5°, 274948=— a:^^)
.

50,349637— 5r— y. 130,717403=— a;^3).
^^^^^

80,316531— 2:— y. 210,331977 =— a;^«;

100,751583— z— y. 270, 579236=— a;^5>.

*
(1473) In the case of homogeneity, the ellipticity of the earth is of the

equatorial radius, or
-^^^ttit

of the polar radius, [1592a]. This quantity is nearly equal

to the terra f a
tp, in the expression of the radius [1648] ; and by [1800^, the oblateness

of the earth, in the most probable hypothesis of the density, is less than this. The above [2026a]

remarks, relative to the limit of the ellipticity of the earth, derived from the observations

of the precession and nutation, are conformable to the results obtained in [3418].

f (
1 474) Multiplying p

= ^^, expressed in parts of the radius, by the value of the

radius in degrees, 63o, 66198 [1970A], it becomes p=0o,276791. In the original, it [20266]

was printed Oo, 27691, by a typographical mistake.

% (1475) If we suppose z= a:(^>, it may be put for the sake of symmetry, under the
[2027o]

form of the first of the equations [2027]. Substituting this value of a;^^^ in the equations

[2024], also p
= 0,276791 [2025""], and for -

its value J^ [2026], we [20276]

shall get the four last of the equations [2027]. It may be observed, that in the value of s,

[2026], the numerator was erroneously printed 100000 in the original work, instead

of 10000.
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These equations are similar to the equations [1970], the only difference

[2027'] being in the signs of the errors x''^\ x^^\ &c. Making use of the second

method explained in § 39, [1974, &c.], the two series [1985] become,*

[2028]

—
rc^^ a;(%
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[2029]

[2031"]

and the two series [1988] become,

— CO, 0^,389843, od.

Hence we deduce,*

_ x^') = — a;^5) == a;(3) ^ 9"^ 93 ; [2030]

y = 0,389843; [2030']

and the degree, on the parallel of 50^, is 25651^,33.1 [203l]

An error of 9", 98 is much greater than can be supposed to exist;

therefore these measures will not allow us to suppose the oblateness to be
[2031']

-5^^, and still less will they agree with a smaller oblateness. It is therefore

proved satisfactorily, that the earth varies very sensibly from an elliptical

figure. But it is very remarkable, that the measures lately made in France,

and in England, with great precision, in the direction of the meridian, and in

the perpendicular to the meridian, both indicate an osculatory ellipsoid, in

which the ellipticity is y^-^^, and the mean length of a degree [20256], [2031'"]

25649^,8. [2032]

*
(1477) As there is only one terra X^^^ in the lower series [2029], we must put

y= X^^^ = 0,389843, corresponding to «=5; and by proceeding as in [1991c, rf], [2029a]

we shall find that y= >S^^ gives, in the series [2029],
— a;(^>=— af^K The exponents

of these two quantities are 1, 5, and between them there are, in the series [2028], two

quantities
—

x^^'',
— x^^^

; one of which must be equal to x^^'> or x^^\ as in

[1975"", 1976'"]. To ascertain which of these two quantities is to be selected, we shall

observe, that x^""'^ = x^^') [1985"] is the greatest error from ^= (3^^)= 0,389981 to
[20296]

y==p(3)= 0,389699; and as y= X^i) = 0,389843 [2029a] falls between these

values, it will make xP^ a maximum
; hence, as in [1975""], we shall have the equation

_a:(i)=_x(5)=x(3) [2030]. Substituting -^x'-^^=af^\ z= x^^\ [2027a], in the

third of the equations [2027], and dividing by 2, we get,

x^^^=z = 2°,674818— y .6°,858701 =00,001002= 10",02 ; [2029c]

which agrees nearly with [2030].

t (1478) If we put, in [2022], a?(»= a;<2)=0, 6^^^— 49^,5, 6(.^)= 50^,5, we

shall get s for the length of a degree of the meridian, included between the latitudes 49°, 5,

600,5 ; hence, by [2026, 2030'], it will become,

10000 10000 „ ^ ..

>=
To:p-

=
5;^^^

= 25651«,3, [2031]. [3030„]

116
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To represent, with these elements [2032], the measures of the degrees
between Dunkirk and the Pantheon, the Pantheon and Evaux, Evaux and

Carcassonne, Carcassonne and Montjoui ;
it is only necessary to alter the

[2032'] observed latitudes about 4", 4.* The degree perpendicular to the meridian,

[2032"] in the latitude of 56°,3144, becomes 25837^,6 ;t and by some very

[2032'"] exact operations made in England, it has been found to be 25833^,4.

From this near agreement it appears, that the great oblateness of the

osculatory ellipsoid, in France, does not depend on the attractions of the

Pyrenees, and the other mountains in the south of France
;

but that it

[2032""] arises from much more extensive attractions, the effect of which is sensible

in the north of France, and in England, as well as in Austria and in Italy.

For all the degrees, measured in this part of the surface of the earth, are

*
(1479) This agrees with [2025], where a)^')= 4", 43, a;(2)= 3",99, a;®=— 4", 43,

a;(^)=4",43, cp(5)=:_4",43. If these values, and those of ^(^>, &^^\ ^(=^>, &'^'\ d®,

[20 1 9] ,
be substituted in ^«+ x^'^\ ^(2) _|_ ^(2y

^
^(3) _^ ^o)

^
^(4)

_|_ ^(4)^ ^(5) _^ ^(5)
^ jj^ey

will give the corrected latitudes of JVIontjoui, &,c., corresponding to the values p=:= -.c-^p

and 5 = 25649^,8, as is evident from [2025, &;c.].

f (1480) If we suppose this part of the surface of the earth to be represented by an

osculatory ellipsoid of revolution, and fix the origin of the radius at the centre of the

generating ellipsis, the radius of the ellipsoid will evidently be independent of
<p [1965] ;

[2032a] consequently we may put A=:0 in [1966], which expresses the length of an arc of the

meridian, corresponding to the difference of latitude s
;
and if we neglect terms of the order

[20326] s^ it will become s— \as— fas. cos. 2 4-, or £.(1
— ia).fl— fa.cos. 2 4^};

whence the mean length of a degree £.(!
— i«) ;

and if we use the value of this

[2032c] degree [20256], we get 1°. (1 —| a) =25649^,8. Substituting this, and £= 1°,

[2032rf] in [20326], we have 25649^,8 . ^1
— fa. cos. 2

4.|,
for the length of a degree of the

meridian, in the latitude -4. Substituting the same values of h, 1°.(1
—

|a), [2032a, c],

in [1968], we obtain, by successive reductions, the length of a degree of the perpendicular

to the meridian, in the latitude -^j neglecting terms of the order a^,

l°.f 1+ a . sin.Hf = 1° • (1— I «) • P+ ^ « + « • sin.H}

[2032e]
= 25649^, 8 .

{
1+ ^ a + a . sin.24,}.

Putting h=Q, in the expression of the radius [1965], it becomes 1— a.sin.^-^; which

at the equator is 1, and at the poles is 1— a
;

hence the ellipticity is a. Supposing, as in

{9032/] [2031'"], a=T|^, this expression of the degree of the perpendicular to the meridian

[2032e] becomes 25837«,6, as in [2032"].
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represented, within 8^ or 9^, by the osculatory ellipsoid, we have just [2032^]

mentioned [2032].* [2033]

It appears also, by the azimuths observed, upon the arc of the meridian

from Dunkirk to Montjoui, that the osculatory ellipsoid is not accurately a

solid of revolution. If we apply the formulas of § 38, and the preceding [2033']

methods, to these observations, we may determine the osculatory ellipsoid,

which satisfies the observations of the azimuths, as well as those of the

latitudes. We shall not however discuss this point, but shall merely remark,

that the measure of a perpendicular to the meridian of the observatory, made

in the widest part of France, using the same methods as in the measure of [2033"]

the meridian, observing at several places the azimuths and the latitudes,

would furnish important data for the determination of the excentricity of

this ellipsoid, in the directions of the parallels of latitude
;
and it is therefore

to be desired, that this new measure should be added to the preceding.

The observations of the azimuth, already made, prove that the meridians are [2033'"]

not similar
;
and if we compare the degree of the Cape of Good Hopef with

the degrees measured in the northern hemisphere of the earth, we shall j5nd

that there is reason to suppose the northern and southern hemispheres differ

from each other. The figure of the earth is therefore very complex, as is

natural to suppose it would be, when we take into consideration the great

inequalities of its surface, the different density of the parts which cover it, [2033" ]

and the irregularities in the shores and in the bottom of the ocean.

To determine the length of a quadrant of the terrestrial meridian, from the

arc comprised between Dunkirk and Montjoui, we must adopt some hypothesis

relative to the figure of the earth
;
and notwithstanding all the irregularities [2033'^']

*(I481) Substituting p=Tl(y [2031'"] in [2032J], we get the corresponding length

of a degree of the meridian, in the latitude 4'5 equal to 25049^,8 — 256^, 5 . cos. 2 4^ ;

and by putting successively 4^= 47°, 7963, 4.= 53°,092G [2009"", 2009'=], we get

25632^,1 , 25674^,7, for the degrees of Italy and Austria, instead of the observed values [2033a}

25640«,55, 25683^30 [2010] ;
the differences being 8^45, 8^60, as in [2032^^].

f (1481a) The imperfections of the measure at the Cape of Good Hope [2009t?, &c.],

render it wholly unfit for the purpose for which it is here used
;
and we have not, in the [20336]

southern hemisphere, any observations made with sufficient accuracy to justify the assertion,

that there is any essential difference in the figure of the meridians, in the northern and

southern hemispheres.

[2033""]
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of its surface, the most simple and natural supposition is that of an ellipsoid

of revolution. Making use of this hypothesis, a quadrant of the meridian

[2033^"] will be nearly equal to one hundred times the arc included between Dunkirk

and Montjoui, divided by the number of its degrees, if the middle of the arc

correspond to 50° of latitude :* but it is a little to the north of it
;
therefore

[2033viii] wo must apply a small correction, depending upon the oblateness of the

earth. We have selected the ellipticity which results from the comparison

of the arc measured in France, with that at the equator. This last measure

is preferred to any other, on account of its position, its distance, and extent
;

as well as for the care which several excellent observers have taken in

[2034] measuring it. The ellipticity derived from this comparison is 3-^4 .f Hence

the quadrant of the meridian, deduced from the arc measured between

*
(1482) This evidently appears, by supposing the errors x^^^, x^^\ to be nothing,

and 6^^\ &^^\ to be the latitudes of Montjoui and Dunkirk. For the arc of the meridian,

contained between the parallels of latitude of those places [2023], becomes

[2033c]
s .

{
^^2)_ &0^_ 3

p . sin.
(^(2)
_ ^(i)

)
. cos.

(<5(2) -^6^'^)].

Now if the latitude ^^^^ be as much above 50°, as 6^^^ is below it, we shall have

cos. (^(^^ -|- 6^^^)
= COS. 1 00° =

;
and the preceding expression will be reduced to

5.^^(2)
—

^(i)|. Multiplying this by 100°, and dividing the product by the difference of

[2033d] the two latitudes 6^^^— &^^\ according to the directions [2033""], it becomes 100°.s;

and as s is by hypothesis [2020'] equal to the mean length of a degree, 100°. s must be

the length of the whole quadrant, which is therefore found correctly in the above hypothesis.

This value of s corresponds with the assumed value of c [1590«].

f (1483) If in the expression of the length of a degree of the meridian,

lo.(i__ia).(l_|a. cos. 2 4.), [20326J ,

[2033e]

[2033/]

[2033g]

we put successively, 4'
= 0, 4'

= 51°, 3327, we shall get the lengths of a degree at the

equator and in France. Substituting the values [2009'', 2009'''], we have,

25538^85= 1°. (1
— J «) • (1

—
f «) ;

25658«,28=1°.(1—ia).(l— fa.cos. 102°, 6654) = 1°.(1— Ja) . (l-f a.0,0628).

Dividing the second by the first, neglecting aP, we obtain,

25658,28 l+«. 0,0628

2553M5- 1-fa -l+«- 1^5628,

hence a= s^ .
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Dunkirk and Montjoui, is equal to* 2565370^. The metre, being the [2034']

ten millionth part of this length, is therefore equal to ^«*'«-

0^,256537 = 0^°''%513074= l'"^*'^ [2009""]. [2035]

The toise is that used in the measure of Peru, referred to the temperature of Toise.

sixteen and a quarter degrees of a mercurial thermometer, divided into a [^^35']

hundred degrees, from the temperature of freezing water to that of boiling

water, under a pressure of a column of mercury of the height of seventy-six

centimetres. By means of this value, it will be easy to reduce all the [2035"]

preceding measures into metres, and also those which are expressed

in toises.

Whatever be the figure of the earth, we find by observation, that the^ ... [2035'"]

degrees decrease, from the poles to the equator, in both hemispheres ;
which

requires a corresponding increase in the radii of the earth ; consequently a

*
(14S4) IVIultiplying P=^.1t [2034], by the radius in degrees 63^,66198 [1970A], [2034a]

we get p
= 0°, 190605; substituting this in the last of the equations [2024], neglecting

a?(5), x^^\ we get 10°, 748663 + 0^,002010 = 275792^,36 .^-^
;

whence [20346]

5 = 25653^,49, representing the mean length of a degree [2020']; therefore the

quadrantal arc of the meridian is 100.5= 2565349^; which differs a little from the
[2034c]

estimate in [2034']. This difference arises from the neglect of the terms of the order p^, as

will be evident by repeating the calculation, using the formula [1969o], in which tliose terms

are retained. For if we neglect terms of the order s^, we may easily reduce [1969o] to the

following form,

k. (I+ ^s+ tV^^) • {+'—4^— (fs— f £2)
.
(sin. 24.'— sin. 24.) + ^ s^. (sin. 4 4.'— sin. 44.) |. [2034rf]

Putting, in this expression, 4,:=^(i), 4.'=^® [2019], £=p, A;. (1-f^ s-f iV s^) =«, [2034e]

and for brevity A = sin. 2 ^^^^— sin. 2 d^*^4- 1 sin. 4 ^ ^^ —
f sin. 4 d^'^

; then connecting

together the terms of the order
p^, it will become,

s . {^®_ ^u^_ 3
p

. (sin. 2 4®— sin. 2
(f-^^) + f ^ . p^}. [2034/1

The term |^. p2
= _0°, 000094, is easily found, from the values of ^^'^ d® [2019],

and
p
= ^^ [2034], observing that it is multiplied by the expression of the radius

63°, 66198 [1970A], to reduce it to degrees; connecting this with the two preceding

terms, computed in [20346], we get,

10°, 748663 + 0°, 0020 10— 0°, 000091 =275792«, 36 . «-»
; [2034g']

hence 5. 1°= 25653^, 7. IVIultiplying this by 100, we have the whole quadrant of the

meridian, lOO.s [2020'], equal to 2565370^ nearly [2034']. Comparing this with

[1969m], we get S= A; .
i * .

(
1 + ^ p + -,V p')

= 2565370*.
[2034A]

117
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flattening in the direction of the poles. To prove this, we shall suppose, for

greater simplicity, that the earth is a spheroid of revolution. In this case,

the radius of curvature of the meridian, at the pole, is in the direction

[2035""] of the axis of revolution
;

and it continually decreases, till it becomes

perpendicular to this axis, when it will be in the plane of the equator.

These radii form, by their mutual intersections, the evolute of the terrestrial

meridian
;
of which the first extreme tangent is in the polar axis, and the

[2035^] second is in the axis of the equator. We shall put a and a' for these two

tangents, measured from the point of intersection of the polar axis, with the

diameter of the equator. Then taking this point, for the centre of the

earth ;
also i?, 72', for the radii of curvature of the meridian, at the north

[2035vi] pole, and at the equator ; r, /, for the radii, drawn from the centre of the

earth, to these two points, we shall evidently have,*

[2035a] (1485) Dividing [2034A] by the coefficient of A;, namely 1,570796 .
(1 4-^ P+ tVp^),

neglecting p^,
and substituting p

=
3 i^ [2034] ,

we get successively,

[20350^

[20356]

A;= 1633165^.(1
— J P+ ^Vp^) 1633165*

1630723*:

. 2444* + 2*

:326I446^"^^

Dividing this by 0,513074, vsre get in metres ^= 6356677'°*''-. Hence the oblateness

3-|_A;= 19032'»^*-; adding tliis to k, we get the equatorial radius A/= 6375709'"«K

Some of these quantities differ a little from the values used in [3896], owing to the neglect

of small fractional parts in the numerical calculation.

[2037a]

[20376]

*
(1486) In the annexed figure, PD'B'A'E

is an arc of the meridian ; C P the polar

semi-axis
; CE the equatorial radius ;

GABDH
the evolute of the meridian

;
HP the radius of

curvature at P; GE the radius of curvature

at E', DD', BB', AA', the radii of curvature

corresponding to the infinitely near points 27,

B\ A'. The lines Bh, Dd, are drawn

perpendicular to P H
; and B b', D d',

perpendicular to CE. About C as a centre,

with the radius C D', is described the circular

arc D'B", cutting B B' in B". Then by
the above notation [2035''], we shall have

HP=R, EG=R', CP=r, CE=r',
HC= a, CG =. a'. Now it is evident, that
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r = R— a
;

r'= R -\-a'. [2036]

Hence we deduce,

r'— r^a-^o!— {R—R'). [2037]

The evolute is convex* towards the polar axis, because the radii of curvature

and the degrees of the meridian decrease from the pole to the equator ;

moreover, the whole arc of the evolute is less than the sum a -{- a! of the

two extreme tangents.f Now R—R is equal to this arc
;
therefore [2037']

/— r is a positive quantity. If we put r" for the radius drawn from the [2037"]

centre of the earth to the south pole, we shall find, in like manner, that

/— r" is positive ;{ therefore Sr' is greater than r-\-r\ or the diameter [2037'"]

of the equator exceeds the polar axis
;

in other words, the earth is flattened

at the poles.

If we consider an infinitely small arc of the meridian as an arc of a

circle ; and suppose the circumference, of which this arc makes a part, to

CP^HP— HC, CE^EG-{-CG; and if we substitute the preceding values of

these quantities, we shall get the equations [2036]. Subtracting the first of these from the

second, we obtain [2037].

*(I4S7) It is easy to prove that the evolute HBG is conrea: towards HC, if the [2037c]

radii of curvature HP, DU, G E, decrease from the pole to the equator. For if

we suppose the involute PRE to be described by the winding of a thread about the

evolute HD G, from H towards D
;

and that, at the moment of arriving at D, the

evolute becomes concave of the form h Dg ;
the radius D D', instead of decreasing, by

winding about the arc DB, will mcrea^e, by unwinding from the arc Dh. Hence the t^^^^'^]

radius of curvature will increase, in proceeding towards the equator ;
and as this is contrary

to observation, the supposition of a concave evolute is inadmissible.

t (148S) In the rectangular triangle BED, we have the hypotenuse BD less than

the sum of the two sides BE, BE, or h'd', hd; that is, BD<l)d-\-h'd'. Taking
the integrals of these quantities, from the point i? to G of this convex evolute [2037c], we
shall get fBD <:_fb d -\-fh'd' ; but fBD= arc HG, fbd=HC= a,

fb'd'= CG= a'; hence arc HG< a + a', as in [20371 • But by the nature of the ^^^^'^^'^

evolute, we have btc HG= HP—EG= R— R'
; hence R— R'<^a-}-a', or

a+ a'— {R—R) > 0. Substituting this in [2037], we get /—r>0 [2037"].
[^^37/]

I (1489) In [2037/] we have /—r>0 ; and in like manner we get /—r"> 0.

The sum of these two expressions gives 2/— r— r">0, or 2r'^r-{-r". Hence [2037g-]

the equatorial diameter 2 / exceeds the polar axis ;• -f r".
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be described
; the extremitj of this infinitely small arc, nearest to the pole,

[2037""] will be nearer than the other extremity to that point of the circumference of

the circle which is nearest the centre of the earth,* Hence it is easy to

perceive, that the radius of the earth, drawn from its centre to the first

[2037V] extremity, is less than the radius drawn to the second extremity ;
or in other

words, the terrestrial radii increase from the poles to the equator.

[2037vi] Since a + a' is less than 2.(R— R),f we shall have r'—r less

than R—R
; therefore the difference between the equatorial and the

polar radius of the earth is less than the difference of the corresponding
radii of curvature

; consequently the degrees of the meridian increase, from

[2037vii] the equator to the poles, in a greater ratio than that in which the terrestrial

radii decrease. It is easy to extend the same reasoning to the case where

the earth is not a solid of revolution.

42. We shall now consider the observed lengths of pendulums vibrating

[2037*"'] in a second of time. Among them we shall select the fifteen following.!

*
(1490) We shall suppose MA'B'D'JV to be the circumference of a circle, whose

centre B is the same as the centre of curvature of the arc A'B'D', and JV the point of

this circle which is nearest to the centre of the earth C, so that the lines drawn from C to

[2037A] different points of this circle, increase with the distance from the point A^. Then it is evident

that the extremity D' of the arc A'ly, nearest to the pole P, is nearer to the point JV*

than the other extremity A' of the same arc
;

hence it follows, that CD' is less than

CB', as in [2037""]-

t (1491) Having hd<iBD, and b'd'<^BD, their sum gives bd+ b'd'<C2BD-j

and their integrals, taken from the point H to G, give fb d -\-fb'd'<^2.fBD ;
hence

*- *•'

a-fa'<2.arciIG<2.(72— 72') [2037e, /]. Substituting this expression of a-[-a' in

[2037] ,
we get r'—r<CR—R [2037^'] .

f (1491a) Since the first publication of this work, many improvements have been made

in the methods of taking these observations, and in reducing them, on account of the

differences of temperature, density, he, by Captain Kater, Mr. Bessel, and others. We

shall in the first place go through the calculations of the author, with the observations he has

selected, and shall correct his results for some errors of calculation ;
we shall then give a

[2038a] collection of the most important modern observations, and shall combine them together, upon

the principles explained in the preceding articles, so as to obtain the ellipticity of the earth,

which agrees best with the whole of them, taken collectively.
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The tivo first have been determined by Boiiguer, the one at the equator in
[?^fj»-

Peru, the other at Porto-Bello
;

the third at Pondicherry, by Le Gentil
; dulum?"

the fourth has been deduced from that of London, by comparing the

number of oscillations of an invariable pendulum, transported by Campbell [2037«]

from London to Jamaica ;
the fifth has been determined by Bouguer, at

Petit-Goave ;
the sixth by La Caille, at the Cape of Good Hope ;

the

seventh by Darquier, at Toulouse
;

the eighth by Liesganig, at Vienna, in

Austria ;
the ninth at Paris, by Bouguer ;

the tenth at Gotha, by Zach
;

the eleventh has been deduced from that of Paris, by the difference of

oscillations of an invariable pendulum, transported from London to Paris
;

the twelfth and fourteenth have been deduced, in the same manner, from that [2037X]

of Paris, by the observations of Mallet, at Petersburgh and Ponoi
;

the

thirteenth has been obtained, in a similar v^ay, from that of Paris, by

Grischow, at Arensgberg ; lastly, the fifteenth has been determined, in like

manner, by the French Academicians, [Maupertuis, Clairaut, &:c.], who
measured the degree of the meridian in Lapland.

The nine absolute measures have the advantage of being determined by
the same method

;
which consists in observing the oscillations of a weight,

suspended at the lower extremity of a very fine thread, or wire, of about a
[2037=^^]

metre in length, and supported by a clasp at the other end.* All these

measures may be considered as having been observed at the level of the sea.

*
(14916) In the Philosophical Transactions of the Royal Society of London, for 1818,

Captain Kater has given an improved method of suspension, depending on the well known

principle, that if the point of suspension be changed to its centre of oscillation, its former point [203861

of suspension will become the new centre of oscillation. Remarka-
ble proper-

This property of a pendulum is easily deduced from the expression of the distance /, of [Averted

^ pendulum,

the centre of oscillation from the point of suspension, given in [293'], 1= —-
;

in which
[2038c]

m is the mass of the body ;
h the distance of its centre of gravity from the point of

suspension ; C=fdm.{z"^-\-y"^) its momentum of inertia, about tlie axis of x" [288', &c.] ; [2038£fj

z", y", the rectangular co-ordinates of the particle dm. The axis of z" being drawn from

the origin, or point of suspension, through the centre of gravity. When the centre of

oscillation is taken for the point of suspension, h changes into I— h; z" into I— z"
;

y'' remaining unchanged ;
and if we suppose Z, C, to become I', C, for this new point of

^*

C
suspension, we shall have, from [2038c], V=—-—r-. The value of C is easily [2038/]

deduced from C [2038J], by substituting /—z" for z", and observing, that by the nature

118



470 FIGURE OF THE EARTH. [Mec. Cel.

I have reduced them to a vacuum, and to the same temperature ;
so that

even upon the supposition that there is some uncertainty in the absolute

[2037"'] length of the pendulum, vibrating in a second, yet the uniformity of the

method would give with precision the law of the variations of this length,

which is one of the principal objects of inquiry. The other eight measures

have been deduced, by comparing an invariable pendulum, observed at Paris,

and then transported into the places corresponding to these measures.

I have referred these measures to the length of the pendulum observed at

Paris, by Bouguer, taking it for unity. These ratios express also the ratio

[2037^'"] of the weight of a body, transported successively to those several places, to

its weight at Paris, taken for the unity of weight.

Places. Latitudes. Lengths of a second pendulum.

Peru, 0^,00 0,99669,

Porto Bello,
- - - 10 ,G1 0,99689,

Pondicherry,
- - 13 ,25 0,99710,

Jamaica, - - - - 20 ,00 0,99745,

Petit-Goave, - - - 20 ,50 0,99728,Observa- ' ' ' '

pe°ndufum Cape of Good Hope, 37 ,69 0,99877,
vibrating

Toulouse, - - - 48 ,44 0,99950,m one
second.

Vienna, - - - - 53 ,57
- - - - - 0,99987,

Paris, 54 ,26 1,00000,

[2038] Gotha, - - - - 56 ,63 1,00006,

London, - - - - 57 ,22 1,00018,

Petersburgh,
- - - 64 ,72 1,00074,

Arensgberg,
- - - 66 ,60 1,00101,

Ponoi, 74 ,22 1,00137,

Lapland,
- - - - 74 ,53 1,00148.

The equations [1970] corresponding to these observations, are

of the centre of gravity, we have fz". dm= h.m, and C= lh.m, [2038c] j
whence

we obtain,

C =fdm.{P— 2lz"+z"^-j-f^)= lKfdm— 2l.fz\dm-i-fdm.{z"^-\-t/'^)

[9038g] =P,m— 2lh.m-\- C =1^ .m—2lh ,m-hlh.m= lm . (l—h).

[2038A] Substituting this in I' [2038/], we get Z'= "^'^
~

^= I
',

which was to be proved.



III. V. §42.] OBSERVED LENGTHS OF THE PENDULUM. 471

a;^!^= 0,99669— z— y. 0,00000,

a;^2i= 0,99689— z— y. 0,02752,

£C^3)
_

0,99710— z— y. 0,04270,

a;^4)^ 0,99745— z— y. 0,09549,

a-^s)= 0,99728— z— y .0,10016,

a:^6)= 0,99877 —z— y.0,3\ 142,

= 0,99950— z— y. 0,4755 1
,

= 0,99987 —z— y. 0,55596,

1 ,00000— z— y. 0,56672,

1 ,00006 — z— y. 0,57624,^

ir(ii^= 1 ,000IS— z— y. 0,6 1244,

a?<i2)= 1,00074— z— y. 0,72307,

a?a3)= 1 ,00 1 1 — z— y . 0,74909,

£c(i4)= \fioiS7— z— y. 0,84478,

a?(i5)^ 1 ,00148— z—
3/

. 0,84829.

The two series [1985] become,f

jj)

n(8)

n(9)

r(10)-

M
a^3), af'\

M) r.(13)

Resulting
equationi.

{A")

a<i5),

00, -f-0,0096019, +0,0066300, +0,0061131, +0,0051180, +0,0047379, —-od
;

[2039]

[2040]

*
(1492) There is a mistake in this coefficient of y ;

it ought to be 0,60339, instead

of 0,57624. Probably this arose from taking out the log. sine of the latitude 56° 63',

equal to 9,8802999, instead of 9,8902999 ;
a mistake which is very easily made in

using Callet's tables of log. sines of the centesimal division
;

because the three first figures

9,89 are marked at the top of the page, and 9,88 at the bottom. We shall, in the first

place, go through the calculation, using the same numbers as the author; and shall afterwards,

in notes 1501—1505, point out the corrections to be made for this mistake. All the other

coefficients of y [2039] agree with the squares of the sines of the corresponding latitudes

[2038]. The numbers in the first column of the system [2039], are the lengths of the

pendulum [2038], the whole being the same as in [1970, 2009'].

f (1493) Subtracting the first of the equations [2039] from the other equations of that

system, we shall obtain the values of x^^^— a?^^^
,

x'^^— x^'-\ he, as in the column C
of the following table, corresponding to [1977]. Dividing the constant terms of this system,

by the coefficients of y, we obtain the series [1978] sr^i jfr-trj stts^ he; of which

the second term is the greatest, and therefore must be put equal to ^^^^ [1979], or

corresponding to r = 3.

tM. ;.(1)

p(r)—^j(n
= Att= 0,0096019,

those of x^'^^ , a?^5) ^
or x^^K Hence the value of

[2039], to obtain a;^^)_ ^o)

a:(3) must be subtracted from

, a?(5)_a?^3)^ ^c., [1980],

[2039o]

[20396]

[2040a]

[20406]
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[2041]

and the two series [1988] become,^

M) n(14)

4-0,0055399, 4-0,0313390, 4- 00 .

t3040c]

as in the column D. Dividing the constant terms of these equations by tiie corresponding

coefficients of y, we obtain the series [1981], represented by -5^!^, -sff^' ^ilf?) he;
of which the first is the greatest, and must be put equal to (3'^^ [1982]. Hence

((r') fj{3)

,(.)_„(3)
= TiU = 0,0066300,?(2) =

corresponding to r'= 4, and 0?^^^ . Therefore we must subtract the fourth equation from

the fifth, sixth, &c., [2039], to obtain x'(5). r(4). r(6). ,,(4) he, as in the

column E. Dividing the constant terms by the coefficients of y, we obtain the series

17 &c.
;

of which the second is the greatest, and must be put equal to p
C3)

[2040rf] as in [1984]. Hence ^ (3) = tir") . ,(4)

i(r"). ,(4)

[2040e]

and corresponding to x^^K

ones, we obtain a;^^)— x^^^

^.
._

p.,,
=^ill3= 0^0061131, making r"=5,

Then subtracting the fifth equation [2039] from the following

o(7) r^5) he. as in the column F. Dividing by the

coefficients, as before, we have 1-^^%-^, 2!^^, he. ; the greatest of which is the seventh,

making p^^>= ;jff|^
= 0,0051180, corresponding to r""= 13, and x^^^\ Lastly,

subtracting the thirteenth equation [2039] from the following, we obtain the series G
j and

dividing by the coefficients, we have ^ff^, g^flu ;
the last of which, being the greatest,

is put equal to (B^^)
= ^||^^ = 0,0047379, corresponding to a;^'">=15 and x^^^\

[2040/] Substituting these values of ^^^\ ^^^^ &;c.
; x^''\ x^'''^

, &;c., in [1985], it becomes

as in [2040].

D. E. F. G.

[2040g-]

r(3)

X(7)

a;(13)

xW_j-(l)

0,00020-
0,00041-
0,00076-

0,00059-

0,00208-

0,00281-
0,00318-
o,ooa3i-

0,00337-
0,00349-

0,00405-

0,00132-

0,00408-

0,00479-

-?/.0,02752

-3/.0,04270

-?/.0,09549

-?/.0,10016

-3/.0,31142

-2/.0,47551

-?/.0,55^>9()

-y.0,5G672

-i/.0,57624

-3/.0,C)1244

-i/.0,72307

-i/.0,74909

-7/.0,84478

-V.0,84829

x(n)— 3^3) :

0,00035-

0,00018-

0,00167-
0,00240-

0,00277-

0,00290-

0,00296-

0,00308-

0,00364-

0,00391-

0,00427-

0,00438-

-i/.0,05279

-y.0,05746

-3/.0,26872

-7/.0.43281

-y.0,51326

-3/.0,52402

-7/.0,53354

-3/.0,56974

-r/.0,68037

-3/.0,70()39

-3/.0,80208

-2/.0,80559

xUO— a;(4)=

-0,00017-

-f0,00132-
0,00205-
0,00242-

0,00255-
0,00261-

0,00273-

0,00:^9-

0,00356-

0,00392-

0,00403-

-?/.0,00467

-7/.0,21593

-?y.0,38002

X(n) x(^) :

0,00073—1/.

-?/.0,46047 0,C0110-?/
-j/.0,471 23,0,00 123—2/.

-i/.0,48075i0,00129— 1/.

-3/.0,51(:95 0,00141—?/,

-?/.0,62758[o,COI97—I/,

-T/.0,65360 0,C0224— T/,

-2/.0,74929 0,00260—1/.

-3/.0,75280 0,00271—7/.

0,16409

0,24454

0,25530
0,26482

0,30102

0,41165
0,43767

0,5a336

0,53687

a;(")_a;(13);

0,00036-7/.0,09569
0,00047—1/.0,09920

*
(1494) The series [204Cfl] corresponds to [1986], and the least term is put equal to

[2041a] XC) [1986'] ; hence X^) = i(^). 7(1)

p^«)
—

pU)
=

g-f f-f-g-
= 0,0055399, corresponding to the
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We easily find, from § 39, that* y = 0,0055399. We then get, [2042]

a;(6) ^_ a;^i) =_ a;(»4)_ 0,0001 8 ; [2043]

2 = 0,99687. [20433

Therefore, in whatever manner we combine the fifteen preceding measures,

we cannot avoid an error of at least 0,00018, in the hypothesis that the

variations of gravity increase from the equator to the poles, in proportion to [2043"]

the square of the sine of the latitude. This quantity is within the limits of

the errors to which these observations are liable, and we see that it is much

less than the corresponding error of the measures of the degrees of the

meridian. This confirms what the theory has indicated ; namely, that the [2043'"]

terms of the expression of the terrestrial radius, which cause the earth to

vary from an elliptical figure, are much less sensible in the lengths of a

pendulum, than in the lengths of the degrees of the meridian [1777"].t

fourteenth term, or s= 14, and x'-^^^. Subtracting the fourteenth equation [2039] from

the fifteenth, we get 0,00011 — 0,00351 . y= a;^^^'— af^*^ ; and as this is the only

remaining equation, we shall obtain X^^) [1987'], in dividing by the coefficient of y, as above.

Hence X^^) =^= 0,0313390, corresponding to s'=15, and x''^^\ Substituting [20416]

this in [1988], we get the series [2041].

*
(1495) Proceeding according to the method explained in [1991""], we shall suppose

that y= X^i^= 0,0055399 [2041a]. Substituting this in the thirteenth equation of the [2042a]

preceding column C [2040^], af-^"^^— x^^^= 0,00468— y . 0,84478, its second member

vanishes, and we get x^^'^=x^'^^'^ for the two extreme neg-afiue errors, corresponding to this [20426]

value of y. Comparing these with x^^\ a;^'"^, [1976"], we get i=l, i"=14; and

if this value of y be rightly assumed, the other equal positive error x^'\ must have for its

exponent i' [1976"'], one of the intermediate terms of the series of exponents [2040, 1985],

r= 3, 7^=4, r"=6, /"= 13. Now a3^">=a;(^) [1985"] is the greatest positive

error, while y falls between ^^3)= 0,0061131 and p(^>= 0,0051180 [2040d, e] ; and

as this is the case with the value assumed in [2042a], we shall have x^^^==— x^^'^=— af^'^\ [2042<f]

as in [2043]. Substituting this value of x^^\ and y [2042a], in the fifth equation C
[204pg-], we get successively,

a?(6) _- a;(i)= 2 a;(6)= 0,00208— y . 0,3 1 142 = 0,00208— 0,00 1 72= 0,00036 ; [2042«]

hence we obtain x^^\ x^^\ as in [2043]. Lastly, the first of the equations [2039]

gives z= 0,99669— a^^>= 0,99669 -f 0,00018= 0,99687, as in [2043'].

[2042c]

f (1496) The minimum value of the greatest error of the measured degrees is 48^,60

[2014], and the mean length of a degree 25653^,70 [2034^] ; hence this error, (2043a]

119
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We have seen in § 34, that in the elliptical hypothesis, the oblateness of

[2043'"'] the earth is found by subtracting y, from the product of | by the ratio of the

Formula ceutrifugal force to gravity ;* this ratio is ^|-g- [1594a] ; therefore,
lateness.

J-2043V]
The oblateness = 0,00865— y.

[2044] Substituting the preceding value of y, we get
— for the ellipticity of

the earth, vv^hich makes the greatest error of the preceding measures a

minimum.

expressed in parts of a degree, is 5-5^577^= O5OOI89, which is ten times as great as the

maximum error of the pendulum [2043]. This result is not however confirmed by later

observations ; for we shall see in [20552:, &;c.], that the discrepancies among the observations

[20436]
of the length of the pendulum, are greater than in those of the best observations of the

measured arcs of the meridian.

[2044a]
*
(1497) The general expression of the length of a pendulum [1969J] is sr-j-y.sin.^lat.

At the equator this becomes z, and at the pole it is z-\-y ',
their difference y is equal to

as [1804"] J the length of the pendulum at the equator being unity ;
but as, or y, being

[20446]
of the order a, we may, by neglecting terms of the order 0?, suppose the length of the

pendulum at Paris to be equal to unity, as in [2037''"'] j
and the ellipticity

a A, deduced

[2044c]
from [1806], is aA = |-a(p

— as^=:^acp— y. Now acp [1771'] represents the ratio

of the centrifugal force to the gravity at the equator, and it is computed in [1787c] to be

equal to 0,0034675 = 5^^. If we had compared tlie centrifugal force with the gravity

[20Ud]
^^^'^

at the pole, it would have decreased the value of a
cp,

in the ratio of the polar to the

equatorial radius, or in the ratio |ff, nearly [1592"] ; by which means it would become

[2044e] 0,0034525 = t^ztt-t- Now as terms of the order a^ are neglected in [2044c], we shall
,409,0

come within the limits of the accuracy of this formula, by using either of these values of acp ;

and it is generally best in such cases to use the mean value, as we have seen in many

[2044/] instances, [1875A, 1891', 1965m] ; therefore we may put a<p=2iFJ or f a(p=0,00865,

Formula and then the oblateness [2044c] becomes as in [2043^^] ; or as it may be written,
to com-

__, ,, /Art^^/.^ Excess of the length of the pendulum at the pole above that at the equator

r2044fi'l The oblateness= 0,00865
^ °-'

Length of the pendulum
oblateneia

vat?onsof The length of the pendulum [1804"], to be used in this formula, is that at the equator ; but

lum- as quantities of the order a^ are neglected, it will be within the limits of the errors of the

formula to use this length for any latitude whatever, from the equator to the pole. If in this

we substitute the value of y= 0,00554, nearly [2042], we shall get.

The oblateness= 0,00865— 0,00554= 0,0031 1=^, nearly as above.
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We shall now compute, by the method of ^ 40, the most probable ellipsis

which results from these measures. If we add together the equations

[2039],
and divide their sum by 15, we shall obtain,*

= 0,99923— —
2/

. 0,43529 ; [2045]

which is the equation of condition necessary to make the sum of the errors

equal to nothing. The equations [1998] will then become,

— 0,00254 + y . 0,43529 = a?(i)
,

— 0,00234+ y . 0,40777 = a;^^) ,

— 0,00213 + y . 0,39259 = x'^
,

— 0,00178+ y . 0,33980 = x^^^
,

— 0,00195 + y . 0,33513 = x^^^
,

— 0,00046 + y . 0,12387 = a;^®
^

0,00027— y . 0,04022 == x^'^^ ,

0,00064— y . 0,12067 == x^^^ , (O") [2046]

0,00077 —y . 0,13143 = a;W ,

0,00083— y . 0,14095 == a^^^\

0,00095— y . 0,17715 = «("),

0,00151 —y. 0,28778 = x^^\

0,00178— y . 0,31380 = d^\

0,00214— y . 0,40949 = a;<i^,

0,00225 —y . 0,41300 = x^^^.

(1498) The mistake mentioned in [2039a], does not affect the results [2040
—

2044].

For die coefficients of y, in the equations containing xf^^^ in columns C, D, E, F,

[2040^], become ~y. 0,60339, —y. 0,56069, —y. 0,50790, —y. 0,29197;

and as these numerical values are increased, the corresponding terms of the expressions [2044A]

[1978, 1981, 1983, &c.], will be decreased. Now as the largest numbers of these series are

selected for ^^^\ ^^^\ p®^ ^^^\ p^^), in the series [2040], they cannot be affected by
this error, and all these terms will remain unaltered. In like manner the series [2041],

containing the values of X^^\ X®, [2041a, 6], is not to be altered. For the terms of the

series [2040a], depending on this equation will be changed from s^^ to ^H7= 0,00558, [2044t]

which is greater than the assumed value of >S^^ [2041a] ;
and as X^^^ must be the least

of these quantities [1985"], the series [2041] will not be affected by this error; consequently

the expressions [2042, 2043, 2044], will remain unchanged.

*
(1499) The sura of the equations [2039] put equal to nothing, as in [1997], gives

14,98839— 15 2r— y . 6,52939 = 0. Dividing this by 15, we get [2045]. Subtracting [2045«]
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[2046'] Hence we may easily find, that the series of quantities y^^>, y^^\ y^^\ &c.,

of § 40, is*

this successively from each of the equations [2039], we get the system [2046], corresponding

to [1998].

&c. These quotients are named
y^"^ , y

The column L

(2). &c.,

*
(1500) Comparing the systems of equations [J 998, 2046], we get the values of b'^^>,

(i> /ir(2). Stc., in columns I, K, of the annexed table.

according to their magnitudes, as in [1998a]. Thus the greatest term of column L, being the

quotient of 6(^> divided by 3(''>,
is put equal to 3/^^=0,0067131; the next is 2/®=0,0058886,

being the quotient of 6^^°) by 5^^°), Sec. The exponents of b or q, in this last series, are

given in column M. The equations [2046] are arranged in column N, according to the

order of the quantities y^^\ y'^^j Sec, as in [199Sa, 1999], the signs being changed,

when necessary to make the coefficients of y positive [1999, &c.] ; observing that i^^^,

t(^\ &,c., are all equal to unity [1998"]. The coefficients of y, in column N, are

W\ m, W^K Their sum is equal to jP [2004a] ; hence F= 4,06894, and

\ JP= 2,03447. Now the sum of the first seven coefficients of y, in column N, is 1,80459,

representing the sum of A^^^, A^^^, W^^ ; which is less than \F. To this add

^(8)= 0,41300, and the sum becomes 2,21759 ^^F; therefore we have, as in

[2001], AC-)= U^\ r= 8 ; and then, as in [2001'],

C(8) 5(15)

y= -1787
=

-7057 =0^0054479.

[2046a] represents the values of

[20466]

[2046c]

[2046i]

[2046ej

[2046/]
ACS) 7(15)

Substituting this value of y in [2045], we get,

z= 0,99923— y . 0,43529= 0,99923— 0,00237 = 0,99686.

These quantities differ from those given by the author in [2048] ; the origin of this difference

vdll be pointed out in the following note.

K. L. M. N [1999].

[a046g]

6(1) =-
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0,0067131, 0,0058386, 0,0058586, 0,0058352, 0,0058186,

0,0057385, 0,0056724, 0,0054479, 0,0054255, 0,0053627, [2047]

0,0053037, 0,0052471, 0,0052384, 0,0052260, 0,0037136.

[20471
The equations [2046] correspond to them in the order 7, 10, 9, 1, 5,

2, 13, 15, 3, 11, 8, 12, 4, 14, 6
;
the sum of the six first is less than the

half sum of all these quantities, and the sum of the seven first exceeds that

half sum; the seventh quantity corresponds to the thirteenth of the [2047"]

equations [2039] ;
therefore we have, by ^ 40, x^^^^= 0, consequently,*

y = 0,0056724 ;
z = 0,99676 ; [2048]

which give
— for the ellipticity of the earth. This agrees, in a [2048^

335 ,78

remarkable manner, with the ellipticity deduced from the measures in France

and at the equator. It appears therefore, by observations of the pendulum,

that the earth is much less flattened than in the case of homogeneity ;

and that the ratio of the axes cannot be supposed greater than that of [2048"]

320 to 321,1 which gives the least errors in the preceding lengths of

the pendulum [2044]. The most probable ellipsis, deduced from these

*
(1501) In addition to the mistake mentioned in [2039a], the author has, in this part of

the calculation, made another of considerable importance, by using the numbers y^'), i/^\ [2048o]

&c., [2047], in forming the expressions [2001] ;
instead of U^^, h^^\ &,c., corresponding

to the coefficients of y, in the column N [2046^]. For the whole sum of the quantities

[2047] is 0,0824899, its half 0,0412449 ;
the sum of the six first terms is 0,0358526, [20486]

which is less than the preceding half sum
;

the sum of the first seven terms is 0,0415250,

which exceeds this half sum, as is observed in [2047"]. In consequence of this, the author

supposes, as in [2001'], that the error of the seventh equation of the column N [2046^] is

equal to nothing, or x^^^^= 0, making y= y^^^
= 0,0056724 ;

and then, from [2045],

z= 0,99676, as in [2048]. Both these values are erroneous, and the error affects the

formulas [2049, 2052, 2053, 2054], and also the ellipticity of die earth, computed in [2048'],

by means of the formula [2043''], using y [2048] ;
from which he gets,

[2048c]

0,00865—y= 0,0029776= ^. [20A8d\

This ellipticity becomes -^-g , when the two preceding errors are corrected, as will be [2048c]

seen in [2054Z].

f (1502) We shall find, in [20550, w, 2056i, o], that the later and more numerous
• r2048/*l

observations of the pendulum make the oblateness greater than is here stated.

120
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[2048'"] observations, is that in which the axes are in the ratio of 335 to 336
; the

expression of the length of the pendulum is then, by what precedes,*

[2049] 0,99676 + 0,0056724 . sin.^ 4^ ; (e)

4^ being the latitude.

We must multiply this expression by the actual length of a pendulum
at the equator, to obtain its length in any place whose latitude is 4-.

Bouguer has found this length at the equator, equal to 0™"', 739615, but

there is reason to believe that this method makes it too great, because on

account of the thickness of the wire, and the small resistance it opposes to

the flexion, the centre of the oscillations must be a little below the point of

suspension. Borda, who has determined the length of a pendulum, vibrating

in a second, at the observatory of Paris, by a very accurate method, has

[2051] found it equal to O'"'''-, 741 887. Dividing this by

[2052] 0,99676 + 0,0056724 . sin.^ 4^,

[2053] 4. being here the latitude of the observatory, we get O"""*, 741 905. f This is

the factor by which we must multiply the formula [2049], to obtain the actual

aSiu- length of a pendulum at any place ;
hence this length is expressed by J

[2054] O-"^'-, 739502 + 0™S 004208 . sin." 4.

*
(1503) The ellipticity is here assumed as in [2048'], and the values of z, y, as in

[2048] ;
these being substituted in the expression of the length of a pendulum z-{-y.s'm.^d,

or z-j-y.sm.^-^ [19696], it becomes as in [2049]. The corrected value of this

expression will be given in [2054m].

f (1504) The latitude of Paris being 4.
= 54°, 26 [2038], we have,

0,0056724 . sin.2 4.
= 0,00321.

Substituting this in [2049], we get 0,99676 -f- 0,00321 = 0,99997 for the length of the

[2052a] pendulum at Paris ;
and as this length, in metres, was found by observation to be

G"^'-,741887, we shall obtain the expression of the formula [2049] in metres, by multiplying

it by ItltH = 0,741909 ;
hence it becomes as in [2054] nearly.

J (1505) Substituting, in the tenth equation [2039], 0,60339 for 0,57624, we shall

[2053a] correct for the mistake mentioned in [2039a]. By this means the coefficient of —
y, in

the equation [2045a], will be increased, by the difference of these numbers 0,02715, and

the coefficient of — y, in [2045], will be increased by j\ . 0,02715 = 0,00181 ;
hence

that equation will become,

[2054a] = 0,99923— ;s— 3/. 0,437 10.
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We shall here remark^ that the same anomalies which have been observed in

the meisuns of different degrees of the arc of the meridian included between

Dunkirk and Barcelona, arising without doubt from the irregularity of the parts [2054']

of the earth, are also perceived in the observed lengths of pendulums. For

Subtracting this successively from the equations [2039], we get the corrected values of

[2046], from which we deduce the corrected values of
q^^^ , q'-'^^ , he, inserted in column

[20546]

K' of the following table
;

the values of b^^\ M-^, &;c., in column I', being the same

as in column I of the similar table [2046g-]. Hence we find
-^y, -r^j, &ic., in column [2054cl

L'. These are called according to their magnitudes y'^\ tf^^ , &;c., corresponding to the

seventh, ninth, first, &.C., of the equations [2046], and these equations are arranged, in

column N', according to the magniujdes of /'\ y(^), &,c., the coefficients of y being

positive.
Half the sum of these coefficients is equal to J 1*^=2,0453.3. The sum of the

first six of these coefficients is 1 ,66364 <^ | jP
;

the sum of the first seven is equal to
[2054rf]

2,07483 ^ ^ jP. Hence, by [2001], we must put the error of the seventh equation of

column N' equal to nothing, or a;^'^^=
; which gives y. 0,41 119— 0,00225= 0, [2054e]

consequently y= 0,005472. Substituting this in [2054a], we get,

z = 0,99923— y . 0,43710= 0,99684 ; [2054/]

and the ellipticity [2043^] 0,00865— y= 0,003 178 = ^^; so that the ratio of the

axes of the earth is nearly as 314 to 315, instead of 335 to 336, found by La Place [2048']. [205^]
Now substituting these values of z, y, in the length of a pendulum z -j- y.sm.^-]^ [2049a],
it becomes 0,99684 -\- 0,005472 . sin.^4', which is the corrected value of [2049]. In

[2054^1

the latitude of Paris, where 4/
= 54°,26 [2038], this becomes,

0,99684 4- 0,003 1 = 0,99994 ;

and as this, expressed in metres, is 0™^'-, 74 1887 [2051], it is evident that the formula

[2054A] may be reduced to metres, by multiplying it by ||iffj= 0'°«'-,741931, by [2054t]
which means it will become 0™«'-, 739586 -f 0""^'-, 004060 . sin.^ 4., which is to be used

instead of [2054]. We shall now, for the convenience of reference, collect together these Va'"«s

corrected values of the formulas [2048, 2048'", 2049, 2054]. "^^'^^^
of the

y= 0,005472; 2r= 0,99684;
^2054*]

Ellipticity ^54-5^ ; Ratio of the axes of the earth |4^ ; [2054/]

Length of the pendulum 0,99684 -f 0,005472 . sin .24, ; [2054j»]

Length of the pendulum in metres O""**-, 739586 -f O""^'-, 004060. sin.^vj^ ; [2054n]

which are to be used as the corrected results of the calculations of the author [2045
—

2054] ; ^^°'
*°

with tlie same system of observations [2033].
**"•'"•
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[2054"] Grischow observed at Petersburg and at Arensgberg, under latitudes differing

but very little from each other, and found variations in these lengths, sensibly

K'. M'. N'.

[2054o]

6(1) =-
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greater
than what ought to follow from the preceding law of the variation of

the pendulum, from the equator to the poles.
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[2055'"']
These anomalies in the variation of gravity disappear almost entirely, at

These observations furnish a system of equations, similar to that in [1970], or in [2039],

of the following forms :

a;^) = 39''"=''"'% 01479 —z— 0,00000 . y,

a?® = 39
,
02074— z— 0,00005 . y,

[2055g] a;(3) = 39
,

1 7 J 7— sr— 0,00009 . y,

a?(52)=39 ,21469— 2r— 0,96884. y;

-jid)
J

jj(2)
^ ^SQ)^ being the errors of the observations, or rather the differences between

[2055A] the calculated and observed lengths of the pendulums. If we compute the values of z, y,

upon the principle that the sum of the squares of these errors is a minimum ;
we must, in the

[2055iJ
first place, put the sum of these equations equal to nothing, as in [815/] ;

then dividing this

sum by 52, the coefficient of z, we shall get the equation marked [2055Z]. To obtain a

second equation, we must multiply each of the equations [205 5g-] by the corresponding

coefficient of y, and take the sum of these products; then dividing by 21,92880, the

[2055A;] coefficient of z, we get the equation [2055m]. These products are given in columns D, E,

F, G, of the foregoing table.

[2055Z]
=

39'°<=''«% 10134— z— 0,42171 . y,

[2055m]
= 39

,
1 4854— ;s— 0,65528 . y.

The difference of these two equations is = 0,04720— 0,23357 . y ;
whence we find

[2055n] y= 0,20208. Substituting this in either of the equations [2055Z, m], we shall get

[2055o] 2:= 39*"<=''^%01612 ; therefore we have, for the length of a pendulum in any latitude, the

[2055p] following expression, 39'"'=^%01612 + 0'°'=^%20208 .sin.^lat. [19696]. The oblateness,

deduced from the formula [2044^], is

[2055?] 0,00865— ^ = 0,00865— 0,00518 = 0,00347 = ^^^ .

This result agrees nearly with that obtained by Captain Sabine from his observations ; but

[2055r] differs very much from the value
^-J-g->

^^ tts-j deduced from the measures of the degrees

of the meridian [2017i, y, a, |], and from the two lunar equations s^, [55^3, 5602].
Computed
oblateness "phc mcthod of Boscovich [1995", &;c.], applied to the same 52 observations, gives a result,

tiOT''oraii which agrees a little better with those obtained from the measured degrees, and from the

[2055jj] lunar equations. For the equation [1997], in the method of Boscovich, is the same as

the late
[2055Z] ;

and by subtracting it successively from each of the equations [2055^], we obtain

tions. the system corresponding to [1998], as in column H of the table. Putting successively each

[2055<]
of these errors x^'\ a:®, &ic., equal to nothing, we get the corresponding values of y^\

y^^\ &c., as in column I of the same table. The equations in column H, are to be arranged



m.v.§42.] OBSERVED LENGTHS OF THE PENDULUM. 483

great
distances

;
so that we only perceive the law of variation proportional to

according to the magnitudes of t/^\ y^^\ kc., as in [1998"], making the coefficients of

y positive [1999']. Half the sum of all these coefficients is 7,31654, and we have

Ad) + A(2) _^ h^23) =, 7^30 1 1 7< i F, and h^'^+ A^^) _|. ^(24)= 7,70108> JF ; [2055u]

hence r= 24 [2061]. The equation corresponding to this value of r, is

= 0,39991 . y
— 0,08137, whence y = 0,20347. [2055t;]

Substituting this in [2055/], we get r= 39,01554, - = 0,00521; consequently the
[2055irl

oblateness 0,00865— 0,00521 = 0,00344= 2^, and the length of the pendulum in

any latitude becomes 39''"=''««, 01 554+ 0^«i'«% 20347 . sin.^lat.
[2055a;]

The least value of y, in column I of the table, is y = 0'°'=''^, 1 545, the greatest is

y_0inche3^2279. If we suppose 2;= 39''"='»^,016, which is nearly the value found above,
^^

the oblateness 0,00865— -
corresponding to these two values of y, will be ^\^ and ^-i^. [2055z]

These represent the extreme values of the oblateness, corresponding to the whole of these

52 observations, and to this value of z
; neglecting the observation made at New York,

because the constant term of this equation becomes almost insensible, and falls within the

limits of the errors of the observations. With a different value of z, these extreme values
[2056a]

of tlie oblateness would be different, but there would stiU be found the same great discrepancy

between them. Now when observations differ so much from each other, we cannot place

great confidence in the accuracy of the result of any combination of them, unless the

number of observations be very great ; and it is therefore desirable to obtain many more

observations, particularly near the equator, where the most remarkable variations have been [20566]

found. The exact length of the equatorial pendulum is of the greatest importance in this

investigation ;
for it is by comparing it with the observations made near the pole, that we

obtain the oblateness. This is evident by the inspection of the coefficients of y, in the

equations in column H of the table ; which are great near the equator, and in the polar

circles
;
but are small, and almost insensible, in the middle latitudes ; so that the observations [2056cl

in the middle latitudes have comparatively but little influence in determining the oblateness.

The excess of the length of the pendulum, computed by the formula [205 5p], above the

observed length, is given, for each observation, in column L of the table. The discrepancies

of these results are very great, particularly in the observations near the equator ; and several [2056rf]

of them are neglected by Mr. Ivory, in his computation of the oblateness of the earth ; obiaten

because they differ very much from all the other observations ; namely, those numbered f°om^a^.

2, 3, 5, 6, 11, 13, 14 and 15. If we neglect the same observations, and combine [20566]

together the remaining 44 equations of the system [2055^], by the
principle of the least fectionof

squares, we shall get, instead of [2055Z, w], the two following equations,
observa-

= 39''"=^^% 1 1 38 1— ^—
,
48800 .

y, [2056/-]

= 39 ,15076— 2:— 0,66699. y, [2056g]
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the square of the sine of the latitude. We have seen, in § 33, that if the

expression of the radius of the earth be [1775],

[2055] 1 + « .
{
Y^'^ -{-Y^'' + Y^") + &c.

I ,

.[2056h] Hence we get 2;= 39''«=''%01307, y=z0''"'^^'',20644, -=0,00529; and the
z

[2056t] corresponding oblateness 0,00865— 0,00529= 0,00336= ^-}^ -,
the length of the

[2056*] pendulum being represented by the formula 39''^'=''^%01307 + 0'"<='"'%20644 . sin.^lat.

If we now combine the same 44 observations by the method of Boscovich, as in

[20555
—

x], we shall get the values of y^^\ 3/^^^ , he, in column K. The values of

¥^>, U^\ &c., deduced from a system of equations similar to that in column H, and

arranged according to the magnitudes of y^\ y^^^ , &,c., give

AW +A^2) _j_^(44) =11^21997 = jP;

[2056Z] AU) _f A(2) + A(i6) ^ 5,50677<^F ',

U^'^+ m) + m-^^ = 5,64337 >ii^ ;

[2056m] hence r=17. The equation corresponding to this value of r, is 0=0,13660.3/
—

0,02842,

[2056n] whence y= 0'°'=''%20805 ; substituting this in [2056/], we get z= 39'"'='^%01228,

[2056o] -=0,00533, and the oblateness [2044^] 0,00865— 0,00533= 0,00332= ^3^^. The

[2056p] corresponding length of the pendulum is 39>"<'''^%01228+ 0'"<=hes^20805 . sin.^ lat.

The excess of the computed length of the pendulum, above its observed length, is given

[2056^^] in column M of the table, for the formula [2056^] ;
and in column N, for the formula

[2056p]. These errors are generally much less than those in column L, where all the

observations are included. The mean error of a single observation, in column L, neglecting

the signs, is 227, or 0'n"=^^%00227 ;
in column JVI, 0*"'='«=%00124 ;

and in column N
0inche3^00123. Hence it appears, that the average error of a single observation, using the

oblateness ^i^^) ^nd the length of the pendulum [2055p], deduced from the whole

[2056^] 52 observations, is nearly double of that, where only 44 of the- best observations" are

combined by the method of Boscovich, with the oblateness ^^. The mean of the

errors given in these columns, is less than the limit of the error to which these observations

are liable, when made in the same place, by different observers, and with different

instruments. This difference has been found sometimes to be more than 0''"''"-'%002 ;
and

[2056<]
we have, at present, no better means of diminishing the effect of such errors, in the

computation of the oblateness of the earth, than by increasing greatly the number of

observations. In making these calculations, it is best not lo restrict ourselves to the

observations of one man, or to one set of instruments, in which there may be a constant

[2056?^]
source of error

; but to combine all the best observations together ;
and if a few should

differ very much from the rest, they ought to be wholly rejected. We may remark, that the
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the expression of the length of a pendulum, vibrating in a second, will

be [1772],

L + «L.{y(^) + 2y(=^>+3F^) + &C.} + |a9.jL.(fx^
—

i). [2056]

Now as observations on the pendulum make this length nearly proportional

[2056a:]

errors of the eight anomalous observations which we have rejected are increased about

0,00280, by using the same data as in column M
;

and they are still further increased about

0,00070, in column N.

From what has been said, we may conclude, that with the observations of the pendulum

we now possess, no very great degree of accuracy can be obtained in the determination of

the oblateness of the earth ;
but instead of being dissatisfied with this result, we ought to feel [2056w]

some degree of surprise, that by means of the very small excess of the polar over the

equatorial pendulum, which may he considered as a base line, of less than a quarter of an inch

in length, we can determine, within a fraction of a mile, the difference between the polar and

the equatorial radius of the earth. Various causes have been assigned, for these differences

in the observations of the pendulum j
as the local attractions of the neighboring bodies

;
the

[2056tc]

peculiar action of the substance, composing the stratum of the earth, over which the pendulum

is placed ;
and the magnetic action of the earth upon the pendulum. It has been proposed

to ascertain the magnetic action, by making the pendulum vibrate successively in the plane of

the magnetic meridian, and in a plane perpendicular to it
;

in order to ascertain whether there

is any difference in the times of vibration, in these two situations. Biot suggested, that some

part of these differences might possibly be owing to a gradual decrease of the value of y,

from the pole to the equator ;
but it has been shown, by Mr. Ivory, that this apparent [2056i/]

decrease may be avoided, by changing a little the value of z.

From the preceding observations of the pendulum, it appears, that the oblateness does not

differ much from 73^^ ,
and may possibly be a little more

;
on the other hand, the measured [20562]

degrees of the meridian, and the two lunar equations, make it less, [2055r]. We may
therefore adopt, as very near to the true value, the ratio ^^, proposed by La Lande, in his

Astronomy, about forty years since j and which I have always used in calculating the moon's

parallax in occultations and eclipses. With this ellipticity, using the first of the equations

[2017^], we find the polar radius to be 3950 miles, and the equatorial radius 3963 [2056a]

miles, nearly.

Mayer used another method of combining many equations like those in the system H. It meuTod^f

consists in changing the signs of all the equations in which the coefficient of y is negative. "^"aVX*
servations.

ttien adding the whole of them together, and putting the sum equal to nothing. This process [205681
is very simple, and requires no explanation ; when applied to the system H, it produces

nearly the same resuk as in [2055»], &c.

122 •
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[2056']
to y?, Y^^^ must be nearly equal to — h .

(fx^
—

|) ;* and as the earth

revolves about one of its principal axes, Y^^^ must be of the form [1763],— /t
.(ix^
—

|)+^""-(l— f^^).cos. 2ot. Hence the observations upon the

pendulum prove, that h"" is very small in comparison with h
;

also that

[2056"] Y^^\ Y^^\ &c., are very small in comparison: with Y^^^
; so that they may be

neglected, in the expression of the radius of the earth, and also in those of

the gravity and the parallax ;f but at the same time, the different measures

[2056'"] of the degrees of the meridian, indicate that these terms become sensible in

the expression of these degrees, on account of the magnitude of the

coefficients, by which they are multiplied.

,^^^
43. fVe shall now consider Jupiter^

ivhose very perceptible ohlateness has been

determined with great accuracy. If we, in the first place, suppose the planet

ontheob- to be homogeneous, we may determine its ellipticity by the equation [1574],
lateness of

Jupiter.

[2057]
=
—^--^^ arc. tang.

^
,

^l-j-x^ being the ratio of the axis of the equator to that of the pole

[1592']. To deduce x from this equation, we must determine q.
Now if

^ ^ we put D for the distance of the fourth satellite from the centre of Jupiter,

and T for the time of its revolution about the planet, expressed in parts of

[2057"] a day ; the centrifugal forcej of this satellite will be equal to the mass of

[2057a]
*
(1507) This is the form under which the terms depending on \i? appear, in the general

value of Y^'^ [1761].

f (1508) The parallax is proportional to the radius [1775]; and if we compare the

terms Y^'^ of this expression with that of gravity [1769], or with that of the length of a

[20576] degree [1777], we shall find that they have the factors 1, i— 1, i^-\-i
—

1, respectively;

and when i is 3, or 4, this last term becomes considerably larger than the two others ;

therefore the effect of this term must be most easily perceived in the measures of the

degrees.

% (1509) This centrifugal force is equal and opposite to the centripetal force of the

satellite towards Jupiter ;
and this last force, by the common theory of gravity, is equal to

M
[2058a]

—
. Now the general expression of the centrifugal force 9, corresponding to the radius p,

the velocity V, and time of revolution t, is 9OC- [54']. But it is evident, that v is
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Jupiter M, divided by D^. But this centrifugal force, is to the centrifugal [2057'"]

force, arising from the rotatory motion of Jupiter, at the distance 1 from the

axis of rotation, as ^ is to
-^,

t being the time of rotation of Jupiter, [2058]

expressed in fractions of a day ;
hence we obtain.

Now we have M = |* . /e^ . (1 + '^^) [1567], therefore,* [2060]

g ^.(l-fx2).T2
-5-ir j-^ = q^ [2061]

We shall suppose with Newton, in conformity with the measures of Pound,

that the distance of the fourth satellite is equal to 26,63 semi-diameters of

the equator of Jupiter ; which givesf ri
^ oF^ ' ^^®^ ^^ have, [2062]

t = O'^'^y, 41 377 ;
T=l 6"^^% 68902 ; [2063]

directly proportional to the circumference of the described circle, or to its radius, and [20586]

P P

inversely proportional to the time of revolution ; hence i; oc -
, consequently (p

OC -
, or,

P
as it may be expressed, 9= m .

-
;

in which the quantity m may be determined, by

observing, that when P = 1, and r= t, we shall have, as in [1569'], cp=:g ;

whence g = m .—, or m=gfi. Substituting this in 9, we get (^=zg^.—. ]>row

putting p
= D, and t = T, we obtain the centrifugal force of the satellite,

(p
—gt^.-—. Putting this equal to its value —

[2058a], we get
—=^ i^ .

whence we easily obtain g [2059].

*
(1510) Substituting M [1567] in [2059], putting the density p=l, dividing [2061a]

by |c, and using the value of 5 [1573'], we get [2061].

t (1511) The equatorial radius of Jupiter is k.^{l-]-X^) [1574a] ; and the distance

of the fourth satellite D [2057'], expressed in terms of this radius, is =26,63, [2062a]

as in [2062]. The time t [2063] corresponds to 9* 55'" 50*.

[2058c]
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therefore we find,*

[2064] q = 0,0861450 . (1 + x^)-^ ,

Oblateness

suppo^skg' and the equation in ?^ [2057] becomes,!
it to be

homogene-
ous.

_ „^ ,
0, 172290. X3 ^^ , ^ _.

[2065]
= 9 X +

'^^-^ (9 + 3 X2) . ang. tang, x
;

hence we deduce x = 0,48 1
, consequently the axis of the pole being taken

[2066] for unity, the axis of the equator will he 1,10967.

[2066'] According to the observations of Pound, as quoted by Newton, Jupiter's

Measures equatorial axis is 1,0771. Short, by observation, made this axis equal to

and Short.
by Pound 1,0769. Lastly, from the theory of the motions of the nodes and jDerijoves

[2063a]

of the satellites of Jupiter, it appears that this axis is equal to 1,0747 ;t

and we shall hereafter see, in the development of this theory, that it is

*
(1512) The third power of [2062], divided by \/{l + X^), gives

fc3'.(14-X2) 1

D3
—

(26,63)3. (1+X2)i»

hence [2061] becomes q=:-— .

C26 63^^ fl-l-X^^^
' Substituting t, T, [2063], we

obtain [2064].

f (1513) JMultiplying [2057] by 9 + 3x2, g^d substituting q [2064], we get [2065].

Putting this into numbers, we must express ang. tang. X in parts of the radius ;
and if it

be given in degrees of the centesimal division, we must divide it by 63^,66198 [1970A'],

and then it becomes,

1 72QQ0 X3

[2065a]
= 9 X+ ^^^^^u (9+ 3 X^) . 0,01 570796 . ang. tang. X.

This maybe solved by approximation; supposing successively X = 0,482, X= 0,483,

and using the arithmetical process of double position, we finally get X= 0,4826, which

differs a litde from that given by the author [2066]. This value of X makes the equatorial

[20656] semi-axis y/(l -|- X^)
=r 1,1104, instead of 1,10967, given by the author [2066], the

polar semi-axis being unity.

J (1514) This subject is treated of in Book viii, § 27 [71 59'], and the ratio of the axes

[2066a] is found to be 0,9286992 to 1, differing a little from that mentioned above. According

struve's
^^ ^® ^^^® mcasurcs of Struve, the apparent diameters, at the mean distance from the earth,

d^lupuer.
are 35',538 and 38*,327, which are as 0,9272 to 1.
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determined with much greater accuracy by this method, than by direct

admeasurement. All these results concur in proving that Jupiter is less oblate [2067]

than in the case of homogeneity ; therefore its density, like that of the earth, mTst be

increases from the surface to the centre.

We have seen, in ^ 30, that if the planets, in their primitive state,

had been fluid, as is natural to suppose, the limits of their ellipticity

would be f «? and ^«(? [1732'"] ;
so that the polar axis being 1, the

axis of the equator would be comprised between 1 + f "
"^ ^"^ 1 + i «

<?•

The first of these limits corresponds to the case of homogeneity [1732'"] ;

and as this limit is, by what precedes, 1,10967 [2066], we have

I acp = 0,10967, which gives 1,10967 and 1,04387,* for the two [2068]

limits between which the axis of the equator must be included. Now the

preceding values, which are given both by direct admeasurement, and by the

motion of the nodes of the orbits of the satellites of Jupiter, are comprised

within these limits
;

therefore the theory of gravity is, in this respect, [20681

perfectly accordant with observations.

It follows also from ^ 30, that if Jupiter and the earth were supposed fluid, [2068"]

and their respective densities, at distances from their centres proportional to Jxamjefn

their diameters, were in a constant ratio, the law of their ellipticities ivould be eiii'pt
' -^ -i ties a.

the same ;f and the ellipticity being the excess of the axis of the equator
*'^"^'

above that of the pole, taken for unity, the ratio of the ellipticity of Jupiter

*(1515) If we put v/(l-fX2)= 1,1104 [20656] equal to l + |a(p, we shall

have I a9= 0,1104, whence 1 +^ a? = 1,04416 ; so that the limits are 1,1104 [20665]

and 1,04416, which differ a little from [2068].

t (1516) If A, o, p,
refer to the earth

; h', a', p', to Jupiter ;
then the ellipticity

a A of [2068o]

the earth will depend on the equation [1732] ;
and the ellipticity ah' of Jupiter will depend

an equation similar to [1732], in which the symbols a, h, p, are changed into d, A', p',

respectively ; by which means it will become,

ddh' _ 6_^ /, P^a^ \ ap^.g'a dW
~d^

~
a'^'\ S.ff/.a'^daj

~"
ff'.a'^da'

' Td
' ^^^^^

If we suppose the ratio of the greatest value of a' to the greatest value of a, to be represented

by m, and then put generally a'= ma, also p'==m'p [2068"], m, m', being [2068c]

independent of o, a', we shall have da'= m.da, fp'.a'^d(^=m^m'.fp.a^da, he.

Substituting these in the equation [2068i], multiplying by m^, and reducing, we get,

d_dh/_
6V /

p^
a3 \ 2p.a2 dh'

da^
~

a^
'

\ ~"3./p.a2da/
~

fp.a^da
'

d^
'

[2068(f|

123

which the
ici-
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to that of the earth would the same, whatever be the law of the densities.

[9068'"] Now in the case of homogeneity, the ellipticities are, by what has been said,

and by ^ 19, as 0,10967 is to 0,00433441 f therefore by supposing
the ellipticity of Jupiter equal to 0,0747, as it appears to be, by the motion

[2068""] ^ J

of the nodes of the satellites [2066', &c.], we shall have — for the
OOa ,7,2

ellipticity of the earth, corresponding to the same law of density. This

[2069] ellipticity will be
^^^i^r^'

i^ w® adopt the ellipticity of Jupiter, resulting

This is of the same form as [1732], and becomes identical by putting h'= nh, and then

dividing by n
; observing that this quantity n is supposed to be independent of a. At the

[2068e]
surfaces of the bodies, h, h', become A,, A/, respectively, [1721</], and hl=nh^. Dividing

[2068/"]
the preceding value of h' by that of A/, we get

—= —
. Now accenting the symbols in

[1732m'", n], to obtain the values corresponding to Jupiter, we shall have,

the factor a'^ without the sign / in the denominator, being inserted to render it homogeneous

in a', as it evidently ought to be, from [1732n] ; this factor a'^ being represented by 1^, or

[2068A] unity, in the value of H [1732m'"]. Substituting the values of a', p',
—

, [2068c, /], in

H' [2068^], and neglecting the factors m', m^, which occur in the numerator and

[2068f] denominator, we get jfcf'=—s
—

?
—-^—^, and by resubstituting the factor a^=l°

a^ .J ^ .d.a^
•' ^

in the denominator, it becomes H'=H [1732m'"]; and then the ellipticity
of Jupiter

[I732n] becomes s'=
^ s rr • Comparing this with [I732n], which corresponds to

s' a.¥
[2068A;] the earth, we get

—=—
,

a constant quantity, depending on the ratio of acp to a
(p.

[2069a]
*
(1517) The ellipticity of Jupiter, supposing it to be homogeneous, is, according to the

calculations of La Place, 0,10967 [2068]; that of the earth, in the same hypothesis,

0,00433441 [1592"]. Hence, from [2068^], we have generally, upon the hypothesis of

[20695] the densities assumed in [2068"], !-= ' --— or £==£'.0,03952. Putting" ^
£ 0,00433441

s'=0,0747 [2066', &c.], it becomes £=0,002952=3^^ [2068""]. If we use Pound's

[2069c] measure, £'=0,0771 [2066'], we get £=0,0771 X 0,03952= 0,00305= ^1^ [2069].

These numbers would vary a little, if we were to use the corrected value 0,1104 [20666]

instead of 0,10967.



III. V. §43.] FIGURE OF JUPITER. 491

from the measure of Pound. These results agree with those given bj the

observations of the pendulum ;* thus the analogy of Jupiter loith the earth, [2069']

concurs with these observations, in proving that the ohlateness of the terrestrial

^herOld is less than ^i^? ^^^ ^^'^^ ^^^^ ^^^^^ Tio- 5
^"^ the fifth book, we

shall see this result confirmed by the phenomena of the precession of the [2069"]

equinoxes, and the nutation of the axis of the earth.

We shall treat of the figure of the moon in the fifth book
; taking into

consideration the motions of the lunar spheroid about its centre of gravity,

which is the only phenomenon that gives us any insight into this figure, [2069'"]

since it differs too little from that of a sphere to be determined by direct

observations.

*
(151 8) The author here refers to the result obtained by him in [2044] ; but it is evident, [2069rf]

from [2056ij o], that the ellipticity is greater than this, but less than -2^, as in [2069'].
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CHAPTER VI.

ON THE FIGURE OP THE RING OF SATURN.

44. The Ring of Saturn is a very thin circular crown
;

its centre is the

[2069""] same as that of the planet, and its width appears to be about one third of

the diameter of Saturn
;

the distance from the inner edge to the surface of

the planet, is nearlj equal to this width.* The surface of the ring is divided

[20G9V] into two nearly equal parts, by a faint concentrical hand^ which proves that the

The ring is riug is formcd of two co7icentrical rings ; and perhaps of a greater number, if
composed
of several y^Q conMc in thc obscrvutions of Short, ivho assures us that he saw, with a
concentri- J J ' '

ca bands.

^^^^^ telcscopc, thc sucface of the outer ring divided into concentrical bands,

[2069vi] We shall suppose, as in the preceding researches, that an infinitely thin stratum

of fluid, spread upon the surface of these rings, would be in equilibrium, by

means of the forces acting upon it. For it is contrary to all probability, to

suppose that these rings sustain themselves, about Saturn, merely by the

[2069"i]
cohesion of their particles ;

because the parts nearest the planet, beings

incessantly acted upon by the force of gravity, would be detached from the

rings by insensible degrees, so that they would finally be destroyed ;
as is

[2069^'"] the case in all those works of nature, in which there is not sufficient power

to resist the action of foreign causes. We shall determine the figure of these

rings by the conditions of the equilibrium of this fluid.

We may conceive each ring to be produced, by the revolution of an oval

[2069"=] flgure, like the ellipsis, moving perpendicularly to its plane, about the centre

*
(1519) According to the late measures of Struve, the diameters of the outer ring, at

the mean distance from the earth, are 40^095, 35^,289 ;
those of the inner ring 34*,475,

[2070a] 26*, 668; the equatorial diameter of the planet 17*,991 ; the width of the outer ring

2%403, of the inner ring 3%903 ; space between the rings 0%407. Tlie void space*

between the rings and the planet have sometimes been supposed to be of different magnitudes

on opposite sides of the planet ; but this is probably an optical illusion.
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of Saturn, situated on the continuation of the axis of this figure. We shall

suppose this axis to be very small in comparison with the distance of its centre

from the centre of the planet. We have seen, in ^11 of the second book, [2069=^]

that X, y, z, being the three rectangular co-ordinates of a point attracted by

a spheroid,
and V being the sum of the particles of the spheroid, divided by

their distances from this point, w^e shall [459],

= /ddV\
,
/ddV\

,

/ddV\

The spheroid being formed by the revolution of a curve about an axis,

which we shall take for the axis of z ; if we put* r^ = .t^ -}- ^> ^ will [2071]

become a function of z and r, since this function must remain the same,

when r and z are given ; therefore we shall have,t

[2072]

fddV\ _ f (dV\ 0^ (
ddV\

/ddV\ _ f {dV\ f /ddV\
\df )~ r^'\di^J '^^'['d^J'

Hence the preceding equation [2070] becomes

1 fdV\ fddV\^fddV\^

which is the equation corresponding to a spheroid of revolution.

If we put r = a-\-u, a being the distance from the centre of Saturn
[2073^

to the centre of the generating figure of the ring, we shall have,t

*
(1520) r represents the distance of the attracted pomt from the axis of z j and its

projections, on the planes o( zoc, z y, are represented by x, y, respectively, making [20706]

[2072a]
f (1521) In [1430], V is considered as a function of a, b, c; which, by putting

7^=62_|_^ [15580"
—

t], is transformed into [15584']. If we now change a, 6, c, into z, x, y,

respectively, the equation [1430] will change into [2070], r^ [2072a] will become as in

[2071], the expressions [1558(p, x] will give [2072], and [15584] will change into [2073],

representing the original equatira [2070].
' ^

I (1522) Putting a-\-u=r, we get f —-

j
= i ; and if we suppose V to be a [2072c]

function of u instead of r, we shall have

124
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Funda-
mental

equation"^"''"''"

^ 1 ^dV\ ,

/ddV\
,

/ddV\
•

for the
determina-
tion of F.

Second
form.

[2075]

and if we suppose the co-ordinates u, z, to be very small in comparison with

the radius a, we shall have nearly,

/ddv\ rddv
^

I J. .2 /I

^ohich is the equation corresponding to a cylinder of an infinite length, on each

[SOTS'] side of the origin of u and z ;* and we see that this case is nearly that of the

ring, when the attracted point is near its surface.

This equation gives, by integration,!

[2076] V=cp(u-{-Z .^/^^)-{~-^(u
—

2.^/111);

In like manner, from this last equation, we get, (-^^)
=
(-^)

•

(^*)
=

(-rf^)
•

Substituting these in [2073], we get [2074] ; and if a be very large, we may neglect the

terra divided by a-\-u, and it becomes as in [2075],

*
(1523) By increasing a, the curvature of the ring decreases, and its figure, for a short

[2075a] distance on each side of the attracted point, is nearly cylindrical. When a is infinite, the

first term of [2074] vanishes, and the equation becomes as in [2075], which corresponds to

the limiting cylindrical form of the ring.

f (1524) Putting 9'(m) for the differential of (p{u) divided by du, (p"(u) for the

[2076a] differential of cp'{u)
divided by d u, he. ; then supposing the general value of V,

corresponding to [2075], to be a function of u-\- nz represented by F^=
cp [u-\-nz),

n being a constant quantity ;
we shall have, by taking the partial differentials of V relative

to u and z,

[20765]

Substituting these two last expressions in [2075], it becomes (1 + w^) • <p"(" -\-nz)=^0,

which is satisfied by putting 1 -f w^= 0, or w= ± \/^-L ;
and according as we use

the upper or the lower sign, we shall have, for F", an arbitrary function of u -\- z . \/—1 j

[2076cl
represented by 9(m4-«V—i) > or an arbitrary function of u— z.\/^, represented
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(|)(w)
and 4^(?<) being arbitrary functions of u. We may put this expression [2076']

of V under the following form,*

[2077]

by \'{u
— z .\/—l). Now the equation [2075] being linear in F", it will also be satisfied

by taking for V the sum of these two functions, as in [2076] ;
and as this is the requisite

number of arbitrary functions for an equation of the second degree [15585], it will be the

coraplete integral. If in [2076] we change !^{u-\- z . \/^T) into

/(M + ^.v/^)+/=i.F(u+ ;r.V/-l).

and 4'(m
—

ar.y/Ta) into f{u— ^.y/ZTi)
—

^/ZTi . F(m— z .\/~i), it will

become as in [2077] j which we shall investigate in a different manner in the next note.

*
(1525) The equation [1430], neglecting wholly the terms depending on c, and then

putting a^=z, b= u, becomes as in [2075]. Making tlie same changes in the integral

of this equation [1558x], and connecting in one line the terms depending on u^^^, and in
[2077a]

another those depending on v^^\ we get,

^= ^ ^-
1:2

•

(-rf^j + 172:3:7
•

[t^)
- ^''

[20776]

+^''^''-dr3'{^) + I.2I4.5
• (^)~^- [2077c]

^,(0)
^ ^(0^ being independent of 2;

;
or in other words, they are functions of u only ;

which

we shall represent by «^"^ =/(«), r^»>= v/
— 1 • F'{u). Now from Taylor's theorem

[2077d]

[617] we have

h-f{ui-zV—l)=hlf{n)+W=i-fW-r2'^J>)-Tk3''^-^^^ [2077e]

I ./(u-z.V/=I)=i .

{f{u)-zV-I.f'{n) -^.z^ .f"{u)+^ .^.v/=I./"(u)+&c.^. ^2077/]

The sum of these two equations is given in [2077^]; and by substituting v^^^=f{u)

[2077^?], it becomes as in [2077A]. Now changing / into F in [2077e,/], and taking the

difference of the resulting expressions, we get the equation [2077t], which, by substituting

»«= s/Z-i . F' {u) [2077^^], becomes as in [2077^] ;

J./(M+ z.v/:ia)+i./(M— r.V/=l) [2077/']

''

1.2'^ -V-rf^y^ 1.2.3.4*^ 'Vll^/ '
[2077A]
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[2077'] /(w) and F (u) being real functions of u. If the generating figure of
the cylinder he composed of two equal and similar parts, on each side of the

[2077"] axis of u ; the expression of V will remain unchanged, when we change the

sign of z ; hence we have, in this case*

[2078] V= f(u + z . v/=^) -^f{u— z. v/=T) .

To determine the function f(u), it will only he necessary to find the value

[2078'] of V when z= 0, or when the attracted point is on the continuation of the

axis of u ; and we shall soon see, that the determination of this function

depends on the quadrature of curves.

The value of V, corresponding to a cylinder, is to be considered only as an

[2078"] approximation, relative to a ring ; but by substituting it in the equation

[2074], it is easy to deduce from it, by approximation, a more accurate value

of V. If in this equation we put

[2079]
u + z. v/^TT = 5

;
u— z. v/^=T = s'

;

it will become,!

[2077?i'] ^.jP(m+ z.v/^^— ^••^(«
— « V^^)

[2077i] =z.s/=l.F'{u)-^.zK^Zri. F"'{u) + ^^3^^ . z'y=l.F^{u)- &c.

[207.A] -^-^^-^-1X3 •"•(-7^)+ 1.2.3.4.5 '^•(-1^) + ^^-
!

The sum of the expressions [2077A, k'},
is equal to the value of V [20775, c] ;

therefore

F" will be represented, as in [2077], by the sum of the first members of the same

equations [2077/', h'].

*
(1526) Since the change of the sign of z does not alter the value of V [2077"], we

may write — z for z in [2077], and subtract the resulting expression from [2077], j

the remainder will be equal to nothing ;
hence

[2078a] o= 2.^^^.F(u-]-z.\/:=i)—2.^::^.F{u— z.\/zii).
I

Subtracting the half of this from [2077], we get [2078]. When z=0, the value [2078]

becomes V=2.f{u) ; whence the form of the function / may be obtained, by means of

the value of V corresponding to z= 0. Then changing u into uzhz .^—l, w®^i_
shall get the general values of the functions which occur in [2078]. ^I^H

f (1527) From the expressions of s, s', [2079], we get

[2079a]
u= ^.{s-\-s'), z= ^ .\/^-L . {s'— s) ',
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= 2.('-^\+—' A f'J^) + ('-!-)] . [2080]

Kdsds'J ^2a-i-s+ s' l\ds J^\ds' J i

If we put
Assumed

I 1
form of y.

F= ^' +
^.

^" + ^ . V"'+ Slc, ; [2081]

we shall obtain, by comparing the similar powers of -, the following

equations,*

substituting these in V, which is considered as a function of w, Zj [2074], it becomes a

function of 5, /. Moreover the partial differentials of [2079] relative to u, z, give

Now supposing V^ to contain u, z, only as they are found in $, s', we shall get the partial

differentials, to be substituted in [2074], by using the values [20796] ; in the following

manner. First we have

/dV\ _ /dr\ /'ds\ /dV\ /ds^\ __ fdV\ fdV\ ^

\du) ~\ds)' \dv,)
"^

\ds')
'

\du)
""

Vrf« / \ds')
'

[2079c]

(^)=(^)-(£)+(z^)-(^)=v/=5-K^)""(^)l-

Taking the differentials of these two expressions, and making the same substitutions, we get,

\dv^ )~\ ds^ )' \du)
"^

\dsds')
'

i \du)
"""

Vdu"/ 3
"^ W«^ /

^Vd^)^^\l7d^)-^\-d^)'^ [2079d]

m-^^\mi^)^mm-{m-m-(£)\
_ f ddV \ /ddV\ fddV\

Vd^) +^
•

\J7I^)
-

\~d^)' [2079e]

The sum ofthese two last equations is

^11^)
+ (-^^

= 4 . (^) ; substituting [2079/]

this and ^— j [2079c] in [2074], then dividing by 2, we get [2080] ; observing that

the sum of the two equations [2079], added to 2a, make 2a+ 2«= 2a-|-s-|-,'.

*
(1528) If we use the characteristic 2 of finite integrals, the assumed value [2081]

becomes F= 2 . a-^i . V^^.
Substituting this in [2080], we get successively, by putting [2081a]

125
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ddV= 2.

Equations
to find V,
V", &c.

[2082]

ds ds'

o=-6^)+*-K^)+6v)5=

o=-^^.S)+4-J6T)H^')!-^^MaT)+©
These equations, being integrated, will give the values of P, V", &c.* To

[2082'] determine the arbitrary functions, we shall suppose, for greater simplicity,

that the generating figure of the ring is equal and similar on each side of the

axis of u ; this reduces the arbitrary functions of each of the quantities

for brevity s-\-s'=2<i, and using
———-—=== J a~^.(l

—
ar^.(S-\-a~'^.<s^

—
aT^.a^-^-hc),

Connecting together the ternas multiplied by a~'+S we may put the preceding expression

under the form,

in this all the values of 1^ must be neglected in which the index is nothing or negative, as in

[2081]. To satisfy this last equation, the coefficients of «"'+* must be put equal to

nothing. Now putting successively i=l, i= 2, i= 3, he, we obtain the

equations [2082].

*
(1529) Multiplying the first of the equations [2082] by ^ds, and integrating

relatively to s, adding, to complete the integral, an arbitrary function of s, represented by

/dV'\
\''{s') ; because in this integration s is considered as constant ;

we get {"Tt)
=

4''(*')*

In like manner, multiplying this by ds, and integrating, adding the arbitrary function (p(*),

[2082a] to complete the integral, we obtain V'= (^{s) -\- \>{^). Substituting this in the second of

the equations [2082], and integrating in a similar manner, we get V" in functions of s, a*,

In like manner we obtain V", V"", he, from the other equations.
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[2082"]

[2082'"]

V, V", &c., to one.^ To obtain these functions, it will only he necessary to

find their values, when the attracted point is situated on the continuation of the

axis of u. We shall consider a circular arc, parallel to the plane passing

through the axis of w, perpendicular to the generating figure, supposing the

centre of this arc [20836] to be in the right line passing through the centre

of Saturn, perpendicular to this plane. We shall then put y for the height

of this centre above the plane ; a-\-x for the radius of the circular arc
;

OT for the angle which this radius makes with the plane of the generating [2082""]

figure,
that passes through the attracted point ;

and a-\-u for the distance

of this attracted point from the centre of Saturn. This being premised, we

shall have, for the sum of the particles of the circular arc, divided by their

respective distances from the attracted point,t

/ {a-\-x) . dzi

\/[a -\- uf— 2 . (a -f~ w) • (a 4" '^)
• ^^^- '^ + (<* + >^)^ 4" y^

[2083]

*
(1530) When the generating figure is equal and similar on each side of the axis of «,

it is evident that we may change z into — z, without altering the value of iP"; and by this

alteration of the sign of z, s [2079] changes into s\ and / into s. By this means the value

of V [2082rt] becomes F"'=
(p(s') -j- 4'(*)» ^ ^nd s' being independent; this last

value of V is made to agree with [2082o], generally, by supposing (p (5)
=

4/ (5),

(p(s')=4/(s') ; so that the two functions <p, •\>,
are reduced to one. Similar remarks may be

made relative to the value of V", he. These functions 9, -^^ are generally most easily found,

in the simple case of z= 0, or 5= / [2079] ;
that is, where the attracted point is

situated on the continuation of the axis a-\-u. For after finding 9 (m) for that point,

we have 9 {s), by changing u into s.

t (1531) In the figure

annexed, A is the centre

of Saturn, P the attracted

point, situated on the axis

AP; Aa perpendicular

to the plane of the figure,

is the axis about which the

generating curve revolves,

to form the ring. A circular

arc of the
ring, described

about the centre a, is

represented by hcd, which

is parallel to the plane of

[20826]

[2082c]

[2083al

E B a+u
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the integral being taken from ^ = to ^ equal to the whole circumference

2*. We must multiply this integral by dy, and again integrate relatively

[2083'] to y, from* y =— 9(0;) to y = (^(x); y^
=

\(^(^x)\^ being the

[2083"] equation of the generating figure of the ring. Finally,' to obtain the value

of F, we must multiply this last integral by dx, and then integrate relatively

[2083'"]
to X, from x = — k to x = k'

;
— k and k' being the limits of the

values of x.j These various integrations cannot be made rigorously ; but

we can obtain their values in series, developed according to the powers

of -, which is sufficiently accurate for the present investigation ;
but as

[2083""] ]/" becomes infinite when a is supposed to be infinite, J we must, instead of F,

[2083ft] the figure, and is orthographically projected upon this plane, in the circular arc BCD',
cC= d D==aA are perpendicular to this plane, and we shall suppose C c, Dd, to

be infinitely near to each other
j
CE is perpendicular to the axis A P. Then we have

[20S3b'] AP=a + u, AB=AC= a-{-x, Cc^y, angleP^C= «, ax\^]e CAD= dzi;

hence the arc CD = c d= {a -\- x) . d -a, which may be taken to represent the mass of

[2083c] the particle of the ring cd. This mass, divided by the distance Pc, represents the part

of V [1428""] depending on this particle, or f7F^= ^"

p'
^

. Now

[2083c'] Pc2^PC2+Cc2=PC2 + y^;

and in the triangle P AC, we have, by [62] Int.,

[2083d] PC^=AF'—2AP.AC.cos.PAC-{-AC^={a+uf—2.{a-Jru).{a+x).cos,vi-i-{a+xf;

hence we obtain Pc, and by substituting it in the preceding value of d V, and integrating,

we get the expression of J^ [2083]. IMoreover, it is evident from the figure, that this

[2083e] integral must be taken from zi=0 to 'us=2if, to obtain the part of V corresponding

to the whole circumference of the circle.

*
(1532) Supposing the co-ordinate Cc, fig. 50, to be continued on both sides of C,

[2083/"] till it meet the surface of the ring in c' and c"
;
we shall have, from the equation of the surface

[2083g-] [2083'], Cc'=—
cp{x), Ccf'=(p{x) ;

these being the extreme values of y, between

which the integration relatively to y is to be made.

f (1533) Supposing the line ACr" to cut the surface of the ring in the points r', r",

[2083h] and that Aa'=:a, Ar'=a— k, Ar"=a-\-T<! ; the values of a; [2082""], corresponding

to those points, are x= — k, a?= ^, respectively, which are evidently the limits of the

integration, relative to x.

J (1534) Supposing a to be infinite, we may neglect x, u, y, in comparison with a, and

the denominator of the integral expression [2083J becomes,
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compute (
——

)
, which is never infinite. It is evident that the expression

of (-)—) vt^ill give that of (——
],* consequently w^e shall have the [2083^]

attractions of the ring, parallel to the axes of u and z.

The dimensions of the generating figure of the ring of Saturn, are so

small, in comparison w^ith the diameter of the ring, that we may neglect the [^OSS^]

terms divided by a. Now if we substitute, in the preceding integral, the

value of cos.TO in a series, 1— ^a^-{-hc. [44] Int., and suppose a^= t, [2083^^

it becomes, neglecting the terms divided by a,t

{a^
— 2a^. COS. w + a^i =a.\2— 2. cos. ztfj* j [2083i]

consequenily an element of that integral becomes of the order

a .dta dzs

a.{2— 2.cos.'5i}i {2
— 2.cos.«}*

'

which increases infinitely when to is infinitely small, because the denommator vanishes. Now

this does not happen with the expression ("T"))
deduced from [2083]. For the element

of this integral is

{a -\- x) . \{a -^ u)
—

{a-\-x) . cos. zs]. dis

[20834]

\{a -\-u)^
— 2 . {a -\- u) . {a -\- x) . cos. w-j- {a -\- x)^ -{- y^]^

[2083i]

which, by neglecting as above u, a?, y, and then dividing the numerator and denominator by

a^.(l
— cos. to), becomes n n i which is infinitely smaller than the^ ^ a. \l

— cos. toP
' ^

element of V [2083^], because it is divided by the quantity a. Hence we perceive the [2083m]

justness of the remarks in [2083'"], which may also be confirmed by integration.

*
(1 535) An example of this is given in [2089

—2093]. For after having computed the

value of — f—
j

[2089], we can obtain from it the expression of —
f'{u) [2091a], [2083n]

and then —f'{udtzz.\/—i) [2092a]. Substituting these in [2091], we shall get

-{^) [2093].

t (1536) Substituting co3.to=1—
^^^-j-fiic. [44] Int., in the denominator of [2083],

it becomes, by neglecting terms of the orders to^, mto^, x-a^, and using t [2083^'*],
[2084a]

126
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It;s differential being taken, relatively to m, and divided by du, is

The integral relative to ^ must be taken from «= to ^==2*; ^
being

the semi-circumference of a circle whose radius is unity. Now this integration

is evidently the same, as if we were to take it from «^— * to tri==^;

[2085"] which, in the case of a being infinite, is the same as to integrate relatively

[2085^'] to t, from ^ = — 00 to ^ = co ;* and then the integral becomes,!

[2086] 2^'ii
—

x)

(m
—xY -\- y^

consequently, when the attracted point is situated in the axis of w, we
shall have,t

|(a-}-M)2
— 2.(a+ M).(a + a;) + {a + xf-}-y^ + {a+ u) . {a -{- x) . t^s^^

=
{[(« + «)

—
(« + *)? + 3/^ + «^^^F= {{u

— xf -\-y^ + a^zi^i

[20846]
=

{ (m
— xf + y^ + i^^i.

[2084c] Substituting this and a. dzi= dt in [2083], it becomes as in [2084]. Now x, y, t,

are independent of w ;
we may therefore take the partial differential of [2084] relatively to u,

and it will become of the form [2085].

*
(1537) This integral is to be taken through the whole circumference of the circle bed,

[2085a] fig. 50, page 499, and it is immaterial at what point we begin ;
so that the limits may be

from IS =— * to zs= ir
; and as t^^ain [2083"''], the limits of < will be — a-^

[20856] and «*; which, when a=:co [2085"], become — co and -\-co, as in [2085''']

f (1538) This integral is easily deduced from the integral in Vol. I, page 303, note 356,

[^S6a] J_^——^=— , byputtmg z'=t, r'''=={u—x)^+ y^ A= ^;
observing that in this integration, u, x, y, are supposed to be constant.

J (1539) Having obtained the integral relatively to t [2086], we must multiply it by

dy.dx, and prefix the double sign of integration, relatively to dy, dx, and we shaU get, by

changing the sign, the first value of —
(t~ ) [2087]. The integration, relatively to y,

is

[2087a] obtained by putting y= {u
—

x) . i', dy= {u
—

x) . dt', x being considered constant
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If we suppose the generating figure of the ring to be an ellipsis, and represent [2087']

its equation by the following expression,*

>?f = Tc^— X^\ [2088]

we shall find,t

dV\
du ) =^M"-\/»-^-^^i [2089]

in this integration ;
hence —

(— j
= 2 .fAx 'f:^-^'

But by [51] Int.,'

-/l^
= arc. tang. H= arc. tang.

(^1^37)
5 [20876]

—
j,

to make it vanish at the first

limit [2083'] y = — 9(a?) ;
then at the second limit y= 9(0;), it becomes

d£

consequently, as in (2087],

/Vt^= 2 . arc. tang. ( -^^V;

-(^)=^--^^*-"'-''"S.(^).

[2087c]

[2087d]

*
(1540) Putting, in the equation of the ellipsis [378»], —.y^=za^— x the

^ [2088a]

greatest semi-axis a=k, and the least semi-axis b= —, it becomes as in [2088].

f (1541) In finding the integral of the expression [2087], relatively to a?, it will be

convenient to use, for brevity, the symbol t= tang.^= ^ _ ^
; the greatest values [2089a]

of t, p, being represented by the accented letters f, p', respectively. For the purpose of [20896]

illustration, we shall refer to the annexed figure,

in which AHB represents the generating

semi-ellipsis, whose semi-axes are

I II

CA= CB= k, CI=-;
BU F [2089c]

absciss CG= x; ordinate GH=y, or

Cg= of, gh= y' ;
P the attracted point,

through which is drawn the line PhH, cutting

the
ellipsis in h, H. Then we have CP= u, PG= u— x', hence by using [2088],

we have tang. GPH=^^= —^— = 1^ ,"~^ \
= tang.^ ; so that the angle [2089d]° PG u—X A.[u— x)
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[2089']

The value of —
( -^

—
j

, relative to any attracted point whatever, is, by

what has been said,

[2089c]

[2089/]

GPH= p. Now from [2083', 2088], we have cp{x)=y = X-» . {k^
—

x^f ; and

substituting this in [2087], we get

the limits of this integral being the least and greatest values of a: [2083'"], which are evidently— k and k. The integral fd x . p, may be represented by the area of the curve

AOB ; in which the ordinate GJV= p corresponds to the absciss CG= x
; and

there is also another equal and parallel ordinate gn, corresponding to the absciss Cg=(itf.

The greatest ordinate of this curve is 0K= p ',
and if this be continued, it will meet the

ellipsis in the point L of the tangent PL, drawn through the attracted point P ; making the

[2089g] angle CPL=p'. The area of the curve AOB may also be found, by supposing

KD =p to be the absciss corresponding to the ordinate JVn= x'— x, and its integral

raoftQ 1
^^'^ ^^ represented, in the usual manner, by fdp . [x'

—
a?),

the integral being taken from

p= to p= p'. Substituting this for fdx.p, in [2089e], we get

[2089A]
— (— \ = 4.fdp .{x'—x) ;

in which we must substitute the values of of, x, p, in terms of t. Now by squaring the

expression of t [2089a], we get a quadratic equation in x, represented by

{U'^xf.-k^t^= k^— x^;

from which we obtain,

[2089l] 37= (1 4- X2
^2)-! . ^w . X2 f2 _i- [^2

_
(j^2 ^k^),\^t^il.

The upper sign gives the value of of, the lower that of x
;

their difference is

[2089A;] a:'— a?= 2 . (1 + X2
i^)-^ . {P-^ {u^-^k^) . X^ t^\K

J X

Substituting this, and <^/'
= TTT, [2089a], [51] Int., in [2089A], we get

[2089Z] \du) 'Jl-\-tt' 1+X2i2

[2089m] To avoid the radicals, we shall put ^=a.sin.z : and shall use a^= —-—
,

for
X-^ . [u^

—
k")

brevity ; by which means we get

[2089n] \1c^
—

(w2 -^]^) .\^ t^^= {P_ A;2 . gin.a z]^=k. cos. z j

hence, by successive reductions, we obtain.



m.vi. §44.] RING OF SATURN. 505

^^ ^

=—/'(w + ^.v/:^)—/(w— 2.V/-0;* [2090]

f'{u) being the differential of f{u) divided by du. Putting these values

\du)~ '-^
l-[-a2,sin.2z

'

1+X2a2.sin.2z

~ "
'"^

(l+a2.sin.22).(14-X2a2.sin.22)

^ 8fc (1+X2a2) ^ J;g 8^ (l+g^) r__dz__,
X2_l* a '-^

14-X2a2.sin.22 X2— 1* a '-^ l+ a2.sm.2z
» [2089o]

the last expression being easily derived from the preceding, by reducing to a common

denominator. At the first limit of these integrals, p=0, ^= 0, z= Q, [2089^, a, wi] ;

at the second limit, p=p' [2089^], corresponding to the point L, where we have

x'—x=0 ; therefore the radical of [2089A;], which is represented by k . cos.-? [2089»],

is equal to nothing, consequently z=^'!r ; hence the limits of z are and ^ir. Now

we have found in note 934, pages 18, 19, f ——L_= -__^!—_ ; and as the
*^ LP—cos.'^q D.(Jj'''

—
l)t

elements of the integral are the same for q= ^if -\- ^, as for
g^
= J *— ^, we may

take half this quantity for the integral between the limits 0, J -r
j hence

y^h'^
dq If

D'^— cos.^q ^2D.(I>2_l)r [20895]

Multiplying this by D^— 1, putting cos.^5'=l — sin.^g', changing q into z, and

putting 1)2-1 = 1, we get, fg^ i^j^,^,,
=
-(r^ > and by changing

a into X«, J^ i4-x2a2.sin.22
=

(i+X^a^)^
' Substitutmg these m [20S9o], we

find, by successive reductions, and resubstituting the value of a^ [2089m], the same value

as in [2089],

_ /^ ^\ _ Q^ n +X^gS) h^
___

8fc (l-|-a2) ^cr

—i^ Wl+ X2a2\^_/l-|-a2xi ^^ 4^fe
^ !^_

'^ "

1
'"''"^^ '

(~>^) > >
x2_r^v "2 ^ V a2 y 5 x2-r(^ k ~)

*(1542) The expressions [2090,2091] are easily deduced from [2078] j and as in [2090a]

[1387a], they express the attractions, parallel to the axes of u, z, respectively.

127
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[2090'] of —
(~^) ^^"^^ ^^ ^^^^ ^*^^^' w^^" 2 = 0, we shall obtain the

value of f'(u).* We also have

—
(~^ )

'
—
xlTr ^^P^®^^ *^® attractions of the ring, parallel to the

[2091']
axes of u and z, and in the direction towards the centre of the generating

figure. Hence it is easy to perceive, that in the case w^here this figure is an

ellipsis, these attractions are,t

[2092]

Attraction
of the ring
parallel to ori*!
the axes of

**""

U, Z.

\du ) X^— 1

•

\ / ——
j- \

'

( -(»-^-\/=i)+^(«-2v^7-«^-(^)

tten"!
^^ ^^® attracted point be upon the surface of the spheroid, where we have

[2094] m2+x2^2^F^ [2095«],

Attraction thcj wlll become,t
at the
surface. Alf.U , A-K.'KZ

[2095] ^^ipj;
and

^-p^.

*
(
1 543) Putting z= in [2090], it becomes —

i^K-)
=— ^'f' (") J

and by

[2091o] substituting this in [2089], we get —f'u=^^ Au—(u^— k^.
-'^^^ )^ \

-

f (1544) Changing successively u into u-^z .\/
—

l, m— z.^—i, in [2091a],

[2092«] we get
—/ {u-\-z. \/—i),

—
/' {u

— z . \/—L) ; substituting these in [2090, 2091],

we get [2092, 2093], respectively.

f (1545) The co-ordinates of the attracted point are o + «, z
; those of the

elliptical surface a-\-x, y [2082"", &c.] ;
therefore when the attracted point is situated
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45. JVe shall noiv suppose the ring to be a homogeneous fluid mass, whose sisT/an'

generating figure is an ellipsis.
We shall put a for the distance from the

t*}f"rLgf

centre of this ellipsis to the centre of Saturn, this distance being very great, [2095']

in comparison with the dimensions of the ellipsis ;
and we shall suppose that

the ring revolves, in its plane, about Saturn
; g being the centrifugal force

arising from the rotatory motion, at the distance 1 from the axis of rotation. [2095"]

This force, corresponding to the particle of the ring whose co-ordinates are

u and z, will be (a-\-u) .g ;* and by multiplying it by the element of

its direction, the product will be (a -]- w) -g d u. The attraction of Saturn [2095'"]

S
upon the same particle is -y

—
;

—
g g-, S beino; the mass of Saturn.

Multiplying it by the element of its direction, which is equal to

— d . v/(a+ M)2+;zS [2095""]

we shall have, by neglecting the squares of u and z,

upon the surface, we shall have a;= m, y= z
;

and the equation [2088] will become
r2095a]

Jc^= u^-\->,^ z^. Substituting this in the radical [2092,2093], we get, by successive

reductions,

—
j^^±2uz.\/-l—>?z^^ =~±-kz.\/—i. [20956]

Hence [2092] becomes ^.^2u^^^=^lh^.^=^^, asin[2095];

and [2093] changes into

I^AVEl.S3.V=l-2^-V'^i=4j^-(X-l)=i|^, [2095]. [209560

If the
ellipsis become a circle, whose radius is k= r', and area ^= -r . r'^, we

shall have X== 1 [2088] ;
and by putting, in [2095], z= 0, u= r', we shall have

the whole attraction in the direction of the radius / equal to

i^=2..r'=^. [498-]. [2095c]

*
(1546) The distance of the attracted point of the ring, whose co-ordinates are a-\-u, z,

from the axis of rotation, is a+ m
; and this, being multiplied by g, gives the centrifugal [2095rf]

force {a-{-u).g, tending to increase that distance, [15695].
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rnnfvn S . du
,

2 S .U du S . Z dz ^
[2096] __ I — .*

a '

a-^ a

The attractions which the same particle suffers from the ring, multiplied by
the elements of the directions — du and — dz, give the products f

[2097]
4':f.udu

^
4':t.zdz.\~~

X+ 1
'

^"^
X+ l

•

Now the general equation of equilibrium makes the sum of these products

librlum' equal to nothing ;
therefore we have,t

at the

[2098] 0=1 -,-ag
j
.du+

^ ^^---g I
.udu+

l^zfY+^l
•"^' '

*
(1547) The co-ordinates of the attracted point being ct-\-it, z, its distance from

the origin of the co-ordinates, or from the centre of Saturn, is {{a + m)^ -f" z^}^. Hence

[2096a] the whole attractive force of the planet is 7
—

;

—
^k—,
—

o ; and as this force tends to^
[a -j- uy -f- z^ '

decrease the distance, the element of its direction, or differential of the distance, by which it

is to be multiplied, must be negative and equal to

^d.\{a-]-uf+ z^\^=— {adu-{-udu-]-zdz\.{{a-{-uf^z^\-^-',

by which means the product becomes,

[2096&] \—S.adu — S.udu— S.zdz].\{a-^uf-\-z^—^.

If we retain only terms of the second degree, in u, z, and their differentials, we may neglect

w^, z^, in this last factor, and it will become,

substituting this in [20966], it becomes as in [2096J.

f (1548) The attractive forces [2095] tend to decrease the co-ordinates u, z
;

therefore

[2097a] they must be multiplied by
— du, — dz, respectively, to obtain the corresponding

elements [2097].

J (1549) We have seen, in [1615a, b, c, &lc.], that the sum of several forces F, F',

F", he.
; multiplied by the elements of their directions df, df, df", he.

; may be

reduced to three forces P, Q, R'f parallel to the axes x, y, z, respectively ; making

[20976] ^.F.df=P.dx-{-Q.dy-\-R.dz;
so that the equation of equilibrium [1563*, p] is equivalent to 2.jP.J/=0; which

represents that the sum of each of the forces, multiplied by the element of its direction, is

nothing. In the present example, these products are given in [2095'", 2096, 2097] ; their

sura, put equal to nothing, and changing the signs, is as in [2098].
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[2i02r\ e being positive, we see that x must exceed unity. The axis of the ellipsis,

The ring directod towards Saturn, is equal to 2 k, and represents the width of the
must be
oblate. 2 k

ring ;
the axis perpendicular to it,

-—
[2089c], is the thickness of the

A

[2103]
fiug

.

therefore the thickness is less than the width.

We also see that e is nothing when x = 1, or when x= co ;* hence it

Two follows, that for the same value of e, there are two values of x
; but we can

elliptical . ^ ^

^

situfy
^ake choice of the greatest, which gives the most flattened ring. The value

libdlm!' of e is susceptible of a maximum, which corresponds nearly to x ^ 2,594.t
[2103"]

[2102a]

get ^
,

^
-\-e = X^

.j ^
— 3 e / . IVIultiplying by X -f 1

,
we have

X-f (x+l).e= x2.fl
—

3.(X+ J).e}, or (3X3+ 3 X^ + x + 1) . e = X^— x
;

whence we obtain e [2102].

*
(1553) If X= 1, the expression [2102] becomes e=

;
and as it may be put

, r 1 ^ ^ f
[21026] under the form e = -r- • <.Z

:; ; 7~> > it also evidently becomes e=0,

:('+-D-(^+^)^

[2102c]

[2i(m]

when X= 00
; observing that the factor between the braces is then equal to ^. Again,

since S, a, are positive, e [2101] must be positive; which cannot be, unless the factor X—1

[2102] is positive, or X^l. Hence we see that when X= l, e= 0; when X^l,
e is positive ;

and when X= oo
,

e again becomes nothing ;
so that between X= 1 and

X= CO
, there must be a value X', which will make e a maximum, represented by e'

;
and

we shall see, in the next note, that there is only one of these maximum values of e. Hence

it is evident, that for any positive value of e <^ e', there will be two values of X, the one

greater, and the other less than X'.

f (1554) The differential of [2102], put equal to nothing, gives the maximum of X.

The denominator of this expression is (3 X^-j- 3 X^ -|~ X-f- 1 )^ ;
and its numerator, divided

[2103a] by dX, and put equal to nothing, is — 3 X^+ 6 X^ -j- 4 X^ -f-
^ ^— 1=0. From a

few trials, we find that X is nearly equal to 2,594, as in [2103"]. No other value of X,
[210361

•/ 1 ' ' L J

'

greater than unity [2102'], will satisfy the preceding equation [2103a]. For if we divide it

by the factor which we have just found,
— X -f- 2,594 ::= 0, we get

[2103c] 3 . X3+ 1,78 . X2 -j- 0,62 . X— 0,39= 0,

nearly ;
and when X^ 1

,
the terms of this expression depending on X, must exceed

3 + 1,78 + 0,62, or 5,4; which cannot be reduced to nothing by the constant term

— 0,39 ;
therefore no other value of X will satisfy the proposed conditions of the maximum

of e. This value X=2,594, being substituted in [2102], gives e' as in [2104].
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In this case e = 0,0543026 ;
which is the greatest possible value of e. [2104]

Putting R for the radius of the body of Saturn, and p for its mean density,

that of the ring being taken for unity, we shall have [1430A;],* [2105]

S = \'K<^ .W \ [2106]

consequently [2101,2106],

p./23
e = ^^ ; [2107]

therefore the greatest value that p can possibly have, is

P= 0,1 629078.-^.
[2108]

marly^ for the greatest possible density.

[2108']

The difficulty of obtaining the true ratio of a to i?, on account of the

smallness of these quantities, and the effect of irradiation, prevents us from

determining exactly the limit of p. If we suppose, for the inner ring, that [2108"]

- = 2, which varies hut little from the truth [2070a], we shall get p
=

-ff

[2109]

The irradiation must increase considerably the apparent widths of the

rings, consequently their real widths must be much less than their apparent ; [2109^

perhaps also it makes several distinct rings appear as one, in the same

manner as a telescope of a small magnifying power makes the whole of the

rings appear as one connected mass
; therefore we cannot determine with° ^^

. . . [2109"]

accuracy the figures of the rings which surround this planet. We may also

observe, that the smallness of the width and thickness of any one of the

rings, in comparison with its distance from the centre of Saturn, serves to

increase the accuracy of the application of the preceding theory to the figure

of the ring, and to render more probable the explanation we have given of [2109"']

the manner in which it can be sustained about the planet, by the laws of

the equilibrium of fluids.

It is easy to determine the time of rotation of each ring, by means of its

distance a from the centre of the generating curve to the centre of Saturn. For [2109""^

3*
(1555) From [2107], we have p= 3 e .

—
; substituting the maximum value of

[2108a]

e
[2104], we get the maximum value of p [2108] ; and if we put a=^2R [2108"], it

becomes p=l,3, as in [2109].
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The ring
revolves in tkc centrifugol force g, arising from its rotatory motion, being equal to
the same
time as a

[2109']
—

[2099], it is evident that this motion is the same as that of a satellite, placed
satellite at

disuMo. at the distance a from the centre of Saturn ;* hence it follows, that the period

[2110] of this motion is 0''^y,44 for the inner ring, which agrees with observation.

46. The preceding theory will also subsist, when the generating ellipsis

[2110^ varies in magnitude and position, throughout the whole extent of the generating

circumference of the ring, which may be supposed of unequal widths in its

urefukr different parts; we may also suppose it to be a curve of double curvature,

provided that all these variations of magnitude and position are sensible only at

much greater distances from the given point of the surface under consideration,

[2110"] than the diameter of the generating curve, passing through this point. These

inequalities are indicated by the appearances and disappearances of the ring,

in which the two anses appear differently. It may also be observed, that

these inequalities are necessary to maintain the ring in its equilibrium about

[2110"'] Saturn. For if it were perfectly similar in all its parts, the equilibrium

would be troubled by the smallest force
;
such as the attraction of a comet,

[2110""] or satellite
;

and the ring would finally be precipitated upon the body of

Saturn. To prove this, we shall suppose the ring to be a circle whose

radius is r, and centre at the distance z from the centre of Saturn, situated

in the plane of the ring. It is evident that the result of the attraction of

[2110^] Saturn, upon this circle, will be in the direction of the line z, which connects

*
(1556) Supposing T to denote the time of revolution of a satellite, at the distance a

from the centre of Saturn
;

and t to be the time of rotation of a ring of the same radius a
;

we shall get the centrifugal force g of the ring, by changing in [2059] M into S, and D
S. T^

[2109a] into a
;
hence g=

'

. Putting this equal to the value [2099], and dividing by

S '

-—r, we get r2__^2. whence T=t, as in [2109']. We shall see, in Book VIII, ;

i^ .oA
j

that the time of revolution of the outer satellite is 79^*y%3296 [7669], and its distance !

[2110a] from Saturn, expressed in semi-diameters of that planet, 59,154 [7717]. The time of
I

revolution of a satellite, at the distance of two of these semi-diameters, computed by Kepler's
j

[2110&]
rule [387], will therefore be expressed by 79''^y%3296 X (sH^j

= 0<i%49, instead of i

0'^»y,44, given by the author [2110].
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the two centres.*. If we put -a for the angle which the radius r makes with
^rtionof

the continuation of the line 2, we shall have,t Kar
ring.

___ _d_
^

2. S.rd^
dz *^0 ^r2-|-2rz.cos.-n+«2

for the attraction of Saturn upon the ring, resolved in a direction parallel to

to z
;

the integral being taken from zs = to « equal to the whole [2111']

circumference of the circle
;
and the differential being taken relatively to z.

Putting A for this attraction
;
the centre of the ring will be moved as if all [SllF]

its mass were collected at this centre, and it were then acted upon by the [2111'"]

force A, directed towards the centre of Saturn.

Putting c for the number whose hyperbolic logarithm is unity, we havet

[2110c]

*
(1557) In the annexed figure, C is the centre of the ring EBAR, Z> the centre

of Saturn. The diameter DC cuts the ring, in the points A, E;
and we have CE=CB=CB'=r, CD:=z, angle J5C^='cr.

Then if we make AB'=AB, it is evident that the parts of the

attraction of Saturn, upon two points, situated at B, B, resolved in ™ I

the direction B B\ mutually destroy each other
; leaving only

a force in the direction C D. The same takes place in all other

parts of the ring similarly situated, above and below the line jIE;
so that the whole attraction of Saturn, on the ring, may be reduced to a force in the [2110d]

direction C D.

t(1558) We have CB= r, CD=:z, DCB^-^— i^', and by [62] Int.,

DB^=CB^— 2CB.CD.cos.DCB-]-CD^= r'+ 2rz.cos.'a^z^ Now the [ZUla]
mass of Saturn S, divided by D B, gives the part of V [1457a], depending on the action

of Saturn, upon a point placed at B. Multiplying this by the differential of the arc

Bl= rd'ui, we get the part of F, resulting from the action of Saturn upon Bh, equal to

S.rd-m o u • T^Tt
Tjj^

~' Substitutmg DB [2111a], and integrating, through the whole circumference

of the ring, we obtain V. Then taking the differential, relatively to z, and dividing by

~dz, we get
—

(t")'
or the attraction in the direction z [1387a], as in [2111]. [21116]

The factor r, in the numerator of this formula, was not in the original work ; and the second [2111c]

members of [2115, 2116] are also multiplied by r.

X (1 559) Substituting 2 . cos. w := c^"^~' -j- g~~^-V^-^ |-12] Int., in the denominator

of the first member of [21 12], it becomes,

129
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1 1

If we put

[2113] f-
—

7~"SV=iT|=l+«---^ +«V-^ +&C.,
1+-.C

we shall have,

[2114] r;
—

z -^./=i)i
=

•^+"*r*^ +''-^-^ +^C.

;i+f.c-"-^-j

If we multiply these two series by each other, and then their product by

d^, taking the integral, from «= to ^ equal to the whole circumference,

represented by 2*, we shall have,*

[2115] // 2 . o , 2 =^'^'1 l + '^'.-2+«".- + &c. S;*^

\/ r''+ 2 r z . COS. 'ss -\- z^ ( H r^ )

[2112a] ^r^+ r^j.c -^-rz.c -^z^ '^^=r.
) l-\--.c

^

^^.l\-\--.c
'^

^^

as is easily proved by multiplication and reduction ;
hence we get the second member of i

[2112]. These factors, developed by the binomial theorem, become as in [2113,2114];

the second being deduced from the first, by changing & into — -m.

*
(1560) In performing the multiplication of the two series [2113, 21 14], we may neglectj

all the terms of the products which contain zi. For if it contain a term of the form'

Be ,
it will also have Be

'

,
and their sura will be

[2115a] B . { c""*-*^^^ + c-"^-^~ ]
= 2B. COS. n ^, [12] Int. ;

as is evident from the similarity of the functions [2113,2114], and the equality of the

corresponding coefficients. This produces, in [2111], an integral depending on

[2115o'] r d-a . cos.n vs
,

which, by [14836], is equal to nothing; therefore we may neglect such quantities, anc

multiply the term depending on c" [2113], by that containing c
' *

[2114]
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hence we deduce,

^ =
_ill£lf.J„.

+
2»-.^+&c.j. [2116]

This quantity is negative whatever be the value of z
; therefore the centre

of Saturn repels the centre of this circular hom,ogeneous ring ; and whatever be [2116']

the relative motion of the second centre about the first, the curve it describes, by fe'STtbe

this motion, is convex towards Saturn ; the centre of this circular ring must wre^ar
'

therefore recede more and more from the centre of the planet, until its mi6"]

circumference shall finally come in contact with the surface of the planet.

A ring, perfectly similar in all its parts, would be composed of an infinite

number of circles similar to that we have mentioned
; therefore the centre [2116'"]

of this ring would be repelled by that of Saturn, however little those centres

might be separated. In consequence of this action, the ring would finally be

brought in contact with the surface of Saturn.

Hence it follows, that the separate rings which surround the body of

Saturn, are irregular solids, of unequal widths in the different parts of their J^|."

circumferences ; so that their centres of gravity do not coincide ivith their centres neLsla!^

of figure* These centres of gravity may be considered as so many satellites, pj^^n-

Z2 2^

by which means the product of these functions becomes 1 -|- "^ •

;^+ a'^. — +&tc.= C, [21156]

for brevity. This is multiplied by
- in the second member of [2112], and by substitution

in the first member of [2115], it becomes J* C . d-a= C . J dis = 2'^: .C, as in

[2115] ;
its differential relative to z, multiplied by

—
"^j gives A [2111, 2111"]. All

the terms of the factor of A [2116], between the braces, being square positive numbers, [2ll5e]

their sum must be positive, and the sign of A must tlierefore be negative ; corresponding to

a repulsive instead of an attractive force.

*
(1561) For the purpose of illustration, we shall suppose

the ring to be a solid circular line XYX'iy, composed of

particles of variable densities, symmetrically placed on each

side of the axis X'CGX, passing through the centre of

gravity G of the ring, and the point C, which is the centre of -^

the planet, and of the ring ;
the parts of the ring on the side

X being denser than those on the opposite side towards X',

so that the centre of gravity of the ring is distant from the
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[2116""]
which move about the centre of Saturn, at distances depending on the inequalities

of the parts of each ring, and with velocities of rotation equal to those of their

respective rings.

In the investigation of the figures of the rings, we have neglected their

[2116^] attractions on each other ; supposing the intervals between them to be

sufficiently great, to prevent this force from having a sensible influence on

their figures. It will however be easy to notice this attraction ;* and we

centre of its figure, by the distance CG=X. Taking the line CX for the axis of x,

and the perpendicular line CY for the axis of
?/ ;

we shall have, for the co-ordinates of a

particle m of tlie ring, situated at D, CB= x, DB= y ; the radius of the ring

CX= C D being taken for unity. The attraction of the mass M of the planet, upon a

single particle of the ring, being represented by M, its action on the particle m, situated at

the point D, will be M.m, in the direction DC
;

which may be resolved into the two forces

M .mx, M.my, parallel to the axes x, y, respectively. The sums of all these forces,

[2116c] throughout the whole circumference of the ring, are M.fmx, M.fmy, respectively j

and if we change, in [126, 127], 2 into /, putting fm= m' for the whole mass of the

ring, we shall have fm x= m' . X, fm y z^ m! . Y
; consequently the preceding suras

[2116«ri become Mm'.X, Mm'. Y. Now since the axis of x passes through the centre of

gravity G, we shall have Y= 0, X= CG
;

therefore the action of Saturn, upon the

ring, is reduced to the force M.m'.CG, attracting the centre of gravity G towards C,

instead of repelling it, as it does when the ring is perfectly homogeneous [2116']. The

[2116c] attraction of the planet tends therefore to keep the centre of gravity of the ring near to that

of the planet, and by this means the motions become stable.

*
(1562) To give some idea of this attraction, we shall take the case of the ring AHB,

treated of in [20S9a, &tc.] ;
and shall suppose that it is also acted upon by a second ring,

similarly placed ;
whose generating figure A'H'B is , ^^

situated in the same plane as AHB ; the line CC, /-nT^ yn~^
connectine; the centres of these generating figures, when / 1 M f \u F \

continued beyond C, being supposed to pass through
' ^^-^

[211%] the centre of Saturn. In this second ellipsis, we shall accent the symbols u, z, X, used in

[2092, &IC.] J
so that the action of this second ellipsis, upon a point without the surface,

whose co-ordinates are u', zf, will be represented by the following formulas [2116^], similar

to [2092, 2093], in which, for brevity, we have put R, R', for the radicals,
^

[2116fc]

[2116t]

[{u'±:z'.^-if-J^K^^^^Y',
the upper sign corresponding to R, the lower to R' ; the origin of the co-ordinates m', «',

being at the centre C of this second ellipsis.
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can, without much trouble, satisfy ourselves, that the generating figure of

each ring will vet be elliptical, if the rings be very much flattened. But the

stability of the equilibrium of the rings requires that their figures should be [2ll6»i]

irregular ; moreover, as they have different rotatory motions, and incessantly

change their relative positions, their reciprocal action must be extremely

[2116ik]

If the attracted point be situated at any point H of the surface of the first ellipsis, corresponding

to the co-ordinates CG= u, GH= z, we shall have, by putting

CC'= a, u'=a+ v, z'=z, m^= aP— J(^^-\-I(f^.X'-^ [21161]

the following value of R [2116A, &c.], developed according to the powers of u, z,

= *» + -. M-f — .z. v/3l -[- &c. [2116m]

Changing z.^—i into —
z.\/— 1, we get R'^^m-}-

— .u . z .y/_l -|- &;c.,

[2116i]. Hence if we neglect terms of the second degree in u, z, we shall have,

—R—R=— 2m— 2.-.ui —R4-R'——2.-.z.\/'^^; [2116nl
TO m

substituting these in [2116^], we get,

\du'J X'2— 1
(.

^ ' ^ my
[2116o]

which are similar to the forces, produced by the first ring [2095]. They are to be

multiplied respectively by
— du, — d z, as in [2096'], and the products added to

[2098]. Now the addition of these terms does not alter the form of the expression [2098] ;

since it will still depend on the three terms du, udu, zdz
; we may make it satisfy

the difFereniial equation of the ellipsis [2098"], by putting, as in [2098&], the coefficient of [2116p]

du equal to nothing. The same reasoning will apply to any number of rings, provided the

dimensions of the ring m, z, are so very small, in comparison with w, that we can neglect
terms of the second order in m, z,

130
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[2ii6viil variable
;

so that it is not necessary to take it into consideration, in the

investigation of their permanent figures.*

*
(1563) If the figures of the rings were irregular, their permanent figures would

depend on their mean actions upon each other
;

and the differences between these mean

[2116g] values, and their actual attractions, might cause oscillations in the fluids upon their surfaces
;

in the same manner as the irregular attractions of the sun and moon, upon the earth, produce

the tides.

'«ii>
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CHAPTER VII.

ON THE FIGURE OP THE ATMOSPHEEES OF THE HEAVENLY BODIES.

47. A RARE, transparent^ elastic and compressible fluid, surrounding a body, ^^os-

upon which it rests, is called its atmosphere. We can conceive that there
[2ii6*«"]

is an atmosphere of this kind about each of the heavenly bodies. The

existence of such atmospheres, about all these bodies, is highly probable ;
and

as it regards the sun, the earth, and several of the planets, it is indicated

by observations.* In proportion as the atmospherical fluid is elevated

above the surface of the body, it becomes rarer, by means of its elasticity, [2li6«]

which dilates it, as it becomes less compressed. But if the parts of its

surface were elastic, it would continue to expand, and would finally be

dissipated in the region of space. It is therefore necessary that the elasticity

of the atmospherical fluid should diminish, in a greater proportion than the

weight which compresses it
;
and that there should exist a state of rarity,

in which the fluid is without elasticity. It must be in this state at the

surface of the atmosphere.

All the atmospherical strata must finally acquire the same rotatory motion as [2H6*]

the body which they surround. For the friction of these strata against each ^uthe
^ ./ o strata

Other, and against the surface of the body, must accelerate the slowest Lml**
rotatory

velocity.

*
(1563a) Dr. WoUaston, in a paper published in the Philosophical Transactions of

1822, has fully confirmed the theory of the finite extent of the solar atmosphere, by
observations of the planet Venus, made near the superior conjunction in 1821

; having
followed the planet till it came within 53™ 15* of the sun's centre, without discovering any [2116rl
sensible

irregularity in the motion, fi-om the double horizontal refraction, which the ray of

light would suffer, in passing through the solar atmosphere, if it extended to that distance

from the sun's centre.
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motions, and retard the most rapid, until a perfect equality is established

among them.

At the surface of the atmosphere, the fluid is retained only by its gravity ;

[2116''i] so that the figure of its surface is such, that the resultant of the
centrifugal

force, and the attractive force of the body, is perpendicular to it. For the

smallness of the density of the atmosphere allows us to neglect the attraction

of its particles. We shall now determine the figure of this surface
; and for

[2ii6"i] this purpose, we shall put V for the sum of the particles of the spheroid

which the atmosphere surrounds, divided by their respective distances from

[2ii6"»] any particle dM of that atmosphere ;
r for the distance of this particle from

the centre of gravity of the spheroid ;
& the angle which r makes with the

axis of rotation of the spheroid ;
and w the angle which the plane drawn

[2116^'^] through this axis and the radius r, makes with a fixed meridian upon the

surface of the spheroid. Then if w be the angular rotatory velocity of the

spheroid, the centrifugal force of the particle dM will be n^r . sin. ^.*

[2116=^^] The element of its direction will be d . (r . sin. ^) ; therefore the integral

[2116'^^'] of this force multiplied by the element of its direction, will be ^w^r^.sin.^^;

and by putting p for the density of the particle dM, and n for the pressure

it suffers ; we shall have, by ^ 22,t

[2117] f— = constant -\-V^\n^r^ , sin.^^ (1)

n being a function of p.

If the spheroid differ but little from a sphere, the expression of V is of

the form.

[2117a]
*
(1564) This is the same as is found in [352a

—
6], changing R into r

; by which

means the distance of the particle from the axis of rotation becomes r . sin. ^
; and the

[2117o'] centrifugal force, in the direction of this line w^r.sin.^. Multiplying this by the differential

of the distance, we obtain n^ .[r . sin. &) X d.{r . sin. ^) ;
and then, by integration, we

[21176] get the expression ^ w^ . (r . sin. (if [2116^^»] .

[2117c] t (1 565) The integral of [1615] is /— =constant -^f{F.df-\- F' . df'-}- kc).

The part of the integral of the second member, depending on the attraction of the spheroid,

[2117rf] is V [1616''"] ;
and that on the centrifugal force, \n^r^ . sm.^d j

hence we get [2117],

which is the same as [349], changing p into n.
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f^= - + ^ + -7- + &c. ;* [2118]

m being the mass of the spheroid, and U^'^ an integral and rational

function of f*, s/T^^^.sm.zi, ^iZIj^^.cos.^, which satisfies the equation [2118']

of partial differentials [1460],

= Y'\(}-^')\-^)\t (-^^j

fA being equal to cos. ^ [1434']. If we substitute this value of V in the

equation [2117], we shall obtain the equation of any stratum of the [2119^

atmosphere having the same density, [137'", &c., or 1615', &c.].

At the exterior surface, n ==
;

if we neglect the excentricity of the
[2119"]

spheroid, and put a equal to the ratio of the centrifugal force to the gravity

at the equator, upon the surface of the spheroid, whose radius we shall take
[2119'"]

for unity; the equation [2117] will become,!

2
C = - + a 1^ . sin.^^.

[2120]

*(1566) The term U'^^'^ vanishes from [1459], as is evident by substituting F(^)=0

j7(0) jjm jjm
[1745], in [1466] j hence we get Vz= -|-

—
g- + —5- + ^c. When r is infinite, [2li8al

77(0)

it is reduced to its first terra V = ; but by [1392, 139(y], it is then equal to the

mass M, divided by the distance of the attracted point from the centre of gravity of the

spheroid ; which, in the present notation, is represented by r
; and M is changed into m

;

so that we shall have F'= — . Comparing this with the preceding expression [21186]

r/"(0)V=—
,

we get U^^'^= m
;

and then, by substitution in the general value of V,
r

[2118a], it becomes as in [2118].

*
(1567) Neglecting the excentricity of the spheroid, we may put y= in [1464],

and we shall have generally 7^0=0; whence Z7«=0 [1466], and F=- [2M8];

consequently the equation [21 17] will become J^
= constant -\ \-in^r^ . sin.^ 6.

[2120a]

The integral in the first member must be a function of IT, as in [137'", &c.] ; and

at the external surface, where n= 0, it becomes constant ;
hence if we divide

131
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Putting R equal to the polar radius of the atmosphere, we shall have*

[2121] c=-, therefore
Equation XI
of the sur-

face of the

t2i22] 4 = - + «^.sin.^^.
atmos- Jf^ If

phere.,

[21223 To obtain the ratio of the two axes of the atmosphere, we shall put K for

the radius of its equator, and the preceding equation will give,t

[2123] ai2'3=2.
~
R

The
maximum

equatoiiaf
The greatest possible value of K is that which extends to the point where the

radius to

radius, is
centrifugal force becomes equal to gravity. Now in this casej -^ = aR\

[2124] or aR'^==l; consequently,

[2125]

[21205] the whole equation by Jm, and put
— = a, it will become as in [2120], c being a

[2120c]

constant quantity. At the equator, where sin. fl = 1, and r=l [2119'"], the

m
centrifugal force w^r.sin. ^ [2116"^] becomes n^, and the gravity

—= m'j hence

— = a expresses the ratio of the centrifugal force at the equator to the gravity, as

in [2119"].

9

[2121a]
*
(1568) At the pole ^= 0, r=i2, and [2120] becomes «=-; substituting

this in [2120], it becomes as in [2122].

2 2

[2122a] t (1569) At the equator, ^= 100°, r=R'
;

hence [2122] gives ^
—^= °^^^'

Multiplying this by R', it becomes as in [2123].

J (1570) At the point where the centrifugal force begins to exceed the gravity, the fluid

would begin to fly off; this point must therefore be the limit of the equatorial axis. Now at the

distance R', upon the plane of the equator, where sin.d=l, the centrifugal force [21 17c']

is n^R, and the gravity at that point ^. Putting these quantities equal to each

[8123a] other, then substituting n^= am [2120c], and dividing by mR-^, we get a.R^=\
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This ratio of R to R is the greatest possible ;
for by making aR'^=zl— 2, [gigs']

z being necessarily positive or zero, we shall have,*
— = . [2126]

The greatest radius of the atmosphere is that of the equator, for the

differential of the equation of the surface givesf

, ar* . d& . sin. 6 . cos.^dr=— „ . 3^
. [2127]

1— a r^ . sm.'* 6

The denominator of this fraction is always positive. For the centrifugal [2127"]

force, resolved in the direction of the radius r, is amr . sin.^^ ;| and this

must be less than gravity, which is equal to -^ ; therefore r increases [2127"]

with 6 from the pole to the equator.

[2124] J substituting this in [2123], we have 1^ d , or /2'=f 72, as

in [2125].

*
(1570) The expressions of a, R', are both positive, and the maximum value of

aR'^ is 1 [2124] ;
hence in general we have aR'^ positive and less than unity ; therefore [2125o]

z is positive and less than unity [2125']. Now substituting aR'^=l — z [2125'] in

JV Til o
the first member of [2123], we get 1—z=2. —— 2, or —= —-—

,
as in [2126]. [21256]

MX Sh A

f (1571) Taking the differential of [2122], r, ^, being variable, we have

2rfr=— —^ -\-2 a..r Ar . sin.^ ^-\-2ai.i^ d^ . sin. ^ . cos. 4 .
[2127a]

Dividing by the coefficient of rfr, and reducing, we get dr [2127].

J (1572) This expression is the same as in [3526], changing R into r [2117a], and

substituting n^^o.m [2123a]. Now as the gravity
—

,
in the direction of the radius, [2128a]

must exceed the centrifugal force in the same direction, we shall have

— — am .r . sm."* 6j^0.

Multiplying this by -, we get 1— a r^ . sin.® 4> 0, or positive, as in [2127'] j and [21286]

j

as the numerator of [2127] is positive, the expression of c?r must have the same sign as

J d^
; or in other words it must increase in proceeding from the pole to the equator.



624 FIGURE OF THE ATMOSPHERE [Mec. Gel.

We shall put the equation of the surface of the atmosphere [2122] under
Surface of •

/» 1 1
• c ji

theatmos- the lollowing lorm,
phere.

° '

Second

t^^^®^ a 72 . sin.2 d
+

a . sin.2 4

" ^ *

The values of r, to be used in this problem, must always be positive, and

[21281 such that 1— ar^.sin.^^ may exceed zero [21286]. Now there can be

but one root of this kind. For if we put p, y, j?",
for the three values of r,

corresponding to [2128], we shall have y = — p— p', because the

coefficient of r^ in this equation is nothing ; and if we suppose p, p', to be

[2128"] positive and less thanf . -^,, , we shall have »" negative and less than

2
[2128'"] . g ^ ; consequently the product

— P ' p' ' p" will be less than

2

r~y • But by the theory of equations, that product must be equal to

this quantity ;
therefore the preceding supposition is impossible ; and the

[2128c]
*
(1573) Multiplying [2122] by ^TI' ^"^ transposing the first term, we get

the equation [2128].

f (1574) From [2128i] we have ar^ . sin.^^<^ 1 ; dividing by a.sin.^^, and

extracting the cube root, we get r <^ (a . sin.^
^) ;

and if there be two positive roots

[2128(i] p, p', each of them must be less than (a . sin.^
&) ,

and their sum

p+y<2.(a.sin.2^)'~*.

Now by the theory of equations, the coefficient of r^, in [212S], is equal to the sum of the

[2128e]
three roots of that equation, or p -\- p' -\- p" =^ ',

and by the same theory, the product of

the three roots is equal to the constant term of the same equation, changing its sign ; hence

2
[2128/]

— p.p'.p"= :—27'
From [2128e], we find that p"=— {p-\-p') would be

[2128g-] negative, and, independent of its sign, less than 2 . (a . sin.^ &) ;
hence the product of

2
these three values of p, pf, p", \2\2Sd, g\y give

—
p.p'.p"<C

—
^-3^ 5 ^"d as this is

[2128A] inconsistent with the preceding value of — p-p'-p" [2128/], it must follow, that there is

but one positive value of r, which will satisfy the conditions of the problem.
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equation in r can have but one positive root, which satisfies the problem ;
or [2128""]

in other words, the atmosphere has but one figure of equilibrium.

If we apply these results to the solar atmosphere, we shall find, First.

That this atmosphere can extend no farther than to the orbit of a planet, whose
[2128»]

periodical
revolution is performed in the same time as the sun's rotatory motion

1^^^^^""'

about its axis [2124] ; or in twenty-five days and a half Therefore it does differs

from the

not extend so far as the orbits of Mercury and Venus, and we know that the \^^^^

zodiacal light extends much beyond them. Second. The ratio of the polar to
[2i28»i]

the equatorial diameter of the solar atmosphere cannot be less than f [2125],

and the zodiacal light appears under the form of a very flat lens, the apex of

which is in the plane of the solar equator. Therefore the fluid which reflects

to us the zodiacal light is not the atmosphere of the sun ; and since it surrounds

that planet, it must revolve about it, according to the same laws as the planets ; [2128^11]

perhaps this is the reason why its resistance to their motions is so insensible.

132



FOURTH BOOK.

ON THE OSCILLATONS OF THE SEA AND ATMOSPHERE.

The action of the sun and moon, upon the sea and atmosphere, produces

oscillations in these fluid masses
;

and it is interesting to ascertain the law

of these motions. The oscillations of the sea are known under the names

[2i28*iii]
of the ebb and flow, and they are very sensible in our ports. Those of the

atmosphere are small, and difficult to be observed, because they are combined

with the irregular winds which continually agitate the atmosphere. We

shall, in this book, consider these various motions.

CHAPTER I.

THEORY OF THE EBB AND FLOW OF THE SEA.

1 . We shall resume the general equations of the motions of the sea, given

Symbols, in the last chapter of the first book, using the following symbols,

[2128*'=] 1 = The polar semi-axis of the earth
;

[2128*] 7 = The depth of the sea, supposing it to be small in comparison with this

semi-axis, and to be represented by a function of ^,trf, or fj^,^ ;

[2l28*i]
^ = The complement of the latitude of a particle dm, at the surface of

the sea, when in a state of equilibrium, in which it would be placed,

if the motions of the sun and moon were excluded
;

[2i28xii] fjL
= cos. 6 = sin. latitude of the particle d m [2135'] ;

[2128"'']
^ = The longitude of the same particle dm, when in a state of equilibrium ;

this longitude being estimated from a fixed meridian upon the surface

of the earth ;
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ay = The elevation of the particle dm above the surface of equilibrium, [2128"^]

when in a state of motion [326"] ;
in which case ^ changes into

&-\-au, and TO into vs-\-a.v [323''] ; observing that y is negative when [2128=^^]

the fluid is depressed below its situation in a state of equilibrium ;

n t = The mean rotatory motion of the earth ; [2128=^^^]

g = The force of gravity. [2128^^"]

Then we have the two following equations,*

d6 J \ d-ss J sin.

General

equations
for all

parts of
the fluid,
in motion ;

y— ('-^)-C-^)-'^^-^^ 0)1-^

+d^.^sm.^6.(^J^^
+
2n.(^ysm.».cosj'^=-g.dy

+ dV'; (2)

whether

upon or
below the
surface

;

6, -a,

bein^
considered
as the

[2130]
variable

quantities.

the differentials d y, d F', refer only to the variable quantities & and -a. The

function adF' expresses, as we have seen in ^35 of the first hook [326'"], the

sum of the products of all the forces which disturb the state of equilibrium of the

particle dm, by the elements of their directions, retaining only the differentials

d6 and d^ [328']. These forces are, first, the action of the sun and the

moon
;
and we shall get the part of adV corresponding to this action, by [2130 "]

dividing the masses of the sun and moon, by their distances from the particle

d m, respectively ;
then adding these quotients, and taking the differential [2l30'"l

*(1575) The equation [2129] is the same as [347] j
and [338], divided by r^,

becomes,

., ^/ddu\ /dv\ . )..<•« /ddv\ /du\ . ")

[2130a]

Now from [342""] it follows, that if we consider only the quantities 6, -a, as variable, this equation [2130a']

will be the same as the equation [325], which corresponds to every part of the fluid, whether

upon the surface, or below it. Therefore [2130a] will also correspond to all parts of the

fluid, supposing 6
y,

8 V, in the second member, to be affected only by the differentials

of
(),

-ztf. Moreover, as the radius r differs but little from unity, because the
ellipticity of the

[21306]

earth is less than 3^^, and the depth of the sea very small, we may put r= 1
;

and then

[2130a] becomes as in [2130].
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of the sum, relatively to the variable quantities & and w. Now if we put

r for the distance of the body L from the centre of the earth, v for its

[2130""] declination, and ^]^ its right ascension
;
we shall have its distance from the

particle d m, by ^ 23 of the third book, nearly equal to*

[2131] ^r^— 2r.\ cos. 6 . sin.v -}- sin. 6 . cos.v . cos. [nt-{-TS
—

4^) } -|-1 i

[SlSlQ the angle w^+^ being counted, like the angle 4-, from the vernal equinox;

hence the part of a d P corresponding to the action of the body L, is

obtained by taking the differential of the following expression, relatively

to ^ and zi,

L
[2132]

yr^— 2r.|cos.^ . sin.v-|-sin.^ . cos.v. cos. {nt-\-r^
—

4')| -}-l

*

But as we have supposed the centre of gravity of the earth to be immoveable,

[2132'] we must transfer to the particle dm, in a contrary direction, the force

which affects this centre, by the action of L ;t and we have seen, in § 23

*
(1576) If we suppose, as in the figure page 247, C to be the centre of the spheroid,

[2130c] CAX the axis of revolution, M the place of the particle dm, S the place of the attracting

body, CXEB the plane passing through the vernal equinox, from which the angles w, 4',

are counted ; we shall have, by the present notation, C S :^
r, CM= I, nearly ;

the

angles XCM=&, MAB=nt + ^, SD E = ^, SCX=100'^— y
;

which

[2130e] correspond respectively to s, r, 6, zs, 4^, v, in the notation used in [1620«, Sic.]. If we

make these changes in the value of SM=f [1625c'], putting also

cos. (4^
—

Tn)
= cos. (zs

—
4'))

it will become as in [2131]. Dividing the mass L by this distance /, we get the part of

tofance «dF' [2130"] depending on the body L, as in [21.32], which is similar to [1626]. From

[2130rf]

meridian, this notatiou, it appcars, that when the angles MAB, SD E are equal, or

[2131a] n i+ *— 4.
= 0,

the attracting body is on the meridian above the horizon ;
when

[21316] MAB= 200''-{-SDE, or w^+ w— sP
= 200o,

[2131c] the body is on the meridian 6eZoi« the horizon
;
and generally nt-}-zs

—
4^ represents

the distance of the attracting body from the superior meridian.

f (1577) This is given in [1622], and by substituting [1624, 1631a], the force becomes

[2133rt] 7 Z''^^ • ^^^ putting L for S, and altering the notation, as in [2130c?, e], we gel
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of the third book, that this is equivalent to the subtraction of the following

expression from that in [2132],

1

—
Z' IcosJ . sin.v + sinJ . cos. v . cos. (nt-\r^

—
-l)}; [2133]

Therefore we shall obtain the value of adV depending on the action of L,

by subtracting the function [2133] from [2132], and taking the differential

of the remainder, considering ^, irf, as the only variable quantities. Now [2133']

by § 23 of the third book, this difference may be developed in a series,

descending relative to the powers of r
;

so that if we denote it by*

-— +—3- + -X- + -:r- + &C. [2134]

Z^'^ will be a rational and integral function of la, \/i—a^ . sin. ts, and
. .

*
^ [21341

^1—^2 . cos. trf, of the degree t, subjected to the following equation of

partial differentials,

\ diu )
+ 1-/ +'^ '

(*+ ^) • ^
' t2135]

in which (x=cos. ^ [1616"']. [21351

a dP is composed also of the attraction exerted upon the particle d m, [2135"]

by the aqueous stratum whose internal radius is unity, and external radius

1 + ay. Now it is evident, that to determine it, we must divide each of the [2135'"]

particles of the stratum, by its distance from the particle dyn, and then

-'^ for the whole force; being equal to the difference of the expressions [21336]

[2132, 2133] ; observing that 8 [1629], changing the notation as in [2130rf, e], becomes

S= COS. 6 . sin. v -}- sin. 6 . cos. v . cos. (n i -f- w— ^). [2133c]

*
(1578) Changing, as in [21 30e], S, s, r, into L, r, 1, respectively, the expression

of the force [1631, 1631', 1631a] will become

and by putting iyP(*) = aZ^*), in the second member, it becomes as in [2134],

Multiplybg [1630] by -, and
substituting

^k^ = Z^^, we get [2135].

133
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take the differential of the sum of these quotients, relatively to d and w.

[2135""] We must also transfer to this particle, in a contrary direction, the action of

the stratum upon the centre of gravity of the earth
; but as this centre does

[2135^1
^^^ change its situation, by means of the attraction and pressure of the different

parts of the earth [404'], it is evident that this action must be neglected.
Case in

which the

rraot/o°n
^' ^^ ^^^^^ fi^^^ consider the case in which the earth has no rotatory motion,

[2i35vi] consequently ive shall have n = 0. We shall also suppose the earth to he

depth of
spherical, and the depth of the sea y to he equal to a constant quantity I. We

constant,
gj^gj] ^jjgjj determine the oscillations that would be produced by the action of

the sun and moon. The equation [2129] of the preceding article becomes, by

[2i36^!»] putting COS. ^ = M, and 7 = /,*

[2136]
1 = f^'(U'\/l—lJ^^)

\ _ (^
I \ rfft J W«

-^\.d

[2137]

and the equation [2130] becomes,!

...@)+...(W).(^)=-,.(g).(i-:)...-^.Q^)

*(1579) The difFerential of cos.^=fA [2135'], being divided by sin.^=/(i— /x^),

d\s^ da r. 1 • • 1- . /d-yuX yu.cos.d
[2136a] gives d6=— -Zil-=—

,,

^
„,

• Substituting this m —
(
—t^- — ^^-^—— ,

it

v/(i-f^)

becomes
[^-^^^{1-^^)--^^-,

which is equal to
(^ j-^ j:

as

is easily proved, by developing this last expression, after dividing the numerator into two

factors, yu and ^/{l
—

(x^). Substituting this in [2129], we get,

/d.\yu.\/{i-ljJi)\ \ f d.yv \
[21366] y=

( T^ )-VT^)'
in which the constant depth y= l may be brought from under the signs of differentiation.

Dividing this by /, we get [2136].

f (1580) The rotatory motion nt [2128"^'] being nothing, gives n=0. Then [2130]

[2137a] becomes d & .

(-rP) + c'^ • sin.^ ^ .

(-~-)
=—

g"
• d

3/ + d F'
;

and as the sign d, in

the second member affects only ^, -sj, [2130'], we shall have,
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now we have (~r) =— v/i—i^ [2136a]; therefore, by comparing the [2137']

coefficients of d^, d ro, we shall find,*

(^)-^-O-^^-(^)-^'
fdj\ fdV'\

ddv \ ^'\d-as) \dzs J . [2139]

dt^ J 1— H.^

"^
1— M.2

»

'
- i fddvX
dAi-r:^]

rf.^ / s* i_^2
-r

j__^2
•

[2140]

[2141]

hence, by substitution in [2137a], we get.

'^^•(^)+<'--^K-^
=
_,.(i.)..._,.(|.)..„+Q...+ (iE).,„. p,3.c,

But as y and F'' are now supposed to be functions of f*, instead of 5, they will only contain ^,

as it is found in /a ;
so that we shall have,

(^)=(?.)-Q. (^)=(-.7^)-(^' --='-^^ f-.
hence, by substitution, we get [2137].

*
(15S1) The equation [2137] was successively deduced from [2130, 338, 325, 296] ;

the quantities d^, dzi, [2137], taking the place of the variations 5
a?, 5y, hz, [296],

whose coefBcients are to be put separately equal to nothing [296']. Now if we substitute [2138a]

[2137'] in [2137], we shall find that the coefficient of d^^ put equal to nothing, will give

[213S]. Also the coefficient of c?ts, put equal to nothing, and divided by (1
—

ju,2\

will give [2139].

t(1582) Multiplying [2138] by yy{\
— ^% and taking its first difierential relative [2139a]

to
fi, we get [2140]. The differential of [2139], relative to «, gives [2141].
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The preceding expression of
j gives,*

dd V

[214.]

(JJf)=z >-K4^")-^'-^^i l-i.\'^-y-T,
d[u ) ^ dzi

therefore we shall have,

( dii )
^

1

ddy

[2143]

-^i.
Y'l^^-'^'Kd^jl l_ ^'{-d^)
'

dfi J 1— (J-^

To integrate this equation, we shall put [1464]

[2144] y = Y(°) + y(^) + y(^) + Y(^) + &c.
;

y(0)^ y(i)^ y(2)^ ^(>^ being rational and integral functions of

[2144'] f*, v/i—f^ • ^^"^^ '^f \/i^—i^ ' COS. «
;

and of such forms that we shall have generally [1465],

'dY^^\ ) :i /ddY^^y
d
.J(i-f.^),[2145] = < 'r 'A dj. ) S >4. W^+,-.(i + i).y«

The part of V relative to the spherical stratum of fluid, whose internal

radius is unity, and external radius \-\-o.y^ is, by ^ 14 of the third book,

supposing the density of the sea equal to unity,t

[2146] 4 * .
{
¥(«> + \ Y(^) + \ Y(^) + -L Y(3) + &c.

} ;

*
(1583) The second differential of [2136], taken relatively to </, and divided by (Zi^

[2143a] gives [2142] ; observing that ^, m, «, are the only quantities which vary with <, |x being the

same for all values of ^, since it represents the sine of the latitude of the particle at the

commencement of the motion, or in the state of equilibrium [2128''"]. Substituting

[2140,2141] in [2142], it becomes as in [2143].

f (1585) Putting a=l in [I486', 1491], we get the value of F", corresponding to

the stratum [2145'], which is represented in [2135"] by a.V' ;
hence

[2145a] aF'==4a*.{rW+ir,ri>+ i'^.y^'^+ S5C.h
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t beino" the ratio of the semi-circumference of a circle to its radius. If we [2146']

put p for the mean density of the earth, we shall have* ^ = Acp,

consequently 4-^=^. [2147]

It follows, from the preceding article, that the part of « V depending

upon the action of the sun and moon, and also in general upon the action [2147']

of any number of attracting bodies, may be developed in a series of

the form,t

„ C7^) 4- a C7(2) + a U^'' + « U^'^ + &C.
; [2X48]

U^^ beine: a rational and integral function of
m-, v/i—M-^.sin.-ss, t/i—uP.cos.-ss,

. . . r . . [2148'!

of the order t, which satisfies the following equation of partial differentials.

= —^

d^. )
+ \-/ + * •

(* + ^) • ^^^' [2149]

This being premised ;
if we substitute these values of y and V in the equation

[2143], the comparison of the similar functions U^^ and Y^'^ will give,t

r being the distance of the attracted particle from the centre of the earth
;
and as this particle

is placed upon the surface of the earth, r must differ from a, or 1, by quantities of the order

a
;

therefore by neglecting or, we may put r= 1
; then dividing by a, it becomes as [21456]

in [2146].

*
(1586) This is the same as [1430?], changing p'

into
p,

and putting r=l; then

dividing by ^ p,
we get 4"^ [2147]; substituting this in V [2146], we get

We may observe, that in the formula [1430?], to which we have referred, the value of g
is computed for a homogeneous sphere [2135'"] of the density p' or p; but it is evident,

from [470'", &;c.], that the result will be the same, if we suppose the sphere to be composed [21466]

of concentrical strata, of variable densities, the mean density of the whole mass being p.

f (1537) The forms assumed in [2148,2149], for several bodies, is the same as

[2134,2135], for one attracting body ; observing that r [2134] represents the distance of
r2i48al

the body from the earth, which is not affected by the differentials in [2 1 35] .

X (1588) Using the sign of finite integrals in [2148], we shall get a. 2 U^'> for that

part of a V, or 2 [I^^ for the corresponding part of V. Adding this to the other

134
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Supposing for brevity,

[2151]

3g Y^'^
part of V [2 146a], we obtain its complete value V= S ^ .

, , +21/^*^ ; substitutina;

[2150a]
t' L J» r

p 2i-f.l
' ' &

this and y= 2 F^'^ [2144] in [2143], we have

+ 2Zg-.
rffJt. )

° 1— (x2

^"^'-r^l-P
( JJL ) -'(2i+ l).p* l-f;-2

The terms in the three lines of the second member of this expression are easily reduced, by

means of [2145, 2149], For if we transpose the two first terms of [2145], then multiply

by
—

Ig, and prefix the sign 2, we shall get, for the first line, marked [21506], the

[2150e] equivalent expression
— llg .i .

(i -\- \) . F^*^ Repeating the operation with the factor

--——
,

instead of —
Ig, we get the second line [2150c] equal to

-j-l). p(2 1

3lg
.i.(i+l). Y^^.

(2i+l).p

In like manner, by transposing the two first terms of [2149], multiplying by I, and prefixing

[2150/] the sign 2, we obtain the third line [2150fZ] equal to 2 / . « .
(i+ 1) . U^'K Hence, by

substitution in [21506
—d], we have,

[2150g-]

[2150fe]

2(^) = ~2^g.i.(^^-l).^^^) + 2-^^.^.(i+ l).^^^^+

Transposing the two first terms of the second member, after reducing them to the common

denominator (2i4-l) •
p,

we get the general term depending on the index i, as in [2150] ;

and as there can be only one form of development of this kind [1479'], the terms depending

on i must be put separately equal to nothing, and by this means we shall obtain the equation

[2150] ; which, by using the symbol \^ [2151], may be put under the following form.



[2152]

[2152']
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the preceding differential equation will give, by integration,*

Y(') = / . ilf® . sin. \t + l. iV« . COS. \ t

+ li_(i±ll
. / . sin. \ t ,fU^^ .dt. COS. X. t

_ iii!±ll
. I . COS. \ t ./C7('> .dt. sin. \ t.

\

M^^ and 7V^*^ being rational and integral functions of f*, \/i
—^^ . sin. «,

and \/i
—

fji,2
. COS. ct, which satisfy the following equations of partial

differentials,
'

J ^
^

^ ^-^^-^ ( + ^^T 2^ + e .

(i+ 1) . M^'^
[2153]

)
^

J
^ ^ ^ -^

C + ^-^ / +l.(l + l). N^'^. [2154]
C "I* )1— r

The differential equation in Y^*^ [2150] gives, by supposing i = 0,

\~d^ 1
= 0; hence we get,t

Y^'^ = LM^'Kt + l.N^'^ ; [2155]

the equation [2144],

y = YW + Y(^) + y-'^ + &c., [2156]

[2154']

*
(1589) If in [865] we put y= Y^^\ a= X,, aq = —i.{i-\-l) .1 . U^'\ it

becomes as in [2150h]. Making the same changes in the value of y [870], and putting for

brevity c= \l. M^^, c'=\l. JV<^'\ so that M^'^, JV^'\ may be the arbitrary [2150i]

constant quantities, it becomes as in [2152]. This value of Y^'^ ought to satisfy the equation

[2145], and it is evident that the two terms of [2152] depending on U^^ must satisfy the

similar equation [2149]. Moreover, the terms of [2152] depending on M^\ JV^\ being [2150/k]

connected with the different expressions sin. X^^, cos. X^^, must separately satisfy the

equation [2145] ;
which requires that we should have the two equations [2153, 2154] ;

observing that JW^'\ JY^*^, must satisfy the same conditions as Y^'^ [2144', &;c.].

f (1590) Multiplying the equation [2154'] by dt, and integrating, we get, f—-^—
)

equal to the constant quantity l.M^^\ Again multiplying by dt, integrating, and adding [2154al

the constant quantity LJVW, we get Y^") [2155].
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will therefore become,*

y = l. M^'^ . t+ l.N^'^ + 1 . iW(') . sin. \t-{-l, N^'^ . cos. \ t

+ / . M^^^ . sin. i^t + l. iV(^) . COS. x^ t

expression
of

1J,

+ /. M« . sin. \t + L iV« . COS. ->^J

+ &C.

f\ 7

H .sin.X2^./C/(^^^^cos. Xg^

f\ J

. COS. ^t.fU'^Kdt. sin. \ t

[2157] + l.{i+ \). l

^ g.^^.^_ ^ .fU^).dt. COS. X. t

. cos.\t. f U^'Kdt. sin, \t

X

Xf

+ &C.

[2157'] We can determine the functions N^°\ N^^\ N^^\ &:c., by means of the

initial figure of the fluid
;
and the functions M^'^\ M'-^^ M^^\ &c., by

means of the initial velocity ;
therefore the preceding expression of y will

include all the figures, and all the velocities, which the fluid can possibly

have
; consequently the form of y is as general as can be desired.

[2157"] If the quantity M^"^ be finite, the value of y will increase without any

limit, and the equilibrium willnot be stable, whatever may be the ratio of

the density of the fluid to that of the sphere which it covers. But it is easy

[2157"'] to prove that the quantities M^°^ and N^^^ vanish, because the mass of

[2157""] the fluid is constant. This condition gives /?/ . ^fx . ^^ = 0,t the integral

*
(1591) Substituting in [2156] the value of Y^^^ [2155], and those of Y^'\ Y''^\ &c.,

deduced from [2152], by putting successively i=l, i= 2, kc, we get [2157];

[2157a] observing that U^^^ vanishes from [2148], or C7^'>= 0, and it will therefore vanish

from [2157].

f (1592) If R^ be the value of the radius of the spheroid, corresponding to f*, ra, when

[21576] the fluid is in equilibrium, and jR' its value when in motion, we shall have B' = R,-\-tty
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being taken from ,a
= — 1 to m- ^ 1, and from to = to to = 2 cr.

Now we have in general, by ^ 12 of the third book [1476],

/y(^). U^''KdiJ^.d^ = 0, [2158]

when i and i' are different integral numbers
;
therefore we shall have,*

fy.di^.d^ = 4>'^. Y(°) = 4* . / . {M^'^ . t + iV(°)|. [2159]

Putting this quantity equal to nothinoj, we shall get M^"^ = and [2160]

. . ... .
*^^"^

Hence it follows, that the stability of the equilibrium of the fluid depends vanish.

on the signs of the quantities V? V? &^c. For if one of these quantities, [2l6(y]

as >-f, be negative, the sine and cosine of the angle \t will be exponential

quantities ;t and they become arcs of a circle, if x.^^o.f In these two [2160"]

[2123'^''']. Substituting this in the second expression of the mass Moi the spheroid [1467a],

it becomes, by neglecting a^,

M=^ fR^.dii.d-a^ ^.fR^.dfi.d-a+ a.fR^^.y.dix.dzi.

In the state of equilibrium, when y=0, this becomes M= J -fR^. dii.dta. The difference

of these two expressions, divided by a, is 0=zfR^^.y.dii.d^. Supposing now the earth to be [2157c]

spherical, [2135"], and its radius R^=l [2145'], the preceding equation will become as

in [2157""].

*
(1593) Substituting the value of y [2156] in the equation fy.d^.dvi=0 [2157'"'],

and reducing as in note 1010, page 105, it becomes 4*. YWi=0, or Y^o^= 0; [2158a]

hence I . \M^^^ . < + JVW|= [2155] ; and as I is finite, we must have, for all values

of t, ;H(0) . t+ JV^o) = 0. Now when t= 0, this becomes JV(°>=
; subtracting

this from the preceding, we get Jtf^°^
. ^=

; which cannot exist for all values of f,

except we have M^^'> = 0, as in [2160].

f (1594) This is proved in note 179, Vol. I, page 187. [2159o]

I (1595) If we put \2= in [2150A], it becomes,

multiplying this by dt, and integrating, we get, (
j
=i . (i-^l) .l.U^^.t -{- B, [2160a]

B being a constant quantity added to complete the integral. Again multiplying by d t,

integrating, and adding the constant quantity A, we obtain

rc) = ^i.{i + i).i.m>.t^-{.Bt + ji, [21606]

depending on the arc of a circle ty which may increase indefinitely.

135
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cases, the value of y ceases to be periodical ;
and it is necessary that it should

be periodical, for the stability of the equilibrium. Now we have [2151]

[3160"'l x,=
= ilii±iH£.j(2i + l).p_3|,

3
[2161] and this quantity cannot be positive, except in the case where* p > ——

;

den!"!!
* being an integral positive number, equal to unity, or greater than unity.

nudeus It is therefore necessary, for the stability of the equilibrium, that this condition

fluw°thi"'
should be satisfied, for all the values of i ; but this cannot take place except p>l;

[2162] or m other words, the density of the nucleus [2146'] must exceed that of the

umofTbe J^wi^. This is therefore the general condition of the stability of the equilibrium,

bestabie. «wc? if it bc stttisficd, it will render the equilibrium stable, whatever be the

[2162'] primitive impulse of the fluid; but if it be not satisfied, the stability of the

equilibrium will depend on the nature of that impulse.

[2162"]
For example, if the primitive impulse be such, that the centre of gravity

of the fluid coincide with that of the nucleus which it covers
;

and at the

same instant the motion of these centres, relatively to each other, be

[2163] nothing; then Y^^^ and i——
j

will be nothing, at the first instant
;

since this coincidence depends wholly upon the value of Y^'^, as is shown

[2163'] in ^ 31 of the third book ;t therefore this value will be nothing at every

*
(1596) /, g, p,

are positive ;
and if we wish to have 'K^ [2151] positive, we must make

[2161a] the factor (2 i -I- 1
)

. p
— 3 positive, or p > —-— ;

but Jl/^") = 0, JV^") = 0,

[2160]; therefore the least value of i which occurs in [2157] is i-^l. The values of

3———
, corresponding to i=\, i= 2, i=3, he, are 1, f, f, he, so that

[21616] the greatest of all these values is 1
;

and if p exceed 1, the equilihrium will be stable.

f (1597) In the time dt, after the first impulse, the function Y*^'^ becomes

(2163..]
,,j.(.,

and in both these cases, the centres of gravity of the fluid and nucleus are supposed to

coincide [2163] ; therefore, by the formula [1745], both these expressions [2163a] must

[21635] , , /dY^'^\
be equal to nothing, and their difference, divided by di, will give f ___

j
= 0, as

in [2163].
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instant,* consequently the centre of gravity of the fluid will always coincide [2163']

with that of the nucleus. In this case the stability of the equilibrium

depends on the sign of >^2^ and to render this quantity positive, it is only

necessary to havef p>-j. [2164]

The value of y gives immediately those of u and v
;

for the equation

ddu\ f^y\ /
/dV

[2138], gives,t

(7^)=^Vi-.^-J^-(l-(^-T)7p)-(-^)-(^)S' ''''''

the sign 2 of finite integrals includes all integral positive values of i, also [2166^

i=0. But we have, by what precedes,§

*(1598) Putting i=l, and Z7(^)= [2157a], in [2152], we get,

r(i> = I . JW« . sin. Xit^l. JV^^^ . COS. Xj t
; [2164a]

whose differential, relative to d t, gives

(^^) = I . \ JlfC). COS. Xi <— Z . Xj A*a) . sin. X t.

At the moment of impulse, when ^= 0, both these expressions become nothing [2163] ;

hence = l.JV^^\ = I . -K^ jW^^ ; consequently JV^" = 0, M^^^=0.

Substituting these in the general value of Y^^^ [2164a], it becomes Y'-^^= 0, whatever

be the value of t .

t(1599) We have Y^^O [2158a], 7(1)= [21646] ;
therefore the least

value of i in [2152,2157] is i= 2, and the expression p^ [2161a] [2165a]

becomes p^ f •

t(1600) Substituting y, V, [2150a], in [2165], we get [2166]. [2166al

§ (1601) Transposing the first and third terms of [2150], then dividing by i . (t-f-1)./,

we get [2167]. Taking the differential of [2167] relatively to {i, multiplying by i~ >

then prefixing the sign 2, we obtain, for the first member, the same expression as in the [2167a]

second member of [2166], representing the value of i~JY~) '
^"^ ^^® second member

of the product is as in [2168].
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[2167] o-
. h ^

I Y(i)_ U(i)
_ _ 1

f^
^ Y''\ .

therefore,

hence we deduce,*

[2169] « = G + /r.«-.._^^^ f'^,,

[2169'] G and /Z" being arbitrary functions of m- and ^. In the same manner, we
shall find,t

[2170] V = ir+ L . i + 2 . r
^

.(i_}_l)./.(l_f,2^ y (^^

[2170'] iT and L being functions of f* and ^, depending on the functions G and //.

For if in the equation [2136],

we substitute the preceding values of i/, m, v, we shall find, by comparing

[2171'] separately the terms multiplied by ^, and those which are independent

of it,

*
(1602) JMultiplying [2168] by di, and integrating, adding the constant quantity H

[2169a] to complete the integral, we get —=H— ^ - -r-rrr-— .

[
\ dt J ]. Again

multiplying by dt, integrating, and adding the constant quantity G, we get u [2169];

observing tliat G, H, are functions of
im-, ^tf, which are considered constant, in the preceding

integrations.

f (1603) The value of v maybe deduced from [2139], by integration, in the same

manner as [2169] was deduced from [2138] ;
or we may derive the one from the other.

[2170a]
For if we change, in [2138], w into V, c?/* into dvs, and \/{i

—
n^) into —

^,
it

will become as in [2139]. The same changes being made in [2169], putting also jST, L,

for the arbitrary constant quantities, instead of Cr, jH", it becomes as in [2170].
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dK
\ d[i. J \d-us

^_(d.H.^TZI^^\ _rdL
d^i^ J \ dzi

1 [2172]

[2173]

SO that by means of the values u = G-\- H .t, and v ^ K-\- L.t, the [2173']

surface of the fluid will always remain spherical.f To comprehend the

motions of the fluid, in this hypothesis, we shall suppose that there is a

small rotatory motion, of the order «, about the axis of the spheroid. The [2173"]

spherical figure of the fluid will be altered only by a quantity of the order a^,

since the centrifugal force will be of the same order a^.t In this case, we

shall have u= 0, and v= qt,^ q being a coeflicient independent of f^ [2173'"]

*
(1604) Substituting y, u, v, [2150fl, 2169, 2170], in [2136], transposing ^

to

the second member, connecting the terras under the sign 2, also those multiplied by t, we get.

1

i.(i+ l)J.(l-f/^)
(ddY^_Y^

'\ dzfi J I

The term under the sign 2, is the same as the function [2145], divided by
—

i.{i-\-i) .Z,

as is evident by developing the first term ; it therefore vanishes from [2171a]. To make

the term multiplied by t vanish, we must put its coefficient equal to nothing, as in [2173] ;

the remaining term then becomes as in [2172].

f (1605) Substituting the values of w, v [2173'] in j [2136], it becomes as in the

first line of [2171a], which vanishes by means of the equations [2172,2173], making

y=0', consequently the radius of the surface, 1+ay [2145'], becomes a sphere, [2172a]

whose radius is unity.

} (1606) The centrifugal force [54'] is of the order of the square of the velocity a^
;

and by [1648] ay is of the order of the centrifugal force a 9. Therefore in the present [2173a]

case ay is of the order a^ and if we neglect terms of this order, the surface will become

spherical.

§ (1607) The polar distance of a particle, and its longitude, in the state of equilibrium,
are represented by ^, w

; which in the disturbed state become 6-{-au, and ^ + a «, [2175a]

136
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and w. But we may conceive the fluid to turn about any other axis
; and

these motions being supposed to be very small, the fluid, when agitated by
[2173""] any number of similar motions, will always preserve its spherical figure,

except in quantities of the second order. All these motions are included in

the formulas,*

[2174] u = G + H.t, v = K-\-L,t',

G, H, K, L, being functions of (x and -a, which have to each other the preceding

relations [2172, 2173]. These motions are not prejudicial to the
stability

[2174'] of the equilii)rium ;t moreover they must quickly be destroyed by the friction,

and the resistances of every kind, which the fluid suffers.

respectively, [2128'^^]. If there be no motion in the direction of the meridian, as in the

hypothesis [2173"], au will be nothing, and u= 0. An angular motion aq, about the

axis, will increase the longitude of the particle, in the time t, by the quantity aqt ; hence

av= aqt, or v= q t [2173'"]. In the original work it is given erroneously
[21756]

*
(1608) The rotation about the Jirst axis, during the time t^, gives values of an, av,

[2175c] which we shall call ttu= ap^t^
= 0, a.v= a qj^. If there be also a revolution about a

second axis, during the time t^, which would cause the same particle to increase its polar

distance by the quantity a Wg= ap^ t^ ,
and its longitude by a Vg= a

g'g ^2 j
^ revolution about

a third axis, during the time t^, which would increase the polar distance by aw3= ajP3<3»J

and the longitude by av^=aq^t2, he; then the sum of all these values av^, au^, au^, &c.J

aVi, aVQ, av^, he, will represent the complete values of au and av respectively; henc<

[2175rf] u=pj, +;?2 ^2 +P3 h+ &ic., ^=
^'i ^1 + ?2 ^2 + S'a ^3+ ^^^

If these motions commence at different times, we may put t^=t, t^^=e.2-\-t, h=^€-i-\-h

&c. Substituting these in [2175ff], we get,

u — (p2 63 4-;?3 63 + &^c.) 4- {p^-\-p2 +;?3 + ^-c.) . t
;

'^ = (^a ^2 + ?3 63+ ^^•) + {9i + ^2 + ^3 + &tc.) . t ;

which are of the same form as in [2174].

f (1609) The increments of polar distance and longitude [2174] are so adapted to each

[2175e] other, as to keep the fluid on the same level, and make y= [2172a]. Consequently

the motions of the fluid, corresponding to the values of u, v, [2174], do not affect the stability

of the figure of the fluid
; or in other words, it will always retain its spherical form, neglecting

quantities of the order a^.
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3. We shall now consider the case of nature, in which the spheroid covered [2174"]

hy the sea has a rotatory motion. The equation [2129] is transformed into

the following [21366],

The equation [2130] gives the two following,* mentef

for all

/ddu\ ^ /dv\ ,
- fdy\ . - {dV'\ . -\

'^''•

(d_y\ (dV'\
{B)

[2176']

J%e general integration of these equations is very difficult : we shall limit

ourselves here to a very extensive case, namely that in which y is a function [2177]

of (A ivithout OT, and we shall put,t ^I'u^

y = a. COS. (i t -{- s -ss -{- b) ; [2178]

u = b . COS. (it + STs-{-s) ; [2178']

v= c . sin.
(i

t -}- s zs -\- s) ; [2l78'q

V
y— -- = «'. COS. (ii + 5t^+ £)

= y [2324] ;
^-^yj^,„^o

*
(161 1) The equations [2176, 2176'], are found in the same manner as [2138, 2139] ;

the only difference being in the terms depending upon n. The first member of [2138] is

the coefficient of dd [2130], when n= 0; and if we retain the term of n in that [2176o]

coefficient, it will become as in [2176]. The formula [2139] contains, for its first member,
the coefficient of d^s [2130], divided by sin.^^, or 1—

fji.^, supposing n^O; and

if we retain the term containing n, and divide it, in the same manner, we shall obtain the

first member of [2176'].

f (1612) The reasons for assuming these forms of y, u, v, V, will appear from the

following considerations. The expression y [2144] is composed of a series of functions,

similar to those in [1528a
—

e, &tc.] ; any one of which is composed of terms depending on

sin.SOT, cos-SOT, or as it may be generally expressed cos. {svs-\-^), multiplied by an

integral function of fx, ^( 1
—

jx^), represented by M', and by quantities independent of fx, ta,

represented by .^
;

so that y = 'S.AM .cos. {s-m-^-^), s being an integral number. [2177aJ

The expression A may contain the rotatory motion of the earth nt, and the mean motion of
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[2178""] «, b, c, a', being rational functions of |x and {/T^^^ [2183/*], and s

an integral number [2177a]. Substituting these values in the equations

[2175—2176'], we shall get,*

the attracting body m t, on which its declination v and right ascension
-vj^ depend, as in

[2133, 669, &c.] ; by which means the time t will enter into the expression of A^ under the

[21776] form of the sine or cosine of a multiple of t, or as it may be expressed generally,

COS. {i t + s") ;
* being a quantity depending on n, m. Substituting this value of A

in y [2177a], and reducing by means of [20] Int., it will become of the form [217S].

[2177c]
If for brevity we put fx,'

=r y . y/( l—
^.2^^ ^/ ^jjj j^g ^ function of (j. independent

of zs [2177]. Substituting this in [2175], and developing, we get

/du/\ , ,
/du\ /dv\

Now
[~l~)i f^'j 7j being independent of -m, they cannot either of them contain the

quantity cos. {i
t ~\- s th -\- s),

which will therefore be found only in the quantities

u, [~r)i (J~)» ^^^ ^^ ^^® ^^^^ °^ y depending on the angle {it-\-sts-\-s), in the first

member, must be destroyed by the corresponding terms of the second member, it is necessary

that we should have,

[2177c]
u==b. COS. {it-{-szs-\-s), (-—]=h'.cos.{it-\-S'ui-\-s), (—j=b".cos.{it-{-s-a-\-s)',

b, b', b", being supposed independent of zs. This value of u is of the same form as [2178'].

]VIultiplying the second of the equations by d |x, and integrating relatively to d ja, putting

[2177/] fb'. d\i^
= b, it becomes identical with the preceding. The third of the equations [2177e]

being multiplied by Jra, and then integrated relatively to d'us, putting b"=sc, gives

V [2178"]. Substituting the values of u, v, [2178', 2178"], in [2176'], multiplying by

— —.d-a, integrating relatively to d'a, and using the value of a' deduced from

V
[2177g] [2179"], we get a', cos. (i t -\- s t^ -\- s)

= y ,
as in [2178'"], a' being independent

of -cJ. Hence we see that the forms assumed in [2178
—

2178'"], agree with the proposed

equations [2175—2176'].

*
(1614) Substituting the values of y, u, v, [2178—2178"] in [2175], and dividing by

COS. {it ->^$zi-\-s), we get [2179]. The partial differential of [2178"'] relative to f%
|

being multiplied by g '[/{^
—

M-^)? gives,

'

[2179a] g-{f^V{^-l^')-{~)V{i-l^')=g-{~)V{l-^^^

substituting this in the second member of [2176] ; also the differentials of «, v, [2178', 2178"]^
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a^(il(l^jfEiyj-sjc;
[2179]

(7

; V

[2179^

[2179"]* -^"^
y^nZ^

-
l_;x2-

These two last equations give,*

J ^ _J
^

Vc?M.y
^- ^

. [2180]

expres-
sions of

C = -A_^JJ!lZ ^ [2181]

Substituting these values of b and c in [2179], and putting for brevity,

^=
.2 L2..2 > [2182]

in the first member ; then dividing by
—

cos.(tV-j-Mi-f~0' ^^ §^^ [2179']. In like manner,

the partial differential of [2178'"] relative to «, being multiplied by
— —, gives,

/dy\ /rfF'N

-.-^^^-^Jrjz:^=lZ^2'Sa.sm.{tt-i-szs-\-B); [21796]

substituting this in the second member of [2176'] ; and the differentials of u, v, [2178', 2178"],

in the first member
;
then dividing by

— sin. {it-{-STxt-\-s), we get [2179"].

*(1615) Multiplying [2179'] by /(l—fx^), also [2179"] by
—^ . ^ . (]

—
fiiS),

and adding the products, c vanishes, and we get,

dividing this by the coefficient of 6, we obtain [2180]. Again multiplying [2179'] by
2n

^
• M- . (I

—
M-^)*,

also [2179"] by (I
—

f;,^),
and adding the products, b vanishes,

andwehave p_4 ^2^2^ . (1_^2).,_^ , ^^^ ^ ^
(, _^2)_^, «/. jy^-^^^ ^^^^^^

this by the coefficient of c, we get [2181].

137
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we shall have,*

General ( ( 2 ns , /^ d u' \ , ^ o\ } ^
differ- , )Z.< ^.fJ^a (--—]. (I /J^^) > f
cntial a=g.d.< I I \dll J

^ ^W
equation

'-'

J
^^^ Ji !—C. ^ I

between / d ^ 1
/'4)

t.(l
—

fi-*) ( ^ \dixy
^

^) i^.{\
—

fA^}

'

*
(1616) The value of a [2183] is easily deduced from [2179] j since the first and

second terms of the value [2179], produce the first and second lines of the value [2183].

For if we multiply [2182] by b . {i^
— 4 n^

ij.^)
. {I
—

[i^f, using b [2180], we get,

successively.

[2183a]

yb.{l—i^^)i= z. {b . {i^
— 4 n^

IJ^^)
. {1
—

iiP)i I

taking its partial
differential relatively to <?|x, and dividing by rff/., we obtain the first term

[21836] of [2179], as in the first line of [2183]. Substituting the value of y= z .{i^
— 4n^

^k^)

[2182], in the second term of [2179], it becomes, by using [2181],

[2183cj — syc=— s z .
{i'^
—

4n^|x^).c==B^.(l^').,.(._,.)+^.^..,_
fA2

in which the term, multiplied by ("3~ )»
'^ ^^ same as in the second line of [2183].

~ , ,. . . s'^gz.a' s^i^.gz.a' i • i •

The other term of the precedmg expression is i_jf ' ^^
.^ ,._ ^ ,

which is

the same as the term containing i^ in the numerator of the second line of [2183]. Lastly,

the two remaining terms of the second line of [2183], are

2ngs.l^z 2ns
, s^.gz.a' An^ii^

which mutually destroy each other; therefore the value of a is given correctly in [2183].

Before quitting this subject, we may rem,ark, that y, V [2150a] are composed of terms

y^'), C7^'\ which are rational and integral functions of /x, (1
—

m-^)*
. sin. ts, (1

—
f^^)*

. cos.ttf,

[2183e] [2144', 2148']; therefore
2/
— —, or a' . cos. (i^ + 5ts + £) [2178'"], must be a

rational and integral function of the same quantities, and s an integral number [21 77fl] ;

hence, as a' does not contain to [2177g], it must be a rational and integral function of f*,

[2183/] (
1—

M-^)* ;
and its substitution in [2180, 2181, 2183] gives 6, c, o, in terms of f*, which may be

developed in rational and integral functions of /x, (1
—

^)^, as in [152Sa, &,c.], or [1632a, Stc]*
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We shall here observe, that if -^ . m- a!— \-T~)
•

(}
—

f*^) ^e divisible bj [2183Q

|2— 4 ^2 ^2 ^ ^Yie second member of this equation will not have the function

j2— 4^2 ^2 jjj j^g denominator.

The equation [2183] includes what we have demonstrated in the preceding

article, concerning the case of ?i= 0, and y equal to a constant quantity /
;

for then we have z = -^ [2182], which changes the equation [2183] [2183"]

into the following,*

•a^l^.X ^\^'^-'^^\l[^)\ ,

/'A. (5) [2184]i^- + . -,,
^ d\k I—,a^

Supposing that a .cos. (it -\-sts), when taken for y^\ satisfies the [2184']

following equation of partial differentials,!

„j..|o--,.C-=)IL(^?)

then the part of a' . cos.
(?'

^ + 5 «), arising from the attraction of an

aqueous stratum, whose internal radius is 1, and external radius 1+ay, [2185']

4 AT

will be, by the preceding article,
—

. ,
—

. a. cos. (U-f-*^)? or

3 rt

\ J^ )'S
^2185"]—

l¥rsi~\
—

• ^^^* {it-\- szi) ;
because

_§•
== a *

p [2147]. Therefore,

*(1617) Putting n= in [2183], we have

^=S'{A V^M./ li(+ £2.(1-^2)
•

[2184a]

Substituting 2^=Tr [2183"], and multiplying by i^, we get [2184].

f (1618) Changing i into /in [2145J, it becomes as in [2185] ;
the corresponding term

of V [2146] is 4^ . Y^f^
;

and that of y
—— is

</+l ^

^'"-(W):i-^"=0-Wffi:?)-^'"=('-wlT):p>^"' P'^^'T t^'^'

substituting F^''^ =: a . cos. (i
< -|- *^) [2184'], it becomes] [21856]

-^--'^
''"''*-3C::;t

=
(^-(27:^ [2185c]

Comparing this with [2178''V§tippasing s= 0, we get [2186].
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by supposing the part of a! corresponding to the action of the heavenly bodies

to be nothing, we shall have,

[2186] „'=Jl__£__j.«;
Now from the equation, in partial differentials of Y^^\ we get,*

[2187]

[2188]

d^h 1— ,a'

therefore the equation [2184] will give,t

3

+/.(/+!).«';

:/.(/+l)J^O-.[l-_ (2/+l).p5

The numbers 5 and f being arbitrary, it is evident that we shall obtain the

[2188] P^n*t of y which is independent of the action of the heavenly bodies, by

connecting together all the expressions of a. cos. (it-{-szs), corresponding

to the different values that may be given to these numbers.

To obtain the part of ?/, depending upon the action of the heavenly

[2188"] bodies, we shall put e . cos. (it-\- szi) for a term of the expression of F',

relative to this action
;

so that when it is substituted for Y^-^^ in the

preceding equation of partial differentials in Y^^^ [2185], it will be satisfied;

we shall then have, J

*(1619) Multiplying Y^-^^ [21856], by 1 — - ^ -, and substituting a' [218G],

[2187a] it becomes a' . cos. {it-\-s-ss). This must evidently satisfy [2185], when taken for T^-/'\

because the factor by which we have multiplied Y^-^^ is constant. This substitution being

made, and the resulting equation divided by cos. [it -\-
s

ro),
we get [2187].

f (1620) IVIultiplying [2187] by
—

,
and [2184] by -, then adding the products,

[2188«] weget i^=f.{fJ^l)
.^j-

. a' ==f.{f+\) J g .{l
-
.^j^-^^ [2186], as in the

formula [2188].

V
J (1621) In the expression of y [2185c], the attractions of the heavenly bodie-

are neglected. If we suppose these attractions to increase V by the quantity
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therefore the equation [2184] will give,*

iKa =
lg.f.(f+l).(l-j^-^^.a-f.(f+l).le;

[2190]

consequently,

/•{f+l)^le

^^./.(/+l).(l (2/+l).p
[2191]

We shall thus obtain the part of y depending on the action of the heavenly

bodies ;
and it is evident that these results coincide w^ith those of the

preceding article.f

e.cos. (i^+ sts) [2188"]

V
the complete value of y will become

Comparing this with [2178'"], we get a' [2189].

*(1622) Substituting a' [2189] in i^ a=f. {f-\-l) .Ig .a', [2188a], we get [2190a]

[2190]. Transposing the first and third terms, and dividing by the coefficient of a, we

obtain [2191].

f (1623) To prove this coincidence, we shall observe that the general value of y [2157],

is deduced from Y'-'^ [2152]; in which the terms containing ?7^'^ depend on the action of [2191o]

the heavenly bodies [2148] ;
and if, for a moment, we neglect this part, and change i into /,

and Xy [2151] into i, to conform to the present notation, we shall get, from [2152],

Y^f^ = I . M^f^ . sinAt + 1 . JV^f* . cos.i^. [21916]

Now from [2152', 1528a—c], M^-^\ JV^f\ are functions of the forms A.sm.s-a,
B. COS. s'ui, s being an integral number, as has been already seen [p.nia, &;c.].

Substituting these in the preceding value of Y''^\ it will produce terms depending on the [2191c]

sines and cosines of the sum and difference of the angles it, svs, which may be expressed
under one general form a . cos.

{i
t -{- s -ai -\- z) ; being the same as in [2188'], neglecting [2191rf]

for brevity the constant quantity s, and changing, as above, X^^ [2151] into i^ [2188].

We shall now take into consideration the terms of [2152] depending on C/^'^ arising

138
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[2191']
4. In the general case, where n does not vanish, and the depth of the sea is

variable, the integration of the equation [2183] surpasses the power of analysis ;

but to determine the oscillations of the ocean, it is not necessary to integrate it

generally, since it is sufficient merely to satisfy it. For it is evident, that the

part of the oscillations, which depends on the primitive state of the sea, must

[2191"] have quicklj disappeared, by the resistances of different kinds, which the

waters of the ocean suffer in their motions
;

so that if it were not for the

action of the sun and moon, the sea would long since have assumed a

permanent state of equilibrium. The action of these two bodies continually

disturbs it, and it is sufficient to ascertain the oscillations which depend on

this action.

[2191""] If the distance of any heavenly body L, from the centre of the earth, be

represented by r
;

the part of « V, relative to the action of this body upon

[2191^] a fluid particle, developed according to the powers of -, neglecting the

fourth power, will be, by § 1

[2191e]
from the attractions of the heavenly bodies ;

and if, in the two terms of this expression, we

change, as above, i into /, it will become, by putting for brevity X for X^,

[2191/] Y^f^=^^^^—.l.sm.-Kt.fU^'Kdt.cos.-Kt^^^^.Lcos.Xt.fU^iKdt.sm.-kt',X X

[2191g-]
which are the same as the terms of [870] depending on Q, changing a into /. (/+ 1) • ^j

also a into X, Q into — m^
j

and if Q=— U^^=K . cos. (m ^+ s) [870'], it will

produce in Y'^J"^ the term y^-^^= T_ 'g'
— .cos. {mt-{-s). If we now put

K=— e, £= 5 -zs, m= i, the part of F^-^^ depending on C7®= e . cos. {it~\-S'a)

m91h] [2188"] will be Y^J'^= { 1'

^
• cos. (i ^+ 5 «). Substituting the value of X^^.

qj

X^ [2151], in which i is changed into /, to conform to the present notation, the coefficient of

cos. {it-\-sT^) becomes like the value of a [2191], making this part of

[2191i]
'Y'^^^ = a . cos. {it-j-s^),

as in [2184', 2191] ; hence the formula [2152] produces the same results as in

[2184'—2191].

*
(1624) It follows from [2133'], that the part of oV depending on the action of the

body L, is found by subtracting the function [2133] from [2132] ; and if we use the symbol

§ [2133c], it becomes
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3 Li
aV =—7 4rcosJ. sin. v + sinJ. COS. V. cos. (nt+ Tjs

—
\')Y
—

i] '>

2 H '
[2192]

a V'=—J. {sin.^V
— i. COS.^V} . {1+ 3 . COS.2^5 [oscniation.]

3L
-]

r- . sin. & . COS. 6 . sin. v . cos. v . cos. (nt-{-zs
—

4.) [osduauon.]

-\ J. sin^^ .cos.^v . COS. 2. (nt-^-TH
—

-1),

Parts of

aV
[2193]

producing
the differ-

[2194]

ent oscil-

lations.

Loscillation.J [2195]

2 6
, l\—h L L

r r2
.h

[2192a]

neglecting terms of the order --. Resubstituting 5 [2133c], it becomes as in [2192].r^

*
(1625) Developing the first term of [2192], we find that the part depending on the

first power of cos. (n ^ -|~
"^—

4')> is equal to the expression [2194] ;
and if in the term

depending on the square of this cosine, we substitute

cos.2 (w t -\-vi
— \) = 14-^. cos.2 . (n^+ w—

^^), [21926]

we shall find the part depending on cos.2 .{nt-^-TS
—

4^), as in [2195]. The remaining

terms of [2192], independent of the angle nt-\--a
—

4/, are as in the first of the following

expressions, which is reduced to tlie form [2193] by putting cos.^ ^ = ^+ 2 • cos. 2 ^,

sin.2^= |
— ^.cos. 2^, and — J =— ^ . (sin.^v+ cos.^v) .

—
.{cos.^^ .sin.^v-j-J' sin.^^ . cos.^v— J}

3i=— .
{ (J + i . cos. 2 a) . sin.2 V + ^ . (i

— J . cos. 2 d) . cos.^ v— \ .
(sin.^ v + cos.^ v) \ [21926']

3 _L=—
.{sin.2v.(| + J.cos.2a— J) + i.cos.2v.(i— |.cos.2d— §)^

Qjr=—
.fsin.2v.(i+ i.cos.2d)

—
i.cos.2v.(i+ i.cos.2^)J

= — .
I sin.2 V .

(
I + 3 . cos. 2 ^)

— ^ . cos.^v .
(
1 + 3 . cos. 2 d) }

=
T;5.{sin.2v

— ^.cos.2v}.^l+ 3.cos.2^}.4r3 [3192c]
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[2195'] As the quantities r, v, v}., vary with extreme slowness, in comparison with the
oscnia-

rotatory motion of the earth ; the three preceding terms produce three different

[2195"] species of oscillations. The periods of the oscillations of the first kind are very

First kind; long ; thcy afc independent of the rotatory motion of the earth, and depend

[2195'"] wholly upon the motion oj the body L in its orbit. The periods of the

Second oscillations of the second species depend chiefly on the rotatory motion of the

[2195""]
earth nt ; their duration is nearly one day. Lastly, the periods of the

TMrd oscillations of the third kind depend chiefly on the angle 2nt ; they are

[2195^] completed in about half a day. The equation [2183] of the preceding article

is a linear differential equation ;
hence it follows, that these three species of

[2l95vi]
oscillations can exist together, without being confounded with each other

;

therefore we may consider them separately.*

ON OSCILLATIONS OF THE FIRST KIND.

[2i95vH]
5. We shall suppose, in these researches, that the spheroid which is covered

by the sea is an ellipsoid of revolution. This is the most natural and simple

hypothesis that can be adopted. In this case, the expression of 7 is of

Depth of the form,t
the sea.

[2196] 7 = / . (1
—

q iJ'^)
= the depth of the sea

;

*
(1626) The quantities y, u, v, V, occur in [2175

—
2J76'] only in the first power ;

and if each of them, instead of being expressed by one term, depending on the same angle

[2195a1
it -{-s-ai-^-s, as in [2178

—
2178'"], were composed of the sum of several such terms,

corresponding to different angles, we should obtain, for each of these angles, an equation

similar to [2183] ; by which the coefficients a, b, c, n, corresponding to any one of these

[21956] angles, could be determined, independently of the values relating to the other angles ;
as is

evident, from the common princples of linear equations. Therefore each of these angles may

t2195cl
he taken into consideration separately from the others, in the same manner as if the oscillations

were wholly independent of each other.

f (1627) The radius of the solid spheroid of revolution may be expressed by the quantity

a' . (1
—

ah'-iJp) ;
and that of the surrounding fluid, in its state of equilibrium, independently

[2196a]
of the attractions of the heavenly bodies, by a" . {I

—
ah".iJp) [1795]. The difference

of these two expressions is equal to 7, the depth of the sea; which, by putting «"— «'=*,
^

a a" h"—aah' = lq, becomes y= l^lq.ii?, as in [21 96]. Substituting this in
j

[2196c] [2182], we get [2197]; and as this does not contain -m, it will be comprised in the case

which we have taken into consideration in [2177
—

2191].
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and we shall have,

We shall resume the equation [21 83] ;
and as the oscillations of the first

kind do not depend on the angle w, we must put 5= 0, in this equation.* [2197']

We shall then suppose ^^,^^^^

a.

a = P^°) + P^2) + P^'^ + P(') + P^'-^)
; [2198]

p(2)^ p(4)^ ^g^ being functions of \i? [2197e], which satisfy the following

equation of partial differentials, whatever be the value of y,

*
(1628) The function [2193] upon which the oscillations of the first kind depend, does

not contain tsj therefore we must put s:=:0, in [2178, &£C.]. The form of this function

may be ciianged, by means of [34] Int., which gives,

1 + 3 . cos. 2 a= 1 + 3 . (2 . cos.2^— 1)
= 6 . (cos.^ d— ^) == 6 .

(fjL^
—

j) [2128^"]. [2197a]

3Zi

Substituting this in [2193], it becomes —
. (sin.^v

— ^ . cos.^v) .
{[>?
—

J) ; and as this
[21976]

does not contain •cj, its efiect must be the same, for all particles of the fluid, in the same latitude,

whatever be the longitude ; consequently the height ay of the particle, above its level, arising

from this cause, will depend on its latitude only ; or, in other words, y must be a function of [2197c]

|x, independent of ts. Moreover, the expressions of the disturbing force [21976], and the

depth of the sea [2196], do not vary by changing the sign of f* or v
; therefore a particle of

the fluid, whose latitude is south, and its sine —
/x, is acted upon in exactly the same

manner, as if the latitude were north, and its sine (a. Hence it follows, that y must be a

function of the even powers of |a, or a function of f*^ ; for if it should contain any uneven power [2197d]

of
(JL,

the sign would change in south latitudes, and the values of y would become unequal ;

therefore a [2178] must be a function of m-^. In this case, all the terms depending on zi [2197ej

must vanish from the expressions [1528a
—

e, &;c.] ;
which will be reduced to their first

terms, depending on B'§\ Bf\ Bf, JB^\ &c.
; and by this means the radical (1

—
fx^)*,

and its powers, will also disappear. Hence y, or a, will become a function of i^P ; without

containing any term depending on the radical (1
—

f*^)*,
or the variable quantity -a. If we

develop this expression of a, in a series of the form [2198], the terms P^^\ P^^\ P^^, [2197/"]

he, will vanish, because they contain only the uneven powers of |x j as is evident by
the inspection of the terms depending on Bf, Bf\ B^\ he, in the formulas

[1528a—e, &ic.] ; and we may observe, that the greatest exponent of |x, in a function of the

form [2198], terminated by P'^^f\ is equal to 2/, as is evident from the same formulas [2197g-]

[1528a—e, he.].

139
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[2199] = —J: V ^^ / >
-I- 2/. (2/+ 1) . P(2/).*

[2199'] The part of a', corresponding to y, and to the aqueous stratum whose

internal radius is unity, and external radius is l-^ay, will be, by what

precedes,!
Value of

a'.

[2200]
(i _5).P(..+(i _^).P..+ (i _^).PH. +(, -(J^tTp)-^"'

[2200] The part of a' corresponding to the action of the heavenly bodies, produces

only quantities of the form P^^^
;

for the function 1+3. cos. 2^, by

[2200"]
which it is multiplied in the preceding article [2193], is equal to

6.(fji'^
—

|)

[2197«], and it is evident that this last function is of the form P^^^ [1528c].

This being premised, if we substitute the values of a and a', in the equation

[2183], and determine the arbitrary terms of P^'^\ P^^\ &c., so that the

function i~—
]

' 0-
— ^) ^^^y ^® divisible by i'^— 4w^|x^, which

[2201]
VaM-y

gives one equation of condition [2201^] between these arbitrary terms;!

*
(1629) Changing Y [2185] into P, and /into 2/, we get [2199]; observing that

L2199a] p^2/) ^jgjug independent of -m [2197', &c.], its partial differential, relatively to is, vanishes.

f (1630) Putting, as in the last note, 2/ for/, in [21 S6], we get,

and if we suppose the term V^^f^, in a', to correspond to P^^-^\ in o, we shall have,

If we now put successively /= 0, /=1, /=2j &ic., we shall get,

[22005] P'(0) =
^

1 _ -

I
. P(0) ,

P'(2) =
^

1 _ A
I

. P(2), &,c. ;

whose sum gives a' [2200].

t(163l) Putting 5= [2197'], in [2183], it becomes,

C ^ /^'V(l-^^)^



lV.i.§5.] OSCILLATIONS OF THE FIRST KIND. 555

then the most elevated power of m-^ in each member of this equation, will

be M"^ ;
and by comparing the coefficients of the several powers of p^, we [2201']

shall obtain f-{- 1 equations of condition
; which, with the preceding,

[2201], will form /+2 equations of condition. But the arbitrary terms [2201"]

and by substituting z [2197], we get,

Assuming now the most general values of P^'^\ P^^\ pcs/)^ independent of to, as

they are given by formulas [1528cf, Stc], and substituting them in a, a', [2198,2200], they

will become of the following forms, when arranged according to the powers of (x,

[22016]
a'= w2(0) . f/,2/^ ^(2) . f^2/-2 _j_ ^C2/-2) . ^2 _|_ ^(2/) ,

The differential of this last, being taken relatively to (x, and then multiplied by the term

——
, produces, for

("7" )
• (^
—

M-^)* ^ function of the form,

fX .
f
5(«) . f^2/4- £(2) . ^2/-2_}_ ^(4) , ^2/-4 _^ J5(2/-2) ^ ^^2 _|_ ^/)|^ [2201c]

Dividing this by i^— 4 n^ (j-^, or rather by
— 4 n^ (x^ -[- i^^ so as to produce a series

descending according to the powers of fx, and continuing tlie division till we obtain the

term (x, it will become of the form

M. .

I
c^°> . ix2/-2+ CC2) . ^2/-4 ^ e(^/-4) . (.2+ c(2/-2) +

3^~q::T^ |
; [2201*']

and as this quantity is supposed to be divisible by
—

4n^iiP-\-i^ [2201], we must have

C==0, which is the equation of condition mentioned in [2201]. Multiplying [2201c'] by—
Z.(l

—
qi^^)i or ^•(^M'^

—
1)' we get a series of the form

i)(0) . ^2/+l _^ J)i2) , ^2/-l _|_ 2>(2/) . ^,

Its differential, taken relatively to fi, and multiplied by
—

, gives the second member of

[2201a], under the form,

a = £(") .itP^-^E
^2^

. 11^^-^ + J5;®/-2) . fjP _j_ £(2/).
j2gQj.^^

Comparing this with a [22016], we get /+ 1 equations

GJ(0)^ _g;m G!(2)^ ^(2)^ G!W= E(4), GC2/)^ _£;(2/)^

These, being connected with C=0, [2201c?], make /+2 equations, as in [2201"].
t^^Vl
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[22on of the function P^") + P^^) + P^^^ + &c., amount to f+lf connecting
these with the indeterminate quantity q, we shall have /+2 indeterminate

quantities, by means of which we can satisfy the preceding equations of

condition; and thence also the equation [2183], for a determinate law of

the depth of the sea. We shall obtain this law, by observing that if we put

[2202] Q . f/,2/^ fQf ^i^g term of a having the most elevated power of
f;., the

/ da'\
coefficient of m-^^'S in the function —

(

--—
)

. (1
—

fx^), divided by

[2203]

i^— \n^y?, will be,t

[2203'] Hence it follows, that the coefficient of m-^-^, in the second member of the

equation [2183], will be,

^
(1632) The terms independent of «, in F^"), F^^), &;c., [1528a, Stc], are

[2201g] multiplied by the arbitrary constant quantities Bf^, M^, he. In like manner, each of

the functions P^")
, P'^^\ P'^^\ P^^^\ [21 93], is multiplied by an arbitrary constant

quantity. The number of these arbitrary terms is evidently /+!, as in [2201'"].

[2201^1 Connepting this with q [2196], we obtain /-["2 arbitrary quantities, being equal in number

to the equations of condition [2201/].

+ (1633) The terms P^^^^ and f 1 — 77-^-^7—V P^^-^^ in the values of a, a',
' ^ '

\ (4/+l).p/

[2202a] [2198, 2200] must evidently contain the most elevated power of m- [2197^]. These terms

are to each other as 1 to 1 —
;

and as (^.[i?^ [2202] is the term of a, having

[22026] the most elevated power of m-, the similar term of a! will be (1 —
j

. Q f*^-^-

Its differential relative to |x, being divided by
—' rf m-, gives the corresponding term of

~
(7^ )

' ^^"^^ ^° — 2/-
(1
—

(i/ZiT^)
• ^ • ^^^~' ' ^Sain, if we develop

-r;, ^ o o i
or ^ „ ^

——
-, in a series descending according to the powers of f*,

t2— 4n2fJ^2' 4n2ja2 — 12
' D ° ^

[2202c] as in [2201c'], it will be of the form — \-H.iir^-\-H'.\ir^-{-hc. This being multiplied

by the preceding terra of —
(-^ )

, retaining only the part having the greatest exponent,

(3 \ 1

1 — -
j

. Q . f^^^~^ .

;^ ,
as in [2203].
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[22041

Putting this equal to Q, the coefficient of f/-^-^ in the first member, we

shall have,

2 W^ Value of

Therefore if we suppose the depth of the sea to be equal to /, decreased by
the product of / f*^ into this value of q, we shall have, by the preceding [2205^

analysis, the oscillations of the first kind.

The ratio of the centrifugal force to the gravity at the equator, is [2205"]

_ = _|^ [1594a]. If we take for / a rather large number, as twelve or [2205'"]

fourteen, the coefficient of y? will be so small that it may be neglected, and

then the depth of the sea will be nearly constant.f We shall thus obtain, [2205""]

*
(1634) If we multiply [2202fZ] by jg"

? .
(

I— qi>^) and retain only the power of f*

having the greatest exponent, it will become fA ^ — > . ^2^ . i^^+^ ; whose
(. (V+l)-P > ^''^

differential relative to /x, being divided by d
fx-, gives the corresponding term of the value [2205a]

of a [2201a], as in [2204]. Putting this term equal to the assumed value (^.[i?^ [22026],
and dividing by the coefficient of

5-,
we obtain [2205]. Substituting this in y [2196], we

get the depth of the sea, corresponding to these oscillations,

, 2 n2 |ji^

f (1635) Putting /= 14, in [2205], and multiplying by Z, we get

[22056]

, 2n2
lq=

[2205c]

Now by [2162] p>l, hence W~^~^ Tj or if- Substituting this, and

57. p

n2 2

J
= 5^7 [2205"], we get ^9'< JJ:^

• if • ^i^' or li<TTh^ '^
the polar

semi-axis of the earth being unity [2128'^]. Now this semi-axis is 6356677 metres

rnnocn 1 7 ^ 6356677'" , ^ , ,

L2U356J ; hence /^< , or / ^ < 115 metres
; so that the greatest variation [2205(fj

140
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very nearly, the oscillations of the sea, in the case where the depth is

everywhere the same.

[2205^] 6. The value of c [2181] is very great in oscillations of the first kind^

inosciiia- because af the divisor i, which affects several of the terms. If we develop the
tions of

/» 1 • r 1 rt-i nct-i

Mn/'f part of the action of the moon [2193],

[2206] aV =^. {sin.2 V— ^ . cos.2 v} . (1 +3 . cos. 26),

which produces the oscillations of the first kind, in sines and cosines of

angles, increasing in proportion to the time
;
and denote by

[2207] a A; . (1 + 3 . COS. 2 . cos.
(i t + A),

any term of this development of « F'
;

we shall find that k is multiplied

[2207'] by the tangent of the inclination of the lunar orbit to the ecliptic,* in the

of the depth of the sea, in the hypothesis [2196, 2205'"], is less than 115 metres. This is

very small in comparison with the general depth of the sea
; therefore we may consider this

depth as being nearly constant, upon the principles here assumed.

*
(1636) In the annexed figure, CIGF represents an arc of the celestial equator; JVCED

[2206a] the ecliptic ;
JVM the lunar orbit; C the first point of Aries ;

JV the moon's ascending node ; M
the moon's place at any time

;
the arc ME

is perpendicular to the ecliptic CD
;

and

the arcs EG, MHI, perpendicular to

the equator. Then if we put, for brevity,

GE=IH=^z', HM=a', CE=L,
ME=X, angleECG= C, MJVE==JV, ^
we shall have the moon's declination v= Jk?/= JIfH-|-/if=z'+ «'

5
and if- we

neglect a'^, we shall find, as in [60, 61] Int.,

[22066]

[2206c]
sin. v= sin. z' -j- «' • cos. ^r',

cos. v= cos. 2:'— a' . sin. s^
,

[2206rf]
sin.^ v— \ . cos.^ v= sin.^ z'—• ^ . cos.^ 2;' -f- 3 a' . sin. 2;' . cos. si.

Now by construction we have nearly, angle JIfE If= G E C
;

hence if we consider

MEH as a small rectangular triangle, we shall find very nearly MH=ME.sm.MEH,

or a'=X.sin.G£C=X.-^^ [1345^2], consequently a' . cos. 2"= X . cos. C. In

the triangle CGE we have sin. GE= sin. CE . sln.ECG ; or in symbols.
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terms where it represents the mean motion of the nodes of the lunar orbit ; [2207"]

hut on account of the smallness of i, this term is very considerable, and is the

greatest of all which occur in the expression of c*

We must however make here an important observation. The resistance [2208]

which the waters of the ocean suffer must diminish considerably the

oscillations of this kind, and render them of little importance. To prove

this, we shall suppose the resistance to be proportional to the velocity, and |[2208']

sin. z"= sin. L . sin. C ;

multiplying this by the preceding expression of a.cos.^:', substituting the result in [2206df],

and putting 3 sin. C cos. C=c', we get

sin.^ V— i . cos.^ V= sin.^ zf— i . cos.^ z' -]-c' . "K. sin. L .

[2206e]

In the rectangular triangle JVEM, we have tan.ME= tang.MJVE . sin. JVE [1 3453i],

or nearly X= tang. JV*. sin. JVjG ; multiplying this by c'.sin. Z«, or c'.sin. C£,
and reducing the product c' . sin. J^E . sin. CE [17] Int., it produces the term

\c' . tang. JV . COS. {KE — CE) = ic'. tang. JV . cos. JV C.

Substituting this term of the factor [2206e] in [2206], and putting also

aA;=— .^c'.tang.JV, [2206/]

we obtain a term of [2206] of the form aA;.(l-|-3.cos.2^).cos.JV*C; in which JVC=-it-\-A [2206g]

[2207, 2207"] is the distance of the node from the first point of Aries, A being that distance

when t=
;

moreover the factor k is multiplied by the tangent of the inclination of the

lunar orbit to the ecliptic, as in [2207'].

*(1637) If we put s=0 [2197'], in a, 6, [2183,2180], all the terms, having the

divisor i, will vanish ; but c [2181] will become, by noticing only such terms.

2ng /da'\

[2207o]

and this might be great, on account of the smallness of i, if the fluid suffered no resistance.

For in the lime t, while the earth makes one revolution about its axis, we have nt= 360'',

[2128''"] ;
and during this time, the moon's node describes the arc it= 3™ 10* nearly,

[2207"], as is evident from the inspection of any lunar tables. The ratio of these two

quantities is
—= 6800 nearly ; and though this is multiplied by the tangent of the [22076]

inclination of the lunar orbit to the ecliptic, 0,09 nearly, it still remains quite large, and

exceeds 600
;

in consequence of which it becomes necessary to examine into the effect of [2207c]

the terms having the divisor *.
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[2208"] we shall put ^ for the coefficient of this resistance. The two equations

deduced from the expression [2130] will then l)e,*

to find

w^th^'a ^ fdu\ fdy\ fdV'\
s!'"^ (dd^\ ^^•^•y^j (i^=.- Ia^J , \aZ1 .

[2209'] \dfj'^ V/r=^ \dt) 1— M-^ l— w"
'

*
(1638) The quantities &, •s, corresponding to the state of equilibrium, become ^-{-an^

[2209a] -s -{- a
-y, [2128''^], in the state of motion, at the end of the time t

;
au and a v being

the relative motions of the fluid in latitude and longitude [347'"]. The differentials of these

quantities, relative to t, being divided by d t, give the relative velocities of the particle, in

[22096] latitude
"••(";r)j

and in longitude "•("Tt)'
This last expression must be multiplied

by the sine of the polar distance 6, to reduce it to the parallel of latitude
j

so that the velocity

in the direction of the meridian a A, in the figure page 346, is
"•('^Tt)'

^"^ in the

[2209c] direction of the parallel of latitude AB, is a. f
—

j
. sin. ^. Now if we suppose the

resistance to be represented by the product of |3 [2208"] by the velocity, it may be resolved

into two forces, in the directions a A, AB, by multiplying the relative velocities [22096]

[2209d] by
— p ; the negative sign being prefixed, because the resistance tends to decrease these

velocities ;
hence they become respectively

—
"P-IT")'

—
a/3. (-t-). sin. ^. These

[2209(^1
^'^^^ ^"^^^

are to be multiplied by the elements of their directions, a A, AB, or dd, d'si.sm.^,

to produce the corresponding parts of aAV [2130']; which are — a(3.f
—

j.J^,

—
ap.(

— \ .sm? & .d-m'j consequently the part of d F"' arising from this source, is

[2209el d F' = — p . (—)
.d&— ^. (^\ . sin.^ &.d^. Substituting this in formula [2130],

and transposing the terras to the first member, the coefficients of d&, dts, will be augmented

[2209/^ by the terms ^'{~7~\ ^ •

("Tt)
• sin.^^ ; which is the same thing as to change

/ddu\ . fddu\ ,

/du\ . /ddv\ . /ddv\ /dv\ .

evident by inspection. This produces the same changes in [2176, 2176'] ; by which means

they become as in [2209, 2209']. The equation [2129] does not contain V, therefore it

remains unaltered.
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since it is evident that the resistance must add to the two first members of

these equations, the terms ^ •

( "7" )
^"''^ ^ *

( T" )
* ^^^ equation [2209"]

[2129] will remain unaltered.

We shall here consider only the terms depending on the angle i t, in which

the coefficient i is very small, and much less than p. In this case I
^ j [2209'"]

and
( -jY I ™^y ^® neglected in comparison with ^ *

( "J" )
^^^

^ . r—
)
;* and as these terms are independent of the angle w, the equation

[2209""i

Oscilla-

[2209'] will dve,t tionsa;.

du angles it,
in which

2 71 |X .
I

——
I / 7 V » >3 very

[2210a]

y/iZZ]}^
' '

\dtj
'

[2210]

and [2209] will become,t

*
(1639) Putting s = [2197'] in [2178', 2178"], we get

u= b . COS. {it-{-s)f V= c . sin. (i
t -\-s) ;

whose differentials are,

(^7/
=— ^* • sin- (« <+ 0> \~d^)

=— * *^ • <^os. {it-\-s),

\Ji)
=

<^^'^^^-i'^f + ^)^
{-J^J

=— ci^. sin. {it -irs),

Substituting these in [2209, 2209'], we shall find that the terms depending on ddu, ddv^
have the factor i^; while those of du^ dv, have the factor ni, or ^i. These last,

being divided by the first, produce terms of the order t, or t ; and as these quantities [22106]

are very large [22076, 2209'"], it follows that the terms depending on du, dv, must be

much greater than those arising from ddu, ddv; therefore these last may be neglected. [2210c]

f (1640) Since « does not enter in oscillations of the first kind [2197'], the partial

differentials of y, V, [2209'], relative to zi, vanish j and as ddv is also neglected [2210c], [2211a]
the equation [2209'] becomes as in [2210].

271

X (1641) Multiplying [2210] by
—

.\i..\/{\—^^), and adding the product to [2209], [2212a]

neglecting ddu, as in [2210c], it becomes as in [2211].

141
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This equation must be combined with the following

[2212] ,/=fiiIl!iViEZ)

[2212] If we neglect quantities of the order i, the equation [2211] will give,t

or

[2214] ^2/— F = 0;

therefore,t

[2215] u == -^ 7=-L- .

[2215'] This value of u, being substituted in the equation [2211], will give a more

correct value of g y
— P

;
but this first approximation is sufficiently

accurate.

[22126]
*
(1642) The equation [2212] is the same as [21366], neglecting the term depending

on -ui,
as in [221 la].

f (1643) Neglecting quantities of the order i as in [2212'], the quantity (

—
j [2210a]

[2213a] will vanish from the first member of [2211]; and then dividing by y/(l
—

^^), we shall

[22136] get the equation [2213]. Multiplying this by d^, and integrating, we get gy—V'=0;

observing that y= when V'=0 [2128'''^] ; because when the disturbing forces F'

[2213c] vanish, the fluid is supposed to be in its situation of equilibrium ; therefore it is not necessary

to add any constant quantity to this integral.

V
{(1644) From [2214] we get y= — ; substituting this in [2212], multiplying by

[2214a] dij., and integrating, we find
-—

'—^='yu.^{l— f^^). Dividing this by /./(I— M-^)?

we obtain u [221 5]. If this value of u be substituted in [2211], we shall obtain an equation

from which we can find, by approximation, a more correct value of m ; but this is unnecessary,

because the corrections thus introduced are of the order i.
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The value of F', relative to the action of the body L, is of the form

jc.(l-\-3. COS. 2 6)
. COS. (i

t + A) [2207], or 6k. (m-'— i) • cos. (it + A) [2216]

[2197a].
If Q .

(iJ^
—

i) . COS. (it-j-A) be the corresponding part of y ; [2216']

the similar part of P, arising from the action of a stratum of the fluid,

whose internal radius is 1
,
and external radius I -\- ay, will be*

1^ . ? .
(f^'
—

i) • COS. (i
t + A); [2217]

o p

therefore the equation gy— V = [2214], vrill give,t

3

hence we deduce

°='^-.p. [2218]

«.
"

i'-i;)-
[2219]

*
(1646) Substituting in [2178] the values 5= [2197'], e= A, also a [2198] ;

we get y={P^'>^+P<-''^+ P^^^ + he.]. COS. {it -{-A). The term of V [2216] [2217a]

depending on the action of the body L, has the factor i*^
—

^, which is of the form Y^^^

[1528c] ;
and if, in this last expression, we change Y^^'> into P^^\ B^^ into Q, we

shall have P®)= Q .
(ju,^
—

J). The part of y [2217a] corresponding, is

y= Q .
(p,2
_

^) . COS. {i
t+ A). ^22176]

Substituting this in [2178'"], and also the similar part of a', depending on the action of the

stratum [2199'], which is a'= M _—
j.

Q.(^2_j) [2200] ; we get the corresponding

V V 3
partof -, namely ~=y— a' .cos. {it-\- A) =^ -. q. {^^^

—
^) .cos. [it -\- A) , [2217c]

as in [2217].

t (1647) Adding the two parts of V [2216, 2217], we get

^'=={^.Q+ 6^}.(f^'-*).cos.(i<
+ ^).

Substituting this, and y [22175], in ^y— F'= o [2217], then dividing by

g. COS. {it-\- A), [2218o]

we get [2218]. Again dividing by the coefficient of Q, we obtain [2219] ; substituting this

in y [2216'], then multiplying by a, it becomes as in [2220].
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consequently

6ak .
(iJp
—

^) . COS. {i t -{- A)
[2220] "-y

= 7 3^^

The sum of all the terms, ak. cos. (it-'rA) [2207, 2206], is represented

[222(y] by ak . COS. (i t -\- A) = —^ .
{
sin.^ v— ^ . cos.^ v} ; therefore the whole

value of ay, corresponding to oscillations of the first kind, arising from the

'"aji'^
ac^ioTi of the body L, will be*

in oscilla-

&"! _ i:..fsin.^v
—

^.cos.^v}.^l+ 3.cos.2^|
kind. ^ y **"

. / ON

[2221] 4r^.g.(^l—
—

This value is that which takes place, if v and r are rigorously constant, and

the fluid, at each instant, assumes the form corresponding to the state of

equilibrium. For
( -i-

)
and

( -t"
) being nothing in the case of

^dtj \dt^

[2221'] equilibrium, the differential equations in u and v becomef = gy— V'.

*
(1649) The part of aV [2216] depending on the attraction of the body L, being

[2221a] divided by the constant quantity sA^ — 7~)j produces the corresponding part of ay

[2220] ;
and all the terms of a V, depending on oscillations of the first kind, depend on

[22215] the function [2193] ;
therefore if we divide this function by the same quantity 5"

•

(
1—

r) >

we shall obtain the complete value oi ay [2221], depending on these oscillations.

f (1650) When the fluid is in equilibrium, the velocity of a particle is nothing ; consequently

[2221c] the expressions of the velocities [22095], "•('Tt)' "•("TT)' vanish; therefore

(

—
), {~i-)i

and their differentials ("T^j) ("jTa")'
become nothing. Substituting

these in [2209, 2209'], we find that the first members of these expressions vanish
;

and the

second members, divided respectively by (1
—

f/,^)*,
—

(1
—

1^^)~^, become

[mu] o =
^-(|)-(-J7)' »=^-(^)-(^)-

Multiplying these by t?fi, d-us, respectively, and adding the products, we get
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Therefore, when the variations of r and v are very small, we may determine the [2221"]

oscillations of the first kind, as if the fluid assumed, at each instant, its situation

of equilibrium under the action of the body which attracts it. The error of [222i'"j

this supposition becomes less, as the velocity of the attracting body decreases,

therefore it is insensible for the sun. It might be sensible for the moon,

because of the rapidity of the motion of this luminary in its orbit
;
but as

the oscillations of the first kind are by observation very small, we may, [2221""]

even in computing the action of the moon, make use of the preceding

value of ay.

Although we have obtained these results, by supposing the resistance to be

proportional to the velocity ; it is evident that they exist, whatever be the law of

the resistance.'^ In general we may adopt them without sensible error, whenever [2221^]

the fluid, which is disturbed in its equilibrium, returns to this state, by means of

or g • dy— dV=0 ; 6, -a, being considered as the variable quantities [2130']. The

integral of this last expression is gy— V =:0, as in [2221'] ;-no constant quantity being r2221e]

added, for the reasons stated in [2213c].

*
(1651) The velocity of a particle of the fluid, in the direction oi the meridian, is

a.f—
j [22095], and in the fZirec^ion of the parallel, a.f—

j.sin.^ [2209c]. The
[2221/]

whole horizontal velocity, which we shall call a W, is the square root of the sum of the

squares of these quantities, or aW= a.}
(-r) + ("T" )

• sin.^ 6 i^. We shall now
[2221g]

suppose the resistance to be proportional to a function of a W, represented by a fV. ^',

p being a function of W. This resistance, in the direction of the motion of the moving

particle, may be resolved into two others ; the one in the direction of the meridian, represented

by
—

"•(77)12 J ^^^ ot^^*" i"^ t^^ direction of the parallel of latitude,
— a. (—j.^.smJ ; [2221^]

as is evident from the usual rule for the resolution of a force. These expressions of the

resistances being of the same form as in [2209fZ'], we may deduce from them the same

value of dV, as in [2209e], and the same additional terms ^'i~7~}^ ^•(t~)' ^^
[2221t]

the first members of the equations [2209,2209']; therefore the equations [2210,2211]
retain the same form; ^ being a function of W, instead of being constant as in [2208"].

Then neglecting f—
-j [2211], because it is of the order i, we obtain gy— V'= 0, [2221A;]

as in [22136] ; which is therefore the same for all laws of resistance.
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the resistances it suffers, in a less time than that which is required to complete

the revolution of the attracting body*

ON OSCILLATIONS OF THE SECOND KIND.
The

part of

aV 7. The part of the action of the body L, which produces these oscillations,

on the IS equal to [21941,action of > i- - '

the body

L. 3L
[2222]

—^ . sin. V . COS. V . sin. ^ . cos. ^ . cos. (nt-^-tn
—

4^)
.

*
(1652) When the moon has any particular declination, represented by v, it produces

[2221ij a corresponding oscillation of the first kind
;
and if this be not destroyed by the resistance,

in one revolution of the moon, it will be augmented by the renewed action of the moon, when

it has completed the revolution, and again attained to nearly the same declination. In this

case the successive oscillations will interfere with each other
;

and we cannot then suppose

the fluid to take the form, corresponding to the equilibrium under the forces which act upon

[2221m] it. On the contrary, if the resistance nearly destroys one oscillation, before a different one

commences, we may suppose the fluid to assume nearly the form of equilibrium corresponding

[2221?i] to the forces acting upon it; hence we may obtain, as in [2221e], gy— P'= 0, and

consequently ay, as in [2220].

(1653) We shall now make a few remarks on the method of calculation used in formulas

[2196
—

2221]. When a value of a' is found, which satisfies [2183], we may substitute it in

[2221o] [2180, 2181], and we shall get values of a,h,c', and then, from [2178—2 ITS'"], the values

of y, u, V, V, which will satisfy the equations [2175
—

2176']. Having obtained these, it

will be unnecessary to seek for other values, depending on the same angle it -\- s. For if

we suppose the quantities a', a, h, c, y, u, v, V, to be increased by the terms o/, a^,b^, c^

[2221p] y^, u^, v^, V/, respectively; and that the new values «'-{-«/, b-^-^,, &^c., when

substituted for a, a, &ic., in [2183], and in the similar equations [2176
—

2181], will satisfy

them; we shall find that the difference between these two expressions of the equation [2183],

is an equation of exactly the same form, in which a, a', are changed into a^, a', respectively,

or in other words, an accent is marked below the letters. The same results are obtained

in the similar equations [2176
—

2181] ;
but the function Vj, which takes the place of V,

[2221^] in [2176,2176'], does not contain the function If^^ [2148]; because the value of

V [2150a], being subtracted from the similar value of

r' + F'=2^ Ii!+I^ + 2C7(0^ '

p
•

2i+ l

~
P 2i+:

[2221 j] gives F/= 2 — .

-^Jj- ,
which is independent of ^7^*^ [2148] arising from the actloa
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The development of this function, in sines and cosines of angles proportional

to the time, gives a series of terms, of the form

a /C ^(x . v/l
—

fx'-^
• COS. (it-i-'us

— A) ; [2223]

in which i differs but very little from n
;
because the motion of the attracting

body is very small in comparison with the rotatory motion of the earth.*

We shall now resume the equation [2183], supposing 5=1, and z as [2224]

in [2197],

of the body L. Hence the values of u,, v^, y^, he, must depend on the same equations,

as if this body did not act on the fluid
;
and then the oscillations corresponding to the angle

it-\-s, which depends on the motions of this body, ought evidently to vanish. Similar

remarks may be made relative to oscillations of the second and third kinds, in which
[2221^]

5=1, s= 2.

*
(1654) Putting n't for the mean motion of the body L, its true place in the orbit will

be represented by the second of the equations [6C9], its distance r by the first of those [2223a]

equations, and its latitude by [C79] ; n being changed into n, in all of them, to conform to

the present notation. All the terms of these series depend on quantities of the form

sin.

oos.
5' 11' t

',
s' being a whole number. The true place of the body in its orbit, being [22236]

reduced to the ecliptic, is of a similar form [675]. Having the longitude, and the latitude,

of the moon, expressed in such series, the declination v, which is deduced from this longitude
Q r

and latitude, must also be of a similar form ; consequently the factor —
. sin. v . cos. v [2223c]

Sin

[2222] contains terms of the form
*

s' n' t, or as it may be generally expressed,

cos.{sfn't-\-A'),

Factors of this kind, being multiplied by the term cos. (i2^-}~®
—

4')> which occurs in
[2223rf]

[2222], produce terms of the form a k . cos.
{ (n ± s' «')

. ^+ ^— -^± ^'} [20] Int. ;

and by putting n±s'w'= «,
— \,±^=— Ji, it becomes ak. cos. {it-^-zi

—
.4).

[2223rf']

Now n' is very small, in comparison with n
; since n'=^\ .n for the moon, and

^'^=
3 6^ • ^ for the sun ;

and in the chief terms of their attractions, s' does not exceed one
[2223cJ

or two
; therefore i must be nearly equal to n. Lastly, since

—
. sm. v . COS. v . COS. [nt-j-'^s

—
4/)

is composed of terms of the form ak . cos. {it-^TH
—

A), we shall find, in multiplying by
Q r

sin. 6 . COS. (3=
fi . ^( 1—

fj.^),
that —

. sin. v . cos. v . sin. 6 . cos. 6 is composed of terms

of the form a^ . jx . y/(l
—

fx^)
. cos. (i^+ *— .^), as in [2223]. This angle

[it-^-a— A), being compared with [2178'"], depending on F', gives s=l, s=—A. [2223/"]
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z = l.{l-q^^) ^

^luTof we shall also suppose that a is expressed by the series,*
a.

[2226]
•

a = f..v/r=:?.{P(°)+P^^) + P(^^ +P^'f-^l;

p(0)^ p(2)^ ^^^ being such functions of ij?, that if we put

[2227] Y^f^ = iJ^ . v/l=? . PC2-^-2),

[2225a]

[22256]

^ [2225c]

[2225i]

[2225e]

[2225/]

[2225g]

[2225^]

[2225i]

[2225)1]

[2225/]

*
(1655) If we follow the same method of calculation as the author, we shall find, that

this assumed value of a gives the corresponding value of a' [2231]; and that these expressions

of a, a', satisfy the equation [2183], supposing the value of q to be as in [2238]. But if it

were required to know why the value of a was assumed of the form in [2226], we might

state the reasons for it in the following manner, according to the usual principles of

development of linear equations. The function [2222], on which the oscillations of the

second kind depend, contains the factor sin. 6 . cos. ^, or f* . v/(l
—

M-^),
which vanishes

when ^-=0, or when s/[].
—[i?)=0 ',

but in cases where the disturbing force vanishes,

it is natural to suppose, that the effect resulting from this force also vanishes
;
and to produce

this effect in ay, y, or a, [2178], we may suppose a to have the same factor ^^.^/(l
—

w^),

as in [2226]. This factor of y may also be supposed to be common to every term Y^^^),

into which y is developed [2144, Sjc], by which means it becomes as in [2227] ; observing

that terms of the form y^^z+i) j^yg|. |jg rejected, because no such terms, depending on

sin. •!*, cos. •n(,
have the factor [i..\/[\

—
fji-'^),

as is evident by the inspection of the

formulas [1528a—e, &ic] ;
hence we must put F^^^= 0, F^^)_ q^ fcc., in [2144].

The terms depending on sin. to, cos. to, in F^^^, F^^^, Stc, [1528c, e, &;c.], are

of the form F^'^^^= C .
fJi- .\/(l

—
M-^)

. {Jl\ sin. to -{- J5'. cos. to^, A', B^hemz, independent

of ^ ',
and C a function of ^ and constant quantities. The values of C, corresponding

to F(2), FW, F(«), kc, being 1, m-2_3^ ^4_ |o . ^2 _j_
^5_, ^c., as is evident

from [1528c, e, 1528]. This value of F^'^-^^ may be made to depend on an angle of the

same form as in [2223], by putting A''= — h . sin. {i t— A), B'= h . cos. (i
t—A) ;

whence

,A\ sin. zi -\- B^. COS. zs = h .
\
— sin. •sj . sin. (it

—
A.)-{- cos. to. cos. («^

— A)]

= h . COS. (i i -[- TO— A) ;

by which means the function [2225/] becomes Y^~J">= Ch.ii.^{l
—

ii.^).cos.{it~\-'ui
—

A),

Ch being a function of |x^ and constant quantises ;
and if we represent it by P<-~f-'^\ we

shall get Y^^f^= iiy{l—ii^}.P^^f-^\cos.{it-}'Zi—A) ;
which produces, for y [2144],

the same function as would be obtained by the substitution of a [2226], F^--^^ [2227], in

[2178] ; observing that the quantity we,have named F*^^-^^ in this note, is equal to that in

[2227 J multiplied by cos. (t t-{-zi
—

A).
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we shall have, whatever be the value of /,*
Uifferen-

I d^ )
^^^

[22281

The part of a' relative to the action of an aqueous stratum, whose internal

radius is unity, and external radius 1 + «
y, will be, by what precedes,!

3m-.v/TII;12

p .Ji.P^°>
+ i.p(^> + V3.^^^^ +

^-i'P'"'-"']'
[2229].

The part of a', relative to the action of the body L,t is . f* . \/l
—

ja^ j [2230]

therefore we shall have,^

*
(1657) The second differential of r®-^> [2225A;], relative to zi, gives

f^:^^!l\=
—

^, . v/(l— M-'^)
. P(2/-2) . COS. (i <+ w— .4)

=— r(2/) ; [2228a]

p(2/-2) ijging independent of « [2225A;]. Substituting this, and t= 2/, in [2145],

we get [2228].

f (1658) The part of V [2146a], depending on the term Y^^^ of this aqueous stratum,

3a-
IS . Y^^-^K Substituting the value of Y^^^ [2225A;], we get the corresponding [22286]

term of =—. ^ . »/(1— fx2\ p . . pcJz-s) , cos. (it4-zi— A)', hence the [2228c]

corresponding terra of a! [2 1 78'"] is —
f* . /(1— f*^)

• ^ . p2/-a ag in [2229].

t (1659) This part of aV is given in [2194], or [2222], and is supposed to be

composed of a series of terms of the form aA; . f* . \/( I— y?) . cos. [it -{-a— A) [2223]. [2229a]

Dividing this by —
ag, we get the corresponding part of [2178'"], equal to

k— -
.[i-. \/{I

—
[)?). COS. {it •\- -a— A)', and this produces in d [2173'"] the term

[22296]

k— -
.

fit.
. v/(l— M-^),

as in [2230].

^1660) Substituting in [2178'"], the two parts of ——
[2228j, 22296], also y

[2178,2226], and dividing by cos. (i
i + « + e), we get a' [2231]; observing that [2230a]

«==1 [2223/], and s= -— A^ in the case now under consideration.
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Value of

a'.

[2231]
^

j k

g

We shall suppose the indeterminate constant quantities, by which the functions

p(0)^ pm^ ^c., are multiplied, to be such that the function

[22311 T-^^-WJ-^^-^-)
may be divisible by i^— 4w^ix^; which requires but one equation of

condition,* between these indeterminate quantities ;
then the second member

of [2183] will have no denominator. For by considering, in the second

member, only the terms which have \/i
—

jx^ for a divisor, and supposing

[2232] a' = Fii . \/i
—

itP ;
F being a rational and integral function of ^.^ ;

the three

parts of this second member will become,f

^-' -Ct+0-7^ + t-(t + 0-7I^ + (i^
— 4n^ Ijp) .gz.[i.F

'"^
. ./l „2v/i—F-'

*
(1661) This is proved in like manner as in [2201a

—
cZ],

where the equation of

[22306]
condition is C= 0.

f (1662) Putting for brevity

[22316] we get, from [2231], a!=F .
[t.

. {\— [i?f [2232]; and from [2183, 2224],

/dAzW)\ , 2ng-.(xz „. , g-z.a'.U'S— 4n2fA2)

Substituting in fV the value of a' [22316], and its differential

/da'\ Fi^ , ,, .,, /d.{Fii.)\

This value, and that of a' [22316] are to be substituted in [2231c], and it will then contain,

in its second member, before reduction, terms having the factors (1
—

M-^)""*, (1
—

M- ) ?

(1
—

{x^)* ; but we shall find, by connecting together the terms having the factor (1
—

m-*^)"*?
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or gz.ii'.F .\/l
—

M-2 ; hence it follows, that the second member has not [2234]

i/T^ in its denominator. Therefore, by substituting the values of a and

a' in that equation, and dividing it by m- . ^/l
—1^% then comparing the

similar powers of f^, we shall get / equations of condition.* These, being [2235]

that they may be reduced to the second form (1
—

li.^)*.
To prove this, we shall notice [2231/]

only those terms of the second naember [2231c], which have the factor (1
—

fJi-^)"*.
Now

if we develop the first of these terms, it becomes,

and as z [2225] does not contain (I
—

fx^), the first term of the second member will not [2231/']

contain (1
—

i^^)~^,
as is evident from [2231 e] ;

but the second term ^^r.f—— j
will

produce the first term of [2233], by means of the differential of the factor, (1
—

fjL^)*,
which

occurs in the first term of JV [2231 e]. Again, by the substitution of fV [2231e] in the

second term of [2231c], it produces the second term of [2233], having the factor (1
—

/l)~*.

Lastly, by the substitution of a' [22316], in the third term of [2231c], we get the third term

of [2233] ;
and these three terms are all that occur in the second member of [2231c] with [2231g]

this factor (1
—

ja^)". The function [2233] has the common factor -2 // 2u > ^^d [2231^]

if we divide all the terms by this factor, and then reduce the quotient to its most simple

terms, we shall get successively

-(2ni+i2).(;,2_|_2„.(2n-|-i).H.2 4-(l-2_4n2^2^ = _i2^2_{-i2= ,-2 . (i_^2)
.

^2231.']

multiplying this by the preceding factor, we get gz . |xF.( 1—
[j?)^ for the value of the function

[2233], as in [2234]. JNIoreover, each term of the second member of [2231c] contains the

factor fx, as is evident by the inspection of the values of F, a', W, [2231a, h, e], and

z [2225]; therefore the second member becomes divisible by ^-.(1
—

,a2)i. Hence,

after the substitution of a, a', [222G, 2231], in [2231c], it becomes divisible by //-.(l
—

(x2)i, [2231ft]

and the radical (1
—

fx2)i disappears from the expression.

*(1663) Assuming in [2226] the most general expressions of P(°), P'^), P^'^\ &c.,

given by [1528, 1528a, &ic.], and arranging them according to the powers of y?, as we have [2233a]

already done in a similar case in [22016], we shall get the value of a [2234a]. Substituting

this in [2231], we get the value of a' [22346] ;

a= fX . (1
—

fx2)i ,\G^0) . p,2/-2_|_ G(2).f,2/-4 _|_ G.(2/-4) . ^2 _|_ G!(2/-2)|
.

^^^^^^

d= ^ . (1
—

fx2)*
.

f
^(0) . f.2/-2 _|_ ^(2) . ^<^/-4 ^ ,2^2/-4), ^2 _j_^(2/-2)|

.

^ggg^^^

wS^''^ ./3®, Sic, being dependent on the / arbitrary quantities G^^\ G^\ Q&f-2)^

Substituting these values of a, a', in [2183], or rather in [2231c] reduced as in [2231Z;],
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connected with the preceding, will form f -\- 1 equations of condition,

which are to be satisfied
;
and as the number of the indeterminate quantities,

[2235'] including ^, is /+ 1
; we shall have as many indeterminate quantities

as equations.

[2235"] To obtain the value of 9, we shall put Q . \^^~^ . \/\
—

^^ for the term

of a depending upon the highest power of /x ;
the similar term of d will be,*

which gives,*

[2237] 2

^^•9
^. (2/^ +/+".).Q.(i-^—>.-.v^.

and putting the coefficients of the same power of fx in each member equal to each other, we

shall obtain f equations of condition. Connecting these with C^Q [22306], we have

[2334c] /-j-l equations to determine the f-\- 1 arbitrary constant quantities

q, G^''^ G^^\ G(2/-2), as in [2235'].

*
(1664) The greatest exponent of f*, in [2226, 2231], must evidently arise from

p(2/-2)^ This term of a [2226] is multiplied by ^-.(1
—

^^)*, and the corresponding

[2235a]
term of a', [2231] is multiplied by <x . (1

—
jjpf . 5 1 — >

; consequently this part

of a' cari be deduced from a, by multiplying by 1 — —
. In the same way, we

may derive [2236] from [2235"]

f (1665) Proceeding in the same manner as in [2202c(
—

d], retaining only the most

elevated powers of |u.,
in a, a

;
and putting, for brevity

[2236a] ^-{'-whr^-^' iJ=
^„|.Q'.(.-.^)'..=-';

[22366]
we get, as in [2235", 2236] ,

a = Q . /x^z-i .
(
1—

f;^^)*^
a' = Q' . iul^^-i .

(
1— ^2)i

.

hence,

[2236c] =Q'.(1— M.^)-i.{(2/-l).f.^/-2
—

2/.M-^/}.

Substituting these in W [2231a], and retaining only the highest power of ja, we get,

[2236rf]
W= Q'. (1—^2)i.^2/ S^^2fl .
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for the similar term of the second member of the equation [2183] ; by

putting it equal to the corresponding term of a, we shall get,

2n^

^^•0-xv^)-(^^^+-^+i)'

Value of

1-

[2238]

Multiplying this by g, and by the value of z [2225], reduced, as in [2202c], to the form

z=
4*0 o_ -2

= ri + -^z; f*~^+ ^^- J retaining only the highest power of i*, we get [2236c]

successively, by using the symbol jR [2236a],
*

'

gz.w=q.{i-.^-)K^^f.'^.(^+j^ [2236/]

=
i?.f..(y +/). [2236g]

The differential of [2236/^, relative to
fjt, being reduced by putting

.-l3;i
=^ = f^"' + '*"'+ ^c., [2236A]

and then retaining only the highest power of
fji, using also R [2236a], gives"

'

-

^•(^) = ^-C-^^)'--'-tl-l^/-(f+/)-x^-(f+/)}

Substituting the value of
j—-^ [2236A], in the two last terms of [2231c], and retaining

only the highest powers of fx, we get,

''=s\-^--'^-'^gz.WJr^.gz,a'. t2236^j

Substituting, in the two last terras of the second member, the values [2236^, a, 6, e],

we obtain,

^"
-1 TIT j> ^ 2n2 2n./>

->-^,l.^.gz.W=R.)^—~ -^|, [2236^3

4w2 4)i2 7 9«2

-\-~.gz.a'=-.g.^^,q,i>?f-K{l^^^)i=.i^,R, [2236m]

Adding together the three equations [2236*, I, m], the first member of the sum becomes like

144 .• »
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therefore the depth of the sea being supposed equal to*

2„2Depth of 2«^jX'
the sea. I —— ———^^————__

[2239]

^•0-(T^fc)-(^^^+/+T)
we can determine, by the preceding analysis, the oscillations of the second

kind.

[2239']
This law of the depth depends on the value of i, therefore it is not the

same for all the terms in which the action of the attracting body is developed ;

now this identity is indispensable for the admission of any particular law of

the depth. But we may observe, that as i differs hut very little from n, we

ft
''

[2240] may suppose
- = l [2223e], and then the preceding law of the depth of

the sea becomes independent of i. This is also very nearly equal to that

we have found, in the preceding article, for the oscillations of the first kind,

[2241] if f be sufficiently large to permit us to neglect
- in comparison with

Considera- c) y*2 _| /* +
V ^ionofthe ^ f \ J •]

case in

which n
and t areluiu % are

equal. ^ jy^g consideration of i being nearly equal to n, leads to a very simple

and remarkable expression of a, which furnishes an explanation of one of the

[2242] principal phenomena of the tides. If we put i= n, we shall have [2225]

the second member of [2236^], and the second membe^ of the sum, rejecting the terras

depending on ±"^> i—r— , which mutually destroy each other, becomes

[22.']S6n] Resubstituting the value of R [2236a], we get [2237], for the corresponding term of
f

a [2236A;]. Putting this equal to the assumed value [2235"}, and then dividing by the

coefficient of 9, we get [2238].
-

*

[2239a]
*
(1666) Substituting [2238] in [2196], we get the depth of th& sea, as in [2239].

[2240a] t (1668) If ^ be so small, in comparisonVith 2/2-}-/, that we may neglect it ;

the expression [2238] will become identical with [2205], which corresponds to the first

oscillation.
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Value of

_Z.(1~^M.")
^-^2.(i_4^2)- [2243]

We shall now suppose, in the equation [2183], that 5 = 1, i = n, and* vaiu«°f

a = Q . fA . ^ I—fiP, Q being a coefficient independent of m- ; we shall then [2244]

have, by what precedes,! ^^,^^^^

which gives,t

a.

[2245]

. a'. [2246]

*
(1670) We have found, in [2223^'J, i=nzts'n' ; and If we suppose, as in [2242],

t= n, it will be the same as to neglect n' in comparison with n ; and this is equivalent to

the supposition that the attracting body does not change its place during the time w ^ of one [2241o]

oscillation, in which case v, r, [2222] ,
remain constant

; consequently the factor Jc, deduced

from [2222], may be considered as constant, in the part of

aV' = ak.ii..\/{l— i>P). COS. {it -{-zi
— A) [2223],;

on which the functions of the second kind depend. This part of aV contains the

factor M'.\/(l
—

li?), which must produce, in the equation [2178'"], a term having the same

factor
;
and this must be balanced by terms of the similar forms in y, a', a, [2178'", 2178]. |[22416]

Assuming therefore, for a, the value [2244], we gel, as in the next note, a' [2245]. These

values must satisfy [2183], and by this condition we shall hereafter obtain the value of

q [2249]. "*

t(1671) Comparing the values of a [2244,2226], we get PW=Q, P(2)_o, |-2245a]

pw _ 0, &;c. Substituting tliese in [2231],. we get a' [2245].

t(1672) Putting for brevity q :=
(l
— ~\. q— -

, we get a'=:Q'.fiiV(l--f*2)

[2245]. Its differential gives,

/da'\ 1-2m^ i

'

l-2fx2 , 1-2m^

Substituting this, and i= n [2242], in the first member of [2246], it becomes, ^

2(xa'— (f. -=:— a'.- '—^,

as in [2246]. This is the quantity named W [2231a] ; and if we multiply it by z [2243],
we shall get.
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The second member of the equation [2183] is by this means reduced to the

[2247] term* ~-^^' Putting this quantity equal to the first member, or the

supposed value of «, we shall find,t

2 ^^g A 3\ 2lq
n-^

'

\ 5 p/ n^
[^«l Q=-^-(^-^.)-Q--^-k;

^
(1673) The partial differential of the last expression of zW [22466], being multiplied

by g, and reduced by means of [2246a], gives successively,

The same value oi zW [22466] gives [22476], by putting i=n [2242] ; moreover, from

z [2243], we get [2247c],

^nffM- Txr 2ffa I ,

'

, , ZfifO' (—2+ 2 0,2)

[2247c]
i2.(i_^2^

—
^2

•

1—^2

Adding together the expressions' [2247«, 6, c], the first member of the sum becomes as in

the second member of [2231c], and the second member of the sum, reducecTby neglecting

[2247rf] the terms which destroy each other, becomes —~. —7371— == —
2~*^5''

^^

in [2247].

f (1674) Substituting in [2231c] the value of its second member [2247], and that of

its first member [2244], we get

[2S47el q.,.y'il-,^)= mi.,^=^.{{l-l-;).^-l].,Vii->-^) [2245].

Dividing by f* . /(I— p-^),
we obtain [2248] ;

from which we easily deduce the value of

Q [2249]. Hence the assumed value of a [2244] becomes.

•
k

^lqk.lt'.\/{l—l)^) 2lq.k. sin. 6 . cog. 6

[2247/]
"~

^^S<I'{^-l-^-n' 2Z^^.(l--)-n«

* 4

[2128^"].
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hence we deduce,

^
2?,.i

[2249]

Therefore the part of ay, corresponding to the term

« k . sin. 4 . cos. d . cos. (it-\-is
— A) [2223], [2250]

will be,*

21 q . sin. & . cos. ^

2'^2-0-^)-"'

. a A; . COS.
(z

^ + w A), [2251]

But the sum of the terms ak .cos. (it -{-in
— A) [2223] is, by what

precedes, the development of the function

—
y- . sin. V . cos. V . cos. (nt-\-'si

—
4.) ; [2252]

therefore we shall have, for the whole part of «
y, relative to oscillations

of the second kind,t vaiueof

f^
T depending—-
.Iq. sin. & . cos. ^ . sin. v . cos. v . cos. (nt-^-a }.) tk.M"f

^"

'i
,

the second

, kind.

2/^?.(l-^)-«= [2253]

and this value is general, whatever q may be ; that is, whatever may be the

law of the depth of the sea
; provided the spheroid which it covers is an

[2253']

ellipsoid of revolution [2196«].

*(1675) Substituting a [2247/] in [2178], multiplying it by a, and putting 5=1,
i= — A^ [2230a], we get for ay the expression [2251], depending on the term [2223]

a A; . sin. d . cos. ^ . cos. {it-\-'ui
— A) ; and the former may be derived from the latter, by

.... ., 2Zg
multiplying it by -, jr .

[2251o]

f (1676) The function [2252], multiplied by sin. 6 . cos. ^, represents the part of the

disturbing force a V [2222] producing the oscillations of the second kind. Therefore

if we multiply [2252] by sin. ^. cos. ^, and by the factor [2251a], we shall obtain the
[2252al

corresponding value of ay [2253], as is evident from the last note.

145
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The difference of the two tides of the same day, depends on oscillations of
the second kind. For when the attracting body passes the upper meridian of

the particle, we have nt-{-w— 4-
= [2131a] ;

and when it passes the

[2254] lower meridian, nt-{-^— 4. =200° [21316]; therefore the excess of

the tide in the first instance, above that in the second, is*

Difference \Z ±j , , ,

of the two —-—
. Iq . sm. & . COS. ^ . sm. v . cos. v

tides of the j-^
-*

same day. ,

[2255] 2lgq . fl
j

— n^

The observations made in our ports, prove that this difference is very small ;

[2256] which requires that Iq should he very small, in comparison with —
.f Hence

*
(1677) If we put L' for the coefficient of cos. (n j; + •*— \) [2253], we shall

[2253a] have a. y= L' . cos. {n t -\- -us—
4.). Now when the attracting body is on the meridian,

above the horizon, we have nt -\-zi
—

-^
= [2131a]; and then ay= U. When

[22536] the body is on the meridian, below the horizon, we have nt-^-zi
—

4^
= 200° [21316] ;

and then ay= — LI. The difference of these two expressions is 2Z»', as in [2255].

f (1678) If we divide the numerator and denominator of [2255] by Igq^ it becomes,

12 i. .——
. sm. ^ . cos.^ . sm. v . cos. v

[2255a] ^
_3_\

n2 J_~~
S P/

~
g-

'

^1

The numerator of this is of the same order as the ratio of four times the disturbing force a.V'

[2222], to gravity g ; and as this is of considerable magnitude, the expression [2255fl], or

(3 \ rfi \

1 ——
j

——
.
— is large ;

n^ 1
which requires that —

.
-- should be a very large quantity ; therefore in general 5

must be very small, in comparison with — ;
and then the denominator of [2255a] will be

negative, if Iq he positive ; hut positive, i( Iq be negative;
— bemg a positive

quantity, representing the ratio of the centrifugal force, to gravity [1594a, &,c.].
If the

place of observation be on the same side of the equator as the attracting body, sin. 6 and

[2255cl gjj^ y ^jji ij^^g ^jjg g^i^g
gjgj^

. ^g numerator of [2255a] will be positive, and the whole of

that expression will have a different sign from I q. Now it appears from observation, that

tliis sign of [2255] is positive ;
therefore Iq must be negative, and equal to —Iq ; q being a

[2255rf] positive quantity j and then the depth of the sea [2196] becomes l-\-lq'.iJ?=l-{-lq'.sm.Ha.i.,

which is greatest at the poles.
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this supposition gives a very simple explanation of the phenomenon. In

this case the denominator of the preceding fraction is negative ; and if,

as observations seem to indicate, the superior tide exceeds the inferior, [2256']

Iq will be a negative quantity, and the sea a little deeper at the poles than

at the equator. But this inference is restricted by the hypothesis [2196],

that the fluid is regularly spread over an ellipsoid of revolution, which is not [2256"]

the case of nature.

If we substitute the value of Q in the expression of a', we shall get,*

—
. fx . v/l—M.2

a! = ^ ^ [2257]

2'^?-0-^)-»^
Substituting this in the expressions of h and c, § 3, we get, by supposing

5 = 1, and i = w,t
[2257^

^ — ~'

S'X ;
'

[2258]

^'S1-{}-l-)-n^
k[i<

\^lg1-{i-~)-n^\-VT=?'
[2259]

[2258a]

*
(1679) Substituting Q [2249] in [2245], and then reducing the terras to a common

denominator, we get [2257].

f (1680) Putting 5= 1, in [2180]; then substituting, in the numerator, the value

[2246], we get the first of the following expressions of 6, which, by putting i=n [2223],
and

substituting a' [2257], becomes as in [2258] ;

h — g.{\— A\j.^).a' go! —k

raaliing the same substitutions, *=1, t= n, in [2181], then using the values of

fda'\

\d~ ) \?'^^^^h we get successively,

n2.(l—4f*2).(i_p;j) n2.(l
—

4|m.2).(l~^3)

_ ga;.{\-.A[>?) _ ga'—
»2.(i_-4m.2).(1— fx2)

—
n^(l— ^2)5

[22586]

substituting a! [2257], we obtain [2259].
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[2259'] Hence it follows, that the part of aw, relative to oscillations of the second

kind, is*

—J- . sin. V . cos. V . COS. (nt-\--ss
—

-^j

[2260] uu = —
;

o!cuia-*° and the part of a??, relative to the same oscillations, isf
tions of
the second

—^- .
--—

. sm. V . COS. V . sin. (nt-h-ss— -l)
r^ sinJ ^ ^

[2261] ttV—

2'^?-0-^)-»^

ON OSCILLATIONS OF THE THIRD KIND.

The

'*"'^/
9. The part of the action of the body L, w^hich produces these oscillations,

onTht'"^ is, by [2195], equal to
action of
the body

7 3 jL—r- . sin.^ 6 . cos.^ V . COS. 2 . (/i ^ + ts— 4.).

[2262]
4r3

*(1681) Putting 5=1, sz=— A, in [2178'], multiplying by a, and substituting

[2260a] J

[2258], we get aM=—
-^ g-r

. a k . cos. {i
t -\- ts— A). Comparing

this with [2223], we find, that if this part of the disturbing force,

aA;.fA.y/(l
—

liP)
. COS. {i

t -\- -a— *4),

be divided by
—

j
2 Zg-^.

(^I

—
^)
— n^l . (x . v/(l

—
m-^), it will produce the

corresponding part of au; hence if the whole of the disturbing force a V [2222] be

[22605] divided by the same quantity, or by —X'^lgq-y
—^ j

— n^ L sin. a . cos. ^ it will

produce the whole value of a w [2260].

f (1682) IVIultiplying [2178"] by a, and substituting [2259,2260a], we get,

[2261a]

^""2^1_^)_„«V(1-.^)
a«= -, o"^^ •-jTr-

—
5"\

• «^* sin. {it-\-'a
—

A).
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The development of this function, in cosines of angles, increasing in

proportion
to the time, gives a series of terms, of the form

ak : sin.^ ^ . COS. (it-\-2'ts
— A) ; [2262']

t differing but little from 2w.*

We shall now resume the equation [2183], supposing s= %\ and z as [2263]

in [2197,2225],

we shall also suppose a to be expressed by the following series,! vaineof

a = (1— M-')
. {P(°> + P(') + P^'' + pcv-2)} ; [^65]

Comparing this with [2223], it appears that if the part of the disturbing force

ak .ii .\/{ 1—
/x^)

. COS. {it-\-zi
—

A),

be divided by ] ^^gQ -

[^
—

^)
— n^>. (1

—
f^^)

• tang. {it-\-'a
—

A), it will produce

the corresponding term of a v. Therefore if we divide the whole of the disturbing force

aV [2222], by the same quantity,

\2lgq. (l—.-^—n^
\ . sin.^6 . tang. {it-j-'m

—
A),

we shall obtain the whole value of av [2261] ;
i being nearly equal to n [2257'].

*
(1683) This may be proved in a manner similar to that used in [2223a—/]. [2262a]

f (1684) The coefficient of -a, in [2195], or [2262], is to be put equal to s, to conform [2263a]

to [2178, he.} ;
hence 5=2.

J (1685) This assumed value of a gives a', as in [2270], and these expressions satisfy

the equation [2183], using the value of q [2278]. If we wish to know why this form wag

assumed, we may proceed as in note 1655, page 568, and we shall find, as in [2225c], that

a ought to have the same factor sin.^ ^, or 1— ^, as [2262] ; so that if we suppose,

as in [2144], y= Y^'" + Y^" _{- r(2) _{- y(3)

_|_ ^(2/). ^^ must put [22636]

rcv)= (i_^2).p(2/-2).cos.(t'< + 2^— ^); [2263c]

as is evident, from the method of investigation of the value of Y^^'^ [2227]. If we now

seek, in [15280
—

(f, &:c.], the terms depending on sin.2«, cos.2-5J, which are also multiplied

by (1— ,/,2);
and put Af.sm.2vi -\- B-^\cos.2TJi under the form ^^"\cos.(tV-f-2^—^), [2263<i]

as in [2225i], we shall find, as in [2225e—̂ ],

146
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[2265'] P^^\ P^), P^^\ kc, being rational and integral functions of fx^, of such

[2266] forms, that by putting F^^) = (1— fj^')
. P^^f-^\ we may have,*

[2267]
S // ) ("I u?') I \ \ f 4 yea/)=
\ "•['-' '-^\ A^ )\ \

-\^ + 2/. (2/+ 1) . Y'V).

[2267'] The part of a', corresponding to the action of an aqueous stratum, whose

internal radius is unity, and external radius 1 + a
?/, will be, by what

precedes,t

3.(1 M- )
C

„,Q „,g _
^

1

[2268]
P

^ J. P(0) 4- X P(2) 4- _1_ P(4) J !__ p(2/-2)
•^5'-^

Tg*-^ T-13'^ T^
4y_|_ j

• ^

k
[2269] The part of «', corresponding to the action of the body L, ist —

. (1
—

m-^) ;

o

7(0) = 0, r^l)= 0, Y(2)^ (1_^2N . ^(2) , COS. (i ^+ 2 *— ^),
[2263e]

V f" ; V i ;'

r(3) = 0, yw ^ (i_f,2) . (m-2— I) . ^(4) ^ COS. (i^+ 2 ^— .4), &c.

If we now put .^^2)^p(0)^ ^W . (^2_|) ^ po)^ ^c., the value of y will

[2263/] become y= (1
—

m-^^
. {P(0)+ P(2) + P^2/-2)| ^ ^os. (i< + 2ttf—

./2). Comparing

this with [2178], we get a [2265].

*(1686) The assumed value of F^^/) [2263c] gives

(f'^I^^^ )
==— 4(^— f"^)

• ^^""""'^ • ^°^- (*^+ 2w— ^)=— 4 F2/) ;

Substituting this, and i= 2/, in the equation [2145], it becomes as in [2267]; which

[2266a].
would also be satisfied, if we were to reject the factor cos. {it-\- 2ot— ./2),

and put simply

y(2/) =3 (1_,;,2^ .p(2/-2)^ as iu [2266].

f (1687) The part of V [2146a], depending on the attraction of this stratum, being

divided by
—

g, gives, by using [2263c],

V
_3 ^ Y© _ 3 ^ F(2/) 3.(l_|uP) ^p(2/-2)

g p 2t+ l p 4/4-1 p 4/+1 ^ ' '

3 (I fjLS) p{if-2)
[22666] This produces, in a' [2178'"], the terms — -^ '

TTTF' beginning with /=1

and PO) , as in [2268].

I (1688) The part of a F', depending on the attracting body, is composed of a series

of terms of the form

[2269a]
a ^ • sin.^ 6 . COS. (t

^+ 2 «— .4) [22621, or « * •
(
l— f*^) cos. («

<
-|- 2 «— ^) ;
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therefore we shall have,*

(i _—^ .p(0) 4-A — I-Vp^^^ + fi—-—Vp^2/-2)

a'=(l-f.^).

Value of

a.

^ ^
[2270]

g

We shall suppose the indeterminate constant quantities, by which the functions

p(0)^ p(2)^ ^c., are multiplied, to be such that the function

T--'-(-^)-(l-^^)
t-'^

maybe divisible by (i^
—

4?i^(x^), which requires only one equation of

condition between these indeterminate quantities.! Then the second member

of the equation [2183] will have no denominator; moreover it will be

divisible by 1— ii^, like the first member. For by supposing^ a'=(l
—

i*'^)'F, [2272]

and considering only the terms not divisible by 1— ij?, the three parts of

this second member will become,^

-^y.^gz.F+ [-f-}^^''
-

'g^'^+{ -2-^)
-4^2.^; [2273]

V k
which must produce, in

, terras of the form . (1
—

fx^)
. cos. {it-[-2'a

— A) j

and in a' [2178'"], terms of the form [2269].

*
(1689) Substituting a [2265] in [2178], and the resulting value of y, with those of

[2268, 2269], in [2178'"], we shall get, for a' the value [2270]. [2270a]

f (1690) This may be proved in a similar manner to that in [220 Id], where the
[2271a]

equation of condition is C= 0.

t (1691) Puttmg

in [2270], it becomes as in [2272].

§(1692) Putting ^'=
^.f.a'

—
(^').(1~H.2),

and s=2, in [2183], it
[2273«]

becomes,
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[2274] or* 4.(1— \i?).gz.F'^ consequently their sum is divisible by 1— ii?.

Substituting the preceding values of «, «', in the equation [2183], then

dividing it by 1— |x^ and comparing the coefficients of the powers of
/x, we

shall get / equations. These, being connected with the preceding [2271a],

will form a system of /+! equations of condition, which must be satisfied.f

[2274'] Now the number of indeterminate quantities, including q, is also f-\- 1
;

therefore we shall have as many indeterminate quantities as equations.

[2275] To obtain the value of
q, we shall put Q . f^^-^-^ for the term having

the greatest exponent of lu- in P^^f-^')
;

the corresponding term of a' is

„-, /dz\ /dW'\ ,
4nff.az ,„, , igza' .(i^— irfii^)

[22736] -g-^^'ij^j+S-iT^j+JJ^-^' +^Ki^-,^)

Substituting a' [2272] in PV' [2273a], reducing, and then taking its differential, we get,

«r'=y.,'(i-c=).F+2p,.F.(i-i.=)-(i-p.T.(|^)

[2273(Z]

If we retain only those terms of [22736] which have not the factor (1
—

itP),
we shall find,

by substituting [2273c, d}, that the first term of [22735] may be neglected ; the second

[2?73e] term produces the first of [2273] ;
the third term produces the second of [2273] ;

and the

fourth term of [22736], by the substitution of a' [2272], produces the last term of [2273].

*
(1693) If we put the expression [2273] equal to 4gz.F.G, we shall find, by

successive reductions,

i2_4n2|x2

[2274a]
= ,_^=i 5?il±i_L«Jl±i).ai'+i!!!^ = l_^=, as in [2274].

f (IG94) The demonstration of this is made as in [2234a^-c], putting (1
—

f^^)
for

the factor of a, a', [2234a, b], instead of m- . /(i— M-^)- Observing that the greatest index

[2274a]
.^ J-219S] jg 2/, and in [2265] is 2/— 2, so that / is decreased by unity in this last

expression; and for the same reason /+2 [2201/] becomes /-f Ij as in [2274'].
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(l-.=)..^-^e.(]-^^);* [^76,

the corresponding term of the second member of the equation [2183] isf

*
(1695) The greatest exponent of /x, in the value of a [2265], must evidently arise from

the term P^2/-2)^ ^j
—

y^s^
. ^^^ ^^^^ qJ- ^^'^ f^.^^ ^^le term

(1-^2) .

(l -pjzfi^p)
. P'''-'\ [2270], [2275a]

3
which are to each other as 1 to 1 — ,. ^ , , . Multiplyins; this last expression, by the

(4/+l).p
fjo r ^ J

assumed value of the coefficient of P<-^f-^ . (l
—

^a^), namely (1
—

fx^)
. (x"-^~^ . Q, we

get the corresponding term of a' [2276],

f (1696) Proceeding in the same manner as in note 1665, page 572, noticing the highest

power of i^, we shall put,

and then from [2275, 2265, 2276], we have

If we retain, in the following calculations, only the highest power of fA, vve may put

a==— Q.M-2-^, a'= — Q'.f^s/. hence ^^J
=— 2/. Q'.fA.2/-i. Substituting [2276c]

these in [2273a], we get,

TV ==-
1^

. Q' . f.2/+i
_ 2/. q . f.2/+i = q . f.^/+i .

(^- 1^
_

2/)
.

[2276rf]

Multiplying this by g, and by the value of z [2236e], we obtain the first expression [2276e] ;

whose differential is given in [2276/"]. These formulas are reduced by using R [2276a],

^..0''=Q'.,=....0.(_^'_2/)=4«...(-V"-V); t^76.]

Substituting the value of (I
—

/x^)-! [2236A], in the two last terms of [2273a'], we get,

f d.{zW') \ 4n IQrfi

"=^" •

V"~^7~j~ T -^ -^^ • ^^ +-i^ -^^^ «•
[2276^]
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Putting this equal to the corresponding term of the first member,

§.(1
—

,.^).,.^/-%

we shall get,*

Value of 2 n^
q. q =

[2278] '^•0-(i7TTr>(^/^+/+T)'

Hence, if we suppose the depth of the sea [2196, 2278] equal to

^2 „2Depth of Sw^fX^
the sea. I -;

—-—

imn *'-0-W+V7)-("^^+'^+t)
we can determine, by the preceding analysis, the oscillations of the third

kind. This expression is different for the different values which i may
have ; but we may observe, that i [2262'] being nearly equal to 2w, we can

2 n
[2279'] suppose -^ = 1

;
and then we shall have the same expression, for the depth

Now by means of the values [2276e, c, 2236e], we find,

[2276/i] -^.i.-Kgz.W':=R.{-j^-\--[-);

Adding together the equations [2276/, h, i],
and neglecting the terms depending on

rb —r- , dz -.— , which mutually destroy each other ; substituting also, instead of the

first member, its value a [2276^], we get,

[2276*] a = R.(-2p-f-^)
=-^J . q . yV . (zp +f+^-f).

Now it has been proved, in [2271
—

2274], that the second member of [2183], or the value

of «, is divisible by 1— ^^ ',
therefore the preceding term of a, depending on /j-% must

arise from a factor of the form —
(1
—

\i?)
. \i?^~'^. Substituting this for m-^-^, in [227CA;],

[2276^] it becomes a=^-^-\ .q .{\—i)?) .\>?f-^ .(^P -{-f-\-'^\, as in [2277], using

q [2276a].

*
(1697) The term of p&f-^'> containing the highest power of f*, is Q,-l^^^~*

[2275J; the corresponding term of a [2265] is a= (1— m-^)
.
Q.fj-'-^.^-^. Putting this

[2278a] equal to its value [2277], and dividing by the coefficient of q, we get [2278]. Hence the

depth of the sea [2196] becomes as in [2279].
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of the sea, as we have found in ^ 7,* relative to the oscillations of the second

kind. The coincidence of these two expressions is evidently necessary for

the admission of this law of the depth. We may even make this depth

coincide with that found in ^ 5, for oscillations of the first kind, supposing

/ to be so great, that we may neglect unity, in comparison with 2/^ +/;t [2280]

but we have observed, in ^ 6, that the resistance suffered by the sea, in its

motion, renders the oscillations of the first kind independent of the depth of

the sea;t so that it is only necessary to consider those laws of the depth, in [2280^

which we can determine the oscillations of the second and the third kinds.

10. We have remarked, in § 8, that to satisfy the observations, we must

suppose the depth of the sea to he nearly constant
,*§

we shall now determine the [2280"]

oscillations of the third kind in this hypothesis. We shall also suppose that

r, 4;, and v, vary so slowly, in comparison with the variations of the angle jepth'of*

2nt, that we may consider them as constant quantities. We shall also neglect mini

the fraction\\ -, ivhich expresses the ratio of the density of the sea, to the [2280"']

*
(1698) In [2239] we have -=1 nearly [2240] ;

and in [2279], ~=1 nearly

[2279'] ;
hence these expressions are nearly identical. [2279o]

t(1699) Neglecting ^=1 [2279^, in the factor 2f^+f+^ [2279]; and

" = 1 [2240], in the factor 2/2+/-f" [2239]; they become 2f^-\-f, or

f .{2f-\- I), as in [22056] ; by which means the three expressions of the depth of the [2280a]

sea [22056, 2239, 2279] become identical.

J (1700) This follows from [2221], where ay is given, independent of Z, q, on which
[22805]

the depth of the sea [2196] depends.

<^ (1701) It is shown in [2256], from observation, that Iq is very small ; therefore the
[2280c]

depth of the sea [2196] is nearly constant.

II (1702) The density of water being taken for unity, the mean density of the earth will
[2280(i]

be
p
=

5, nearly ; this being the value assumed by the author [10642], in conformity to

the calculations of Dr. Hutton, from the observations of the attraction of the mountain

Schehallien
;
and from the experiments of Mr. Cavendish on the attraction of small spherical

bodies. Hence ^
=
|, §-

=
^, &c., -l—=.-±—^. aUofwhioh [2280.]
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mean density of the earth ; which ratio is very small, as appears by the

observations made on the attractions of mountains. This being premised,

and then putting*

[2281] y = « • COS. (2 w ^ + 2 ^— 2
v).),

we shall get,t

[2282] aa' = aa
^
—

. (1
—

fJi.^)
. cos.^ V

;

[2283] therefore the equation [2183] will become, by observing that J z
4n2.(i_^2)

[2284]
J.««.(l--f^^)^=--«.(^").(l-f^^7+(6+2.^).«a~^

. (1-,.^; . COS.S'. ^

are small, in comparison with the term unity of the series [2270] ;
and if we neglect ihem,

on account of their smallness, we shall have, by using a [2265],

[2280/] a'= (1— fi^)
. i P(0) -j-P(2) -^p(2/-2)_^ I ==«_-. (1—^2).

[2281a]
*
(ITOS) The quantities r, 4^, v, being supposed constant; the development of the force

[2262], made as in [2223a—;/'], will contain simply the angle 2w^-}-2Ttf
—

2-^', because

the terms s'n', A', [2223c
—d], will not be introduced by the quantities r, 4^, v, which

are supposed to be constant. Therefore, instead of the value of y [2178], we may assume

that, given in [2281], depending on the same angle 2.{nt-{-zi
—

4^),
which occurs

in [2262].

[2282a] t (1704) IMultiplying [2280/] by a, we get aa'= aa .ale .{I
—

/x^).
Now as

r, 4'j V, are supposed to be constant [2281a], we may, instead of the series of terms [2262'],

take only one term aA;. sin.^^.cos. 2 . (n^+'zrf
—

4')* Putting this equal to the expression
o r

[2262], and then dividing by sin.^^.cos. 2 . (nf-f-^
—

4')) we get a A:= —-—
. cos.^ v.

Substituting this in [2282a], we obtain [2282].

J (1705) This value of z is the same as that used in [2197, 2225, 2264], putting

[2283a] t= 2n, and
§'
= 0, in order to render the depth of the sea [2196] constant, and

equal to ?.

§(1706) The differential of 2 [2283], gives (^\
= -—llt-—. Substituting

these, and t= 2n, in [22736], multiplying by
—

.a.(l
—

i^.^)^,
and reducinz,

we' get.
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We may put this equation under a more simple form, by making vaiueof

1— ij? =za^[== cos.^ lat.], [2285]

and supposing dx constant
; by which means we shall have,*

Equation
to find

^.(,-^).». (^)-..«.g)-2»«.|W-|Vj + |.^.cos.V
= 0. ;[2286]

ig

-^—j.(l—fi2)+4aa'.(l— H.2).

'

[2284c]

Now i= 2 n, makes W [2273a] become ^'= 2 m- a'— (— )
.
(
1—

f**) ; hence

i—— )= 2 a'-}- 4 fA . (—
j

—
{~7^ )

• (^
—

f*^)' Moreover, the second differential of aa*

[2282], taken relatively to f*, and divided by dy^^, considering g, L, r, v, as constant, gives

" •

{~d^)
= " •

(t^) + -f^
• *^°''''^- Substituting the values of W,

(—-'^
, [2284el

[2284<r|, in [2284c] ; reducing, using a a' [2282], and its differential [2284e], we finally

obtain [2284/] ; and by connecting the terms of this last expression, depending on L, it

becomes as in [2284],

4n2

= 4«,.
{2,<,'_(^').(1_,=) I

+„.(!_,.). |2,-+4..(l^^)-(^).(l-,») ]
[2^84/1

+ 4ua:.{l—ii?)

=
1»'— i?^-(l-''=)-~'-'''}-(6+2|'')-l-(^)+i;^-««-'"|-(l-''T- [SS84S1

*
(1707) Supposing a in the first place to be a function of |x, and then a function of a?;

taking the partial differentials as in [462, Stc], we get,

fdaS fda\ /dx\ /dda\ /dda\ /dx\^
, /da\ /ddx\

148
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To satisfy this equation, we shall put,*

[2287] « a= A^'^ . x^ + ^^^> . x' + J(3) . af + &c.

This value being substituted in the preceding differential equation, will give,

in the first place, by comparing the coefficients of x^,

Also from x = (1
—

liPf [2285), we obtain

[2286a] /^A____eL_. (^\=^ 1

it becomes

iir

—-
. (1 fi^) . COS.^ V.

[2286&] Substituting (1
—

fj^^)*
==

a;, m-^
__

j — ^,2^ j^ becomes,

4n2 A /dda\ ,, o\ o i /<^a\ , ,„ _ ^v 6Z(

[2286c]
-— .a.a.x^= — a . ( -;— )

• (1
—

«^) . «^ + « '^ •
( T~ ) +(^—2xr).aa

——
. x^ . cos.^v j

which is easily reduced to the form [2286], by transposing all the terms to the first member.

*
(1708) This agrees with the form assumed in [2265]. For P'-°\ P^^\ kc, bein^

functions of fJL^ [2266] J
if we put (i.^==l—x% the expression p(0)+ P(2) -|-P(2/-2),

[2287a] may be put equal to {A^^^-{-A^^\x^+A(^^ . x*-\-hc.), MuUiplying this by 1— m-^, or ocr^, we

get the corresponding part of a [2265], which is here called a a. If we use the characteristic

[22876] of finite integrals 2, the expression [2287] may be put under the form a a= 2 A^-^^.oc^^,

which gives «.(£)=22/.^(^>.^^-S a.(~^\
= :^{4P-2f)A^Kar^-'-,

hence [2286] becomes

[2287c] = 2? . 2„2 . V+^.aj^.cos.3vj

and by arranging the terms, between the braces, according to the powers of o:^, we obtain,

If .^</).^2/+^-(2/-2).(2/+l).^(/).cr2/+9 6^
[2287<| = 2<^^ > +—-.aj^.cos.^v;

+ 4.(/-2).(/+l).^</>.^^^ ^
^^

in which / includes the positive integral numbers 1
, 2, 3, 4, &£c.
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^(1)=== .^.COS.^v.* [2288]

The comparison of the coefficients of x'^ will give the identical equation

= ;t lastly, the comparison of the coefficients of a:^^+*, / being equal [2288']

to, or greater than, unity, will give,t

=. J(^+2) . {2f + 6/)— A^^+''> . (2/2+ 3/) +^ . A^\ [2289]

By means of this equation, we may find the values of A^^\ A^^\ &c.,

when ^^'^ and A^^^ are known. We may put this equation under the

following form,§

aifT
—

^C/+2) ? [2290]^«/)
2/^+3/- (2/= + 6/).^,-

*
(1709) If we take the least value of /, namely /= 1, it will produce in [2287rf],

under the sign 2, a term depending upon x^. This being connected with the term

without the sign 2, having the same factor a^, must be put equal to nothing ; hence

— 8 ./2^i\ a:^+—-
. ar^ . cos.2 V= ; [2288a]

from which we easily obtain [2288].

f (1710) Putting /==1, and then /=2, in [2287c?], and retaining only the terms

having the coefficient a?'*, we shall find that the first of these values of f produces the expression

_(2/_2).(2/4-l).^<".a;''= 0; and the second 4.(/—2).(/—l).^>.a?''=0 ; [22886]

so that the coefficient of a?"* produces the identical equation
=

[2288'].

{ (1711) To obtain the term of [2287<?] multiplied by c^^+*, we must, in the second

term, change / into /+1 ; and in the third, change / into /+2. Putting the resulting [2289a]

expression equal to nothing, and dividing by 2a?^-^+^, we shall get [2289].

§ (1712) If we transpose the two first terms of [2289], we may put it under the

following form,

^(/+.) .

j
(2/^ + 3/)_ (2/=+ 6/) .^ S

=
17

• ^'"- t«^l

Dividing this by A''^\ and by the coefficient of A^+^\ we get [2290].
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hence we find,*

[2291] 2/^+ 3/-^^-^. C/^+ 3/)
?a

2.
(y+l)^+3.(/+l)-lJ.{C/+l/+3. (/+!)}

2.(/+2)^+3.(/+2)-&c.
'

*
(1713) The equation [2290] must be satisfied for all integral values of /; and if we

write /+ 1 for /, we shall get,

[22906] A^f-^^^. _ lg_

2.(/+l)^ + 3.(/+l)-2.{(/+l)^+3.(/+l)}.^

Substituting this in the second member of [2290], we obtain,

[2290c]

2.(/+l)^+ 3.(/+l)--2.K/+l)^+3.(/+l)}.4^

Now changing / into /-j- 2, we shall have an expression of
q(,f-\-<S)

^° terms of

-- ..
^- ;

and by substituting this in [2290c], we shall obtain a second? value of —
;^(7r»

^(/4-5)

expressed in terms of '

a(fj^\)
• Changing in this, / into /+ 4, we get the value of

[2290£f] ,
in terms of

a^^^) ?
and by substituting it in the second value of

-^(/fj
we

obtain a ^AtVt? value of that quantity. Proceeding in this way, we finally obtain the formula

[2291]; which, by putting /=1, and multiplying by ^^»\ gives [2292].

[2290e]
An expression of tlie form [2291] is called a continued fraction, which may be generally

^ . , expressed by
Continued •* •'

fraction.

B^a^l
[2290/] ^c + ^

6+
^+

e + SiC. ;



IV.i. §10.] OSCILLATlOx\S OF THE THIRD KIND. 695

and, by supposing /=1, it becomes,

^8

2.P+3.1— ^'.(P+3.1)

4^2 [2292]

,.2H3.2- -.(2-+3.2)

2.32 + 3.3— t!^. (3^+3. 3)

2.42 + 3.4— &c.

the series being continued infinitely ;
or broken off after any number of terms, as in the

following examples, whose values are derived from each other, by the usual operations of

arithmetic, commencing the calculation with the last term,

^=
i+x

= 2oTT=A; ^=^ +
i_l_^

= ^+A'"^'"^'
[2290g]

^— F+ ^_^^ ^—i+ 1^—136+21 —T^-
+ ¥

It has been lately proposed to write a fraction of the form [2290/*] in the following manner,

which takes up less space ; Abridged
form of

r± a fv !i continued

B=a-\-— - — — fractions,

-r J + c + rf + e + &c.
[^am^

If we compute successively 1, 2, 3, 4, &;c. terms of the series [2290/*], we may reduce

thera to the form of common fractions, as in [2290/i
—

Z, Stc] j observing that when the

fraction is less than unity, we shall have a= 0.

a == -
; [2290A]

, a ah-\-a.

«+j =
fe

' E^<^1

a e ahc-\- pa+ ac
« + 6 + 7

=
fe7+p 5 [22904]

a p 7 afccrf+pgrf+gcrf+ yafc + ay

«+6+r + rf= hcd^^d-\-yh ' t229(«]

&LC.

149
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Hence we may find A^^^ by means of A'^^K The ratio of the
centrifugal

|;2292'] force to the gravity at the equator is expressed by
— =

-^^-^ [1594a].

Each of the fractions contained in the second members of the series [2290A, Sic], may be

derived, from the two immediately preceding it, in the following manner.

Place these fractions in their natural order, in the horizontal line [2290o], the first term of

[^290»i] the series being ^ j
and above them the quantities a, b, c, d, Sic, as upper indices, in the

line [2290w] ; also below them respectively, the quantities a, ^, y, d, he, [2290p], as

Approxi- lower indices ;
mate

r2290nl a b C d e [Upper index.]

1 a ab-\-a abc ~{- ^a ~\- ac abcdjj-pad -^-acd-^y ab-^-ay
[2290o] -; -J -J-', ^^^r^

J bcd-^^d+ yb
*

[2290pl
"

|3 7 ^ ^ [Lower index.]

vaiMof Then if we compare the successive fractions [2290o] together, we shall easily find,- by

induction, that each fraction can be deduced from the two immediately preceding it, by the

following general rule.

Multiply the last numerator by the index placed over it, and the numerator lohich precedes

this by the index below it ; the sum of these products, noticing the signs, is the numerator of

the next term of the series. In like manner we must multiply the last denominator by the

[3290g]

General
rule for the
summa-
tion of

DJ290r]

continued indcx vlaccd over it, and the denominator which precedes this by the index below it ; the
fractions.

^ ^

*

sum of these products is the new denominator.

A common fraction, expressed in large numbers, may be reduced to a continued fraction,

by the usual method of finding the greatest common measure of these two numbers
;

dividing the greater by the less, and so on, always dividing the last divisor by the last

remainder. The several quotients are the denominators b, c, d, &tc.
;

and the numerators

[22905]
are all equal- to unity. Thus the fraction jB=yW [2290g-] may be successively reduced

to the following forms,

[2290<j
^= i¥t= * + iff

= I + J + ^T= J + ^ + i + i-

When a fraction is reduced to a series of this kind, in which the numerators are aU
j

equal to unity, and the denominators positive, the series of terms, commencing with the
i|

first, approximates towards the true value of the fraction B
;

so that the sum of any even
J

r2290Ml number of terms will be less than the true value of B, and the sum of any odd number

of terms will be greater than the true value of B ; until we arrive at the last term of the

[2290r] series, which gives the accurate value of B, when the series terminates. Thus in the
j

preceding example, by taking successively one, two, three and four terms, the series

becomes,

imowi i= i; i + * = T J i + J + i = M ;. i + ^ + i + i = xA j
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Therefore by supposing successively
-— = 20, -— := 5,

—— = f ; [2293]

the corresponding depths of the sea will be* ^^, ;^^ , ^^^^ ; the

radius of the earth being taken for unity. This being supposed, we [2293']

shall find by the preceding analysis, that the corresponding values of a a

will be,t

which are alternately greater and less than the true value, as is easily seen, by the manner in

which these terms are successively formed. In this way, the ratio of the diameter of a circle

to its circumference is expressed by

10 000000000 ± 'X _L_ JL L_ • rnnnn n31415926535 3 + 7 + 15 + 1 -}-292+&c. ? [^ftHWrJ

from which we easily deduce the well Rnown values ^, ^, ^rf ,
&;c.

;
which are

[2290y]

alternately greater and less than the true ratio. We shall not enter into any further

explanation of the properties of these fractions, which have been treated of by several

authors, particularly by La Grange, in his addition to the Elements of Algebra by Euler.

2n2 2 1 2*
(1714) If we put c=— =

y
.
—

[2292'], we shaU get I= -^^ .

[2292a]

Substituting the values of c [2293], namely c= 20, c= 5, c= ^', we obtain, for the

constant depth of the sea I, the values respectively corresponding, as in [2293].

2n2
t(1716) Dividing ^> [2292] by A^^\ and putting —=20, we get the following

''S

expression [2293a], in which we have used the symbol B, representing the infinite series
[22926]

[22936]. This separation of the series into two parts is made for the convenience of

I calculation
; since the series B converges very fast, and its value being found, and substituted

I
in [2293a], it becomes very easy to compute the value of the fraction, as in [2293/*]. We
have altered the form of writing these fractions, according to the method proposed in

[2292c]

, [2290g-'] In this series, the second difference of the numerators, beginning with the second,

I is 80
; the second difference of the denominators 4.

I
^=-¥-\^-^-W-HF-^fr-^V^-^^-\W-^^; [2293a]

5= 230 — -s^o^_%6^_^o^_8_3^_^5^2^_J4|^_&,. [22936]:

.
The value B, computed as in [2290o], forms a series of fractions, as in the following table ;

m which the first line contains the upper indices
;

the second, the successive values of B j [2293c];

\

Ae third, the lower indices ; the fourth, the successive values of B in decimals.
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[2294] a.a = . ar. COS. V .

1,0000 +20,1 862. 0^2 -1-10,1 164. a;^

—
13, 1047. a;6 — 15,4488. a;8— 7,4581 . x'°

— 2,l975.a?'2_ 0,4501 .x'^— 0,0687 . a?'6

— 0,0082. a;'8_ 0,0008. «2o_ 0,0001 . a?^^

230,

[2293dj

275,

230

324, 377, 434, 495, 560, &c.

5 8 05.^ JJ7 3 9 140il fiii|8 5,9 7.|.0il 2 5. 1945 4 9 9 7 gOO. JJL5 8 6_9 OJT 7 2 5_5 80 00 &„

—5200, —6160, —7200, —8320, —9520, —10800, —12160, &c.

00, 230, 211,1, 209,68, 209,591, 209,586, S=209,5859, &c.

[2293c] Hence it appears that the series [22936], approximates very fast
;

and that, by taking only

seven terms, we get very nearly B= 209,5859.

[2293/]

If we now substitute this value of B in [2293a], we

may obtain, by a similar computation, a series of fractions,

approximating successively towards the value of -pj . But

as the numbers thus produced are quite large, it was thought

best to use a different process, and begin with the tenth,

computing the terms in an inverted order, as in the adjoined

table, which needs no explanation. From this we find that

AW 20,1864, or ^^2)^ 20,1864 ..^«.

[2293er]

2n2
Now if we divide [2289] by 2/2-f 6/, and put 7-=20,
we shall get,

8/+ 3

2/4-6

10

/•(/+3)
A^^\

l(j,96540

^*
I 15,43932

39,9U7875

20

0,9907G

168,38793

131,095889

97,64159

67,87828

41,42839

16,96540

— 15,43932

39,907875

0,99076

20,1864

Putting now successively /=1, 2, 3, &;c., we may obtain A''^\ A'^'^^ A^^\ &.C.,

in terms of the preceding quantities ;
and by substituting their values in terms of A^^\ they

may all be made to depend on ./3^^\ Thus

^(3)= | . ^c^)— J . ./^(i)= 10,1165.^(1),

^(5)=^9^.^(4)_5.^(3)=_i5,4489.^(i),

{2293fc] w3(7)=|3.^(6)_-5^.^(5)=_2,1975.^(i>,

^(9)=^, ^(8)— ^-^. ^(7)=:__0,0687.v5(l),

w2(»)=|^.w3(io)—^5^.w2(9>=—0,0008.^^1),

^(4)= ^7^ . ^(3)__ 5
. ^(2)=_ 13,1 048 ..4(»\

^(8)= |5 . ^(7)__.^ .A^^^=— 0,4501 .^(»>,

^(10)= J
I . ^(9)_^ ^ ^(8)^__ 0,0082 .A^\

^(12)= f|.^(")— ^,-.^(10^=— 0,0001 .A^\

Substituting^^*) [2288] in these expressions of A^^\ A^\ A^'^\ he; and then the
resulting;

ralues in the form,ula [2287] ;
we shall obtain aa [2294] nearly. ^
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in teraMof

Values of

1 ,0000 + 6,1960 . ar»+ 3,2474 .x^\ ««.

aa = —^- . a^. COS.^V. ^+ 0,7238 . x^ + 0,0919 . «« + 0,0076 . a^'^V ;
* '=co»iat.

^'^''^
'+ 0,0004 . a?'2 )

^

[2295]

[2295c]

2ft2
*
(1716) Putting

—= 5, in [2292], and then dividing by A^^^, we get, by
''S

separating the series into two parts, as in the preceding note,

^= |_4f-^--V^-^"; B= 65-^_m-m-n%-^%Y->.c.; [2295a]

The second differences of the numerators are 20, and those of the denominators 4. We
then obtain the value of B, by the method [2290n

—
q], as in the following table :

[229561

65, 90, 119, 152, 189, 230, &e.

—400, —540, —700, —880, —1080, —1300, &c.

00, 65, 60,5, 60,319, 60,3095, 60,3092= 5, &c.

Having found B= 60,3092, we must substitute it in —^ [2295a], and we shall get

-^ = -j- 1 - ti _ ^V- - Vt- - 6^^- The value of this series may be found by an inverted

operation, as in [2293/*] ; but as the numbers are not very large, we may find it by the

usual method [2290n
—

5-],
as follows,

0, 5, 14, 27, 44, 60,3092.

5, _40, —100, —180, —280. [2295d]

CO, 0, 1, 2h 4,4, 5,8, 6,1914= -^,

HcBce A<^^= 6 ,191^ . A^^K This differs a little from La Place's value, 6,1960. ^d) [2295c]

[2295] ; as it appears from the coefficient of the second term of the series between the

2n2
braces. Now putting

— = 5, in [2289], and dividing by 2/^ -|* ^/j ^^ obtain

2/+ 6
*^

2/.(/+3)
^-^^-^J

Substituting successively /=!, /= 2, &c., we obtain A^^\ A^^\ &c., in terms

I of the preceding quantities, and then their values in terms of A^^\ namely,

^(3)^ I . ^(2)_ 5
. ^u) 3= 3^2446 . A^^\ ^(4)=^ . A^3) __ ^^ ^ ^(2)^ o,7234 . A^^\

^(5)=_9^. ^(4)__5^. ^(3)^ 0,0919 .^^1^ ^(6)= 1^ . ^5) _ ^^ ,^(4)^ 0,0076..3(i), [QQ95g]

^7)=i| , ^(6)_ ^5^ ^ ^(5)^ 0,0004 .^^i>.
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32^ C 1,0000+ 0,7504. a;2 -f 0,1 566. a:^^
[2296] a « = —-— . X^ . COS.V .{ }

*

4H.^ ( -}- 0,01 574. a:6-f 0,0009.0:8^

1 1 . We shall now collect together the expressions of the different oscillations

oj the sea. Those of the first kind [2221], neglecting the density of the

sea, in comparison with that of the earth, aref

[2297] -^~ . {sin.V
— i

. cos.' v} .
{
1 + 3 . cos. 2a].

Substituting, in each of these, the value of A^^^ [2288], and then these last values in

[2287], we obtain the expression of a, a corresponding to this case, as in [2295] nearly.

The difference arises from the above error in A^^'' .

2n2*
(1717) Putting

— == f, in [2292], and dividing by A^^'^ , we obtain, for this case,

r2296a] 4- 2i5 2_0_ 5_0_ 9.0. 1_4_0 2_0_0 2.J7.iL Ji.0.
*

^U)
^ i^ &— 14 — 27— 44— 65 — 90 —

1 1 9 — l" 5 2 — &C«

As this series evidently approximates very fast, we may compute it, without any separation,

by the method [229On
—

9],

0, 5, 14, 27, 44, 65, 90, 119, &c.

[22966]

2,5, —20, —50, —90, —140, —200, —270, —350, &c.

cjo, 0, 0,5, 0,7, 0,74, 0,7501, 0,75038, 0,7503897=^, &c.

2n2
[2296c] Hence we have nearly A^'^^ = 0,7504 . A^^''

;
Now putting

— =
f, in [2289], and

dividingitby 5/2-{-6/, weget
A^f+^^=^^^.A(^+^^- 4^ J_^3)

>^^^^. Hence

by putting /=l5 2, 3, &z;c., and proceeding as in the last notes, we find,

^(3)^ ^ . ^(2)_ _&^ . ^(1)^ 0,1 565 . ^(»>
,

^(4)^^ . ^(31 _^5^ , ^(2)^ 0,01 575 . A'\
[2296rf]

^(5)^^.^c4)__^ ,^(3)^ 0,0009 . A^^K

Substituting these in [2287], and then using the value of A^^'> [2288], we obtain for a a the

expression [2296] nearly.

[2297o] t (1*718) If we neglect 7— = /^ [2280e], in comparison with unity, the expression

of the oscillations of the first kind [2221], becomes as in [2297].
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We have seen that the oscillations of the second kind are nothing when

the depth of the sea is everywhere the same.* Lastly, the oscillations of

the third kind are expressed by aa . cos. {2nt + 27^— 2-^].j- The [2297']

sum of these oscillations is the whole value of ay ;
therefore we shall

have,

ay= ^^— .{sin.^v
—

^.cos.V] . (l+3.cos.2^) + aa. cos. (2 nt-\- 2 -a— 24^). [2298]
* o

If we suppose L to be the sun, r its mean distance from the earth, mt its

mean sideral motion, we shall have, by the theory of central forces,| [2299]

3L __ 3n^ m^ _ 3

4r^.g
~~
T^

'

~^
~

4.289.(366,26)2
' ^^^^^

This quantity is a fraction of the radius of the earth, which we have taken [2300']

for unity [2193] ;
and if we multiply it by the number of metres contained

in that radius, we shall have,

or
= 0'»^'-,12316 ; [2301]

A'T.g

and we must vary this quantity, in proportion to the cube of the mean

distance of the sun from the earth, to its actual distance.

*
(1719) If the depth of the sea be constant, and equal to Z, in all latitudes, q [2196]

will be nothing ;
and then the expression of the oscillations of the second kind [2253] will [22976]

vanish.

t (1720) The assumed value of y [2281] gives ay= aa . cos. (2 n <+ 2 zs— 2
sj.)

for the oscillations of the third kind. Adding this to the other oscillations [2297, Stc], we [2298a]

get the complete value [2298],

X (1721) The sideral motion of the earth being mt, its angular velocity is m, therefore

its actual velocity is proportional to mr
',

the square of this, divided by the radius r, gives [2300aT

the centrifugal force m^ r [54']. This is equal to the attractive force of the sun —
; hence

L=m^r^. Substituting this in the first member of [2300], we get the second member, and

then the third, by using
— =— [1594a], and ~ ==

^^^ [1691o]. This [23006]

numerical value is expressed in parts of the radius taken as unity ;
and if we multiply it by [2300c]

the mean radius in metres 6366193"^*- [20356], it becomes as in [2301].
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[2301'] If ive put e for the ratio of the mass of the moon, divided by the cube of

its mean distance from the earth, to the mass of the sun, divided by the cube of
Value of

^

'^

«• its mean distance ; we shall have, for the moon,*

[2302] -^^ = e . 0"^'-, 1231 6 :

[2302'] and we must vary this quantity, in proportion to the cube of the mean

distance of the moon, to its actual distance.

Hence it follows, that if we put v', 4^', for the declination and right

[2302"] ascension of the moon, we shall have, by means of the combined action of

the sun and moon, when the depth of the sea is equal to -^\ .
—

,
or -zytt

[2303] ^
S

of the radius of the earth,t

[2304] «2/
= 0»^12316. i

^+^'^°^-^^ I
.{sin.V— ^.cos.^v + e.sin.'v'— ie.cos.'v'i

1,0000 +20,1 862. a;2

+ 10,1164. a;'' —13,1047.3^6

Eaoflt
. ^_.„, .^^,^ ) —15,4488. a;8 _ 7,4581. «'"

( ^ ^ cos2v.cos.(2nf+2^— 2.^)

nearly. I

" 2,1975. a;^2_ 0,4501. a:'^

— 0,0687. a;'6_ 0,0082. a:'8

— 0,0008. a?20_ 0,0001. a;22

[2.304'] We shall hereafter find that e = 3 [2706], in the mean distances of the

sun and moon
;

therefore if we suppose these two bodies to be at these

*
(1721a) If we accent the letters L, r, 4-, v, to make them correspond to the moon, as

in [2426] ;
the expression of the function in the first member of [2301] will become, for the

[2302a] moon, FT^— ;
and if we put, as in [2301'],

—= e.-, we shall get, by using

t^^^^^' ^=
^-47l?

= ^-^""'^^^^^' asin[2302].

f (1722) Multiplying the second member of [2298] by e, and changing v, 4., into /, 4-',

we obtain the part of ay depending on the moon [2301']. Adding this to the part

j;2303a] depending on the sun [2298]; then substituting the value of a a [2294], and that of

-^ [2301] ; we get the formula [2304].
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distances ;
and also in opposition or conjunction, in the plane of the equator ;

the high and low water will correspond to the cases in which the angle [2304"]

2/1^ + 2^— 24^ is nothing, or equal to 200°.* Hence we find 7'"*'-,34, [2305]

for the difference between the high and the low water, under the equator,

where x = l.j But by a remarkable singularity, the loiv water takes place S^^Jesuu.

when the two bodies are in the meridian, and the high water when they are in

the horizon ; so that the tide subsides, at the equator, under the body which [2305']

attracts it. In proceeding from the equator, towards the poles, we find that

[2304a]

[23046]

[2304c]

*
(1723) We shall put, for brevity

X= 1,0000 + 20,1862 . a;2 -[- 10,1 164 . a:^— 13,1047 . x^— 15,4488 . a^

— 7,4581 .x'^— 2,1975.a;*2— &c.

Now when the luminaries are in the equator, we have v= 0, v'= ; sin. v=0,
COS. v = 1

;
sin. v'= 0, cos. v'= 1

; also e = 3. Substituting these in [2304],

we get,

ay=— 0"'«'',12316 X § . (1 + 3 . cos. 2 d)

_|_ 0""^t-, 12316 .Xa^. {cos. 2 . {ni -}-zi— ^)4-3 . cos. 2 . {n t
-\-

u—
\.')]

.

When the sun is in the meridian above the horizon, we have nt -\-zi
—

4'
= 0; when in

the meridian below the horizon, nt-\-zs— ^]^
= 200° [2131cr, 6] ,

and in both cases, [2304d]

cos. 2 .{nt -j-ss
—

4')
= 1 . In like manner, when the moon is in the meridian, above or

below the horizon, we have cos. 2 . (nt-^zs
—

4-')
= ^' Therefore the term muhiplied [2304e]

by X [2304c], must be a maximum, when these bodies are in conjunction, or in opposition,

on the meridian
;
and the value of ay [2304c] will then become

a y= 0'"^'-,12316 . {_ §_ 2 . cos. 2 6 + 4X.x^]. [230if]

The luminaries being still on the equator, as in [2304Z>], if we suppose them to be in the

horizon, or in other words 100° distant from the meridian, we shall have (nt-{--si
—

^)

and
(71 <-[-«

—
4.') equal to 100°, or 300°

j

cos. 2 .(nt-\--a
—

4^)
= cos. 2 .(nt-{-zi

—
4.')
= — 1

;

[2304g-]

ay= O'"^'-,12316 . {— §— 2 . cos. 2 6— 4 Xar^].

Moreover, it is evident that the expressions [2304/*,^] correspond to the maximum and
[2304A]

minimum values of a y, or to the times of high and low water, neglecting the variations

of V, v', 4., 4.'.

t (1723a) At the equator we have ^= 100° [2128^'], cos.O= 0, cos.2a = — 1,

ar»=l_,x2=l [2285], X=— 38,7370 + 31,3026=— 7,4344 [2304a]. Hence ^^^^"^

when the bodies are in the meridian, the expression [2304/*] becomes

„y
_ Omet. J2316 . {I

— 4 X 7,4344}=— 3"'«^-,50 ;

151
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ill any place near the eighteenth degree of latitude, either north or south,

[3305"] the difference between the high and the low water is nothing.* Hence it

follows, that in all the zone, included between the two parallels of latitude

[2305"] of eighteen degrees, the low water takes place when the bodies pass the

meridian, and beyond these parallels, the high water takes place at the same

instant.

[2305""] In the case of Z= yL .
—

,
or when the depth of the sea is equal to

o

we findjf
722,5'

[23056] and as this is negative, the water is depressed below its level. But when the bodies are in

the horizon, the expression [2304^] becomes

a?/= 0'"^-,12316. ff + 4 X 7,4344^ = 3'"^S83 ;

[2305c] and as this is positive, the water is elevated above its level. The sum of 3'"^'-j50, 3'"^*-,83,

is 7'"«'-,33, as in [2305] nearly.

*
(1724) If we neglect the variations of v, v', 4^, 4^', in the interval between the high and

low water
; putting also for brevity A for the first line of [2304], jB= cos.^v -f- e . cos-^v*,

and X as in [2304a] ;
we shall find, by proceeding as in the last note, that at the

[2305(Z]
time of high water, ay= A-{- 0'"«*-,12316 ,Xx^ . B [2304], and at the time of low

water, ay=A— 0'"^*-,12316 . Xa;^. jB. The difference of these two expressions

0meu^l2316 .2 Xx^ . B, represents the rise of the tide, which becomes nothing when

X= 0. A slight inspection of the formula [2304a] shows that x^ must be nearly equal to

[2305e] unity; and if we put x^= I — z, and neglect the third and higher powers of z,

we shall find 0=:— 7,43 + 1 15. ^— 241. z^; hence we obtain z= 0,08, and

[2305/] x= /(!—«)= 0,96= cos. 18° nearly as in [2305"J. If we put X [2304a] under the

following form,

[2305g-] X= 1,0000 + 20,1862 . x^ + 10,1 164 . x^

— ^6. |j 3^1047 + 15,4488 .a;2 4- 7,4581 . a^'^ -}- 2,1975 .0^6 4- &c.} J

it will be evident that any value of x less than 0,96 [2305/], will render the negative terras

[2305A] less than the positive ; therefore the value of X will be positive, between the latitudes of 18^

and 100°, and the high water will be at the time of passing the meridian
;

the contrary

takes place between the equator and 18°, as in [2305'"].

f (1725) The formula [2306] is computed in the same manner as [2304], using aa

[2295]. The quantity corresponding to [2304a] becomes, in this case,

[2306a], X =^ 1 ,0000 + 6,1960 . x^ + 3,2474 . x^+ 0,7238 . x^+ 0,0919 . x^

-{- 0,^0076 ,.x'^+ 0,0004 . x'^
j
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«y= 0'"^S12316. ^l±^|^|.5sin.^v
— i.cos.^v + e.sin.V— ie.cos.^v'} [2306]

r 1,0000 +6,1960.a;2 \

.Qmet. 12316 )
+3,2474.0^^+0,7238.^6 f

^,
C cos.2v.cos.(2nf+27^_24.) )

j 4- 0,091 9. a;S+ 0,0076. ir'o (
*

( +e.cos.2v'.cos.(2nf+ 2«-~24,') 5
'

Tides in a
sea of the

depth of

5J miles-

_ nearly.

+ 0,0004. a;'2

and we shall have, in the above hypothesis, ll"^*-,05, for the difference

between high and low water, under the equator ;
but in this case, the time [2306']

of high water is everywhere the same as that of the passage of the body
over the meridian.

Lastly, in the case of l = ^\.—, or where the depth of the sea is [2306"]

double of the preceding [2.305""], we find,*

and by using the sanie values of v, v', e, [23046], the expression [2306] becomes

similar to [2304c],

aV=— 0'"«S12316 X § . (1 + 3 .cos.2 d)^
[23066]+ 0'»«'-,12316 . Xa:2. {cos.2 . (n t -\-t-^^) + 3 . cos. 2 . (n <+ £—

4-')} ;

and the values corresponding to [2304/,^], are

ay=0'«»S12316 .{— §— 2 . cos. 2 d + 4 Xa?^}, and

a3/=0"'«S12316.^— §— 2.cos.2a—.4Xa?2] ;

whose difference is 0'"®'-,98528 .Xo:;^. This expresses the excess of the height of the [2306c]

tide, when the bodies are in conjunction or in opposition, on the meridian, above the height

when both these bodies are in the horizon of a plane situated upon the equator. Now the
[2306rf]

value of X [2306a] is always positive, therefore the expression [2306c] is positive ;

consequently the high tide takes place when the bodies are in the meridian. At the equator,

where x=\, we have X= 11,2671 [2306a], hence the expression [2306c] becomes [2306e]

ll-^-^Sl as in [2306*] nearly.

*
(1726) The formula [2307] is found like [2304, 2304a], using aa [2296] instead of

[2294]. In this case the quantity corresponding to X [2304a] becomes

X= 1,0000+ 0,7504 . ar^ + 0,1566 . a?^ + 0,01574 . x^ + 0,0009 . a^ ;

and when xr:=\, we have X= 1,9236. Substituting this in [2306c], which represents rgaoTaT

the excess of the tides, when the bodies are in the meridian, above the corresponding low

water, it becomes 0'°«t-,98528 . Xa;^ = l-^^t.^go, as in [2307^].
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[2307] «2/
= 0"'^S12316.

^ l+3^cos.2d

)
.

[sin.'v
— 1

. cos.V + e. sin.^v'— ^e . cos.^v'J

Tides in a C 1 ,0000 + 0,7504 . X^ ^
seaofthe \ f ( C0S.2 V . COS. (2 n f+ 2 trf—2 X) )

depthof JLQr^^t. 1 2316. (+ 0,1 56Q.x^+ 0,01 514. x^\ .x^. )
^

{-
11 miles I ' \' ''

I J \ a / /ojir>_.rti/\('
nearly. i o , „ i ( + e . COS.^V .C0S.(2nf+ S'Zrf— 2 J,') N^ (+ 0,0009. a;8+ &c. )

^ ^ ^ ^^ '^

[2307'] and in the same hypothesis as above, we shall have l'"''*-,90 for the difference

of the heights of the tide, at the equator.

[2308] 3;-^-^
. x^ . cos.^ V

;
we then find 0'"''-,98528, for the difference of the

If we increase the depth of the sea, the value of ay decreases
;
but there

is a limit in this decrease, and the value of a a is quickly reduced to

4r^.g

[2309] heights of the tide, under the equator,* when the two bodies are in

conjunction in the plane of the equator ; therefore this quantity is the

limit of this difference of the tides.

2n2*
(1727) When —

is small in comparison with /, the formula [2291] will be

2n2

[2309a] reduced to its first term, nearly a^^-^
=

°_ ; therefore ^^•^+^) must be very

small in comparison with A'--'^'^
; the coefficients A''^\ A^^\ A^^\ &;c., must then

rapidly decrease, so that we may neglect all but the first term Ji^^^, and we shall have

aa= ^(i) .a;2= —— .a;2.cos.2v [2287,2288], as in [2308]. Substituting this in

3 L
[23096] [2281], we get ay= -——

.cos.^v.aj^.cos.2.(n^4"'^
—4)? being the part depending

on the sun. If we multiply this by e, and change v, 4-, into v', I'S we shall have, as in

[2303a], the part depending on the moon. The sum of these two expressions is the whole

3 L
value of ay', and by using

———
[2301], we get

[2309c] a2/
=

0'"«»-,12316.a;2.{cos.^v.cos.2.(n<-f«
—

.^)4-e.cos.2v'.cos.2. {nt-\-vi
—

-\.')].

This may be deduced from [23066], by neglecting the terms free from X, and then putting

X=l
; by which means the difference of the heights of the tide [2306c] becomes

0,'»«*-,98528 . a;2
; or simply 0"'«S98528 ;

because x=\ under the equator [2286].

This quantity is evidently the least value, or limit of the difference of the heights of the tide ;

and it will be shown in [2319e], that it corresponds to the hypothesis assumed in [2309'].
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12. The limit ive have assigned, corresponds to the case where the sea [2309']

assumes at each instant the figure of equilibrium corresponding to the forces wh™\te

which act on it. In this hypothesis, the value of a y may be very easily
suLTthe

determined, whatever be the law of the depth and density of the sea. For [2309"]

it is the same as to suppose, in the equation [2130], that the motions of the
u'J^ci'Jre-

attractins; body, and the rotation of the earth, are so slow, that we may Tthe'rfr-^ '^ *' ces acting

neglect the quantities*
""''•

/ddu\ fdu\ fJdv\ fdv\

and then this equation gives, by integration,

a w = . [2311]
g

The part of « P, depending on the action of the body L, is, by [2311"]

[2193—2195], equal tof

*
(1728) If the attracting body be at rest, and the earth have no rotatory motion, the

fluid will assume its permanent figure of equilibrium; and then we shall have, as in [2221c],

du dv ddu ^ ddv „ _,,.. , . r^ir^^-i • i—= 0,
—= 0, -—-==0, -—-= 0. Substitutmg these m [2130], it becomes [231Oal

dt at
'

dfi dt^
^ L J' L J

= —g.dy-\-dV', its integral, found as in [2221 e], is = —gy-{-^'y hence

aV . . . [23106]

ay = . Now if the motion of the sun or moon and the rotatory motion of the earth

be very small, so that the fluid at every instant can be supposed to assume the figure

corresponding to its permanent state, we may consider the quantities [2310] to be so

small that they may be neglected in [2130], and we shall then obtain the same results [2310c]

as in [23106].

f (1729) This expression is the same as [2193
—

2195] ;
and since

l+ 3.cos.2^= 6.((x2_^) [2197a], sinJ.cos.^= /x.(l— fji^)*, s\n.^6=l—ixP,

it becomes,

(\ T "^ L—-
. (sin.^v

—
J-cos-'^'v) .

{itP
—

J) +-^ • sin. v . cos.v.|fA. (1
—

fx^)*. cos. {nt-{--ui
—

^)]

3 Lt

+ T~3
• ^^^'^ V .

{ (1
—

/x2)
. cos. (2 n < + 2 TO —. 2

4.}.

[2312a]

If this be multiplied by a constant but indeterminate quantity Q, putting B'^\ B^^\ B§\
for the coefficients of m-^

—
^, ^-.(1

—
iiPf.cos. {nt-^-iz

—
4), (1

—
(jP).

cos. 2. {nt-j-zs
—

4-)

respectively, it will become of the form of Y^^'> [1528c] ;
ts being changed into

nt-^i!i
—

-4. This expression of F^'-^^ satisfies the equation [23 J 3], which is the same
[3312&]

as [2145], when i= 2.
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L
4r .{sin.^v

—
I .cos.^vj. (1 + 3. COS. 2^)

3Z«
[2312] -|

_
. sin. V . COS. V . sin. ^ . cos. & . cos. (»^+ ra—

4^)r"

3Z«
+ --3-.C0S.V. sin.^^.cos. (2w^ + 2ts—

2sl.).

We shall suppose the corresponding part of ay to be equal to this quantity,

r23l2'l "fiultiplied by the indeterminate quantity Q ;
the product being of the form

Y^^\ or such that when taken for Y^^^ it will satisfy this equation of partial

differentials [2145]

C
ddY^^^

[2314a]

[2313] 0=:<;-*r- _AjjtJj 1 + \.A^^J^6.Y^'K
d t^ ) 1— fx^

Then the part of « V, corresponding to the action of the fluid stratum,

whose internal radius is unity, and external radius l+«?/, will be

[2314] A ^ . y(2) [2146, 2314^], or -^.g. F^) [2147] ;
therefore the equation5

p

[2315] agy = aV' [2311] wiU give*

*
(1730) The part of a V, arising from the attraction of the aqueous stratum, whose

internal radius is 1
,
and external l-{- ay, is

^
. J a . Y®) + ?

. r(^> + g
. 7^2) _|_ &,c.

I
[2146a].

Adding this to the part of a V [2312] depending on the body h, which for brevity we

shall call y^^\ we shall get the whole value of a V, namely,

[23146] aV'=. r'(2) +^ . |a r(0) + ^ . a F^i^ + i . a T^^) + &c.}.

Substituting this, and y [2144], in [2311], we obtain

a .
{
r w + r» + Y^2) _|_ Y(3) _j_ &c.}

[2314c] = -
. a r(«) + I- . a F^D + (^^ . « Y^^) i i

. Y"^A + ;^ . a Y^^) _|_
&,c.

Now from the nature of the functions Y®, the parts of each member of this equation,

depending on the same value of i, ought to destroy each other ;
which gives, when i differs

from 2, Y«= ,c,l^^ • Y^'\ or \\— i ,-lx\ \ • ^^'^ = ^
;

hence

[2314c'] generally Y('^ = 0. The terms depending on t= 2, give
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L
y ^ 7 T\

'
{sin.''

V— J . C0S.2 v} . (1 + 3 . cos. 2 d)
Expres-
sions of
the tide

caused by
the sun.

-\
-y g-r-

. sm. V . COS. V . sm. 5 . COS. & . COS.
{nt-\-'!s

—
4.) {^iq\

'^(}-ii)

H y ^ . cos.^ V . sin.^ 6 . COS. (2n^ + 2ra— 2^),

#
In the hypothesis under consideration, if the sun and moon are in conjunction

with the same declination
;

then the excess of the midday high tide above

the following low water, will be,*

3 Ij

y 3^.(] + e).siii.= «. cos.V.Jl + 2. tanj;.v.cot.«} ; [23171

[2314el

In this case the expression [2144] becomes y = Y^^\ hence

('-57)-^
and by substituting the value of Y'^^'^ [2312], it becomes as in [2316].

*
(1730a) We shall put, for brevity, A equal to the first line of the second member of

[2316]; B equal to the coefficient of cos. (n < -j- ''^—
4')> ^^ the second line

; and C

equal to the coefficient of cos. {2nt-\-2-ui
—

24'), in the third line
;
and we shall get

a y =:i A -\- B . cos. {nt-\-'ui
—

4^) + C . cos. 2 . (n i+ "^—
4')* [2316a]

When the sun and moon are in conjunction, with the same declination, the values of A, J5,

C, for the moon, will be equal to those corresponding to the sun, muUiplied by e [2301'] ;

therefore to obtain the whole of ay, we must multiply [2316a] by l+ e; hence

«y = (l + «) ' {-^-{-B. COS. {nt-\--ui
— 4^)+ Ccos.2 .{nt-\--a

—
4^)}. [23166]

But nt-\-vs— 4^
= [2131a], when these bodies are in the meridian ; and when they

have passed 100° from the meridian, nt-^-a
—

4^
= 100°. The former value gives the

midday elevation {\ -\- e)
. [A -\- B -{- C) -,

the latter the following low tide, nearly

{l-\-e) .[Ji
—

C) ; subtracting this from the preceding, we get the excess of the midday [23i6c]
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and the excess of the midnight tide above the same low water, will be

nearly,*

3 L
[8318]

-7 3^ . (1 + e) . sin.' D . COS.' v .
[
1— 2 . tang, v . cot. i].

These two quantities [2317, 2318] will therefore be to each other in the

[2318'] ratio of 1 + 2 . tang, v . cotJ to 1— 2 . tang, v . cot.^
; hence, for Brest,

where ^ = 46° 26' nearly, if the two luminaries have 23° of north

^ declination, the two quantities will be in the ratio of 1,7953 to 0,2047 ;t that

[2319] is, the first will be about eight times the second. According to observations,

tide above the following low water, [l -\- e) . [B -\- 2 C) ', which, by substituting the

values of B. C, becomes

[2316i]

32.
(] +

e).sin.^^.cos.^v.|l-f2.^-^.-^^;

[2318a]

and this is easily reduced to the form [2317].

*
(1731) When the bodies are in the meridian, below the horizon, we have the quantity

n^-f^j— 4^
= 200° [21316]; and then [23I6i] becomes (1 + e)

. (.^
— J5+ C),

from which subtracting the value of ay corresponding to the preceding low tide,

(
I + e)

. (^
—

C) nearly [23 1
(Jcl, it becomes

(
1 + e) . (2 C— ^), for the difference

between the midnight tide and the preceding low water nearly ;
and by substituting the values

of C, B, it becomes

3X« /,i\.o. o S, ^ sin. V COS. d3 L , , ^ . n o \ ^ sin. V COS. ^ >
. o . .(l + e).sin.^^.cos.^v.^ 1— 2. .

—^
f ;

V 5pJ

which is easily reduced to the form of [2318] ; and then the expressions [2317, 2318] are

as 1 -1- 2 . tang, v . cot. 6 to 1— 2 . tang, v . cot. S. It may be observed, that the preceding

value {A
—

C) . (1 -f- e) is not exactly the value of ay at the time of low water ; this

is to be found by determining the angle nt-\-t^— 4' which makes [23166] a minimum,

which differs a little from the preceding.

[2319a] t(l732) This ratio is as 1,85 to 0,15 nearly, instead of 1,7953 to 0,2047. The

author, in computing the value of 1 ± 2 . tang, v . cot. &, seems to have used the sine of

V= 23° instead of its tangent.

When the sun and moon are in ihe equator, we have v =^ ;
and the expressions

[23196] [2317,2318] become equal to each other, as in the first member of [2319c]. This, by
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these two quantities differ but little from each other, therefore the present

hypothesis
is very far from representing the observations in this particular,

and we see that it is indispensable, in the theory of the ebb and flow of the sea,

to notice the rotatory motion of the earth, and the motions of the attracting [2319']

bodies.

3

neglecting
— in comparison with 1, as in [22S0e], then putting e= 3 [2304'], and
5p

6= 100°, finally becomes as in [2319<Z], by using [2301],

^^ ^ .{l + e). sin.^d=-^ . 4 . sin.2 6 = -^ . 8 . sin.^d [2319c]

= 0">^t-,l2316 X 8 . sin.2 6 = 0'«^»-,98528 . sin.^^ = 0'"«'',98528. [2319d]

This expresses the rise of the tide, at a place situated in the equator, when the sun and moon

are in conjunction in the equator ; the fluid being supposed, as in [2309'], to assume at each

instant the figure of equilibrium corresponding to the forces which act upon it» This quantity [2319eJ

0«»et.j98528 is the same as is mentioned in [2309].

153
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CHAPTER II.

ON THE STABILITY OF THE EaUILIBRIUM OP THE SEA.

13. We have seen, in [2162, 2135'''], that if the earth have no rotatory

[2319"] motion, and the depth of the sea he constant, the equilibrium will be stable,

provided the mean density of the earth exceed that of the sea. We shall now

generalize this theorem, and shall show that it takes place, ivhatever be the

depth of the sea, or the rotatory motion of the earth.

General We sHall resiiHie the general equations of the motions of the sea given in
equations -^^/., „
for all

$. 36 of the first book,*Darts oi J '
parts of
the fluid

[2320]

(^-)-2-Vi=?.g)=..(f).^l=:?;t (6)

[2322]

u . COS. 6

[2320a]

*
(.733) B, development we find, (i^^^^)

•^ =
(S) + ,„.,

Substituting in the first member the values of sin. & =\/{ 1—
M-^),

and d6.sm.^=-— <?;*,

[2136rt], we get (tt) H '"•

—"~ ^^ —
(
—'

V^^
~^

) j hence the expression

[337] becomes as in [2320].

f (1734) The differential, or rather the variation of the assumed equation [2324], is

[23205] g'^y' = g-^y— ^V. Comparing this with [341c
—

rf],
we get, for any part of

the fluid,
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These equations refer to any particle, either upon or beloiv the surface of the

sea; the co-ordinates of this particle being ^+aw, zs-\-a.v, and r + a5; [2323]

r-\-cf.s being its distance from the centre of the earth
;
moreover

g'i/=^gy— V'' [2324]

If we integrate the equation [2320], from the surface of the spheroid

which the fluid covers, to the surface of the sea, we shall find,*

C \ "/A J \diaj )

Equation
of conti-

nuity ;

[9325]

second
forn^

r' and s' correspond to the surface of the sea, and
r^, s^,

to the surface of

the spheroid. Putting y for the depth of the sea, and supposing it to be [2326]

very small, we shall have r' =
r^ + 7j which gives, [2327]

^r^.o-m A sin.^(5 . (-7^) +2w. sin. ^ . cos. ^ . (-—) (
= — g -^v' y

[2320c]

[2320c]

the terms depending on 5r being neglected, in conformity with the remarks which precede

the formula [341c]. Substituting for ^j/ its value \i7r^^~^\lt~)'^'^^ similar to

[21376]; and then putting, according to the usual principles [2I3Sa], the coefficients of
[2320rf]

^, in each member, equal to each other, we get the first equation [2320€] ;
and the

coefficients of ^zi give, in like manner, the second equation [2320e],

..^(^-)-.„..„...eos...(f)|
=
-,.(^);

Now r^ differs from unity, by terms of the order 7 [2326, 2329] ;
therefore if we divide

these two equations by r^, neglecting terms of the order yg, as in [21306], and substituting

the values [2320o], we shall obtain the equations [2321,2322]; observing that by this

substitution we have
(-^^

= —
(-j-\

. sin. d = —
(-J^)

• /(l— (^^) [2320«].

*
(1735) If the equation of continuity [2320] be multiplied by dr, and then integrated j

commencing the integral at the bottom of the sea, where r=r^, s=s^; and terminating

at the surface, where r= r', s= s'; we shall get the second form of this equation,

as in [2325]. This is reduced to the third form [2334], by the method given in

[232C—2333].

[2320/)

[2325a]
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[2328] r'Ks'— r^.s^
=

,•/. (5'— sj + 2
r^

. 75' + 7^5'.*

[2329] Therefore, as the mean radius of the earth is taken for unity, we shall have

nearly,

[2330] /2 ^ ^/_ ^2 ^s^^s'— s^.

Now we have,t

*
(1736) Substituting r [2327], in the first member of [2328], it becomes like the

second member of this equation. Now the figure of the bottom of the sea being very

[2328a] different from that of its surface, the values «/, as^ [2331,2332] will generally vary-

so much from each other, that their difference as^— a^^ may be supposed of the same

[23285] order as as' or as^; so that ^—
s^ may be considered of the same order as s^; and

the term of the second member of [2328], multiplied by s'—
s^, will generally be much

greater than the two other terms, containing the very small factor 7 [2326]. If we neglect

these two terms, the equation [2328] will become r'^ . s'— r^ .
s^
= r^ .(s

— sJ 5 and

[2328c] as r^ differs from unity [2329], by quantities of the order 7, we shall obtain the equation

{2328rf] [2330], neglecting terms of the order y .
{sf
—

sj .

f (1737) A particle of fluid at the bottom of the sea, having the co-ordinates r^, 6^, «,,

[2331a] at the origin of the motion, will have the co-ordinates r^+ as^, d^-\-au^, -a^-j-ai;^,

[2323, 2326], at the expiration of the time t
j

so that the polar distance of the particle will

increase by au^, and its longitude by av^. Now the surface of the spheroid, or the

bottom of the sea, being supposed to be known, r, will be a function of
6,

and
to^,

which

[23316] we shall represent by r^
=

(p{d^,'ui^). When r^, ^^, -ci^,
are increased by as^, aic^, av,,

respectively, the radius becomes r^ -j- a *^
= 9 (^^ -j" "

^y > "^^z 4" "
^/ )• Developing the

second member, in terms of au^, av,, [610], retaining only the first power of a, by which

means we may change' dS^, drz^, into d&, dzs, in the denominators, we get,

[233,0] r,+ .s, = ,i»,,.,) + (i^^)..u,+ {i^^)...,.

Subtracting from this the value of r^ [23316], we get, as in [2332],

/' d.(p{6„zs,)\ /(LM6^\ fdr\ fdr\
[2331^] «^'=(--Za—)•«"'

+ (-T^)-«^'=== UJ •"'''+W''
If in this we change r,, s^, u,, v^, into /, s', u', v', we shall obtain

[2331e]
«^' =

(^)-""'+(^)-«^''

corresponding to the surface of equilibrium of the fluid; or, in other words, the part
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in which u' and v' correspond to the surface of the sea. In like manner

we find,

u^
and v^ being the values corresponding to the surface of the spheroid ;

therefore we shall have,*

.-,^,-„'.(£)vi=?+„,.(g)vi=;^+^'.(£)-..(IS)'-
'-'

so that we shall find nearlyf

naity ;

^ y I X 1 \ \. ^i\.>. ^^v third lorio.

+/...J(l:(!i:iJEZ))_(^)|.
(8) ,^,

This equation is not restricted, like [2129], or [347, 342*"], to the condition

that u and v must be the same, for all the particles situated on the same radius ; [2334']

and it is evident, that by satisfying this condition, the two equations will

agree, t

depending on the supposition that the particle changes its place upon the surface of

equilibrium, without rising above it. To this we must add ay [2128^'''], which represents

the elevation of the particle above its surface of equilibrium. The sura represents as' [2331].

*
(1738) Subtracting [2332] from [2331], and dividing by a, we obtain

^'-^' = y+ "'-Q-"'-(^)+^-(^)-^'-(^)' t2333a]

substituting (^)=-(l^)V(l-.^), (^)
=

-(^).V/(l-.^) [2320/], [23336]

we get [2333].

f (1740) The value of s —
s, [2330,2325], is represented by the second member

of [2325]; in which we may put 7^ = 1, neglecting terms of the order 7.(5'
—

s^) [2334a]

[2328<Zj. Substituting this in [2333], and transposing all the terms of the second member

except y, we get [2334].

J (1741) If we suppose m, v, to be the same, for all the particles situated upon the same
[23340*]

radius, we shall have w= m'= m^ , v= v'= v^. Hence

154
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Now if we add the equation [2321], multiplied by dr.diJ^.dr^iJ—
)^

^^

[2334"] the equation [2322] multiplied by dr. d>^.d^. (-j^\
we shall get, by

integration,*

t^3. =///.,........5,.(f).(i^)vi=?-..o-(T:)S-

and the terms of the second member of [2334] independent of the sign /, become

We shall put, for brevity, M equal to the coefficient of d r, in the quantity under the

sign / [2334] ;
then all the terms of M being independent of r [2334a'], we shall get

/du\ yu.ii. fdv\

Connecting this with the part [2334c], we get, for the equation [2334], the expression

[2334e]. Substituting in this the values similar to [2320a,/], we get [2334/], which, by

successive reductions, becomes of the form [2334^], agreeing with [2129],

,^, .= -(g)-v/(.-.^)-».C£) + 7V(i-.^).(^)-;,^-r.(£)

,334,1 =_„.(lZ)_..(^)_,.Q_.Jf^-_,.(£)

/d.{yu)\ /d.[yv)\ YU.cos.^
[2334g] =-[-^)-[-7^)-^n:6---

*
(1742) The terms muUiplied by n disappear from this sum ;

and by prefixing the signs

[2335a]
of integration fff, it becomes as in [2335]. The limits of the integral are similar to

those in [1433", 2335'].

. ('. \
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To make these integrals include the whole mass of the fluid, we must take

them from r=
r^

to r = r', from fx
=— 1 to fj=l, and from ro=

[2.3.35']

to w= 2c. Integrating relatively to m, and observing that y' is independent [2a36]

of r,* we shall find,t

=fy: C^\ .dr.^T=i?-f.J. \

'

^f\^Tc)-'^'-^^^^'\ \ .<?.+ co„st.
\(il J § —J- I

At the two extremities of this integral, where
f>.
= — 1 and

iw^
= 1, we

have y'Y^y^riV^O;!
therefore t^^®^

*
(1743) This follows from the assumed value of g'^l/ [23206], compared with [2336a]

[341 c7, &;c.].

f (1744) Putting for brevity W= i—\ . dr .\/[\
—

\)?),
in the first member of [2337a]

[2337], then integrating by parts [1716a], relatively to /x, neglecting for a moment the sign

of integration relatively to r, we get successively,

Now prefixing the sign of integration relative to dr, we get

which is the same as [2337] ; observing that the last term may be put under the form

because y' is independent of r [2336], so that we may separate the part < /(
-—

) ^ [2337rf]

which depends on the sign of integration relative to ?•, from the factor
y*, which does not

contain r.

J (1745) At the two limits of the integral relative to fi-, namely fx=:;±:l [2335'], [2338a]

the expression of W^ [2337fl] becomes W=0
;

therefore the terra y'-W free from

the sign /, vanishes from [23376] ;
and for the same reason, the term j yf

. W vanishes

from [2337c] ;
or in other words, the expression [2339] must be put equal to nothing ;

observing that the author, in finding the integral [33376], has added a constant quantity to

the second member, putting y'. ?F-f- constant instead of yf.W. Substituting [2339] [2.338Z>]

in [2337], we get [2340].
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[2339] =/2/. f^\ .dr. v/I=i;2 _|_ const,

consequently

Now we have*

[2341]
\ ^'* / I di. )

[2340a]
*
(1747) Putting JY=

(jj)
. /(l— /^^),

and
f^JY. dr=:R, we shall get, for

the first member of [2341],

[23404] 5 ''{f{^)-''^V('-l-')} \= (idM^^ )
=
(^) 5

which may be reduced to the same form as the second member of [2341]. For in finding

(dR\

r'—
\ from R^=if JST.dr, we must observe, that when /* is increased by d f*, the

quantity JV* is increased by i-^
—

)
• ^M'j by which means we obtain, in \~^\ the

[2340rf] expression J (^
—

)'dr, corresponding .to the term under the sign of integration in the

second member of [2341]. Moreover, we must observe, that although the variable quantity

r is independent of f*, yet the limiting values of r, namely r^, r', are functions of f*, -n'; so

that when f* is increased by tZfx, the limits of the integral r^, /, in the value of R [2340c],

[2340c] will be changed into r^ ~\- [~) • d ^i, ^'+ (~r~)
• ^I*j respectively ; by which means

—
j.dii,

as in formulas

[1430a, Sic] ; and is decreased, at the limit r^, by the element JV^. (^j . dt
; JV',

JV), being the values of JV corresponding to these limits respectively. Hence the part of

[2340g-] f—
j corresponding to these two elements is «^' •

(t")
—

*^''(t^)'
as in the second

line of the second member of [234 1}.

**
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therefore*

///i,.,<,.i..(i;).(f)./i=?

dt

Again, by integrating relatively to t^, we have,t

us+ const.
[2343]

At the two extremities of the integral, where ^^= and ^^^= 2^, [2336'],

the value of 2/* ("j" )
^^ ^^® same, since it refers to the same particle ;

therefore we have,t

*
(1748) Multiplying [2340] by d-a^ substituting in the second member of the product r234ial

the value of the function [2341], then annexing the sign of integration relative to ts, we

get [2342].

f (1749) Putting for brevity P=dr.i~\ in the first expression [23436]; then
[234301

integrating by parts, relatively to zSy we get successively,

Integrating relatively to r, we get, by observing that y' is independent of r [2336],

This expression is the same as in [2343], because the last term may be put under the form

fy''\ f{j~} {-d-uii
in like manner as in [2337(^1.

J (1750) At the two limits of the integral relative to «, namely '5J=0, 'si=2<tr, the

expression P .
y' [23435] has the same value, and it will therefore vanish from this definite [2344al

mtegral. For the same reason, fP . 1/ will vanish from [2343c] ;
or it must be put equal

to nothing, as in [2344], where it is connected with the constant terra added to complete the

integral. Substituting [2344] in [2343], we obtain [2345].

165
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[2344] fij. f^\dr + constant = 0;

hence

C-. //...... (l^).(j^)
=
_/,^(4<|):H\...

Now we have *

,^. (''•j/g)-'^-iW(iJ£)+g).g)-(^).ga.

thereforef

consequentlyt

*
(1751) This expression is obtained in the same manner as [2341] is found in

[QM6a\ [2340a—g-], putting JV==(-—], f JV.dr = R; and taking the partial differentials

relatively to vs, instead of f* ; by which means the part under the sign of integration,

r' /rfJV*\

[23466] corresponding to [2340rf], becomes f (——
)
.dzi, as in the first term of the second

member of [2346] . The terms corresponding to the limits [2340g-] become

as in the second and third terms of the second member of [2346]. We may also derive

the integral [2346] from [2341], by changing {YJ'V'i^
—

f^^)
^"^^

V'^)'
^"^ ^^

into d -a.

f (1752) IVTultiplying [2346] by
—

y'. d-m, and then prefixing the sign -of integration

tS347a] relatively to -a, we get the value of —
fy'. I

'

j-^ \dt)'
'^

) ) .dxs. Substituting

this in [2345], we obtain [2347].

f (1753) The value of the first term of the first member of [2348] is obtained by

multiplying the expression [2342] by g. This produces the first, second and fifth terms of
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///...</.....;,.(^).(4j)vi-?-..(^).(^-^)|

^ffgy'-d^J-^.{ . . .^. . ^ }. [2348]

:S)<©-/*-)(ilM^)-(S;.

The second member of this equation is reduced, by means of the equation

[2334], to the term —//^y* (^j • ^f^ . ^^
; therefore the equation [2349]

[2335] becomes*

=
-//rf^.rf«.^y.(^g).

(10)
[2350]

We shall here neglect the attraction of the heavenly bodies, and shall

consider only the mutual action of the particles of the sea, and the terrestrial [SSSC]

the second member of [234S] . The remaining terms are deduced from the second term of [2348o]

the first member, by multiplying [2347] by
—g-^^i and prefixing the sign of integration

relatively to ^.

*
(1754) If we take the partial differential of [2334], relatively to t', in which case

r, fx, z3, which depend on the primitive state of the fluid, must be considered as constant
j

and w, «', w^, v, v', v,^ variable
;
we shall get, by neglecting the terms of the same order

as in [2334a],

[2349a]

Multiplying this by
—

gy' .d [i .dzs, and prefixing the double sign of integration, the

second member becomes the same as the second of [2348] ;
which is therefore equal to

—
ffsy' •

( )
• d[i^ .d-us [2349], representing the value of the first member of [2348].

Substituting this in the second member of [2335], we get [2350],
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[2350"] spheroid. The value of V then arises from the attraction of an aqueous

stratum, whose internal radius is r', and external radius /+«2/; ?"' being

[2350'"] nearly equal to unity. We have seen, in [2144, 2146], that if we suppose

[2351] y = yw _|_ Y^'") + y(2) + Y(3) + yw _|- &c.,

we shall have [2146a],

[2352] F' = ^ .
{
yw + i . F') + i . F^) + -1 . Y(^> + &c. J.

Now we have generally [1476],

[2353] //F') . F'') . (7f* . of * = 0,

when i and i' are different numbers ;
therefore we shall have,*

^).r<«>.(^)+(i-±).r..(^)
[2354] =f/diJ',d^.

[2354a]
*

(1755) Substituting y=:i:r» [2351], V'=g.i: ,^:_J.^^ [2352], in

[23546] [2324], then dividing by ^, we get, y'
= 2 A —-_A_V F ^'^ Moreover, the

differential of the preceding value of y, taken relatively to dt, gives the expression

{—) = ^ (—T
—

)
• Substituting these in the first member of [2354], we obtain,

the last expression being deduced from that which immediately precedes it, by observing that

if we put (^4^)
= Y'^% the value of F^*") will be subjected to the same differential

equation as F^*) [2145] ;
and then, by means of [2353], we may neglect all products

of the form Y'-^ . F^''\ in which i differs from i'
-,

and may retain, in the product
[2354c] ^ ^(.) ^ ^ y,(.j^ ^^j^ ^^^ ^^^^ ^ y^i) ^ j,,(.,^ ^^ .^ [2354(?], or in [2354].
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By § 2 we have Y^"^ = ;* therefore the equation [2350] becomes, by , [2354']

integrating relatively to the time t,f

=.M^gJfdi^M.\(l
—

-\Y^'^''-^(l—^\Y^^^^ [2355]

M being an arbitrary constant quantity. It is evident that the first member

of this equation, [multiplied by a^], expresses very nearly the living force [2355']

of the fluid mass, noticing only the relative velocity of its particles upon the

terrestrial spheroid, t

*
(1756) The mass of the fluid being constant, we have, by formulas [2157"", 2159], [2354/]

4*.FW = 0, or rw = 0.

f (1757) Multiplying [2354] by
—

g, substituting the product in [2350], and then

putting 7^0) = [2354'], we get,

=-,.//....«.|(.-;).r<.>.(£^)+(._l.).r»>.(^)+^.|. ,^1

Multiplying this by 2, and integrating relatively to tj we get [2355] ; observing that

. /rfttN /ddu\ /duY fcy Z'^^N /ddv\_ /dv\^

J^'\dl)'VW)
—

\dt)
'

J'^'\dt)'\dt^)
—

\dt)
'

[23556]

{ (1758) The polar co-ordinates 5, vi, r, of a particle of the fluid at the commencement

of the motion, become, at the end of the time t, 6-\-au, n t -\- -si -\- a v, r-\-aSj [2355c]

[323"]. The increments of these quantities, in the time dt, are represented by their

differentials, adUf ndt -{- adv, ads^ respectively ; 5, w, r, n, being given quantities

for each particle, which do not vary with the time t. If we notice only the relative motion

of the particles, we must neglect the quantity ndt, depending on the rotatory motion,

which is common to the whole body; then the increments become adu, adv, ads.

From the two first of these terms we get, for the square of the relative velocity of the

particle, a^. fV^:=a^.
(-^\ + a^ .

f-^\
. (l—M-^) [222 Ig], upon the surface of a

[2355e]

sphere, whose radius is nearly equal to unity [2350"'] ; and if we neglect the square of a*, [2355/*]

156
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[2355"] M is a constant quantity, depending on the initial state of the motion of

the sea, and is independent of the time t
;

it is very small, when we suppose
the primitive motion to be small.*

If p be greater than unity, the function

[2356']

will always be negative ;t it will be less than M, since the first member of

the preceding equation [2355] is necessarily positive. J Therefore Y^'^,

Y^^\ &c., cannot contain increasing exponential quantities, or arcs of a

on account of its smallness, this value of a^ . W^ may be taken as the square of the

relative velocity of the particle. Now the mass dM' of a particle of the fluid, whose

[2355g-] density is unity, is represented very nearly by dM'^dr.dii^.d-us, as is evident from

[1431c/, 2350'"]. Hence the first member of [2355], multiplied by «^, is represented by

o? .fffdM' . W^
;

and if we take the integrals within the limits [2335'], it represents the

[2355A]
whole relative living force of the fluid [144, Sic] . The factor a? was accidentally omitted

in [2355'] by the author.

*
(1759) M^ being independent of the time, must remain the same for all values of

t',

[2356a]
therefore it must depend on the original forces, impressed on the fluid at the commencement

of the motion, when t = 0. If the primitive motion be very small, the value of y, and

also those of Y^^\ Y^^\ Y^'^\ Uc. [2351], together with the living force of the fluid,

will then be small
;

therefore the first member of [2355], which is proportional to the

[23566] living force, will be small
; consequently all the terms of the value of Jlf, deduced from

[2355], will also be small.

f (1760) If p>l, all the terms
(l j, \^—T-\ ^c., \v\\\ he positive.

JVIoreover, Y^'^^, Y^^^a^ ^(,_^ being squares, will be positive; consequently each of the

terms ffU — -\.Y^''^''.diL.d^, fffl—-f^.Y(^^^.dtJ..d^, &ic., taken

[2356c]
within the prescribed limits, as well as the sum of all of them, will be positive. This sum,

multiplied by the negative quantity
—

g, will produce a negative quantity, as in [235G],

|,(176l) This first member is necessarily positive; because if we multiply it by the

positive quantity a^. the result will represent the sum of the products, formed by multiplying

[2356(i]
^^^^^ particle of the fluid by the square of its relative velocity [2355^]; and all the terms of

this sum are evidently positive.



IV. ii. §14.] EQUILIBRIUM OF THE SEA. 623

circle.* Hence it follows, that the equilibrium of the sea is stable, if its [2356"]

density be less than the mean density of the earth. Kf'ibi
sea is sta-

ble if its

density be

[2356""].

14. If the density of the sea exceed the mean density of the earth, its figure Ihat'ofTho

ceases to be stable in many cases. We have seen, in [2160—2163], that if
r2356"'i

the earth have no rotatory motion, the depth of the sea be constant, and p be

less than unity ;
we may impart such a motion to the fluid, that the equation

of its surface will contain the time, under the form of increasing exponential

quantities ;
which is contrary to the stability of the equilibrium. The same

result is obtained, in cases where the earth is supposed to have a rotatory

motion
;
and the spheroid covered by the sea is a solid of revolution, [2356']

whatever be the law of the depth of the sea.

We shall resume the equations [2355], in which we shall suppose that the

values of u and v are nearly the same, for all the particles situated upon the [2357]

same radius. We shall suppose, at the origin of the motion, that

y^K,, (^)=0, (^)
= 0.

(^)^0.
[2358]

Example
of simple
oscilla-

The fluid being then
left,

to the action of its gravity, and to the attraction of which

its particles, must assume a motion, composed of an infinite number of simple rrtSn-

oscillations ; so that we shall have, by their union,t sea exceed

density of
the earth.

*
(1762) If F('), Y^^\ he, contain any terms of the form

a t . COS.
{(x-t -\- b),

a e*^',

they may become very great, in the course of time, even when they are multiplied by a very

small coefficient a
;
and the value of M, deduced from [2355], jjiay become very great ; [2357a]

which is contrary to what is supposed in [2355''].

f (1764) The nucleus, or solid part of the earth, is supposed, in [2356'"'], to be a solid

of revolution ; also at the commencement of motion, y= A|x [235S], h being a constant

quantity, independent of
ju-,

-a. Now this expression of y being independent of ^, the form [2359a]

of the surface of the fluid must also be a figure of revolution, when ^=0
;
and it is evident,

as there are no external forces acting upon the fluid, that it must continue to be a figure of

revolution, at the expiration of the time t
; consequently the general expression of y must be [23596]

independent of •cj. In this case the formulas [2178, &,c.] will become

y= a. COS. {it-\-s), u= b . cos. {it -\- s), v= c . sin. (i t -{- s) ',
or rather

y= la. COS. {it-{-s), u= T.b .cos. {it -^s), v=lc .sm.{it-\-?)', [2359c}
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[2359] y — (i" COS. {i ^+ + «i • COS. (*i^+si) + 02 • COS. («2 ^ + %) + &c, ;

«, Oi, cfg* &^c., being functions of f*. The constant quantities f, Zj, ig, &c.,

£, sj, %, &c., must be so dependent upon each other, that at the origin of

the motion, when ^ = 0, we may have,*

[2360] a . COS. s
-|- «! . cos. Sj + «2 • COS. % + &c. =h^ \

[2361] at . sin. s+ aJi . sin. s^ + a^i^ . sin.%+ &c. = 0.

The corresponding values of (jt) and of
(-T-) are, by § 3, of

^

the formt

[2362]
— ih . sin. (z

^+ s)
—

i^ h^ . sin.
(t'l

^+ Si)
— &c.

;

[2363] ic . cos. (Z ^ + + h Ci • cos.
(ti

i+ + ^*^'
»

and they must become nothing when ^ = 0. This being premised, if we

substitute the preceding values in the equation [2355], it will become, by

integrating, relatively to r,

the coefficients a, 6, c, being independent of -a [2359a] ; and they are also nearly

independent of r, by the hypothesis assumed in [2357] ; hence a, 6, c, may be considered

as functions of f* only, as in [2359'].

*
(1765) Putting ^= in [2359], and then y= A f*

"

[2358], we get [2360].

Taking the differential of y [2359], relatively to <, we get

[2360a] (rff)
~ "~ ^ * * ®^"' (*^+e)— «i»i • sin.

(ii
<
-j- e^)

— 6ic. ;

Substituting in this t = 0, and the value of l~\= [2358] ; then changing the

signs of all the terms, we get [2361 J.

t (1766) The values u, v, [2359c] give

[2361a] (^)
=— 2 i & . sin. {i t -f- s), (~^

=^lic. cos. (» t -f e),

as in [2362, 2363]. Putting t— 0, and then ^—^=0, (-^Wo, [2358], we get

[23615]
= lib . sin. s,

= 2 1 c . cos. s.



IV. ii. §14.] EQUILIBRIUM OF THE SEA. 625

-\-ff7 .d^,d^.^iii.\bbi-\-cCi. (1
—

m-^) }
. cos. (i t— iii-{- s—

Sj)

-\-ffy.dti. dts . i.iiy.[cci. (1
—

\i?)
—

hhi] .cos. (it-\-iit -{- s-\- Sj)

[2364]

g'ffW'dv^'^
\ (1— i).P^'^'+(l

—
^).P^')'+&c. I

.cos.(2«^+20

-^.//rfM^..^(l-^).pa)pa)+(i_|-^).p.^).p(^)+&.c.[^

cos.(^7^V-h-,); *

^-\-C03.{it-{4it-\-i-\-il) .

The characteristic 2 of finite integrals includes all the values t, i^, &c. The

quantities P^^\ P^^\ &:c., are the coefficients of cos. (i t ~\- s)
in Y^'^

*
(1767) Putting, as in [2365],

y(0= po) . COS. (i t-\-e)+ P(') . COS.
(i\

^+ f^) + P^'^ . cos. fig ^ + £2) + ^^c. ; [2364a]

then taking the square of this expression, and substituting

COS. {in t + e„)2
= J _^ J . COS. 2 . (i i + sj, also

^^
2.cos.(i„^4-s„).cos. (i,t+0 = cos.{iJ

— i^t+ s^—s„,) + cos.(i„^+ «»<+ £» + ^m),

[6, 20] Int. ;
we shall have, by using the characteristic 2, as in [2365],

F«2= ^ . 2P«2 + i .2 P(')2 . cos. 2.(it-{-s)

_j_ 2pw . p(0 . Jcos. (i ^—
1\

< + e—
Sx) + COS. {i

t + i,t^ ^+^x)]'

Deducing from this the values of F^'^*, Y^'^^, T^^^% &;c., and substituting them in

the second member of [2355], we obtain the second member of [2364]. The values of

f—
j, (";7~)> [2361a], being squared and reduced as above, by means of the formulas

[1, 17, 20] Int., become

(~\ =^.2i3.62_| .2^2 jsj^ cos.2.(i< + £) 4- Eii^.bb,.cos.{it
—

i,t-{-s
—

s^)

— 2 it, . 6 J, . COS. {it -{-ij -{- £+ ^i) ;

2 [2364rf]

(~) = i . 2 ^2 . c2 _j_
1

, 2 j2 ^ ^ jjQg^ 2 . (i<+ e) + 2 1 1, . c Cj . COS. {it
—

i, i-{-s—s^)

+ 2 1 ij . c Cj . COS. {it-\-iit -\-s-\- £,).

167
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Y(% &c. ; P'^\ Pf\ &c., are the coefficients of cos. (ii^ + si) in the

same functions Y^^\ Y^'^\ &c.
;

and so on for the rest. The comparison

of the terms independent of t, in this equation, gives,

then we have

ff\y.dis..dzs.iK{c', (1— f^')
— W]

[2367] =-^g.ffid^.d^A A_iypo)2+^ i.yp(2)2_^&e. I

. (14)

for the fluid can have each of the simple oscillations, relative to the coefficients

i, ^\, &c., separately; since by substituting, in the equations [2175
—

2176'],

[2367'] the preceding values of y, \~r)^ \l~r ^'^® terms depending on

sin. (i^ + s)
and cos. (it -{-s) must separately destroy each other. Now

by considering only the oscillations relative to the angle (i
t + s), and

supposing all the terms relative to the other angles to be nothing, the

equation [2364] will give the equation [2367], by comparing the coefficients

of cos. 2. (it + 0- Hence, by adding together all the equations similar to

[2367], we shall obtain,*

Now we have supposed, in [2357], that u, v, have the same values, for all particles situated

on the part of the radius r —
r^ ;

therefore u, v, are independent of r
;
and by integrating

[2367"]

the first member of [3355] relatively to
?•,

and substituting f dr = r'—
?-^

=
y, we

r,

shall get, for that first member, the expression

This is easily reduced to the form of the first member of [2364], by using the values

[23C4£Z]. Putting the terms independent of i equal to each other, we get [2366]. The

terms depending on cos. 2 .
{i t -{- s), being put equal to each other, produce the

equation [2367].

*
(1768) In the same manner as [2367] was found, by putting the coefficients of

COS. 2 . {it-\- s) equal to each other, we shall get, by putting the coefficients of the terms

cos. 2 .
(i,

< -}" ^i))
COS. 2 . {i.2t -\- s^), &.C., equal to each other,

1 a r
,
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=
—gJfhdi^.d^.:E:i(l—-\p^'^^+(l—^yP^^)'+^c^ [2368]

If we subtract this from the equation [2366], we shall get,

ffy .dii-.d^ .'^i^ .¥ = M.
~

[2369]

At the origin of the motion, we have by hypothesis [2358], y = Y^'^ = ^f*,

(— J:=0,
f—

j
= 0; then the equation [2355] gives,*

therefore

= -5-.//i^f*-^^.
^ (l--J)

•i^x'^'+ (l-|^) •^.^^' + &^c.

I
;

&c.

Adding the equations [2367, 2367a], we get [2368] ; subtracting this from [2366], we

obtain [2369].

*
(1769) At (he origin of the motion [2358], y= h^= F^^^ [15286]. Comparing

this with [235 1 ], we get Y («>= 0, T®= 0, F® = 0, &c. Substituting these, and

(-£\
= 0, (-£\

= 0, [2358], in [2355], it will be reduced to this form,

=
M—g.ffdiL.d7;i.[l—^yh^i^K [2370a]

Now by integrating as in [1483^, h, &;c.], we get

substituting these in [2370a], we get the equation [2370], or

hence the expression [2369] becomes as in [2371].

[2367a]
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[2371] //r.off^.^^.{?"^6^+ *W+&c.} = ±^g.(^l—^-yh\

[2371'] If p be less than unity, or in other words, if the density of the sea exceed the

mean density of the earth, the second member of this equation will be negative ;

therefore the first member will also be negative. This is impossible, while

[2371"] t^, i^, ?/, &c., are positive ;* therefore in this case, some one of these

quantities will be negative ; consequently the expression of y will contain

exponential quantities, and the equilibrium will be unstable.

*
(1770) If i^, i^, Src, h^, h^, &;c., be positive, all the terms of the first

member of [2371] will be positive, and the signs will not be changed by integration;

[2371a] consequently the first member will be positive. Now as this does not agree with the second

member [2371'], one or more of the quantities i^, i^, &;c., must be negative, and then

cos-. {it-\- e), &jc., may become exponential quantities, as is shown in note 179, page 187,

Vol. I.
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CHAPTER III.

ON THE MANNER OF NOTICING, IN THE THEORY OP THE EBB AND PLOW OP THE SEA, THE VARIOUS

CIRCUMSTANCES IN EACH PORT, WHICH HAVE AN INFLUENCE ON THE TIDES.

15. We have supposed, in the first chapter, that the earth is a solid

of revolution ; and we have determined, in this hypothesis, the oscillations

of the sea. We shall now assume a more natural form, and shall suppose the [2371"']

earth to have any figure whatever. In this case, on account of the resistance

which the sea suffers, the oscillations of the first kind will be the same

as we have found in § 6 [2221]. With respect to the inequalities of the [2371""]

second and third kinds, the value of y will be formed of a series of sines and

cosines of angles, proportional to the time t
;
and by naming one of these

angles it, we shall have,*

*
(1771) The values of y, u, v, i/, [2178

—
2178'"], corresponding to the case in which [2372a]

7 is a function of f* [2177], may be reduced to the forms [2372
—

2375]. For if we put

for brevity s/=cos.{s'a-{-e), «^=sin.(««-}~0» we shall get, by means of [21, 23] Int., [23726]

COS. {it-\-S'a-{-s)
= cos. {szi-\- s)

. cos.it— sin. (s'a-{-s) . sin. it = zs'. cos.it— -a^. sin. it ;

sin. {it -\- szs -\- s)
:=: COS. {s'a-{-s) . sin. it -\- sin. {szs-\-£) . cos.it= '^.sm.it -{-zi^. cos.it.

[2372c]

[2372d]

Substituting these in [2 178—2 1 78'"] ,
and putting F=az/, G=— a

ts^ , F'=ga''s/,

G' == —
go!"^,^ H=bz/, K=—

b-si^, P'=C'&,, Q= c'55'; they become as in

[2872
—

2375] respectively. The quantities F, G, &,c., [2372<fl, found in this manner, are

evidently functions of f*, w, [2178"", 23726], which are restricted to the form of 7 assumed
[2372e]

in [2177] ; but we may avoid this restriction, by supposing F, G, &;c., to be any functions

of fi, -sj, of such forms as will satisfy the equations [2175
—

2176']. By this means we [2372/^

obtain the equations [2376
—2381, &c.], as in the subsequent part of this article.

168
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[2372] y= F.cos.it+G, sm.it
;

[2373] gy^V' = F' . cos.it + G' . sin. it =g\j ;

[2374] u= H. COS. it-\-K. sin. i t
;

[2375] v = P . COS. it + Q. sin. i t .

General

So'f These values, being substituted in the equations [2175
—

2176'], will give
2/>

y^u,
^j^g gj^ following equations, by comparing the coefficients of the sines and

cosines of z /.*

*
(1772) It is evident that the second members of the equations [2176, 2176'] are

_ fd'{gy-V') \

[2376a] respectively (^^7-^^) V(l— M-') ;

^

^_^^
1

', which, by means

of gy— V [2373], become respectively,

/dF'\ . /dG'\ . .

Taking the differentials of [2374, 2375], relatively to t, we get,

(du\

... . /ddu\ -o XT • -o T^ • •-— =— t. H. sm. I t-{-i.K. COS. it ;
——— =— i'^ .Jd.cos.it— I'^.K.sinit ;

dtj
^ ^ \dP J

'

L23766]

(dv\

• Ti • •
I

• /-w • / ddv\ -on • -o ^ • •

-;- 1 =— i.i^.sm.i^ -j- 1. (^. COS. it
; \~7'9~)

^^— i'' .F .cos.it— i-^.i^^. sm.it.

Substituting these in the first member of [2176], we obtain,

— i^. H. cos.it— i^.K. sm.it -\-2ni.P.y.. \/( 1—
(x^)

. sin. it— 2ni.Q.iJ.. y/( 1—
/a^)

. cos.t^

[2376c]
=

[ (f^)
' cos.i^+ (^)

.sin.i^
I
./(l-fx^).

The coefficients of — cos. i t, being put equal in each member, give [237G] ;
and the

coefficients of — sin.i^ give [2377]. The equation [21 7G'] becomes, by like substitutions,

— i^.F. cos. it— i^.Q- sin. i t— ,,/'^ -- .i.H. sin. i t + -77^
—

^-^, .i.K. cos. i t

[2376rf]

fdF'\ fdG'\ .

1— fx2

Multiplying this by
—

(1
—

{>^),
and putting separately the coefficients of cos.i^, sin.i^

equal to each other in both members, we get [2378, 2379] respectively. Substituting the

values of y, u, v, [2372, &:c.], in [2175] ; then from the coefficients of cos.it, sm.it, we

obtain, in like manner, [2380, 2381].
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[2376]

\ dM- J \ dzi J

Hence we easily obtain,*

2n /f^F^X
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and then we find,*

..
2.

/ddF'\ rddF'\

[2386] F =

-4n^fxV > f^\_ \dT;i)\dzs)
Valueof ( f^M- ) \dii' J (1 fi^)

. (t^ 471^^*2)

2 w /<? 7\ ( ( yj.
\

)
^ -^-W

^

fdG'\ _ 2n ;
^ '

<^^2_4^2^2J
^ ^ fdG'\^

Changing in this equation F into G, F' into G', and the contrary ;

get [2384]. Lastly, multiplying [2376] by __ 2nM..v/(l f^)
^ adding [2379], then

[2386al

dividing by (
1—

fJ^^)
. (i^
— 4 n^ ^s), we obtain [2385].

*
(1774) Substituting H, P, [2382, 2384], in [2380], we get [2386a] ; from which

we easily obtain [23866] , by merely separating the terms, and reducing the factors of some

of the quantities.

I dfj. )

( (1— Ma).(t2_4M2fj^)
dts

[•2386fc]

= —
S Ht^-4n2fx2 J'\dii J S >_ ( t<^ )

.2n ^(i

d-^ LV *
f Zfi^ >

(i2_4n2^) )
^

Developing [23866], considering (^^), (^aZriW)'
'' ''"'^^^ '^""'' ^'

easily obtain [2386], by changing the order of the terms, and observing that the quantities

depending on (3
——\ mutually destroy each other.
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2 w
also the signs of the terms multiplied by -:- ;

we shall obtain another equation [2386']

between G, G', F'. The combination of these two equations gives ^"^^"'^

F and G.*

We may, by means of these equations, determine generally the law of

the depth of the sea, which would render the oscillations of the second kind [2386']

nothing, in all places upon the earth. For in these oscillations, i differs

but very little from n [2223e] ; therefore we may suppose i = w, in the [2386'"]

preceding equations. Moreover, by hypothesis [2387«], we have i^= 0,

G = 0; hence the values of F' and G' will be, by ^ 7,
^^^^

F''=M,(i.\/T^^.cos.zi; G' = — M. fi.
. v/T^I^J?. sin.ts

; [2388]

M being a function of t, independent of
fji.

and -a.-f Substituting these

2n 2n*
(1775) Changing F' into G', G' into F',

— into -, the value of [2386c]

£r[2382] becomes lilte K [2383], and P [2384] changes into Q [2385]; therefore F
[2380] changes into G [2381]. Hence the value of G maybe deduced from that of

F [2386], by making the same changes [2386c] in [2386].
[2386rf]

f (1776) If we suppose the oscillations of the second kind to vanish, as in [2386"], we

shall have y= [2372] for all values of t
; hence =: F . cos. it-\-G . sin. i t.

Putting successively it = and it =100°, we get F=0, G=0. The part [2387o]

of a V\ on which the oscillations of the second kind depend, is given in [2222].

Substituting in this expression cos. 5 = f*, sin. 5= \/(l
—

(x^), and by [23] Int.,

cos. {nt-^-Ts
—

4^)
=' COS. n t . cos. («

—
4^)
— sin. n t . sin. (w

—
4^), it becomes [238/6]

Q r

aV=— . sin. v . cos.v . |x . y/(l
—

\)?)
. {cos. n t . cos. (ts

—
4-)
— sin.nt . sin. (to

—
4^)1. [2387c]

3jL
If we now put -r- . sin. v . cos. v = — aM, we shall get,

V=— M.[k.\/{\— (x^) .{cos. n^.cos. (to
—

4^)
— sin. nf .sin. (to

—
4')l' [2387rf]

Substituting this and y= 0, also i= n, in [2373], we obtain

Jkf .fx.\/(l
—

1*^). {cos. (to
—

4') • cos. n< — sin. (to
—

4*) •^^•nt\

= F'.cos.ni4- G'.sin. ni.
[2387«J

Comparing separately the coefEcients of cos.ni, sin.nt, we find the values of jP', G',

[2388] ; changing in [2388] to into to—^= to', which does not alter the result of the [2387/]

calculation [2391].
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values in the preceding equation between F, F', and G', we shall

find,*

J \ /x .
—^

. Sin. zi

[2389] = COS. ts .

(^ j
. v/l— "-^ +

V/l
—

|X2

The equation between G, G', and F', will give,

[2388a]
*
(1777) We might substitute immediately the values of F, F', (?', in [2386] ;

but

it is rather more simple to compute H, P, and then to substitute them in [2380]. The

differentials of [2388, 2387/] give

[23886J

Substituting these, and i = n [2386""], in H, P, [2382, 2384], we get,

„ —
,M".(1

—
2M^).cos.OT'4-2j»f.iui-2.cos.ts' .¥. cos.ot'. (1— 4fJi2) M

,

[2388c] jfi == 2~71
—

4 2\
=— 2~Ti a

—
2\
—=— ~T • COS. w :

*

w^.(l
—

4fx'^) n'^.^l
—

4fji'') ii2
'

— Ji.fA.t/(]— fj^).sin.^^
— 2.Tf.M../(l— pi^).(— l+2|x2).gin.-zg^

f2388rf1 _ ^^/.f^.sin.:ii^ f—l— 2.(->.1+ 2m^^)} _ .If.fx.sin.^^
^

' ^
n2./(i_^2)

•

(1— 4,jl2) ?i2.t/(l— }x2)

•

Substituting these values of H, P, and F=0 [2387], in [2380], it becomes,

I2388e] ^==0==--.(^— 5^^^ j-^-(^_Mll^:^) /y-

Dividing this by -, then developing the differentials, we get, by successive reductions,

and neglecting the terms which mutually desti'oy each other,

[•W]==(g)VC-.^).cos..'+ ^-.(^^).sin..' [2389]

sm.w'-f-— r-.COS.tP
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y^
X '-'\jj'

COS. -a

Hence we deducef (-7^) = 0, (
-^

)

=
; consequently y is equal to [23^1]

\dilj Xd-SiJ Oscilla-

a constant quantity ;
therefore the oscillations of the second kind cannot fhTsecond

> ''

^ ^

"
Itind may

vanish^ for the ivhole earth, except in the single case where the depth of the sea [2391]

is constant. Inltu
of tlie

If the oscillations of the third kind vanish in every part of the earth, we ^"^*'*

f2391"l
shall have F= 0, G = 0, for these oscillations

;
also by ^ 9,t

F' = N.(l— ii^). COS. 2^; G' = — iV . (1
—

m-^)
. sin. 2 vs

; [2.3921

*
(177S) If we change ts' into -51'+ 100°, in [2388], F' will change into G', and

G' into — F'. Tiie same changes being made in if, P, [2382, 2384], they will become [2388g]

respectively like K, Q, [2383, 2385] ; and by this means F [2380] will change into

G [2381]. Hence if we change vs' into w'+100°, in the expression of JP=0 [2388e],

we shall have the corresponding values of G=0 [2387], From this we may deduce an

expression similar to [2388/"] ;
which can also be derived from [2388/], by writing

zi'
-\~

100° for zi'. Hence we get the following expression, which is the same as [2390]

with the signs changed ; observing always to use w' instead of to, as in [2387/] :

«=
-('3^0-^('-^^)----'+/(T^,-(s)— '• [2388/1]

COS. zs
'

t(l779) Multiplying [2388/] by ^-^y and [2388A] by ^-^y adding

the products, putting cos.^w' + sin.® to' = 1, we obtain f—
-j
= 0. Substituting this

[2390o]

in [2388/], dividing by —^—.sm.^\ we get (^)
= 0. Now

(^)
=

shows that y is independent of |x; and f—-\= 0, that 7 is independent of to; hence

7 is independent of /x, to, and must therefore be the same for all latitudes and longitudes.

Consequently the oscillations of the second kind disappear, only when the depth of the sea
[2.3906]

is the same for all places upon the earth [2128*].

J (1780) The oscillations of the third kind being by hypothesis equal to nothing, gives

y= 0, and F= 0, G = 0, as in [2387a]. The part of aV [2262] on which [2392al

the oscillations of the third kind depend, becomes, by putting sin.^d = 1— \i?, 2nt= it
or [23926]

[2393], TO—
>).
= to' [2387/], ^.cos.^v

= — «A",
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[23931
^ being a function of t, independent of

fji.
and «. We may also suppose

that i = 2n very nearly [2262']. This being premised, the equation
between F, F', G', [2386], will give,*

[2394] =
1— f/-2

' "^

\dlJ^J
^

2.(1— fi2)

'

« F'=^. (l~-f.2).cos.2v. COS. (2ni+2^— 24.) ==1^.(1— f.2).cos.2v.cos.(ii4-2w')

[2392c] = — a JV*. (
1—

jx^)
. {cos. i t . cos. 2-^'— sin. i i . sin. 2 ^j' J.

Dividing this by a, we get V ; which is to be substituted, with y=0 [2392a], in [2373],

and we shall get,

[2392rf] JV. (1
—

fJi.^)
. |cos. i t . cos. 2«'— sin.z t . sin. 2to'| =F'. cos. i ^+ G'. sin. it.

Putting the coefficients of cos.r^, sin.it, separately equal to each other, in both members,

we get jP', G', [2392], ro being changed into -us', as in [2387/].

*
(1781) If we put 2n= i [2393], and F==0 [2391"], in [2386]; then

multiplying it by i^, we get,

[2392e]

+

Now the formulas [2392] give, by changing zs into zs' [2387/],

f^)=— 2^-.fiL.cos.2«'; (^^W— 2JV.cos.2w';
/dF

[2392/] ^-~^)=
— 2A-.(1— H''').cos.2«'; (-^^

= — 2 JV. (1— M'2).sin.2a' ;

Substituting these in [2392e], and connecting together the terms depending on sin. 2o',

COS. 2 '5*', we obtain

[2392ff]

+
JV.C0S.2o'.|2y

+ jlt-, + 2f>.(^) + 2.(l-^')/l:i^)M;
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the equation between G, G', and F', will give,*

O • O /^ X (\+ i.').(^), COS, 2 zs

1—
fji.2 V^f^/ 2.(1

—
M-^)

Hence we deducef (x")
= ^' ^"^ t^^^J

in which the coefficient of JV. sin. 2 «' is easily reduced to the form
'

„ . ( -^] .

Substituting, in the coefficient of JV . cos. 2-z5', the development of

1^^ )

=
rz;^ •(^)

+
(-I=i§->'5

"becomes
d

dii.

[2392g']

Hence [2392^] becomes

Dividing this by 4JV*, we get
——.==0, as in [2394], -a being changed into w', as [2392i]

in [2387/].

*(1782) If we change 2« into 2zi-{-l00^, or 2 -a' into 2to'+100°, the

expressions F\ G', [2392] will become G', — F', respectively; hence H [2382]

changes into K [2383], and P [2384] into Q [2385] ; therefore F [2380] will become [2394a]

G [2381] ; so that by changing 2« into 2w+ 100°, F will become G. Therefore

by making the same change in [2386], we shall get the value of G
; and if G be put equal

1*2G i^F
to nothing, we may deduce the value of — =0, from that of —-=

[2394, 2392i], [23946]

by writing 2w' + 100° for 2ot', or 2«+100° for 2 -a; by this means, [2394]
with its signs changed becomes as in [2395], -a' being written for «, as in [2387/].

f (1783) Supposing, as in the preceding note, 2 zs to be changed into 2«', then

multiplying [2394] by sin.2«', also [2395] by — cos.2«', and adding together the products,

putting cos.2 «' + sin.2 to
' == 1

,
we get -M^=

; hence (^ )
= 0. [2396a]1— f*'^ ydzs/

Substituting this in [2395], and dividing by sin. 2 -a', we obtain [2397].

160
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[2397] O^-^. + fxY^y

[2398]

This last equation gives, by integration,*

^.(1— fx2)

[2299']

[2:398'] A being an arbitrary constant quantity. According to this value of 7, the

tions'of depth of the sea would be infinite at the equator, where /x
= [2128^''!.

the third
. .

*

. ,

^ -

[2398"]
T^^^ cannot be admitted

; therefore no admissible law of the depth of the sea

khui can- can make the oscillations of the third kind vanish in all parts of the earth.
not vanish

M>aiipart3
rp|^^ rapidity of the angular rotatory motion of the earth, in comparison

(sartli.

with the angular motions of the sun and moon, enables us to suppose i= n.

[2399] . . . . . . .

in the oscillations of the second kind
;
and i = 2n, in the oscillations of

the third kind. Moreover, it is evident from the preceding analysis, and from

§ 6, 8, and 9, that if we suppose the quantities L, v, 4? r, to refer to the sun,

and mark them with one accent for the moon, the elevation «?/ of a particle of

the surface of the sea, above the surface of equilibrium, which would take place

independently of the action of these two bodies, is nearly of the form,t

*
(1784) From f_Zj:=0 [2396], we perceive that y is independent of ts, and is

therefore a function of (x only ;
hence [2397] may be written = -—

2-^ -f-
^

.

[2398a] IVIultiplying this by J^, ,
we get = ^,'('^tt + ^^, • The integral of this is

Jl= J^ A being the arbitrary constant quantity. From this we easily find 7 [2398].
1 — m2

f (1785) If we put cos.^ v= 1 — sin.^v in [2221], it becomes

-- L .(1
— 3 . sin.^ v) . (1+3 . cos. 2^) .

8^3^.(1-1)
which is the part of ay, depending on oscillations of the first kind, and arising from the

force of the sun. Accenting the letters jL, v, r, we obtain the part corresponding to the

[2400a] moon,
—L:.{\— 2>. sinZ-^vQ (1 + 3 . cos.2^)

^ r^^^ ^^^^^ ^^ ^^^^^ j^ ^^^^ ^^.j^^^^ ^^1^,^

of a y, depending on the oscillations of the first kind, being the same as in the first line ot

[2400a'] the second member of [2400]. If we put cos.^=M', JVi= -
. sin. v . cos. v,
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(l+ 3.cos.2d) C i .,
„ . 2

.
,

jL' ^, o • o /x >

-y = - /
_3_y ^;5'0-^-s^"''v)

+
^3.(l-3.sm.^vO^

[2400]

^A Spy

+ ^.
^ . sin. V . COS. V . COS. {rit -{--m

—
4-
—

p)

+ B.

-\-
—

. sin. v' . COS. v' . COS. {ntAr-^— 4''
—

^) \ "^Xte
'"

value of
the height
of the

i . \ tide.

-3 . cos."^ V . COS. ^.{nt-^TS— vl—
5^)

4- ^ . C0S.2 v' . COS. 2 . (w ^ + ^— 4^'— X)

w2= ,' q>f ,
the expression of the elevation of the tide ay [2253], [2400&]

depending on the oscillations of the second kind upon an ellipsoid of revolution, becomes

a y= ^ .
-

. sin. V . COS. V . COS. {ntA--ui— 4')
= •^ • •^^ • cos. (n < -f ts— 4)j [2400c]

i being, in this particular case, a function of fi, depending on the depth of the sea, &c.

[2196] ; and M a function, which is proportional to the disturbing force of the sun. In

supposing i=-n [2399], the motion of the sun is neglected in comparison with the rotatory

motion of the earth [2223e], so that M may be considered as very nearly constant, and to be
[2400rf]

the same for all parts of the earth, independent of f*, ro. If this disturbing force M be

increased in any ratio, the preceding value of ay [2400c] will be increased in the like

proportion. The same method of reasoning may be applied to the general value of a y,

deduced from [2372], which must be proportional to M-, and if we put

aF=^.»/V/.cos.(t3— 4.
—

p), aG=—.^.Jlf.sin.(xs
—

4'--^), i^= wi [2399], [2400c]

we shall get

(t.yz=zJi.M,\ cos. n t . COS.
(•51
—

4^
—

p)
— sin. n t . sin. (:n

—
4^
—

^) }

= A . M . COS. {nt-\-zi
—

4'
—

^)'^^^'':ik'
^^"'^ -cos.v . cos. (n^-f-ra

—
-4
—

^) ; [240()/"]

A^ B, being like F, G, functions of f*, w, [2372e], determined by means of the equations

[2386, 2386^ ; and in the present calculation, in which i=n, they may be considered

as independent of ii, r, V, 4'' Therefore we may obtain nearly the part of ay depending [2400g-]

on the lunar action, by changing in [2400f] L, r, v, 4-9 into L', /, v', -^'^ respectively,

without altering A, ^ ; by which means it will become,

ay=zA.— . sin. v' . cos. v' . cos. (n < + «— 4-'
—

^)• [2400A]
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[2400'] A, Bj /3, X, being functions of
fj^, ^, depending on the law of the depth of

the sea. This form is so general, that it includes a great variety of the

phenomena of tides, which might take place in the different ports. It

appears from ^ 7 and 9, that if the earth which forms the bottom of the

[2400"] sea be a solid of revolution, the instant of the maximum or minimum of the

oscillations of the second, or of the third kind, will be the same as that of

the passage of the body which produces it over the meridian.^ But we see,

by the preceding formula, that in general, ivhen the depth of the sea is

[2400'"] assumed in any arbitrary manner whatever, these times may be very different,

and the hours of the tide may be very variable from one port to another. ThisTime of
the tide

withtiie is conformable to observation.
depth of
the sea.

In some ports the oscillations of the second kind may be insensible,

[2400""] while in other ports we cannot perceive any oscillations of the third kind.f

But according to the preceding formula, the maxima or minima of these

oscillations will follow the times of passage of the respective bodies over the

meridian, by the same interval [2400A;, /], since the quantities /3 and >• are

the same, for each of the two bodies. Now we shall hereafter see, that this

result is contrary to observations
;

so that the preceding formula, even when

The sum of the two parts of ay [2400/, h], is nearly equal to the part of ay depending

on oscillations ofthe second kind, as in the second and third lines of the second member

of [2400].

In like manner we obtain the part of a
y, depending on oscillations of the third kind, by

[2400i] putting in ay [2372], i= 2n, and using the quantities B, X, instead of .^, ^; changing

also M= -
. sin. V . cos. v [2222, 2400a'] into M= -

. cos.^ v [2262] , corresponding

to the oscillations of the third kind, as in the fourth and fifth lines of [2400].

*
(1786) This is evident from the expressions of ay [2400c, z, 2297', 2294, &c.],

using [2131c]. In the more general case treated of in [2400'"], the values of ay are as

[2A00k] in [2400/, Sic, 2400] ;
and it is evident that [2400/] is a maximum, when nt-j-T^s

— ^.—^,

at which lime the body is at the distance p from the upper meridian [2131c]. In like

manner the part of ay [2400] depending on the angle 2 .{nt-^zi
—

-^
—

^) becomes

[2400i] a maximum when nt-{-'ui
—

-^
= ^> at the distance X from the meridian.

f (1787) A, B, are functions of |x, ^, [2400'], and there may be places on the earth

[2400m] where .^= 0, then we shall have no oscillation of the second kind in [2400]. If B=-0,

there will be no oscillation of the third kind in [2400] .
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taken in its greatest extent, will not fully satisfy all the observed phenomena. [5^400"]

The irregularity of the depth of the ocean, the manner in ivhich it is spread sources ot

. . . . . . itieguiari-

over the earth, the position and declivity of the shores, their connexions
J^jj."'''"

with the adjoining coasts, the currents, and the resistances ivhich the waters

suffer, cannot possibly be submitted to an accurate calculation, though these

causes modify the oscillations of this great fluid mass. All ive can do is to

analyze the general phenomena ivhich must result from the attractions of L2400vi]

the sun and moon, and to deduce from the observations such data as are

indispensable, for completing in each port the theory of the ebb and flow of

the tides. These data are the arbitrary quantities, depending on the extent of [2400vii]

the surface of the sea, its depth, and the local circumstances of the port,

16. We shall now examine, in this more general point of view, the theory

of the oscillations of the ocean, and shall see if it corresponds with the

observations of the tides. We may consider the sea as a system of an infinite [24oo^'»]

number of particles, which act on each other by their pressure and mutual mtthod'oi

• mi • 1 -1 '11 • computing

attraction. These particles are also acted upon by gravity and the attractive ti«= tides.

forces of the sun and moon. Without the action of these two last forces, [2400!^]

the sea would long since have been in equilibrium ;
therefore the law of

these forces must regulate the motions of the tide.

To obtain the attractive forces of the sun and moon, upon a particle of

the surface of the sea, determined by the co-ordinates R, is,
^

',
R being [2400* ]

the radius drawn from the centre of the earth to the particle ;
we shall put

tiV for the following expression,*

a F' == - \ , {[sin.v. cos.d -f cos. v . sin.d . cos. (nt -\- w— 4^)]~
—

^\
a v.

or' 132 [24011

-f
-

',3
. {[sin.v'. cos. 5 + cos.v'. sin. ^ . cos. (n^ + ^—

4-')]^
—

il-2/

*
(1789) In the terras [2132, 2133], from which [2192] is derived, the radius of the earth

is put equal to unity ; but all these expressions must be of the order —
[2132], and as X< is [2401a]

of the third degree in R, they must be of the second degree in jR, r. This form is obtained

by multiplying [2192] by R^, considered as unity ; and then it becomes as in the first line of

the second member of [2401]. The second line is deduced from the first, by accenting the

letters L, r, v
; hence we obtain the part relative to the moon. The sum of these two

161
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Then the sum of the lunar and solar forces, resolved in the direction of the

/dV'\
['2401'] radius of the earth, will be

"•("To)'
^"^ 2 a F' [2401c], putting

R =i\. after taking; the differential. The sum of these forces, resolved in
Forces.

' &

a direction perpendicular to that radius, and in the plane of the meridian of

[2401 "] the particle, will be « . f
-—-

j
. Lastly, the sum of the same forces,

resolved in a direction perpendicular to the plane of the meridian, will be

[2401"]
—^—~-^ . These expressions are very nearly accurate for the sun, on

account of its great distance from the earth, which renders the terms

[2401""] multiplied by -j* almost insensible. They are less exact for the moon ;

but we have not been able to discover in the phenomena of the tides, anything

jj
[2401V] depending on forces of the order -^ . Perhaps a greater number of more

accurate observations than have hitherto been made, may render the effects

of these forces sensible.

[2401"!] We shall in the first place consider only the action of the sun, and shall

priducod suppose it to move in the plane of the equator, ivith a uniform motion, and

s'upp^lng' always at the same distancefrom the centre of the earth. The three preceding

p"iane^ forccs wlll thcu become,!
of the

equator.

[24016] parts is the whole value of a V, from which we may deduce the attractions in the

directions of the radius, meridian, and parallel of latitude, as in [181 IZ], from these we

easily find the expressions [2401'—2401'"] ; changing r into R, and neglecting the signs,

which serve only to indicate the direction of the forces [1811m]. The differential of

aV [2401], relative to i?, being divided by dR, and then putting R=^l, gives, as in

[2401c] [2401'], a .

("T^)
= 2 a F'.

[2401d]
*

(1790) Terms of this order were neglected [2192a, Stc], in computing aV [2192].

f (1791) If we notice only the part of aV [2401] depending on the sun, putting

v=0 [240 r'], and cos.2(n^ + «—
vj.)
= ^ + J. cos.2 . (n i + to— 4.),

we shall get

a F'=^^ .
\
sin.2 & . C0S.2 {nt^vi— -\>)

—
h]

[24023]
=— . ^ . sin.2 5— ^ -}- J . sm.^6 . cos. 2 . (n <+ «— •^)|.
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Forces.

.|^^
.

J
sin.^d— I + sin.^^ . COS. (2 w i + 2 «— 2-|) } ; [^.t^'] [2402]

1^ . sin. d . COS. ^ .
{
1 + COS. (2 w ^ 4- 2 1.— 2 ^^) } ; (J) [^7ifir'^T [2403]

2/^

3i>

2H
. sin. ^ . sin. (2 n ^ + 2 1.— 2 ^^). ["tLfSt!^] [2404]

Bj means of the constant forces

1:^. jsin.2^
—

II [2402], and |^ . sin. ^ . cos. 4 [2403], [2404']

tlie sea would finally settle in a state of equilibrium. Therefore these forces

merely alter a little the permanent figure which the sea would assume by

means of its rotatory motion. But the three variable parts of the preceding

forces must excite oscillations in the ocean., and we shall now proceed to

determine the nature of these oscillations.

These forces, after an interval of half a day, again have the same values.

Now we may establish it as a general principle of dynamics, that the state pii»cipie

of a system of bodies^ in which the primitive conditions of the motion have dynamic?.

disappeared by the resistances it suffers, is periodical., like the forces which act [2404'q

on it. Therefore the state of the ocean must become the same, at each

interval of half a day ;
so that there must be an ebb and flow during that

interval.

To show this, by a method of reasoning which may be applied in all

similar cases, we shall suppose that at any time a, the height of the tide in [2404'"]

any part was A, and that it again became of the same height, after the

intervals f^^\ f^^\ f^^^ f'''\ &c., counted from the time a. Then

a+/^'^ is the time when the height of the sea is A, after the number i of

these intervals. If we suppose i to be very great, this time will not depend
on the conditions of motion which existed at the time a considered as the

instant of the origin of the motion. For all these conditions must have
[2404""]

disappeared by the friction and resistance of every kind, which the sea

Hence the force in the direction of the radius R, represented by 2aF'' [2401'], is as in

[2402]. Substituting the value of a V [2402a] in the forces [2401", 2401'"], they

become
respectively as in [2403, 2404].
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suffers in these oscillations. Therefore the motion of the sea finally becomes

independent of these conditions, and depends only upon the forces which act

on it ; so that it is impossible to discover the primitive state of the sea from its

present condition.

We shall now suppose that, at the time denoted by a + half a day, all

[2404V] the conditions of the motions of the sea are the same as at the time a.

Then since the solar forces are the same, and vary in like manner in both

cases
;

it is evident that in the second case, the successive intervals in which

the height of the sea is h, commencing with the time a + half a day, are,

as in the first case, f-^^ f^^\ f^^\ &c.
;

so that at the time

«_|_/(0 4_ half a day.

[2404*i]

[2404V"] the height of the tide is h. But as i is very great, and the actual situation

of the sea is independent of everything that has any relation to the origin

of its motion, it is evident that the time « 4-/^'^ + half a day must

correspond with one of the times when the height of the sea is h in the first

case
;
therefore we must have

[2405] a +/« + half a day = a +/^'+">,

r being an integral number
;
therefore

[2406] f^'-^^ —f^'^ = half a day.

Hence it follows that the state of the sea must become the same after an interval

of half a day.

It is probable, that if the whole ocean were disturbed, by any cause, the

[2406'] resistances it meets with would destroy the effect of this cause, in the

Effect interval of a few months; so that after that interval, the tides would resume
of the n r I.

forcegf"^
their natural order. Hence we can judge of the little mfluence of the

Sroyed wiuds
;

for however violent they may be, they are only local, and affect

resinance,

jj^gj-gj^ ^^g surfacc of thc sca. Therefore by taking the mean of a great

[2406"] number of observations, continued during several years, the result will

represent nearly the effect of the regular forces acting on the ocean.

We shall suppose a right line to be drawn, whose parts represent the time ;

[2406'"]
and upon this, as the axis of the abscisses, a curve to be described, whose

ordinates express the height of the tide ; the part of the curve correspondingCurve rep-

\hoiitel to a portion of the absciss representing a half day will determine the entire
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curve. For the whole will be formed by repeating this part ad infinitum. [2406'"]

Thus the interval between two consecutive high tides will be half a day, and

the same takes place with two consecutive low tides.

17. For the purpose of ascertaining this curve, we shall suppose that there

is a second sun L, perfectly equal to the first, and moved in the same manner [2406']

in the plane of the equator, with this difference only, that it precedes the first

in its orbit by the angle n'T
',

in which n' = n— m, and m = -7- . [2406vi]

We shall obtain the forces relative to this new sun, by changing -I into

\--\-n' T,* in the expression of the variable forces acting on the sea, which [2406^"]

we have given in the last article [2402
—

2404]. These new forces being

added to the others will produce the following,

3L
^.sm.^&.{cos.(2nti-2vi

—
2-;^) + COS. (2nt + 2^— 2 \>

— 2 n'T)]; [2407]

37"

~^.sm.Kcos.&.{cos.(2nt + 2'!^— 2-\^) + cos.(2nt+ 2'a— 2^— 2n'T)]; 12m]

or—
^.sm.6.{sm.(2nt^2'a^2^)+sm.(2nt-{-2zi

— 2^— 2n'T)}. [2409]

If we put L=2 L . cos. n' T, these three forces will becomef [2409']

*
(1792) The variable part of the forces [2402—2404] are

or Q T—
. sin.2 & . COS. (2 » ^ -f- 2 «— 2

4.),
—-

. sin. & . cos. ^ . cos. (2 n ^ -{- 2 ^— 2 4.),

SL [2407a]——
. sin. & . sin. [2nt-{-2-ui

—
2-\) ;

the constant parts being neglected [2404']. If another body L, whose right ascension is

•4 -f- n' T [2406'''], be added
;
the three corresponding forces will be found by changing \>

into \j-\-nT in the preceding values. These new forces, being added to the preceding

[2407a], will become as in [2407
—

2409].

f (1793) Putting for brevity n= 2n< + 2«— 2 4-, we get, by using [20, 18] Int., [2408a]

and L^ [2409'],

L, . cos. (n— n'T)= 21.. cos. n'T. cos. (n— n'T)= L . f cos. n + cos. (n— 2 n'T)\,
[24086]

L^.sin. (n— n'T) = 2jL.cos.«'r.sin. (n— n'r)= L. {sin.n + sin. (n— 2n'r)}.

The first of these expressions being substituted in [2407,2408], produces [2410,2411]

respectively; the second changes [2409] into [2412].

162
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[2410] -^ . sm.^ & , COS. (2 nt + 2^— 2-\.
— n' T) ;

3L
[2411] -—^.sm.6.cos.6.cos.(2nt+2v^

—
2-\^
— n'T);

^^"^^^^ —
l^.sin.^.

sin. (271^ + 2^— 24.— ri'T),

[2412^

These last forces produce a flow and ebb, similar to that which the body L
would produce, if its mass were changed into L^, and the time t were

decreased by \ T, in the forces of the preceding article.* Therefore if we

[2413] put y" for the ordinate of the curve of the height of the tide, corresponding

[2414] to the absciss t— \T, we shall have —^^ for the height of the tide

produced by the three preceding forces.

This height, by the nature of very small oscillations, is equal to the sum

[2414'] of the heights of the tide arising from the action of the two suns L. For

we know that the whole motion of a system, acted upon by very small

forces, is the sum of the partial motions, that each force would produce in

the system if it acted separately. It is in this manner that small waves,

made in a basin, are formed the one above the other, in the same manner as

[2414"] if they were separately excited upon the level surface of stagnant water.

This evidently follows, from the circumstance, that very small oscillations

are given, by linear differential equations, whose complete integrals are the

*
(1794) The body L is supposed to move uniformly in the plane of the equator

[240pi], with the angular velocity m [2406"'] ;
therefore if the time t be changed into

[2411al t— ^T, as in [2412'], the angle 2nt will become 2nt— nT, and 24/ will change

into 24^—mT [2406''^]. By this means the angle 2n^-f-2w— 2 4^, which occurs

in [2407a], becomes 2w^ + 2^— 24.— (n—m) . r= 2w^+ 2xs— 24.
— n'r= T',

fcH" brevity [2406""'] ; and the three forces [2407a] change into

or o T- or
[24115]

—-
. sin.^d . cos. T' y

—-
. sinJ . cosJ . cos. T'

', —Tn,- sin. 5 . sin. T' ;^
2j-3 2r3 2r3

which, by writing L, for L, or multiplying by
—

', become like the forces [2410
—

2412],
Li

Now if we suppose that the forces [24116] produce a tide denoted by y", the forces

[24Uc] [2410—2412] must cause a tide equal to
-j-'l/' [2414}, because the ratio of these

L,
fcwces IS as 1 to --

.

Ll
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sums of all the partial integrals which satisfy them.* Hence if y be the

ordinate of the curve of the height of the tide corresponding to the time ^, [2414"'i

and y' the ordinate corresponding to the time t— T,\ y -\-y' will be the

sum of these heights ;
therefore we shall have,

T ..'/ Importaat

?y -4- 7/ = ''^ (O) equation.^^^ L
'

^ ^
[2415]

Now if we develop ?/ and ?/', in series arranged according to the powers of

y, we shall find, by neglecting the powers exceeding the second,!

*
(1795) The equations [2320

—
^2322] are linear relative to the required quantities

s, u, V ; and if we have several triplets of values s^, u^, v^, s^, v^. v^, s^, «3, V3, &c.,

which satisfy these equations respectively ; we may also put s= a^s^-\-a2S^-{-a3S^-\-hc.j [2412a]

u= a^Uj^-{-a2U,2-\- a^ii3-{-hc., v= aiVj^-\- a^VQ-^a^v^-^hc. ; a^, Og, «3, Stc, being

any arbitrary constant quantities ; it being evident, from the linear form of the equations

[2320
—

2322], that these last values of 5, w, «, which include all these partial integrals, will [24126J

also satisfy these equations, and may be considered as the general integrals.

f (1796) In the same manner as we proved, in [2411a, Sec], that by changing t into

<— I T, the angle 2nt-{-2-si— 2-]j becomes 2n< + 2^— 2^|.
— n' T, we may

prove that by changing t into t— T, the angle 2w^+2'ztf— 2-^ becomes

2nt-\-2'ci— 2-\>
— 2n'T; [2414o]

so that y being put for the tide corresponding to the time t, and
1/

for that corresponding to

t— T, their sum y -\-y' will represent the tide corresponding to the two suns, or in

other words, to the forces [2407
—2409] ;

and as these forces have been proved to be

L .y"
equivalent to those in [2410

—
2412] which produce the tide

'

[2414], it is evident, [24146]

that these expressions of the tides must be equal to each other ; hence we get [2415].

J (1797) Putting in the formula [617] a=— T, (p(t)=y, (p {t -\- a)= y'j
we

shall obtain [2416a]; and if we put a=— ^ T, <p(i)=y, 9 (^-{- «) ==y", we

shall get [24166].

If we neglect T' and higher powers, they become as in [2416] ; and it will be shown in

[2416^-], that these terras are not wanted in finding [2418], which is the object of th«;

present calculation »
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[2416]

^ ^ ^
dt

^ ^ dt^

Moreover, we have*

[2417]

'

L^ = 2L— L.n'^T^;

these values, being substituted in the equation [2415], givef

[2418] ^ = __4w'2.2/.

*
(1798) Substituting in L, [24 OQ'] the value of cos. n T [44] Int., we get

which, by neglecting T^ becomes as in [2417]. The preceding value of L^ gives

[2416c] ^'= 2— n'2 T^+ ^V n'^T*— &ic.

t (1799) Substituting in [2415] the values of
y', f, -zr, [2416a, J, c], we get [2416(i].

Neglecting 2 y— T .—, which occur in both members, and dividing by J T^, we

[2416c']
'^^

obtain [2416e], and by reduction [2416/].

2v— T ^4-iT2 ^l^rT^ ^-\-hc

=
^y-jr.lf+ iT^.0-AT».i^+ a:o.}.i3-n-T^

+ &C.

[2416rf] = 2y-T.^+ir^f|-2^T3.-^-n'2r^y + in'2r3.^ + &c.;

[2416e] ..^^^,T.g+S.c.=^-,T.^^|-4n'^3/ + 2n-T.^^ + S.c.;

[2416/] f/-^T.g+&c.= -4n'^y+2n'2T.^+&c.

This must exist for all values of T, and when T= 0, it becomes as in [2418]. It may

be observed, that the coefficients of T, T% he. [2416/] produce an equation similar to

[2418]. For if we subtract [2418] from [2416/], and then divide by
— ^ T, retaining

[2416g-] only the terms independent of T, we shall get "T^
=— 4 n'^ .—, which is tbe same

as the differential of [2418], divided by dt.
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Hence we deduce, by integration,*

7? T

y = —^ . COS. (2w^ + 2t;j— 24.—-2x); [2419]

B and ^
being two arbitrary constant quantities, of which the first depends

on the magnitude of the total tide in the port, and the second on the hour [2419']

of the tide, or the time after the passage of the sun over the meridian.

This expression of y gives the law, by ivhich the solar tide ebbs and flows.

For if ice suppose a vertical curve to be described, and represent by its
[2419"]

circumference an interval of half a day, and by its diameter the total rise of

the solar tide, or the difference of elevations between high and loiv water ; ive
^^^^^^^^

may take any arc of this circle, commencing at its lowest point, to express the soilnide.

intervals of time from low ivater : and then the versed sine of this arc will be
. [24201

the height of the tide corresponding to that time.\

*
(1800) Putting a= 2n' in [S65'], it becomes as in [2418], and the second value

of y [864a] is

y= 6.cos.(2n'i4-9)= 6.cos.(2n^— 2w< + (p)=5.cos.(2n^
—

2>).+ (p) [2406^']. [24i9a]

To render this symmetrical with the similar expressions in this book, we may change the

arbitrary quantities i, 9, into ^-Z^^ ^-sj—2X, respectively, and we shall get [2419].

A little reflection will make it evident that the quantities B, X, must be nearly constant.

For the height of the tide y must be nearly proportional to the disturbing forces [2402
—2404],

which vary as the ratio -
; therefore B [2419] must be nearly constant, and depend on

[24196]

the mean rise. of the tide in the particular port under consideration. If the moon's angular

velocity in her orbit were the same as that of the sun, the effect of these velocities on the

values of B, X, would be very nearly alike, so that they might be taken the same for both

bodies. The effect of the greater velocity of the moon is taken into consideration in the
[2419c]

values of B, X, [2439].

f (1801) Upon the vertical diameter HL=2B. -
, and

centre C, describe a circle HA LB
; make the angle

lfC^= 2n^ + 2^s— 24.— 2X, then draw the line AB,
perpendicular to HL, and we shall have, from [2419],

y=CA,cos.HCA=: CB. \ /
^g^gOa]

The least value of y corresponds to the point L, and is there

==— CL; the greatest value of y corresponds to the point H,

163
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This law is accurately observed in the open sea ; but local circumstances

cause the tides to vary a little in our ports, where the tide is rather longer

[2421]
in the ebb than in the flow ; and at Brest, the difference is about ten

minutes.

The greater the sea is, the more sensible will be the tides. In a fluid mass,

[2421'] the impressions which each particle receives are communicated to the whole

mass. It is by this means that the action of the sun, which is insensible in

an isolated particle, produces in the ocean such remarkable effects
;
and this

is the reason why the ebb and flow are insensible, in lakes and small seas,

such as the Black sea, and the Caspian sea.
[2422]

circum- JVe have seen, in [2294
—

2296], the great influence of the depth of the sea
stances

. , ,

vary the
upou thc height of the tides. The local circumstances of each port may vary

^ ' this height considerably. The undulations of the sea, confined in a strait,-
times and

Sde°/ '^^y become very great. The reflection of the waters by the opposite shores

yerymuc .

^^^ ^^^^ lucrcase the tides. It is from these causes that the tides, ivhich are

generally very small in the Islands of the South Sea, become very considerable

in our ports.

If the ocean covered a spheroid of revolution, and suffered no resistance

in its motion, the time of full sea depending on the sun would be the same

as that of the passage of the sun over the superior or inferior meridian. But

[2424] this is not the actual state of the ocean
;

and local circumstances cause the

hour of the tides to vary considerably, even in very neighboring ports. To

form a correct idea of these variations, we shall suppose that there is a wide

[2424'] canal, communicating with the sea, and running far inland. It is evident

that the undulations which take place at the mouth of the canal, are

successively propagated through the whole of its length, so that the figure of

the surface is formed by the undulations of waves, which are incessantly

renewed, and pass through all their varieties of form in the course of half a

and is there = C H. Hence it is evident, that while the point Jl moves on the

circumference of the circle from L to A, the tide will ascend from its lowest point L to the

point By through the space L B= versed sine oi LA
',

so that if the circumference of

the circle be divided into equal parts, representing hours ;
the time of low water being

marked at L, and the time of high water at H
',

the versed sine of any arc LA, will

[24206] represent the whole rise of the tide, from the time of low water to the time corresponding ta

the point A.
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day. These waves produce, at each point of the canal, an ebb and flow,

which follow the preceding law
;

but the hours of the tide are retarded, in

proportion
as the points are at a greater distance from the mouth of the [2425]

canal. What we have said of a canal, will apply to a river, whose surface

is elevated or depressed by similar waves, notwithstanding the contrary

motion of its waters. These waves are perceived near the mouths of all [2425']

rivers ;
and in great rivers they extend far into the interior country. In the Tides are

strait of Pauxis, in the river Amazon^ at eighty myriametres [nearly five i,'^;'^//

hundred miles'] distance from the sea, they are quite perceptible.
from the
sea.

1 8. We shall now consider the action of the moon, and shall suppose that

this luminary moves uniformly in the plane of the equator. It is evident, [2425"]

that it must produce in the ocean an ebb and flow, similar to that which Tides

produced

arises from the action of the sun. The two partial tides, produced by the

actions of these bodies, combine together, without troubling each other, and

their combination produces the compound tide observed in our ports. This

being supposed, if ive accent the quantities L, r, -I, >, B, which refer to the

sun, to obtain those corresponding to the moon, the height of the tide, arising

from the action of the moon, will be expressed by the function.

by the

[2426]

B'.LI .^ . . ^ ^ ., ^ ,s tide.

^'3
.COS. (2wi + 2«— 24^'

—
2x') ;

[2427]

B' and x' being two other arbitrary constant quantities. The whole height [2427']

of the tide y, arising from the combined action of the sun and moon, ^^^^if,
.ii . sion of

will be the tide

produced

2/=:^.cos.(2/i^+ 2^-24^-2x) + fi^.cos.(2wi+2^-24^'-^
"^"^2428]

We see, by this formula, that the height of the tides must vary considerabl}'

with the phases of the moon. This height is the greatest, when the two
[2428']

cosines, in the expression of y, are equal to unity ;
and then it is the sum of

B L B' U
the quantities

'

and —^. It is the least, when the cosine aflected [2428"]

by the greatest coefficient is 1, and the other cosine is — 1
; then it is

equal to the difference of the two preceding quantities. If —^ exceed [2428'"]

75/ Jl—
TgP , the maximum and minimum of the full sea will take place when the
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[2428'"'] first cosine is 1, and therefore at the same hour of the day.* But if

—^ exceed —^, the least tide will take place when the first cosine

[2428^] is —
1, or at the instant of the solar low tide

;
the hour of this tide will

therefore be at the interval of a quarter of a day from the hour of the

greatest tide.f Hence we have a simple method of finding which of the

Ti 1 Ti' T '

two quantities
—^ and —

'-^
is the greatest. All the observations

[2429] made in our ports concur in showing that the second, or lunar force, exceeds

the first.

The different values which may be given to the constant quantities 5, B\

^, >•', give rise to several important remarks. If we have >^ =
x', the

[2430] greatest tide will happen at the moment of full or new moon, and the least

tide at the moment of the quadrature. For at the time of the greatest tide,

[2430'] the two angles 2 .
(?i

^ + ^— \^
—

x) and 2.(/ji + ^—
-j.'
—

>•')
are

equal to zero, or to a multiple of the circumference
;

their difference also is

[2430"] nothing, or a multiple of the circumference. This, in the case of x =
>',

requires that the moon should be in conjunction or in opposition with the

sun.J According to the observations made in our ports, the greatest tide

[2430'"] follows the new and full moon about a day and a half [2544] ;
so that

*
(1802) When cos. (2 n i + 2^— 2 4.

— 2 X)= 1, we shall have

[2428a] 2n^ + 2trf— 2vJ.
— 2X=0° or 400°; hence ?if + t3— 4v

= X or 200°+X;

but by [2131c] nt-^-a— \> represents the distance of the sun from the superior

meridian, or the hour of the day ; therefore in this case it is equal to the constant quantity

X or 200° + X.

f (1803) When cos. (2 «^ + 2 w— 24.
— 2 X)

=— 1, we have

2wi+2^— 24>— 2X = 200° or 600°;

hence we find ni-fw— -j; equal to 100° + X or 300° +X, which is 100°

greater than the value X or 200° + X, found in the last note, and 100° corresponds

to one quarter of a day.

[2428i]

J (1804) The difference of the angles 2 . (n< + itf— -^^ X), 2. (wi+ tn— ^^'— >^')'

is equal to 2 .
(4.'
—

^),) -f- 2 . (X'— X), which must be equal to 0° or a multiple of

[2431a] 400°, at the time of the greatest tide [2430"]. When X'= X, this difference becomes

2.(^].'_4), which must be equal to 0° or a multiple of 400°; therefore 4^'— ^1^
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^'
— ^ is positive, and equal to the synodical motion of the moon during a

day and a half; therefore >^'— '^ is negative, consequently >^ exceeds >-'. [2431]

We may form a correct idea of this phenomenon, by supposing, as above,

that a wide canal, communicating with the sea, extends very far into the

interior country, in the direction of the meridian of the mouth of the canal. [2431']

If we suppose that the full sea takes place at its mouth, at the moment of

the passage of the sun over the meridian, and that it requires twenty-one

decimal hours, or 2 yV days, to arrive at the head of the canal
;

it is evident

that at this last place, the solar tide will follow the passage of the sun over

the meridian by one hour
;

but as two lunar days are equal to 2,070 solar [2431"]

days, the lunar tide will follow the passage of the moon over the meridian

by 30' only. In this case, the angle
?^ is one hour, turned into degrees,

estimating the whole circumference as one day, which gives
>• = 40°.

The angle '^' is the interval of 30', turned into degrees in the same manner,

making x'=12^. If the interior extremity of the canal be to the eastward of [2431'"]

its mouth, by a given number of degrees, we must add it to the preceding

values of >^ and x', to obtain their true values. In the hypothesis now under

consideration, B and B' are equal, and the angle x— x' is equal to the

synodical motion of the moon in twenty-one hours
;

the difference of the

values of x and x' produces only a retardation of twenty-one hours in the

phenomena of the tides which happen at its mouth, where x = x'
;

and

it is evident that this result takes place equally for any system of bodies

moving uniformly in the plane of the equator.

[2431""]

[2432]

We shall now suppose that the canal, of which we have just spoken, has

lit

/J 1

two mouths. If we put*
— = m', and m = n— m', the solar tide [2432']

is 0° or 200°
; consequently the bodies must then be in conjunction or in opposition.

Again, since 2 .
(4^'
—

].)-{- 2 . {X'
—

X)
= [2431a], and 4*'

—
4^ is by observation

positive, and equal to the synodical motion in a day and a half, X'— X must be negative and
[24316]

equal to the same quantity; consequently X^ X', as in [2431],

*
(1804fl) In the original work, the equation m= n— m' was omitted, and -~ was

put equal to m. I have corrected this value of m, to make it correspond with the formulas [2431c]

[2432"
—

2435] ;
it being evident that the tide at the time t, in the head of the canal,

corresponds in [2432"] to the tide at the time t— T, at the mouth of the canal
j so

164
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which takes place at the first mouth by the action of L, will produce, at the

head of the canal, a tide whose height will be expressed by

[2432"] ?^ . COS. (2wi + 2^—'24^— 2mr);

T being the interval of time required to transmit the first tide from the

mouth to the head of the canal. Likewise the tide which takes place at the

second mouth, will produce at the extremity of the canal, a tide whose

height will be represented by

[2432'"] -^^ . COS. (2nt + 2vs— 2-\^
— 2mT')\

T' being the interval of time required to transmit this tide from the mouth

to the extremity of the canal, and the coefficient C dependine; on the heieht
r2432"'n

1 c) ^

of the tide at this second mouth. The whole height of the tide ?/, produced

by the action of the body jL, at the head of the canal, will therefore be

[2433] y=?^.cos.(2nt+2^—2^—2mT)+^^.cos.(2nt+ 2r^-'2^—2mT').

If we put*

[2434] B^ = v/B^+ 0^4- 25 C . COS. 2 7n . {T'—T)y

. „ , B. sin. 2 m T-j Csin. 2mT'
[2434^ sm. 2 \ = ^ ,

that t must be changed into t— T, and 4. into -^—m'T', consequently 2nt-\-2zs—2-\^

becomes

[2432a] 2 n . {t
— T) -i- 2t^

— 2 . {^— m'T) = 2 nt -\- 2 ^— 2
-^^
—2 . {n

—
m') . T

= 2nt+ 2'a— 2-^— 2mT, as in [2432"].

*
(
1 805) We shall put for brevity JV=2n^ + 2^— 24.; also

[2433«] S^.cos.2\ = J5.cos. 2mr+ 0.cos.2mr', jB^.sin.2X
= J?.sin.2mr-fC.sin..2»iT'.

The sum of the squares of B, . cos. 2\, B,. sin. 2 \, [2433«], gives by reduction

B^ = B^ . (cos.2
2 m r+ sin.^ 2 m T) + C^ . (cos.^ 2mT' + sin.^ 2 m T')

-\-2BC. (cos. 2 m T . cos. 2mT' + sin. 2 m T . sin. 2 m T)

[2mb]
= 52_|_ ()2_|_ 2 J5C . cos. 2 m . (T'— T), as in [2434].

Dividing the value of j5,. sin. 2 X, [2433a] by J5,, we get [2434'].
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we shall have

t/= ^^.cos. (2w^ + 2w— 24.— 2ix). [2435]

Hence we see that B^ and
>^^ depend on the value of m, or on the rapidity of

the motion of the body in its orbit ; and it is evident that if this canal had

three, or a greater number of mouths, the values of B^ and \ would be

7? r
more complicated. Therefore the ratio of the coefficients —

'^r- and [2435"]
r

'3 , given by observation of the tides, is not exactly that of the forces

— and -^ ;
it may be very different in different ports ;

and it is [2436]

only by noticing the difference of the values of B and B\ that we can

determine the ratio of the forces of the sun and moon, by the phenomena [2436']

of the tides.

If, in the case we have just considered, where the canal has but two

mouths, C is equal to — B
\

that is, if it is high water at the first [2436"]

mouth, at the moment it is low water at the second mouth
;
and moreover,*

Then the expression of y [2433], developed and reduced by means of [24] Int., becomes

successively, by using the values [2433a],

y=^' cos. {JV—2mT) + ^- . cos. {JV—2mT')

=
^.|jB.(cos.A*.cos.2mT+sin.A'.sin.2wzr) + a(cos.A*.cos.2mr'4-sin.JV.sin.2wr')}

=
^.|(S.cos.2?nr+C.cos.2mT').cos.JV+(B.sin.2mr+C.sin.2mr').sin.A'f

=^^ .
{
cos. 2 \ . cos. JV+ sin. 2 \ . sin. JV]= ^^ . cos. {JV— 2 X

) [2435]. [2433c]

We may observe, that the preceding calculation would appear to be more conformable to

the expression [2419], if we had used in [2432"] 2X+2mT for 2mT, and in

[2432"', &c.] 2X-\-2mT' for 2mT'; but the result of the calculation in [2435'], [2433d]

that B^, X^, depend on m, would not be affected by these clianges.

*(1S06) When T'= T, we have T'—T=0, and cos.2m. (T'—T)=l;
hence we get B,= y'{B^-i- C^ + 2B C)=B + C [2434] ;

and if C=— B, it [2436a]

becomes JB^
= 0, whence y= [2435]. If we change the symbols as in [2433^/],

the same result will be obtained.
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r^.^^. T=T', or in other words, if the two tides require the same time to ascend
[2437]

^

to the head of the canal
;
we shall have B^ = 0, and there will be no ebb

or flow at that place, depending on the oscillations whose period is half a

day. This singular case has been observed at Batsha, a port of the kingdom
of Tonquin, and in some other places.

The great variety of local circumstances which have an influence on the tides

in each port, must produce a considerable effect in these phenomena ; and it is

[2437'] probable that there is no possible case which does not actually take place on the

earth. But since the constant quantities B and >- would be the same for the

sun and moon, if the motions of these bodies were equal [24196, &c.], it

[2438]
is natural to suppose that their differences are proportional to the differences

of these motions
; therefore we shall adopt this hypothesis, and w^ shall

find that it satisfies the observations with remarkable exactness. Hence we

shall put

X = o— «i r ;

[2439]
jB = P.(1— 2wiQ) ;

[2439'] O, T, P and Q being the same for the sun and moon. We shall hereafter

give the method of determining these constant quantities, in each port, by

observations.

19. We shall now investigate the effects produced by the inequalities in the

[2439"] motions, and in the distances, of the sun and moon ; always supposing them

to move in the plane of the equator. The partial forces

[2440] Yi^
' {si"-'^

—
il' ^"^ J^ ' S^"-^ • ^OS-^'

found in [2404'], will no longer be constant, though they will vary with

extreme slowness, the period of this variation being one year. If the duration

[2440']
of this period were infinite, the forces would have no other effect than to

change the permanent figure of the sea, which would quickly attain its

state of equilibrium. But though this duration is finite, we have seen in

[2221"
—222r], that in consequence of the resistance which the sea suffers,

[2440"]
we may consider it as being at every instant in a state of equilibrium, by

the action of these forces
; and we may determine, in this hypothesis, the

corresponding height of the tide. Moreover we have seen, that whatever
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be the depth of the sea, the height of the tide, arising from the action of

these forces, is*

(1+3. COS. 2^) L

H.^^-i-r'
[2441]

If in the parts of the solar forces [2402
—2404] which are multiplied by the

sine or cosine of the angle 2w/ + 2^— 2 4'» we substitute the values of L^^^i]

r and 4'> we may develop each of these parts in a series of sines and cosines

of angles, of the form {2nt— 2 9 ^ + 2 s), so that we shall have,t [2441"]

Forces.

3Z«

—J . sin.^^ . cos. 2 . {nt-^-a
—

^].)
= sin.^^. 2A; . cos. 2 . (nt— qt-\-s) ; [2442]

3L
2r^

5L

. sin. ^. COS. ^. COS. 2.
(71^ -fro

—
4')
=

sin.^.cos.^.2/c.cos.2.(ni
—9^+0 ; [2443]

3
. sin. 6 . sin. 2.(nf + ra—

4.)
= —r sin. 6 ,^k . sin. 2 . (nt— qt-\-s') -, [2444]

the sign of finite integrals 2 is used to denote the sum of all the terms, of

the form k . cos. 2 . (nt— Qt4-£), into which the first member of each11 J [2445]
of these equations can be resolved.

*
(1808) Putting v= in [2221], which represents the part of ay independent of [2441a]

n t, it becomes as in [2441].

f (1809) The sua being supposed to move in the plane of the equator, in an elliptical

orbit, with a mean motion represented by tn t, we shall have

•^
= mt -\-A . sin. 7nt-\- B . sin. 2mt-\- &c. [668] ; [2442o]

A, B, k,c., being of the order of the excentricity of the earth's orbit, and its powers.

Substituting this in the sine or cosine of 2 . (n < -j- «— ^z)) then developing and reducing

by means of [22, 24, &ic.] Int., we obtain terras depending on the sines and cosines of

angles of the form 2 . (ni— qt-\- ^) [2441"]. Similar remarks may be made relative

to the value of —
, deduced from [659]. Hence the variable parts of the expressions

[2402
—

2404] may be reduced to the forms represented in the second members of the

equations [2442
—

2444], the symbol k being used as a general expression to denote the
[24426]

coefficient of any one of the terms.
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The most important of these terms is that depending on the angle

[2445'] . 2n/— 2m^ + 2w,*

which produces the ebb and flow of the tide, in the case we have just

r2445'1 examined, where the sun is supposed to move in the plane of the equator,

and to be always at the same distance from the earth. The other terms

may be considered as the result of the actions of as many other bodies,

moving uniformly in the plane of the equator. Combining together the

partial ebb and flow, corresponding to each of these bodies, we shall obtain

the total ebb and flow arising from the action of the sun.

[244o'"J If we put / for the mass of the fictitious body, whose action produces the

term depending on the angle 2n^— 2(^^ + 2 s, and a for its distance

from the centre of the earth
;
we shall havef

3/
,

I--— = k, or —
2 0"* a^

[2446] ^ = k, or ~==ik.

We have seen in the preceding article, that the sun being supposed to move

[2446'] uniformly in the plane of the equator, with an angular motion equal to mt,

the part of the expression of the height of the sea, depending on the angle

2nt— 2m^ + 2w, is equal to

*
(1810) This is evident, because 4' [2442a] has the term mt independent of the

excentricity of the earth's orbit, that is much larger than the other terms. This term would

[2444a] remain, if the excentricity were to become nothing, or the orbit circular ;
therefore it must

include the terms we have computed in [2406"
—

2439'], depending on the disturbing forces

proportional to —
r .

'

2 .{ni— mt-\-zi), as is observed in [2445"].

f (1811) In the same manner as we have supposed, in the last note, that the chief term
O T

[2446a] depending on the disturbing forces ^ •

^

'

2, .{nt
—

mt-\-zs) of the body L, with

the mean distance r, and mean motion mt, is put under the form k.^^^2.{nt
—

mi-\-t3) ;

we may suppose that the terms depending on the fictitious body 1, at the distance a, must

[84466] have the disturbing forces — .

^'"'

2.{nt— qt-[- e), comprised under the general form

31
k .

^'"'

2.{nt-^qt-{-s) [2442—2444]. This requires that we should have ^= ^>

as in [2446].
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P . (1—2 7/1 Q) .
—

. COS. 2.(nt
— 7nt + vs—0-irm T)* [2447]

The constant quantities P, Q, O, T, are the same for all the heavenly [2447']

bodies, whatever be their proper motions [2439'] ; therefore the sum of the

partial tides, arising from the action of all the bodies /, /', /", &c.,

will be,t

2P.(1— 2^Q).-4-.cos.2.(/i^— 9^ + s— 0+^P) ; [2448]

consequently it will be,t

|P.2A;.cos. 2. (w^
—

^i 4-5— + 9 T)

|PQ.-^.2/b.sin.2.(?i^
—

^i + s— O + ^r) ;

[2449]

*
(1812) Substituting X, B, [2439], for \, B,, in [2435], we get, for the height of

the tide a y, an expression of the form [2447] ; the terra of 4^ depending on the mean

motion m t [2442a] being the only one retained. This represents the part of the tide
[2447o]

computed in [240G'', Sic], upon the supposition that the body moves uniformly in the

plane of the equator, and always at the same distance from the earth.

f (1813) The quantities jL, r, m, «, corresponding to the body L, become respectively [2448a]

/, a, q, s, for the body I [2446a, U] ; making these changes in [2447], it becomes

P.{l— 2qq).-^,COS.2.{nt
— qt+ B—0-{-qT)', [24486]

which represents the tide produced by the body Z. Marking I, a, q, s, with oncj two, he.

accents, we obtain the tides depending on the bodies Z', I", &c. The sum of all these

partial tides represents the whole tide [2448].

J (1814) Substituting the value of —
[2446] in [2448], and bringing the constant

quantities P, Q, from under the sign 2, it becomes

^P.lk.cos.2. {nt
—

qt -{- s— -\- qT) — ^Pq.-^kq. C0S.2 .{nt—qt+s—0-\-qT) ; [2449a]

which is the same as [2449] ; observing that the differential of

sin. 2,{nt— qt-^s—0-\-qT),
taken relatively to t, and divided by d t, considering w < as constant, is

^2 q. COS. 2. {nt— qt + s— O-^qT).
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[2449'] the differential being taken supposing nt to he constant. But by what

precedes, we have*

[2450] 2A;.cos.2.(/i^
—

^^ + s— + 5r) = |^.cos.2.(/i/+ ^— 4.
—

X);

[2451]

[2452]

[2453]

2r3

the time t being decreased by T, in the variable quantities n t, 4^5 ^j of the

second member of this equation, and x = O— nT. Therefore the part

of the height of the tide depending upon the action of the sun, and also upon

the angle 2nt-\-2'si— 2^|^, with the preceding conditions, is represented

by [2449, 2450, &c.],

P .

^.cos.2,(nt+^—^—-)-)+PQ.~ A~. sin. 2 . (nt+vs—^— x)
\ ,

If we transfer to the moon what we have said relative to the sun, we shall

find, that the part of the height of the tide depending upon the lunar action,

and the rotatory motion of the earth, isf

P,^.cos.2.(nt+vs-^^'—\)+PQ.^\^^.sm.2.(nt + vs^^'---k)\.

[2453] in which expression the time t must also be decreased by T [2451]. The

part independent of the rotatory motion of the earth is

*
(1815) Dividing [2442] by sin.^ ^, we get

Q T

[2450a]
2 Jc . COS. 2 .{nt

—
qt-\-s)=:

—
. cos. 2 . (n ^+ ^— 4) ''

which exists for all values of nt ;
hence if we change n t into nt— X, we find

or

[2450&] 2A;.cos.2. (nf
—

gr^ + e—X)==— .C0S.2. (w<+ ^—
-v].

—
X).

If in the first member we change t into t— T, and X into O— nT, as is directed in

[2451], it becomes 2k . cos.2 .{n . {t—T) — q . {t—T) -{-s—(0— nT)\ -,
which

by reduction changes into the first member of [2450]. The same changes being made in

[2450c] the second member of [24506], it becomes as in the second member of [2450], modified as

in [2451]. By a similar process we may obtain from [2444] an expression like [2450],
' '

depending on the sines of the same angles, instead of the cosines.

f (1816) The expression [2453] for the moon, is the same as that for the sun [2452],

changing L, r, ^]., into L', /, 4.' ; the method of computing both form.ulas being

the same.
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(1 -f 3 . COS. 2 6) L ^
/ 3 \ '173*

Connecting together all the terms arising from the action of the sun and

moon, we shall have, for the approximate value of the height of the tide ay,f

(1 +3. COS. 2^)
o.y=

——
8^

- 3 . COS. 2 i) ^L I^")

+pA^. cos. 2 . (wi+«—v}.— X) + ^3
. COS. 2.(nt + ^— sj.'— x)

\

+PQ-J]' \ ^.sin.2.(/i^+t«-~>].—x)_f-^.sin.2.(w^+2.—4'—^)
|

;

Height of
the tide,

supposing
the sun
and moon
not to

move in

the plane
of the

equator.

[2455]

in tvhich the time t must he decreased by T [2451], in the terms multiplied

by P and Q, and the differential is to be taken supposing nt to be [2455']

constant [2449'].

20. Lastly ^
ive shall examine the case of nature^ in which the sun and moon

do not move in the plane of the equator. We have given in [2401'
—

2401'"], [2455"]

the method of obtaining the solar and lunar forces, resolved in directions

parallel to three right lines, drawn perpendicular to each other, from which

it follows,

First. That these forces, resolved in directions parallel to the radius of

the earth, arej

*
(1817) This is similar to the expression [2441], produced by the sun, making the

same changes of L, r, -^j into L', /, -^'j as in the preceding note. [2454a]

f (1818) The terms [2441,2454] added together give the first line of [2455], the

second and third lines are the sura of the two formulas [2452, 2453]. The expression [2455]

represents the height of the tide, when the sun and moon move in the equator [2439"].
^ •

J (1819) The part of the quantity aV^' [2401], depending on the body L, is given

separately in [2192J, and then developed in [2193
—

2195]. Substituting in this part of

a.V the expression

sin.2 V— i . cos.2 V = sin.^ v— J . (1
— sin.^ v)

= — | . (1
— 3 . sin.^ v), [2456al

it becomes,

166
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{1+3. COS. 2^}
^2!M .

J ^
. (1_3 . ,i„..,) + ^'

. (1
_ 3 . ,;,,,

,,3
j

Force Y J^
in the
direction
of the
radius. + 6. sin.^. cosJ.

^ . sin. V . COS. V . COS. (nt -\-vi
—

-1)

^2456] f + 7^
• ^"^' ^' • ^^^- ^' • '^^'- (« ^ + ^—

-^O

+ I . sin.^ ^ .

^- . cos.^ V . COS. 2 .(nt-\-'ss
—

4.)

-\- -73
. cos.^ v' . cos. 2 . (n ^+ *—

\'')

Second. That these forces, resolved in a direction perpendicular to the

radius of the earth, and in the plane of the meridian, are*

T^, n +3. COS. 2^? ^^ /, Q •
2 \aV'=— i ! i . < -^.(1

—
3.sin.''v)

[24566] -f- 3 . sin. & . cos. ^ •

-^
• sin. v . cos. v . cos. int-\-vi

—
4")

+ 1 . sin.^ ^ •

;5
• ^^^'^ ^ ' ^°^- 2 . (n i+ «—

4') ;

and by changing L, r, v, into L', r\ v', we obtain the corresponding part of « F',

depending on the body £/', so that the whole expression of aV becomes

„F'=-ll±i^2!:M.[^.(l-3.sin.= v) + f;.(l-3.sin.= v')]

i -^ . sin. V . cos. V . cos. (n ^ -J-
w—

-4)

[2456c] + 3 . sin. ^ . cos. ^
'\ jj
# 4" -7^

. sin. V . cos. v' . COS. {nt-^-ui
—

4'')

-f-l .sin.^^. <
-

. cos.^ V . COS. 2 . (n^ + t^—
4') + —3

• cos.^ v' . cos. 2 . {nt-\--ui
—

\') \ .

The double of this quantity, or 2 a F', expresses the force in the direction of the radius

[2401'], as in [2456].

*
(1820) The force in the direction of the meridian a . (-77- ) [2401"], is equal to

[2457a1
^"^^ ^

the partial differential of [2456c] relative to ^ divided by dL This agrees with [2457] ;

observing that 3 . sin. ^ . cos. 5= f . sin. 2 ^ [31] Int., and its differential, divided by A^,

is equal to 3. cos. 2 5.
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J.sin.2«.{^.(I-3.sin.= v) + ^^.(l-3.sin.= v')J

Force in

the direc--3- . Sin. V . COS. V . COS. (nt-\-vs
—

4)
+ 3. COS. 2 6. {

^^
\ ^^

+ 73
• sin- V . COS. v' . COS. fnt+ Tz—

^') ^ ^^457]

-f f.sin.^.cos.^.

L
-^ . cos.^ V . cos. 2.(nt-\-'a

—
v).)

^^ . cos.2 v'. cos. 2.{nt-\-vi
—

^')

Third. That these forces, resolved perpendicularly to the plane of the

meridian, are*

3 . cos. ^ .

f . sin. ^ .

L .

-pr
. sin. V . cos. v . sin. (n ^ + w—

].)

U -
I I • / . \ 1 /\ I Force in

4- -7^ . sm. V . cos. V . sin. (ntA-'^—\)\ '•e direc-
I

f'-J
V '

7 tionofthe
•^

parallel of
latitnde.

^.cos.V.sin.2.(w^ + ^--v^) )
' [2458]

+ ^.cos.V.sin.2. {nt-\-zi— ^)

The partial forces

(1 + 3. COS. 2^)

.[^.(l~3.sin.^v)
+
^.(l~3.sin.^v')|;

. sin.2^.
J ^

. (1 -3.sin.V) + ^3. (1 -S.sin.^v')
J

,

[2459]

vary with extreme slowness
; we may therefore suppose, as in the preceding

article [2440"], that the sea is at every moment in equilibrium, by the action

of these forces. In this case the value of ay,t

a. fdV'\*
(1821 )

The force in the direction of the parallel of latitude is -. f -1—
J [2401'"]. [2458o]

Substituting o,V' [2456c], it becomes as in [2458].

t (1822) Substituting [2456a] in [2221], it becomes

(l+ 3.cos.2^) L , . „ ,
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Oscilla-

tions of
the first

kind.

[2460] Sg.{^l--^
< )

[2221, &c.], represents the height of the tide arising from the action of

these forces. The partial forces depending on the angle 2 n t -\- 2 -a
-{- &;c.,

may be reduced to other terms, multiplied by sines and cosines of angles of

the form 2nt— 2qt-i-2s. We may prove, as in the preceding article,

that there will result, in the expression of the height of the tide, a quantity

equal to*

Uicilla-
tions of
the third

kind.

P.\^—.cos.2.(nt-\-zi—^—x)+^y^ . cos.2.(ri^+^-.^'—X)
;

[2461] +PQ.-A—^— . sm.2.(w/+w—si.—X) -I j^
—

. sm.2.(7i^+«--4.'—X) ;

representing the tide depending on this part of the solar force. Accenting the letters L, r, v,

[2460a] we get the corresponding part of the effect of the lunar force,

-.(l~3.sin.2v')

The sum of these is [2460].

*
(1823) The three forces [2442, 2443, 2444] depending on the angle

2 . (n < 4- ©— 4-) ,

being multiplied by cos.^ v, produce the parts of the solar forces [2456, 2457, 2458]

[2461o] respectively, depending on the same angle. Now the part of ay depending on the three

former forces has been computed in [2452], and by multiplying it by cos.^v, we must

evidently have the value of ay
'

corresponding to the last forces, which will therefore be

represented by

„ ( L . C0S.2 V ^ / . , \ )P . } p
—

. cos. 2 . (n ^ + «— 4.
—

X) C

[2461&]
1 Tl y-w d ( L. C0S.2 V . ^ , , , , . ?

+ PQ.-.^—^:3— .sm.2.(n< + w-4-X)^.
The term cos.^ v, like r, 4^5 being introduced between the braces, or under the sign of

differentiation, as it evidently ought to be, by reasoning as in [2442a
—

b, 2449a, &;c.] ;
v

being supposed variable. If we now accent the letters L, r, v, 4^, we shall obtain the

corresponding part of ay depending on the lunar force, and the sum of both parts is equal

to the expression [2461].
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ill which the time t must be diminished by T, and in taking the differential, [2461']

nt must be considered as constant [2455'].

It now remains to consider the part of the preceding forces depending on

the angle w ^ + ^ + &c. This part may be developed in terms multiplied

by sines and cosines of angles of the form nt— qt-\-s^ q being very [2461 "]

small in comparison with ?i.* Each of these terms produces, in the interval

of about one day, a flow and ebb, analogous to those produced by the terms

depending on the angle 2nt— 2qt-\-^z\ with this difference only, that [2461'"]

the flow depending on the angle nt— qt-\-^, takes place but once in a

day ;
on the contrary, that relative to the angle 2.nt— 2^^ + 2

5, takes

place twice in a day.

We shall easily find, by the analysis of the preceding articles, that the

height of the tide, depending on forces whose period is nearly a day, may be

represented by the formula,

A.

+B-jr

L
-^ . sm. V . cos. V . cos. (nt -{-a

—
4-
—

7)

+ -y^
. sin.v'.cos. v'. cos. (nt-\-'si

—
4-'
—

7)
T J tions of

the second

Oscilla-

tions

the SI

kind.

-3 . sin. V . cos. V . sm. (w^4-«
— \— 7) #

[2462]

+ — . sin. v' . cos. v'. sin. {nt-\-Tz— 4^'
—

l)
T

*
(1824) We have shown in [2442a

—h\ that —
. cos. 2.{nt-\-vi

—
^) may be

reduced to a series of terms of the form k . cos. 2 .[nt
—

? ^ + 0' ^"^ which - is a [2461c]

fraction of the same order as the ratio of the earth's angular motion mt m its orbit, to the

angular rotatory motion n t
;

and by the same method of reasoning, —.sin. (»<-{"*
—

4')>

or -
. COS. {nt -{--m

—
4') ^^Y he reduced to a series of terms of the form

^ . COS. (n ^— g-i-j-s), or A;.sin. (n^
—

qt-\-t).

Again, the longitude of the sun in the ecliptic is represented by a formula similar to [2442a],

depending on angles of the order m t
; consequently the declination v, as well as sin, v, [2461(fJ

cos. V, must depend upon angles of the same order ;
and the expressions

167
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*A, B, 7, being three arbitrary constant quantities, which can be determined

[2462'] only by observations in each port ;
the differentials are to be taken supposing

nt to be constant
;
the time t must be decreased by a constant quantity T',

which can only be determined by observation.

If we now connect together all these partial heights of the tide, we shall

have for the whole height «
y,

ay
3. COS. 2^) ( L ,, „ .„.,!»',- o • o ,\ }

V 5p/

(1 -f 3. COS. 2^)

VA.
^ . sin. V . cos. V . COS. (w i + ^— 4^

—
7)r

U
j^
— . sin. v' . COS. v' . COS. (nt-\-'^

—
4-'
—

7)
r'

Ocncral

expres- ,
j-

sion of I J-j

the lieiglit -.

of the . ^ a01 me -f~. i*
-X . sin. V . COS. V . sin. (w ^ + ^— 4^

—
7)

noncin
all the

eircum-
stances. V.

'

^
_|_ i^-

. sin. v' i COS. v' . sin. {nt-^vi'— J.'— 7)
^

[24G3] ^ 2.

-3- . cos.^ V . COS. 2. {ninr'^
—

4-
—

^)

+p.

^^^i-

+ :^^cos.2v'.cos.2. (n^ + «— -^'^ ^)
r

-3- . cos.^ V . sin. 2. (n^ + «— 4^
—

^)

4.:^ . cos.^ v'. sin. 2 . (w ^ + 1;^— ^^'
—

^)

-
. sin. V . COS. V . sin. {nt^-m— 4^),

-
. sin. v . cos. v . cos. (»^+ ^— 4^),

t2461e] may be reduced to a series of terms depending on sines and cosines of angles of the form

nt— gri-{-Sj in which q is small in comparison with n.

*
(1825) From the variable forces depending on the angle 2n< + 2«f— 24.

[2402—2404], we have found, by the method explained in [2406^—2452], that the height

t2462a] of the tide, depending on this angle, can be reduced to the forms [2452, 2453], and finally

to the form [2461] ; O, T, P, q, and -k^O— mT, being constant quantities
to

be determined by observation [2439']. The same method may be used with the forces
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* In this expression the differentials must be taken supposing nt to be

constant ; and the time t must be diminished by a constant quantity T', in [2463']

the terms multiplied by A, By [2462'] ; and by the constant quantity T, in

the terms multiplied by P, Q, [2461'] ; these constant quantities, as well as

A, B, y, P, Q, >^, must be determined, in each port, by observation.

[2456,2457,2458], depending upon the angle nt-{-'si
—

-^ ; by which means the

expression [2461] will become of the form [2462] ;
the constant quantities P, PQ,

X, T, being replaced by A, B, 7, T', respectively, which are to be determined by
I- -'

observation.

*
(IS26) The expression [24C3] is the sum of those in [2460,2461, 2462].
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CHAPTER IV.

COMPARISON OP THE PRECEDING THEORY WITH OBSERVATIONS.

21. We shall noiv develop the principal phenomena of the tides, which

follow from the preceding expression of y [2463], and shall compare these

[2463"'] results with . observations. We shall distinguish the phenomena into two

classes ; the one relative to the heights of the tides, the other relative to their

intervals. We shall consider the tides at their maximum near the syzygies,

and at their miniinum near the quadratures.

ON THE HEIGHTS OF THE TIDES NEAR THE SYZYGIES.

[2464] The times of high and low water are determined by the equation* "7^=^*

Now in taking the differential of the value of ay [2463], we may suppose

[2464'] that the preceding expressions of v, v', r, /, 4-, and -4', are constant ;

because these quantities vary so slowly, that the effect of their variations is

insensible in the heights of the tide at full sea and low water. For we

know, that near these points of maximum and minimum, a small error in the

value of t produces no sensible effect in the value of y.\ We may likewise

[2464"] neglect, without sensible error, the term of the expression of ay multiplied

*
(1827) This equation is given by the usual rule for finding the maximum or minimum

[2464a] of y, by putting dy= 0, or rather -—= 0.

f (1827a) Because at the time of high or low water, the altitude is nearly stationary for

a short period of time
j

the velocity of ascent or descent vanishes in consequence of the

dy
[24646] equation Ti = ^ •
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by ^ [2464e]. For the oscillations depending on the angle nt-\--ay the

period of which is nearly equal to one day, are very small in our ports,

[2630'] ;
therefore it is highly probable that the coefficient B is insensible.*

We shall also see hereafter [2601, 2624], that Q is but of little importance, [2464"']

so that we shall at first neglect the terms which contain Q as a factor.

Hence the equation
-^ == 0, will givedt

0=4. ^

-3- . sin. V . cos. V . sin. (nt-\-'ui
—

4.
—

7)

-j- -jj
. sin. v' . cos. v' . sin. (n ^ + ^— +'

—
7)

L U
-f -j.cos.^v.sin. 2.(w/+«—^— x) + — . cos.^v'. sin. 2 . (w ^+ t^r— 4-'

—
x).

[2465]

The fraction -—^ is very small in our ports, and we shall hereafter [2465']

see that at Brest it does not at the most exceed ^V ?t therefore we [2465"]

may neglect it without any sensible error. Then the preceding equation

gives

*
(182S) If the sun and moon did not move in their orbits, the right ascensions

-^z
and [2464c]

\! would be constant; and then the differentials of the parts of [2463] depending on Bj PQ,
taken as in [2463'], upon the supposition that nt is constant, would vanish. Moreover, it

is shown in [2601,2624] that Q must be very small
;

and in [263^] it is proved from
[2464rf]

observation that the terms depending on the angle whose period is one day, are small ; hence

Ji must be small. Lastly, as B [2462] depends on A, in like manner as the small quantity [2464e]

PQ depends on the large term P, in [2461], it is highly probable that B must also be

small in comparison with Jl. Hence if we neglect B, Q, and take the differential of [2463]

relatively to t, dividing it by
— 2nP .dt, we shall get [2465].

t(1829) Substituting
-= 3.^ [2706] in [2704], we get

„ i L 0,78
8 P .

— = 6'"«%2490, or
;5
=

'p'* t^^^^

Using these and the greatest values of v, v', which are nearly v= 26°, v'= 32° ;

Putting also cos. (X
—

y)
= 1, because from observation X differs but little from 7, we

obtain for the function [2630] the following expression, by successive reductions, and

using [31] Int.

168
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General

equation
to deter'to aeter- -Lt a •

/Tb / i . /\
mine the -^ . COS/ V . Sill. 2 . (^ ^')

Sof tang. 2.(^^ + ^— 4.'— x)=^
"

low water. U a , L
[2466] /i-

• ^°S- V +
7-

• C0S.2V . COS. 2 . (4—«

L 7R
Omet.^183= .^ .

-
.{2 sin. v . cos. v + 6 . sin. V . cos. v']z=A.

~- .Isin. 2 v + 3 . sin. 2 v'|

[2465a] _^.^. 3,3 = 2^57.^.

a

[24656] Hence the greatest value of —=2^'^, instead of 5^^ [2465"]. This quantity is so small

in comparison with the others, that it may be neglected, as in [2465"].

*(1830) Putting for brevity C=2 . (w^+ ^s— 4.'— X), D= 2 . (4.
—

4.'), we

get C—D = 2 . (nt-{-ts
—

4'
—

^)- Substituting these in [2465], and neglecting ji

[2465"], we obtain the following expression, which is developed by [22] Int.,

= -
. cos.^ v . sin. (C— D) -I-

—-
. cos.^ v' . sin. C

[24666] =: ^ . C0S.2 V . fsin.C. cos. jD— cos. C . sin. D| + ^ . cos.^ v' . sin.C.

Dividing this by cos. O, we get

T JI= —
. cos.^ V . {tang.

. cos. D— sin. D| -f- "^
• ^os.^ v' . tang. C ;

—
. cos.^ V . sin. D

[246Gc] hence we obtain, as in [2466], tang. C = y^
^— = From

—-
. cos.^ v' + —

. cos.^ V . cos.D
/•

3 r^

this value of tang.C we may obtain the following values of sin.C, cos.C, cos. (C—D\
required in the next note, putting for brevity JV, JW, equal to the numerator and denominator

of [2466c], and using formulas [34', 34"'] Int. ;
hence we get

J T '
Zd

[2466d ] JV= -
. cos.2 V . sin. J), M=— . cos.^ ^ + -

. cos.^ v . cos.A

[2466e] tang.C = ~, sm.C = ^^J^y "°^-^=
/(JV^+ Jtf^)'

[2466/] cos.
(C—D) = cos. C . cos. D + sin. C . sin.D = . {M. cos.D+ JV. sin.D),

[2466g-] JY^ +M^= (^.cos.2vY+^ .cos.2v.^.cos.2v'.cos.2.(4.'— 4.) + ('^.cos.Vy.

This last equation is easily deduced from JV, M, [2466c?], by adding their squares, and

putting sin.*^ D -f- cos.^ Z) = 1 .
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We must now substitute the value of nt-\-rz— 4.' determined by this

equation in the expression of ay ;
and if what the following function then

becomes be represented by (A), or

\ -^ . sm. V . COS. V . COS. (nt-{--a
—

4.
—

7) i
.^.

i
4-^.sin.v'.cos.v'.cos.(?i^+ ^— 4.'— 7) \ ^^467]

we shall have*

General

^^__ 0±3^_cos^ _ jL
. (1-3 . sin.= v) +^; .(1-3. sm.V')( + (^) "-r"'-

' V ) elevation
O *

\ 5 p
y of the tide

at high
water and
low water.

the sign + corresponds to full sea, and the sign
— to low water, [2468']

Supposing this expression to refer to the morning full sea, we shall have

the height of the evening full sea, by increasing the variable quantities by [2468"]

*
(1831) The first line of the expression of ay [2463] gives that multiplied by

(1+3. COS. 2^) in [2468] ;
the term multiplied by A gives (A) [2467]; and by neglecting

the terms multiplied by B, PQ [2464", &;c.], there will remain only that multiplied [2468a]

by P, which may be proved to be equal to the terra depending on P in [2468]. For by

using the abridged values [2466«], this term becomes as in [24686], which is reduced

to [2468c] by means of [2466/, e]. This, by using [2466fif], is finally reduced to the

form [2468e].

P .

I

-
. C0S.2 v . COS. (C— D)+— . cos.2 v' . cos.C

^ [24686]

-p C L U "^=
^^(:^q::j^)-|;5-cos-''^-(-^-<^os.I>

+ A'.sin.i)) + -.cos.2^
[2468c]

.\M.(—. cos.2 v'+ - . C0S.2v . cos.D
j
+ JV . T- . cos.^ v . sin.D\ \ [2468rf]

P

Substituting the expression [2466^], we obtain the term multiplied by P [2468], the sign

± being prefixed to the radical to distinguish the two values of ay, corresponding to high [2468/"]

and low water [2468'], which depend chiefly on this term, because it is much larger than

the others.
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what they have varied during the interval of the two tides. Therefore we
must change the sign of (A); because the angle nt-\-zi— 4.

—
y increases

[2468'"] in that interval about two right angles, the difference being so small that it

may be neglected, taking into consideration the smallness of (A) [24656].
[2469] Hence 2 (A) is the difference of the heights of two tides of the same day.

[2470] Supposing now that 1/ is the half sum of the heights of the morning and

y. evening tide
; 1/ will be the quantity ivhich ive shall hereafter call the mean

[2471] absolute height of the tide of one day. Thus we shall have nearly

, (1 + 3 . COS. 2 &)

y
— ^-^ ^

-f73!-i^-('-^-^"-^^>+^--(^-^-'"-^'>
Mean
absolute

height of w Q.
the tide of O \ k /
one day. \ "

P /

[2472]

+i'.y/(^^.cos.^')+^.cos.^v.^3.cos.^v^cos.2.(^'-+)+(^\cos^^

all the variable quantities of this expression correspond to the low ivater falling
between the morning and evening tides, and must therefore refer to the time

[2472] which precedes the time of low ivater by the quantity T.^ It is very probable

that the part of this expression which is not multiplied by P, corresponds to

a different time [2463'] ;
but this part is so small in comparison with the

other, that we may, without any sensible error, refer them both to the time

corresponding to the greatest quantity.

(^). If we put {A} for ivhat (A) [2467] becomes at the time of the low

[2473] ivater falling between the morning and evening tide, the height at this lotv

ivater will be

Height of
the tide at

low water.

[2474]

(

8g
i±f^.J^..(l-3.sin.^v) + ^:.(l-3.sin.^vOJ+(^')

—
P.^/ (-.cos.2v)+^.cos.2v.^.cos.2v'.cos.2.(4.'— 4,)+(^3.cos.2v'J

*
(1832) To obtain the value of y* accurately, we must compute the value of a

[2472a] [2468] for the morning tide, and then for the evening tide
; using the values of r, v, r', v',

&c., corresponding to those times respectively ;
the mean of these two values will be the

value of y' [2470]. Now as these quantities r, v, &ic
, vary but little in the course of

half a day, it is evident that this mean value will be obtained nearly, by substituting in
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Subtracting this expression from the mean absolute height of the tide of one

day [2472], we obtain ivhat ice shall hereafter call the total tide, being the [2475]

excess of the half sum of the two high tides of the same day, above the

intermediate low tvater. We shall represent this excess by y", and we [247C]

shall have

Total tide

/=_(^'J+2P-\/'(^.COS.=v)Vf.COS.=V.^.COS.^v'.COS.2.(+'-+)+(^.C05.Vy. j^,,j

Lastly, the difference of tivo conseci^Mve low tides is 2 . (A').* [2478]

About the time of the maximum of the tides, or near the sjzygies, the [2478]

angle 4^'
—

4- is quite small, since it is nothing at the maximum; therefore

at the time of full sea we shall have nearly nt-{-zs
—

4-'
=

x.-j- Substituting [2479]

this value in the function (A) [2467], we shall have, by supposing that the

time t must be decreased by T in this function, as it is in the function [2479]

multiplied by P,

[2468] the values r, v, SiC, corresponding to the time of low tide, falling between the two [24726]

tides thus computed ; because this time is nearly the mean time between those tides, which

must be decreased by T according to the directions in [2463"].

*
(1833) This is proved in the same manner as 2.{ji) is proved to be the difference

of the heights of two consecutive high tides in [2469].
' "'

f (1833fl) Putting 4^=4.', or 4.=200O-|-4.', in the term of ay [2463] multiplied [2479a]

by P, on which the tide chiefly depends, it becomes

P .

j

-
. cos.2 ^+ Ti

• COS.2 v'
I

. cos. 2.{nt -f^— 4.'— X). [2479fc]

This is a maximum when cos. 2 . (n i -|~ "^— 4"'
—

^)
= 1 J o^' when the angle

2.{nt-{--a
—

4^'
—

X) = or =400°; corresponding to nt-\--us
— 4''='^ or

nt-\-zs
—

4.'
= 200°+X. This last value is not mentioned by the author in [2479];

and the sam.e neglect is observable in the value of 4-'
—

4^ [2478'], which is said to be

nothing in the syzygies ; whereas at the time of the opposition of the luminaries we have

4,'— 4.=: ±200°. This neglected case does not affect the coefficient of P in [24796], [2479rf]

but might alter the values of (w5), (A'), [2467, 2473, Sec] ; it is not however necessary to

notice this circumstance, because neither of the quantities (A), {A'), occur in the value of

y' [2472, 2482] ; moreover the term {A') in the value of y" [2477] is neglected in [2479«]

[2481', 2483], on account of its smallness.

169
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[2480] ^ . sin. V . COS. V + -;;^
• sin. v' . cos. v' i . cos. (x

—
y).'^

JauJ'), (^^ being very small, the error of the preceding supposition must be
near the Insensible. The function (A') becomes very nearly
syzyxics. \ ' J J

[2481] (-^4')
=^ A A—, sin. V . COS. v + -^3

• sin. v' . cos. v' > . sin.
(>-
—

7).

We may also, on account of the smallness of these functions, suppose in

[2481'] them X =: 7,f which makes
(^4')

vanish. This being premised, if we

*
(1834) Subslituting in [2467] the values of the angles ^^ n 2! -j- '^— j'j 4''}

nt-\-vi
—

4^', [2479a, c], we get

[2480a] {Jl) =. ./2 .

]
dr — . sin. v . COS. V ± — • sin. v' . cos. v' \ . cos.

(
X— 7) ;

which differs from that given by the author [2480] in the double sign prefixed to the terms,

arising from the two values of the angles here used. Now from the time of high water to

[24805] the following low tide, the angle nt-\-'si
—

4.' increases about 100° [2268'", 2473],

by which means the value of this angle [2479c] become 100° -|-^ o"^ 300° -}~^'

Substituting these in [2467, 2473], we get

[2480c] {A') z=A.\^^-^. sin. v . cos. v =F
—

. sin. v . cos. v'
^

. sin. (X
—

7) ;

which differs likewise from [2481] in the double sign of the terms. These discrepancies

are not of much importance, because these terms are finally neglected [2479eJ.

f (1835) If we examine the calculation [2432'
—

2439'], by which the value of X

[2481a] [2439] was obtained in oscillations of the third kind
;
we shall find that the same method will

apply, with a similar result, in oscillations of the second kind, depending on the angle

ntA^i^. For the quantity X^, deduced from [2434'] in oscillations of the third kind, is a

[24815] function of J5, C, m, T, T'
;

the terms T, T", [2432", 2432'"], being the times required

for the waves to move from the mouth to the head of the canal. Now it is highly probable

that these times are nearly the same for oscillations of the second kind, as for those of the

third. Moreover, from the nature of the factoi's B, C, [2433], it is probable that the ratio

[2481c] of these quantities is nearly the same in both cases
;

so that In oscillations of the second kind,

we may change B Into B.a, and C into C.a. These changes being made In [2434'],

[2481d] without altering the values of T, T', the numerator and denominator of that expression will

be divisible by a, and the values of sin.2X,, or
X^,

will remain unaltered ; hence we shall

obtain nearly the same value of X as in [2439] ; consequently the value of X Is nearly the

[2481c] same in the second as in the third oscillations, or X= 7.
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neglect the fourth power of 4^'
—

4^, in the terms of y, y", multiplied by P, [2481"]

we shall have near the syzygies,*

, (1 + 3 . COS. 2 &)

y = —^-
tl-^.J^.(l-3.sin.^v)^

+
P.|^.cos.^v

+
^3 .cos.^v'l

2P . —. cos.^ V . -7^
. cos.^ v'

^
2 1-*^ 2 /

—r . cosr V + -7^ . cos. V

Mean
absoluto
tides

near the

gyzygies.

[2489]

*
(1836) In order to make 4^'

—
4^ small at the times of the syzygles of the full moon,

we shall change in these syzygies the values of 4'' into \''
— 200°, in the formulas [2482a]

[2468, 2472, 2474, 2477], which will not alter their values. Now neglecting in all our

future developments terms of the order
{\''
—

4')S we shall get from [44] Int.

COS. 2 .(>].'— v^)
== 1 — 2 .

(4.'
—

4-)2. [24826]

Substituting this in the radical or factor of P [2472], it becomes as in [2482c] ; and by

extracting the root we obtain [2482c?], always neglecting the variations of v, v', r, r', in

comparison with 4-'
—

4^ 5

iU^ . COS.^ V + -—
. COS.^ v'

J

—
. COS.^ V .

—r . COS.~ V^ . (4^' 4^)^ t
•J

'

f' 6 J T^ T " J
f2482c]

=
[^

' cos.^v+ - . cos.^ V
j ^ —_, f2482i]-

. cos.'' V + —r . cos.** V

If the angle 4''
—

4^ vary, by the quantity q, in the interval of two successive tides, and [2482(/']

the value of 4*'
—

4' he taken to correspond to the intermediate low water, its value at the

time of the preceding high water will be 4^'
—

4^
—

h 9i ^^^ ^t the following high water [2482«]

4,'
— ^^Lq^ 'j^^Q

former must be substituted in [2468], or rather in [2482c?], for the

morning tide ; the latter, for the evening tide
;

half their sum will be the corrected value to

be used in y' [2472, 2482]. This half sum is

^.|(4.'_4.-i5)2-|-(4.'--.4. + i5)2j = (4.'_4.)2 4.j52, [2482/]

as in the formula [2482].
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Total tides

near the

syzjrgies.

f= 2pA-^. C0S.2 V + ^' . C0S.2 v'

[2484]

[2485]

[2483] ^P h' COS." V . ^ . C0S.2 V'

--jr^ j^ .{(^'-^r + i9^1;*
-^ . cos/ V + -7:7 . COS. V

[2483] ^ being the variation of the arc 4-'
—

4^, in the interval of tw^o consecutive

full tides. The addition of the iwo terms depending on it, is founded upon
the principle that the true value of (^'

—
4^)^, in the expression of

3/',
is the

half sum of the squares (4^'
—

4-)^ corresponding to the two consecutive

high tides
;
and it is evident that this half sum is equal to the expression

(4.'
—

4)24-1^2 [2482/], in which the arc 4.'
—

4. corresponds to the

intermediate low water. As the variable quantities of the two preceding
formulas refer to that low water, it follows that the square (4^'

—
4^)^ must,

for greater accuracy, be increased by \ f in the expression of
^', and by

1/ in that of y" [2483c].

22. We shall noiv develop the expressions of y', y", [2482, 2483], in the

[2485^ equinoxes and solstices, in order to determine the influence of the declinations

of these bodies upon the tides. The term

*
(1837) If we use the development [2482J], the radical, by which P is multiplied in

[2474], will become as in [2482^?] ; but in this case the value of 4^'
—

4^ will require no

[2483a] correction, because it is assumed to correspond to the time of low water. Putting also

{A')
= 0, as in [2481'], the expression [2474] will become

[24836]

l+ 3.cog.2^) (L , . „ ,
i' ,, ^ . o ,N >

/- T r/ ^ 2P.-.C0S.^V.— .COS.^V'

Subtracting this from y' [2482], we get the total tide y", as in [2483], corresponding to

[2483c] [2477]. The factor of q^ being the same in [2482] as in [2483], because the one contains

the coefficient 2 P X i 9^ the other 4 P X i 9^.
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of the expression of / [2482] is very small.* We may therefore suppose,

without any sensible error, that the variable quantities r, v, r', v', which it

contains, correspond to the instant of the syzygy. When we take the sum [2486']

of the values of y, corresponding to two consecutive syzygies, we may

suppose, in the preceding term, that r' is equal to the mean distance of the

moon from the earth in the syzygies ;
for it is evident that if the moon be in [2487]

the apogee in any syzygy, it will be nearly in the perigee in the following

syzygy.t r is nearly equal to the mean distance of the earth from the sun [2487']

in the syzygies of the equinoxes ;
and if we consider as many syzygies near

the solstices, in the winter, as in the summer, we may also suppose r to be

equal to that mean distance.

*
(1838) We have nearly -^= 0'^''-,l6 [2301], -^ = e . 0™«'-,16 = 0'"«*-,4S [2485a]

[2302,2304'], 1—^ = 1— ^3^
= 0,88 [2297rt], and at Brest cos. 2d is nearly

equal to yV [2318']; so that if we put v= 0, v'=0, the expression [2486], at its [24856]

maximum, will become —
g ^q gg .{0'»^'-,l64-0»«*-,48j=—0™«*-,12. In the 24 syzygies

[2510], the sum of the total tides varies from 128'"<"- to 150"®*-, and the mean value [2485c]

of one of the tides is nearly 6 metres, being about 50 times as great as the function [2486],

which we have just computed. This function being so very small, we may neglect the [2485rf]

variations of r, v, /, v', during a few days, without any sensible error in the result.

f (1838a) If we notice only the first power e' of the excentrlcity of the lunar orbit, putting

the mean distance from the earth equal to a', and the mean anomaly A', which in [669] is

represented by nt-\- s— &, we shall get, from the first of the formulas [669],

r'=a'.jl— e'.cos../2'l, and i= 4^ . (1 + 3 e'. cos. .^O- [2486a]

In the following syzygy. A' is increased by 200° nearly ; so that cos. A' changes into

— cos. A', and —==--.( 1 — 3 e' . cos. A') nearly. The mean of these two values
r >> a 3 ^ ' ""

is —=—
;

hence we see that the variation in the value of r' is but of little importance,"
[24866]

when two successive syzygies are used. Similar remarks may be made relative to the distance

of the sun from the earth, as in [2488].

170
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[2488']

[2488"]

£',
r'.

[2489]

[2490]

[2490']

[2490"]

—
. cos.^ V + — . cos.^ v' > of the expression of i/ [2482]

varies sensibly in a few days, and as this term is considerable in our ports,

we must notice its variations. For this purpose we shall put / equal to the

inclination of the lunar orbit to the equator, and r' equal to the moon's

distance from the ascending node of her orbit upon the equator ;
we shall

then have* sin. v' = sin. s . sin. r', consequently

cos.2 v' = 1 — i
. sin.2 s' + 1

. sin." / . cos. 2 r'.f

We shall put t for the time elapsed from the maximum of the tide, to the

time of any observation, t being negative for observations which happen

before that maximum. Then, by neglecting the powers of t superior to the

square, and supposing the motion of the moon in her orbit to be uniform

during the time t, which may be admitted without any sensible error, we

shall have,t
'

[2491] cos.^ v' = cos.^ v' t.
dt

sm.^a' . sin. 2T'— t\{ ^-Y- sin.^/ . cos. 2 r'.

*
(1839) Thus if AL, fig. 57, be the lunar orbit, AE the

equator, P its pole, L the place of the moon, PA and PLE
[2489al arcs drawn perpendicular to the equator AE ; then AL= T',

LE— \', angle LAE= ^, and we have, from [1 34528],
[24896]

sm.LE=sin.L.^E.sin.^jL, or sin.v'=sin.£'.sin.r' [24S9].

f (1840) From [2489] and [1] Int., we get successively
^"^^ ^^

[2490a] C0S.2 v'= 1 — sin.^ v'= 1 — sin.^ s' . sin.^ r'= 1 — sin.^/ . (^
— J . cos. 2 r') [2490],

from which we find

[24905] sin.2 a' . cos. 2 r'= sin.^ s — 2.(1 — cos.^ v')
= sin.^ s'— 2 . sin.^ v',

which is used in [2492a].

J (1841) Supposing in [607,608] a= i, and considering m as a function of /, we

shall have, by retaining only the first and second powers of t,

,
/du\

,

. „ fddu\
[2491a]

"= " +
^-V77J

+ ^' -K^)'

u being the value of u when t == 0, and t being put equal to nothing after finding the

differentials (-^ , \-ty) • If we put u equal to the value of cos.^ v', given in the
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The values of v' and r', in the second member of this equation^ correspond

to the syzygy. In the equinoxes and solstices, sin. 2 r'
nearly vanishes

; [2491']

second member of [2490], we may consider r' as the only variable quantity. For the [24915]

inclination of the orbit s' varies only by quantities which are of a less order than those of the

motion of the moon's node, when compared with the real motion of the moon in her orbit.

Hence we have

u = cos.^ v'= 1 — J . sin.^ s'+ i . sin.^ / . cos. 2 r'
;

, /ddu\ . „ , ^ ,
/rfr'\2 . „ , . ^ ,

/ddT'\

Substituting these in [2491a], and for the first term u using in the second member of

[249 Iff) the value cos.^v' corresponding to t=.Oj we shall have, for the general

value of cos.^ v' corresponding to the time t, as in that second member,

cos.3.2 v'= COS.2 y'—t.~. sin.2 s' . sin. 2 r'— <2 . gin.^ e' . cos. 2 r' . (-^) [2491d]
Cut \(t t /

-it2.sin.V.sin.2r'.(^);

in which we may neglect the term
(

—r^ )
on account of its smallness, supposing, as in

[2490"], the increment
[

—
)

to be constant. To make a rough estimate of the value

of this neglected quantity, we may take the three longitudes of the moon, from the Nautical

Almanac of 1830, to represent the values of r', July 20^- O''-, 20'J- 12*'-, 21 "J-
O''- ; and

denoting them as in [754''] by p, ^', ^", and putting i=0, i'=l, i"=2, we have

p = 123'^ IS™ 17% ^'= 129'^ SC" 16', p"== 136*^ 29™ 19». [2491e]

From these we obtain, as in [755],

5 p= G'^ 37« 59», 5 ^'=6"^ 33* 3% S^fi — i.{S^'—5^)=:—148''j

and if we change, in [757, &,c.], a into r', 5 into t, we shall get from [758] nearly

(j^\
= 5 ^ = 6"^ 37- 59% (rjP)

== 2 (52 ^ = — 296^
[2491/]

/ddT'\
These quantities are to each other in the ratio of about 80 to 1

;
therefore

( ~77i~ )
^^

—
),

and may be neglected in comparison with it, particularly as it is

multiplied in [249 1<Z] by the very small quantity sin.Sr' [2491']; hence this formula

becomes as in [2491].
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therefore, by noticing only the syzygies which happen near these points, the

term of the preceding expression of cos.^v' [2491], multiplied by the first

[2491"] power of t, disappears from the sum of the values of
?/', particularly if we

use a sufficient number of observations to make the positive and negative

values of sin.2r' mutually destroy each other
; therefore we shall have*

[2492] cos.^v'= cos.^v'— f. ( -7-- ) .{sin.^s'
—

2sin.^v'}.

[2492"] JVe shall take for the unit of time, the interval between two consecutive tides

of the morning and evening, near the syzygies, tvhich interval is about

[2493] lday^o271 ;t and shall put u for the mean synodical motion of the moon in
"'

that interval. We shall have in the syzygies, by noticing the argument of

variation, which near these points always increases the horary motion.

[2494]

•

("iEiy^
1,165. u^

consequentlyt

[2495] cos.' v' = COS.' v'— 1,1 65 . ^' . u' .
{sin.'

/— 2 . sin.' v'}.

*
(1842) Neglecting as in [2491"] the term depending on the first power of t [2491],

and then subtituting [24906], we get successively, as in [2492],

[2492a] cos.V= cos.' v'— i^ . f^Y . sin.^ s' . cos. 2 r'= cos.' v'— i' . (^^ . (sin.^s'— 2 .sin.'v').

The term multiplied by 2 . sin.' v' is so small, that we may use in it the value of v'

corresponding to the syzygy.

f (1S43) We shall find in [2745] that the time of high water upon any day t after the

[2493rt] syzygy is 0'^'^y,39664 + 0<^"y,027052 .t
;

so that on the day of the syzygy, the time of

high water is 0'i^y,39664, and on the following day it is 0^^y,39664 + 0'^%027052 ;
the

1249361
o J

^ -•

interval is l''%027052, as in [2493] nearly.

X (1844) By Burg's tables, the moon's motion in one day is 13'' 10'" 35% the sun's

[2493c] 59'" 8* ; the argument of variation increases, in that time, by the difference of these

quantities I2''ll'»27% and the corresponding variation is 14™ 29^ Adding these two

[2493rf] last quantities, we obtain 12*^ 25"* 56% or 13° 81' 36" nearly, for the diurnaj synodical

motion of the moon in the syzygies ; so that the real motion is to the synodical
as

[2493e] 13'^ 10"' 35* -f- 14™ 29* is to 12*^ 25"* 56% or as 1,0793 to 1. Hence the actual motion
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The variation of — *
may be neglected, when we consider at the same

time two consecutive syzygies. We may also neglect the variations of

— and sin.^ v, because these two quantities alter but very little in the [2495']

interval of a few days. They also depend on the action of the sun,

which we shall hereafter find [2706] to be only one third part of that of [2495"]

the moon.

It now remains to consider the term

2P.4.cos.2v.^.cos.2v'

(^'
— ^y [2496]

-^ . COS.^ V + -r^ . cos.^ V

of the expression of 7/ [2482]. If we put s and r for the sun, what we s, r.

have called s' and r' for the moon, we shall have very nearly, by observing [2496']

that e' differs but little from s, and that sin. (r'+r) almost vanishes in the

syzygies of the equinoxes and solstices,t

(4.'— 4.)
. cos. V . COS. v' = (r'— r) . cos. C-^^ ; [2497]

of the moon, in the interval taken for unity, is 1 ,0793 . v, provided v represent the mean

synodical motion in the syzygies ; in which case we shall have —= 1,0793 . v, whose

/rfr \2 [2493/]

square is f —j = 1,165 . «^^ as in [2494] ; substituting this in [2492], we get [2495].

But if V represent, as in [2493], the mean synodical motion throughout the whole orbit, we

shall have ^= 1 ,101 . «
;

because the ratio of 13'^ lO"* 35*+ H"* 29' to 12'* 1 1« 27*
at

(/7t

\ 2—
j
= 1 ,2 1 1 . f

2
; therefore the factor 1 ,2 1 1 must be used [249%]

instead of 1,165 in [2495
—

2502], whenever we use the mean value of v.

*
(1845) This appears from the demonstration in [2486a

—
6].

t (1846) If in fig. 57, page 678, we suppose AE to represent the equator, P its pole,

AL the ecliptic, PA, PLE, circles of declination, we shall have, in the triangles [3497a]

A EL, PL A, the following equations, deduced from [1345^,^^] respectively,

cos.LE.cos.AE = cos.AL, sin. PL .sin. AP E = sin. PAL . sin. A L,

171
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which changes the preceding term [2496] into

[2498]

^ 2 1-^ 2 /

-^ . cos/ V + -17 . cos/ V

or in symbols,

[24976] COS. V . cos.
-4^
= cos. r, cos. v . sin. -^

= cos. s . sin. r.

Accenting these letters, we get two similar equations corresponding to the lunar orbit,

[2497c] cos. v' . cos. 4-'
= cos. r', cos. v' . sin. 4''

= cos. s' . sin. r'.

IMuItiplying the first of these equations by the fourth, also the second by the third, then

taking the difference of these products, we get [2497c?]. Reducing this by means of

[22, 18, 19] Int., we find [2497e], and by using [27, 28] Int., we finally obtain [2497/].

[2497c?] COS. V. cos.v'.{sin.4'''COS.4'
— cos. 4''' sin.4'|= cos. s'. sin. r' . cos. r— cos. s . cos. r'. sin. F ;

COS. V . cos. v' . sin. {^'
—

-4)

= 1 . cos. a' .{sin. (r'+r) -|- sin. (r'— r)}
— ^ . cos. £.{sin. (r'+r)— sin. (r'—r)

[2497e] = sin. (r'— r) .{| . cos. £'+ ^ . cos. s] + sin. (r'-f r) .{| . cos. s'— ^ . cos. s\

[2497/-]
= sin. fr'

—
r) . cos. J . (s'+s) • cos. ^ . {^

—
s)
— sin. (r'+r) . sin. ^ . (s'+s) • sin. ^ .

(s'
—

s).

[2497i]

This expression admits of several reductions. For in the syzygies of the equinoxes, r, r',

are nearly equal to 0° or 200° j
and in the syzygies of the solstices, they are nearly equal to

[2497g-] 100° or 300°. In both these cases sin. (r'-|-r) becomes nearly equal to sin. 0° or

sin. 200°, and must therefore be very small, as in [2496']. The inclination of the lunar

orbit to the ecliptic is about 6°, so that i .
(s'
—

s) must generally be less than half this

[2497A] quantity, or 3°, whose sine is less than 2-\)5 ^^d cosine nearly equal to 1 . Substituting these

in [2497/], and neglecting the term depending on sin. | .
(s'
—

s)
. sin. (r'-|-r) on account

of its smallness, we get cos.' v . cos. v' . sin. (-4'
—

4')
= sin. (r'

—
r) . cos. J . (£'+ 0'

Developing sin. (4^'
—

4')> sin.(r'
—

r), by [43] Int., retaining only the first power of the

quantities 4'
—

4'3 r'— r, we obtain the expression [2497]. The square of this being

substituted in [2496], it becomes

2P.^.^.cos.n.(^+s)
[2497fc] _ >-3 /3 ^ \ I /

^
^

^^
2 1-^' 2 '—

. cos.*^ v+ —-
. cos.'' V

pi
'

f'i

and by [2493], the synodical motion of the moon, in the time t from the syzygy, is tv ;

[2497/] putting this for r'— r, in the preceding expression, it becomes as in [2498]. The

quantities we have here neglected are very small, since the whole term [2498] rarely exceeds

a third of a metre, as we may easily prove by the following rough calculation. For by
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This being premised, if we put Y' for the sum of the values of y', [24981

corresponding to 2 i syzygies of the equinoxes, we shall have*

V—
^"n""°1^ ;^-(l-3.sin.-F)+^:.(l-3.sin.-P)i Exprei-

. , lion of

op/ of the
sum of
the mean
absolute

heights
Y' in 2i

yzygies of
the equi-
noxes or
solstices.

L'
;f-(^cos.

—2iP.'^^,(f+^\).^!^.
1
\,\Qb.{sm.y-2.sm.W')-\-^

—V J ^
>.

[2499]

.cos.^F+3^.cos.^P
r" jJZ

TJ 7

supposing cos.^ v= cos.^ V= cos.^ \ .
{s'-\- s),

and —= 3 .
-

[2706], the numerator [2497m]

and denominator of [2498J is divisible by
—

. cos.^ v, and then that expression becomes

successively, by using [2713], and ne^ecting the sign,

2P L' 4i"et. 6847
^.1± i^^^=:

^
.t^v^= l'"^'-,!? . t^ ^. [2497n]

Now t V [2493] represents the synodical motion, and at its maximum, in Table I

[2510, Stc], it corresponds to about 2^ days, before or after the syzygy ;
in which time this

motion is | X 13°, 8= 34° nearly [2493<Z] ; its sine being nearly equal to J, we get ._.

tv = ^. Hence the expression [2497n] becomes l^^^H X 4= 0""®S3 nearly, and

the part neglected in [2497A, &;c.] is considerably less than 5^^ of this quantity. We may finally

remark, that when the moon's node is situated in the first point of Aries, the origin of the

quantities r', ]/, is the same as that of r, 4^. In other situations of the node, the origin will

differ a little
; but this difference is corrected nearly, by supposing as in [2498] that the origin [2497^]

of the angles \!
—

I', r'— r, is at the time of the syzygy.

*
(1847) The first line of the expression of y' [2482], being taken for 2i syzygies, the

sum of them will produce the first line of the expression of Y' [2499] ; since it is evident [2500a]

that the substitution of the mean values of sin.^v, sin.^V, represented by sin.^ F",

sin.^ V\ [2499'], will give nearly a correct result. In the same way, the second line of

[2482] becomes, by substituting the value of cos.^v' [2495],

P.^^.cos.^v+ ^.cos.^v'l — 1,165. P. ^.<2«2. 131^^—2. sin.^v'h [25006]
( r3 '7-3 ) r 3

and as ^t; represents the mean synodical motion r'— r, we have i^v^={Y'— r)^; and

to this we must add \(f nearly, for the same reason that i 5^ was added to (4'
—

\<)^ in [2500c]

[2482, 2482/] ; hence [25006] becomes
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[2499']

[25001

[2501]

s + ^V
COS. -4— ] . are theIn this expression cos.^ F, cos.^ V', sin.^ V and ( i

mean of all the corresponding values of cos.^v, cos.^v', sin.^v' and

cos.
S+£'\2

in the 2i syzygies. The same expression also represents

the sum of the values of y' in 2i syzygies of the solstices, when half of them

are taken in the winter solstice.

We shall now consider the expression of / [2477, 2483]. The term*

^ ^ ^ •
,

^' •
/ f)A. < -^ , sm. V . cos. V + —3

. sm. v . cos. v >

[2500rf]

[2500d']

[2500e]

P.^^.cos.2v+ ^.cos.2v'|
— 1,165 .P,^.{t^v^-\-iq^).{sm.^^—2.sm.^v'l.

But from [2482(1', 2492'], we have nearly q= ^v', hence t^v^-{-^q^= {f + ^\) . v^.

Substituting this value in [2500(?], and then taking the sum for 2i syzygies, we get

2iPA^.cos.''V+~.cos.^F'l—2iP.y^.{t^+T\).v^. 1,165 . |sin.2a'— 2.sin.2F'J,

as in the second and third lines of [2499]. The term of [2482] depending on (4^'
—

4^)'

is given in [2496, 2498], and the similar term depending on ^q^ [2500c], must evidently!

be to this as (4-'— ^^)^ to lq% or nearly as t^v^ to -j^v^ [2500c/']; so that the

[2500/] two terms must be represented by
^^•^7l-H-^T-('^+^»)-'

-
. cos.'' V + —-

. cos/ V

and for thel

2L
cos.

.+.'

[2500g-] 2 i syzygies this becomes — 2iP.— . {t^-\- xV) • ^^ •

j
—^ ^^—

jn
—

-.COS.^F-l—r: . COS.^V
f3

'

7- .1

which]

is the last term of [2499], corresponding to 2 i syzygies of the equinoxes [2498', 2487'].|

The same expression will also answer for 2 i syzygies of the solstices, if half of them
bej

[2500^] in the winter solstice, and half in the summer solstice ;
and in this case, by [2488], orj

[2486a, 6], the variations of r may be neglected, by taking as many summer as winter]

syzygies. It may be observed that in all these formulas the values V, V, are taken to\

correspond to the instant of the syzygy, although the corresponding tide does not takeplacej

[2500i] till li days after [2544], the time T of formulas [2463, Sic] being nearly equal toj

this quantity.

^(1848) The term {A') [2477] was neglected in [2481', 2483], on account of its]

[2501a] smallness in comparison with the other terms of Y". For sin. (7
—

X) [2481] is
veryj
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is very small in our ports ;
it is nothing in the sjzygies of the equinoxes ;

it also disappears from the sum of the values of
2/",

if we consider two [2501']

consecutive syzygies, and as many solstices of winter as of summer.

Therefore by putting Y" for the sum of the values of y" corresponding to 2 i Y".

syzygies of the equinoxes, we shall have^ [250i"j

Y" = 42pJ:^.cos.^F+^'.cos.^r ] Expres-
sion of
Y" in 2.-

syzygies of

2L / £+s'\2 ^ theequi-
'

f\r\c * ' nnTPci or

TJ 1 ,.3
•

\
• o j f solstices

-^ 2T7 I

-^ 2T7/1 [25021
-r-.COS.F-^ T^.COS.V^

* ^

this expression also represents the sum of the values of ]/'
in 2i syzygies of

the solstices.

We shall now see what the terms depending on Q, which we have

heretofore neglected, add to these expressions of Y', Y". For this purpose we
shall resume the expression of ay [2463]. In the equinoxes and solstices,t

small [2481e] ; A<^^\ P [24656] ;
and in the equinoxes v, v', must vanish or be very

small ;
hence the whole expression [2481] may be neglected in the syzygies of the equinoxes. [2501a']

In the solstices, if we take two consecutive syzygies, v' changes into — v', by which the

sign of the terras of the factor —
. sin. v . cos. v + -;7 • sin. v' . cos. v' [2481], depending [25016]

on v', is changed, and the mean value of this factor becomes nearly
—

. sin. v . cos. v. If

we take two more observations at the other solstice, the sign of v will change, and the sum of

the two terms will nearly vanish ; therefore the factor [25016], which occurs in [2481], will [2501c]

be so very small, that it may be neglected in the method we have here used.

*
(1849) We may derive [2483] from [2482], by putting in [2482] 1 +3 . cos.^= 0, [2502a]

changing P into 2P, and q^ into ^q^. The same changes being made in [2499], which

was derived from [2482], we obtain [2502], depending on [2483] ; observing that J q^

produced the terra j\v^ [2500cZ'] ; therefore ^5^ [2483] will produce ^^"^ [2499]. [25026]

J (1850) We have =— 2 . sm. v . cos. v .
—

. Ihis vanishes m the syzygies

of the equinoxes, where ^=0 nearly j
and in the syzygies of the solstices, where

[2502c]
dv'-=

nearly.
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d cos V t

——jj
—

vanishes, and we may neglect the differential of —

[2503]

d ti when we consider the aggregate of two consecutive sjzygies.* We
shall also neglect

FQ.-^A ^.cos.V.sin.2.(n^ + t3—
vj>
—

X)
\

,

on account of the slowness of the variations of v, 4^, r, and because — is

[2503'] but a third part of ~
.f The term of the formula [2463] depending on

Q, will thus increase the expression of ay, by the quantity

7 1/ J /

[2504]
_ 2 PQ .

-~
.
-73

. C0S.2 v' . cos. 2 . (n ; + tj—
4-'
—

X).

*
(1851) In [2486aj we have —=— . (1 -f 3 e' . cos. A') -,

A' being the moon's

[2502d] mean anomaly. Its differentialis
(

'

r's ]= -.(—-). sin. .^'. In the next

syzygy, A' becomes nearly A' -\- 200°, and this expression changes its sign, so that the

sum of the two expressions is nearly equal to nothing. It may also be observed, that A' is

[2502e] proportional to the mean motion of the moon
; therefore [~r) and

[

"

r^
|

must

be of the same order. The like may be observed relative to the differentials of v', 4*'. f-

f (1852) The terms depending on Q in [2463] are

[2503a] PQ. — . <
-

.cos.2v.sin.2.(n^4-7:(
—4.—X)4-— .cos.2v'.sin.2.(n^4-«— 4.'— X) I . .

Now we have shown, in the last note, that the differential of the quantities depending on

r', v', 4^', must be multiplied by terms of the order of the mean motion of the moon
;

and in

like manner, those depending on r, v, 4^, must be multiplied by terms of the order of the

mean motion of the sun in its apparent orbit
;

so that the last are by this multiplication

L U
[25036] reduced to about one thirteenth part of the other quantities. JMoreover -=J.-- [2497m];

therefore the terms depending on the solar force are of the order of 337^ >
o'' ^"^
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Now we have*

—p- . COS. V = —r~ . COS. 8 = ?W . COS. e
; [25051

at at • '

m't being the mean motion of the moon
; hence the preceding term [2504] [2505']

becomes

— 2 m' PQ . COS. s' .
—

. COS. 2 . (n / + «— 4.'
—

x). [2506]

From this it is evident that in the sjzygies of the equinoxes, where cos.v'=l Terms of

very nearly, the term depending on Q changes, in the expressions of ay, Y', ^^p^f'"^

F', [2463,2499,2502], the quantity L' into L'. (1
— 2m'Q . cos.

e') ;t [2507]

ihirty-ninth part of those depending on the moon ; and as the lunar forces, depending on Q,
are quite small [2601, 2719], we may very safely neglect the term

Pq. -^
A ^ . cos.^v . sm.2 . {nt-\- zi— -^

—
"K)

I , [2503«]

depending on the solar force. Lastly, as we neglect the variations of r', v', [2502', &ic.], we

must consider 4-' as the only variable quantity in the term depending on Q in [2503a], by
1 • 1 • 1 • r -I [.«50oOj

which means it becomes as m [2504].

*
(1853) Using fig. 57, page 678, and the same symbols, we have

cos. s' . tang, r' = tang. ^' [134529] ;

and by supposing s' to be constant, the differential will be cos. s' .
——=—— [54] Int.

[2505a]

Substituting cos. r' == cos. 4^' . cos. v' [2497c], it becomes

dT' rf4'
COS. s' .

—
,

— = T- . [25056]
COS.2 4'.COS.2v COS.24'

*

Multiplying this by
—~j—'-—

, we get the second expression [2505] ; and if m't be

di'
the mean motion of the moon, we shall have —=m nearly, neglecting the perturbations

of the moon's motion, which may be done, particularly when the observations are made in all

parts of the orbit, as in Tables I, II, &;c., [2508, &;c.]. Substituting this in the second, we
[2505c]

get the third expression [2505], by means of which we obtain [2506] from [2504].

*
(1854) In the syzygies of the equinoxes, where cos. v' is nearly equal to 1, the

small term [2506] may be put equal to

U— 2 m'PQ . cos. ^
'-;i'

cos.^ v' . cos. 2 .{nt-\-zi
—

4-'
—

X). [2507o]
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and in the solstices, where we have very nearly cos. v'= cos. s', L' changes

[2507] into L\(\ ^);* so that the difference of the values of L\ in
\ COS. s J

'

these two cases, may serve to determine Q.

23. We shall 7ww compare the preceding formulas with observations. At

[2507"] the beginning of the eighteenth century, at the request of the Academy of Arts

and Sciences, a great number of observations of the ebb and flow of the tide

were made in our ports. These were continued every day at Brest for six

successive years ;\ and although they are not complete, yet they form, by the

The larger term, depending on ^''i\ [2463], is
r'3

/3

Ji

[25076'] P. — .cos.2v'.cos.2. (n^-fzj
—

4.'
—

X)5

the sum of both terms is

[25076] P. ^

^^3^^

^

.cos.2v'.cos.2.(n^+ zJ— 4.'
—

X).

This may be derived from the second of these terms, by changing, as in [2507], U into

U .{\— 2m'Q. COS. s') ; and this change must evidently be made in the values of Y',

Y", [2499, 2502].

*
(1855) In the solstices, where v' is nearly equal to s', we may put, in formula [2506],

COS. e' = —'—-, and then this term becomes
cos.«

[2507c]
— 2 m'Pq . ^^^ .

~
. cos. 2.{nt -\-zi

— ^'—X).

U
Connecting this with the term of [2463] depending on P-3T [25076'], the sum becomes

^, A__2^N
[2507rf] P

^_£^!iL/.cos.V.cos.2.(nf + «— 4.'
—

X),

which may be derived from the second of the preceding terms, by changing as in [2507']

U into U . \\ ;- j ; and the same changes must evidently be made in the values

^
of r', Y", [2499,2502].

f (1855a) The observations have since been continued at Brest, as will be seen in

[2507e]
Book XIII ; where the author has discussed the observations made between the years 1807

and 1823.
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number of observations^ as well as by the magnitude and regularity of the

tides, the most complete and useful collection tve have of this kind. We shall [2507'"]

compare the preceding formulas ivith this collection. The observations being

affected by various circumstances foreign from the action of the sun and

moon, we must consider a great number of observations, in order that the

effects of these accidental causes may mutually destroy each other, and that

the aggregate may give the effect of the regular causes only ;
we must also [2507"<']

endeavor to combine the observations in the most advantageous manner to

ascertain any particular phenomenon that may be required. In this manner,

and for the purpose of investigating the effect of the declination of the moon,

we have considered at the same time two consecutive syzygies, the result of [2507^]

vs^hich is nearly independent of the variation of the distance of the moon from

the earth. To compare the observations made on this point with the theory,

ive have taken from the abovementioned collection twenty-four syzygies of the

equinoxes, and twenty-four syzygies of the solstices, always taking two [2507^*]

consecutive syzygies. The following are the days of these syzygies at Brest.

SYZYGIES OF THE EQUINOXES.
Years.

1711.

1712.

1714.

1715.

28 August, 12 September, 26 September, 12 October.

1 September, 15 September.

25 August, 8 September, 23 September, 8 October.

18 February, 5 March, 20 March, 4 April, 28 August,
13 September, 27 September, 12 October.

1716. 23 February, 8 March, 23 March, 6 April, 1 September,
15 September.

Times
of the

syzygies
of tlie

equinoxes.

[2508]

SYZYGIES OF THE SOLSTICES.
Years.

1711. 16 June, 30 June, 25 November, 9 December.

1712. 19 June, 3 July, 28 November, 13 December.

1714. 29 May, 12 June, 27 June, 11 July, 21 November,

7 December, 21 December.

1715. 5 January, 17 June, 1 July, 26 November, 10 December,

25 December.

1716. 9 January, 5 June,

173

19 June.

Times
of the

syzygies
of the

solstices.

[25ie]



690 THEORY OF THE TIDES COMPARED WITH THEIR [Mec. Cel.

[2509']

[2509""]

In each of the sjzjgies, we have taken the mean between the two

absolute heights of the same day, or in other words, the mean absolute height

of the tide. We have considered the day preceding the syzygy, which is

denoted by
— 1

;
the day of the syzygy, which is denoted by ; and the

four following days, which are denoted by 1, 2, 3, 4. It happened several

times that only one tide was observed in a day ;
we have deduced from it

[2509"] the mean absolute height, by allowing half its excess above the tide which

was not observed, which quantity had been determined nearly, both for

the syzygies of the equinoxes and solstices, by a previous discussion of the

observations.

Several times also the height of the low water falling between the two

[2509"] tides of the same day was not observed. To obtain then the total tide, we

have supposed, conformably to the theory, that the difference of the total

tides, in two consecutive days, is nearly double of the difference of the

corresponding mean absolute heights.
*^ We have taken a mean result

between the total tides deduced from this supposition and from the

observations of the two days between which was included that one under

consideration.

Sometimes the law of the observed low tides evidently indicated an error

in the sign in one of these heights. In this case we have almost always

[2509^] neglected the observation of the low water, and have computed the total

tide by the rule just mentioned. With these precautions we have calculated

the following table, ivhich represents the sums of the mean absolute tides and

the total tides, corresponding to each of the days which we have considered in

the preceding syzygies.j-

*
(1856) The term multiplied by (1 + 3 . cos. 26) [2482] is very small [24S5&, c],

[2509«] and varies but little in the course of a day. If we neglect this, the remaining terms of

[2482] are very nearly equal to half of the total tide [2483]. The only term in which any

difference is found, is that multiplied by i q^, which is quite small, being by [2500d''\ of

[25096] the order xV ''^j or tV • 2T 5
because v [2493] is the mean synodical motion in

l'i»y,027, or about | of the radius.
*

t (1857) This table is divided into three parts, as in [2510, 2511, 2612]. The suras

of the numbers corresponding to each particular day are equal to the numbers in Table II

[2513a] respectively. Thus the total tide corresponding to the day of the syzygy in Table II, is

aGO*""' ,037 = 142""*'-,068 -f 62"'«''',002 -f- 64°'«'-,967.
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If we examine the variations of the absolute heights of the total tides of

this table, we shall see that the greatest tides do not take place on the day
of the sjzygj, but between the first and the second days. To determine

the distance of the maximum of the tides from the syzygy, in the preceding

[2513'] observations, we shall take for the unit of time, the interval of tivo morning
Unit of tides or of two evening tides in the syzygies ; and for epoch, the time of the low
time and

. ,

epoch. water falling between the two tides on the day ivhich precedes the syzygy. We
shall also put, for any day near this phase,

[2514]

Absolute

height of
the tide.

Mean

a + 6.r— ca^ = the absolute height of the tide ;*

X being the number of intervals taken for unity which this tide follows after

the epoch. If this formula refer to a morning tide, the expression of the

[2515] tide of the evening of the same day will be a -{- b . (x -\- ^)
— c . (x }- ^y,

considering those inequalities whose period is nearly a day, which are the

only ones necessary to be noticed here, because the effects of the other

[2515'] inequalities mutually compensate each other in the observations of Table II,

[2513]. If we add the two preceding expressions, the half of their sum

will be what we have called [2471] the mean absolute height of the tide ;

herh"t'of
therefore the expression of this height is

the tide.

[2516] a— -^\c^b.(x-i-i)
—

c.(x + iy.

The expression of the intermediate low water, according to the theory, is of

the formf

[2517] a'— b.(x + i) + c.(x + iy;

^
(1858) The expressions of

y', y", [2482, 2483], contain the quantities r, v, r, V,

[2514a] corresponding to the time of the syzygy ;
and the quantity (%)>'

—
4^)^, which is proportional

to the square of the time from the syzygy t'
j

so that either of these expressions might be

put under the form a'— c t'^. If we alter the epoch of t', making t'= b' -\- x, we get

[25145] a'— c .
{b' -{- xf, or {a'

—
b'^c}

— 2b'cx— cx^;

which by putting a'— b'^c=-a, —2b'c=-b, becomes a-\-bx— cx^, as in [2514].

!!:|',!j',: f (1859) The quantity multiplied by (1 + 3 . cos. 2 &) [2472, 2474] is very small in

[2517a] comparison with the other terms [24856] ;
and by [2481'] the term {A') is also extremely

small ;
hence the variations of these quantities may be neglected in comparison with those of

the remaining term of [2472, 2474], multiplied by P. This term has a positive sign in

[25176] [2472], and a negative sign in the height at low water [2474], but in other respects is equal ;



IV. iv. §24.] OBSERVED HEIGHTS IN THE SYZYGIES. f 693

x-\- 1 being the interval between the epoch and that low tide
;

therefore [2517']

by putting this time equal to t, we shall have an expression of the following

fo^n^
Total tide.

a" + 2b.t— 2c.f== the height of the total tide.
[2518]

The maximum of this tide takes place when t =— ;* this value is also [2519]* 2c

that of a, corresponding to the maximum of the function a-j-bx— car. [2520]

[2520']

To determine —-
bj observation, we must use the total tides of

Table II [2513] ;
but the mean absolute heights of this table having been

observed more carefully than the total tides, we shall make use of the sums

of both of them.

Therefore let /, /', /", /'", /"", /%t be the six sums obtained by

adding the absolute height and the total tide of each day in Table II [2513].
^ ^

The analytical expression of these sums will be of the form k-\-ih.t—ic.f
; [2521]

and by supposing successively ^=0, ^= 1, t= 2, t= 3, ^^4, t= 5,

we shall have the values of /, /', /", /'", /"", f" ;
hence we may

deduce!

[2517c]

lience its variation during the interval x, or from a;=0 to x=x, must be the same

in both expressions, but with different signs. Now by hypothesis [2514], this variation in

[2472] is bx— ca^, therefore it must be at the same instant — bx-\- co^ in [2474] ;

and at the time of low water x changes into x -\-^, consequently this expression is then

— h . {x -\- \) -\- c. [x -\- lY ',
so that if we put a for the height when x-\-\= 0^ we

shall have for the height at low water a'— i •
(a:+ i) -f- c .

(a; + |)^ as in [2517]. [2517rf]

Subtracting this from [2516], we get the total tide

a—-,\c-a'-^2h.{x^l)-2c.{x + lf',

which by putting x -\- l= t, a— -^^c
— a'= a", becomes as in [2518].

[2517e]

*
(1860) This is found by taking the differential of [2518], and putting it = Q>, [2519o]

according to the usual rule for finding the maximum [2464a].

t (1861) From Table If [2513] we get /=257'°^SI05+248'"«S183= 505'"^S288 ; [2520a]

and in like manner we get /', /", &tc., as in the table [2522a].

X (186lo) Putting in [2516] x-\-l= t [2517e], the absolute height becomes

a— Jj. c -f- 6 . i— c.i^. Adding this to the total tide [2518], we get

«— iV c + a"+ 3 6 . f— 3 c . ^2 ;

174
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[2522] 12ic=/"'+/"-/'-/;

fy _l_ fni'
I

fin
rn

fi
x-

[2522'] i 6 = 5 ^ c + •' ^-^—
a iy

consequently

[2523] A _ 5 , ^ir+r"-\-r"-f"-f'-f)

Substituting the numerical values of y, f\ &c., we shall find*

[2524]
— = 2,58176.
2 c

/ = 505met.,288 = k

f = 535 ,486 = A; + i 6 — i c

/" = 552 ,639 = k-\-2ih— Uc
/'"= 554 ,104 = ft+ 3ife— 9ic

/""= 541 ,062 = k-\-Uh—lQ%c
p = 509 ,522 = k+ 5i6—25 ic

which by putting a— ^c-\- d' =-Tc, and i= 3,

becomes h-\-ih.t
— ici^, as in formula [2521].

[2522a] Substituting successively /= 0, 1, 2, 3, 4, 5, we

obtain the six equations in the adjoined table, which

may be combined in various manners to find k, b, c.

The principle of the least squares [849A;] is now most

[25226] generally used, and we shall hereafter [2524c] compute these equations by this method ; at

present we shall restrict ourselves to the method of the author. Adding the third and fourth

equations, and from the sum subtracting the first and sixth, we get

f"'+f"-r-f= 12 ic [2522].

Again, by adding the three last equations, and subtracting the sum of the three first we obtain

fyj^f""j^f"'—f"—f'—f=gib— 45ic', Dividing this by 9, and transposing

5 ic, we get [2522']. Again dividing [2522'] by 2 ic, we have

5 fv A- fi'ii
I f" f" f f

[2522c] §^
= *+ ^ -^

18x0 '

and by substituting for 18 ic its value deduced from [2522], | . {f" -\-f"
—

/'
—

/)}

it becomes as in [2523].

*
(1862) The values of /, /', fitc, found in the last note, give

/'" +/"—/-—/= 91-«S933, and p +/"" +/'" —f"—f'—f= 1 1'"^'-,275 ;

hence from [2523],

r2524ai
— =A+?^lili?I^ = 4 + 0,08176= 2,58176 ;L^5^aj 2 c

^ ^ 3 X 91,933
^ ^ ^j '

which differs a little from that in [2544], where the value of — is determined more

accurately, by a different method.
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Therefore in the syzjgies of Table II [2513], the interval from the time of

low water falling between the two tides on the day of the sjzygy, to the

time of the maximum of the total tide, is 1,58176. We shall hereafter see, [2525]

[2745 or 24936], that the interval taken for unity is very nearly l''''y,02705 ; [2526]

therefore if we multiply it by 1,58176, the product l'^*y,62455 will express [2527]

the interval between the maximum of the total tide and the time of low tide

on the morning of the syzygy. This time is the middle hour between the

two high tides of that day, and we find by a mean of the results, that in the

preceding observations it was 0'^''^39657.* We also find by a mean result, [2528]

that the hour of the syzygy at Brest, in the same observations, was [2747]

0'''y,45667, so that it followed the time of low water 0'''^y,06010 ;
therefore [2529]

it preceded the maximum of the total tide by l''''y,56445. But as an error [2530]

of a few metres in these observations might materially affect the result of

If we combine the equations [2522a] by the method of the least squares [849^], we shall

get the three following equations [2524c]. The first is the sum of all these equations

depending on the coefficient of k [2522a], which is equal to unity. The second is the sum [25246]

of the products of these equations by the coefficients of ib, namely 0, 1, 2, 3, 4, 5. The

third is the sum of the products of the same equations by the coefficients of — ic, namely

0, 1, 4, 9, IG, 25.

3198,101=6jfc-|-15i6— 55ic, 8014,934=15 A: -f-5516—225 ic, 29128,020=55*+225 16— 979 tc. [2524c]

From these equations we easily obtain, by the common methods of elimination, the following

values nearly, A: =504,6, i 6= 39,47, ic= 7,669. Hence

2c 2ic 15,338
' '

which is rather more correct than that found in [2524]. If we repeat the operation

[2524
—

2530] with this new value, we find

(2,5733 — 1,0000) X l'^"^y,02705 = l^'^y,61586 ; [3524rf]

subtracting 0'''*y,06010 [2529], we get 1^^^,55576, instead of 1^^56445 [2530] ; the

former being rather nearer to the value finally assumed in [2544].

*
(1863) In the Table [2738], the time of high water at Brest, on the day of the syzygy

of the equinox, is 0'''»y,39708, and on that of the solstice, 0''''y,39606 [2739] ;
the mean

is 0''^y,39657, as in [2528]. Subtracting this from 0''^y,45667 [2529], we get [2530a]

'•*y,060IO [2529], and then from [2527] we obtain

l''''y,62455
—

0'^''y,06010 = l'i%56445 [2530].
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this computation of the interval, it is proper to determine this important

element of the theory of the tides in a more accurate manner.

[9530] For this purpose we shall consider the absolute heights of the tides on the

second day before and on the fifth day after the syzygy ; they are nearly at

equal distances on each side of the maximum of the tides, and at this distance

they vary in the most sensible manner. We have added the absolute heights

[2530"] of the tides on the morning and evening of the second day before each

syzygy, and when only one height had been observed, have doubled it. The

abovementioned collection of observations contains one hundred syzygies, in

[2531] which such observations could be procured. We find 1009'"^'-,470 for the

sum of the absolute heights of the tides of the second day preceding the

syzygy, and 1010™'-,886 for the sum of the absolute heights of the tides

on the fifth day following the syzygy. But among the heights which

precede the syzygies, 86 correspond to the morning and 114 to the evening;

therefore by taking for the unit of time the interval from the low ivater on the

[2532] second day which precedes the syzygy to the loiv ivater which happens about

one day later, the mean hour to which the first sum refers, follows that of

the low water on the second day before the syzygy, by ^y^, or 0,035 of

[2533] this interval.^ In the second sum, there are as many morning as evening

tides
;

the hour to which it corresponds is therefore that of the low tide on

[2533] the fifth day after the syzygy. Thus the middle of the interval comprised

between the times to which these sums correspond, is not exactly the middle

of the interval comprised between the time of low tide in the morning of the

*
(

1 864) The interval taken for unity [2532] being the time elapsed between the low water

two days before the syzygy and the low water one day before the syzygy, the time from low

water to the high water immediately preceding is — |, and to the high water immediately

following is -j~ h ^^^ ^^ morning tides will therefore decrease the sum of the hours by

— S6 X T5 ^"^ ^he 114 evening tides will increase it by 1 14 X ^ ; -^
whole sum will

[2533i] therefore be increased by (114
—

86) X ^ = 7
;

This being divided by the whole

number of observations 200, gives 0,035 for the correction of the mean of the times arising

from the inequality in the number of observations. This quantity must be subtracted from

the mean of the limes in the above observations, to obtain the value corresponding to the case

[2533c]
where the number of observations in the morning and evening are equal. If we take the

mean of this corrected time, and that relative to the fifth day after the syzygy, this correction

[2533i]
will be decreased by half the quantity [2533i], or 0,0175, which is to be applied to tlie

mean of all the observations [2534}.
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second day before the sjzjgy, and that of the low tide corresponding to

the fifth day after the syzygy, but is nearer to this second limit by

0,0175 [2533d].
^^^^

If the two sums 1009"'^'-,470 and lOlO-^^'sSSG were equal, this middle
[2534']

would be the instant of the maximum of the tides
;

but the second sum

exceeds the first by l'"^*-,416 ; therefore the instant of this maximum is [2534"]

rather nearer to the hour of low tide on the fifth day after the syzygy.

The absolute height of the tides on that day, and on the second day before

the syzygy, varies at Brest by 0""^^',14803,* during one half of the interval [2535]

taken for unity. Supposing therefore that the instant of the maximum of

the tides approaches towards the second limit by a hundredth part of this [2535']

interval ;
the sum of the 200 heights relative to that second limit will be

increased by 0"'^'-,59212,t and the sum of the 200 heights relative to the [2536]

first limit will be diminished by the same quantity ;
so that the difference of

these two sums will be the double of this quantity, or l'°^*-,18424 ; and [2537]

since observation gives l'°**-,416 [2534"] for this difference, the maximum

of the tides must by this means be brought towards the second limit by the

quantity 0,01196.t Adding this to 0,0175 [2534], we obtain 0,02946 [2538]

*
(18G5) This quantity was determined by observations; but we may obtain nearly the

same result from formula [2514] a-\-bx— ca^, by applying it to the absolute heights, [2535«]

given in [2513], for the times —
1, 0, 1; from which we get

a— b— c = SST'-^'-jlOS a = 266°'«*-,449, a -f 6— c= 272°«t')000.

Half the sum of the first and third of these equations, subtracted from the second, gives

c= l-^^'-jSOS. Half the difference of the first and third gives 6= 7°'«t-,447. Hence the
^^^^^^

preceding formula is 266'"«'-,449 + 7'"^'-,447 . x— I'^^'-jSOS . oc^. When x=—2, this

becomes :i4C'"«'v>71 ; and when x=— 1^, it becomes 251'°^'-,013 ; the difference [2535e]

of these two quaiiwti«'s 7'°*%042, divided by 48, the number of the syzygies i251i,'],

gives 0™^'-,147, coiresponding to one syzygy ; being nearly the same as in [2535].

t (1866) The variation of the height of the tide in the time J being 0°'«t-,14803 [2535],

its variation in the time -^ will be y^ X O"""-,14803= 0'"«*-,0029606. Multiplying this [2536o]

by the number of tides 200, we get O'"^' ,59212 [2536].

I (1867) This is obta'ned by supposing the variations of the heights to be proportional to

the variations of the times
;
whence we get, by using the numbers [2537, 2534" 2535'],

the ratio l'"«'-,18424, to l'"^'-,416 as 0,01 to 0,01196; therefore a variation of the [2537a]

heights l'"^'-,416 corresponds to a variation of the time 0,01196 [2538].

175
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[2538'] for the time by which the maximum of the tides approaches nearer to the

hour of low tide on the fifth day after the syzygy, than the middle time

between this low tide and that of the second day before the syzygy. This

[2539] time estimated in parts of a day is nearly 0'^''y,03022.*

[2539']

Now the middle of the interval comprised between these two low tides,

is the same as that comprised between the low tide on the morning of the

syzygy and the low tide corresponding to the third day which follows it ;t

the interval of two consecutive morning low tides being then 1*^^^,02705

[2540] [2536], this second middle time is distant l'^"y,54058 [25396] from the

low tide on the morning of the day of the syzygy. The hour of this low

[2541] water may be supposed 0''-,39657, J as in the observations of Table 11

[2538a]
*

(1867ct) This is obtained by multiplying 0,02946 [2538] by the interval taken for

unity, which is nearly l'i^y,02705 [2526].

[2539a]

f (1868) The mean of the times of the total tides, in the equinoxes and solstices [2740],

for the days 0, 1
, 2, 3, counted from the syzygy, are 0''»y,39657, l''^y,42407, 2'^'*y^4505l,

3<i!iys^47772. The mean of the first and last gives the middle interval of these days

2day^93714
.

Qfjjj ^^Q mean of the second and third gives in like manner the middle interval

of these two days l^^y,93729 ; differing from the preceding value only 0,00015, which

is in conformity with the principles assumed in [2539'], extended to the days
—

2, +5.
Now the interval of time from the low tide on the day 0, to the low tide on the day 3, is

[25396] 3 X l'^^y,02705 = 3''^y%08115 [2526], the half of which, or l^'^y,54058, represents, as

in [2540], the time in which the middle of this interval follows the low tide on the morning

of the day of the syzygy.

J (1869) This is the time of the total tide given in [2740] corresponding to the syzygies

of Table VI [2738, 2739] ; it represents the middle time between the high tides of the same

day [2737], and is evidently the time of low water falling between these two tides, so that

[2541a]
for the syzygies used in [2740] the time of low tide is 0'^''y,39657 ;

the mean hour of these

[25416] syzygies is 0''^y,45667 [2747]. Now the mean of the times of the 100 syzygies above

considered is 0'^*y,460l3 [2542], which differs from the preceding only 0'^^y,00346; and

as the daily variation of the time of the tide is 0'^'^y,02705 [2526], this difference will

affect the time of the tide by the very small quantity 0*^^00346 X 0,027051 = 0''''y,00009,

which may be neglected, and the hour of low tide assumed to be 0''''y,39657, for these

100 syzygies. Subtracting this time from the mean time of the syzygy 0'^''y,46013 [2542],

[2541c] we get 0''*y,06356 for the time which this low tide precedes the syzygy. Now the middle

of the interval computed in [2539&] followed after this low tide by the time l''''y,5405S,

consequently this middle interval happened after the syzygy by the difference of these two
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Time of
water

[2513], because the mean hour at Brest of the hundred sjzygies we have hSj.r.'

considered is 0'^''y,46013, nearly as in the observations of that table
; [2542]

therefore the sjzygy happened after the morning low water by 0^"^,06356 duyanSa

[2541c], consequently it preceded the middle of the interval comprised ^'JV/^p

between these two limits by l'^%47702. Adding it to 0''"y,03022 [2539], [2543]

we have l''^y,50724 for the interval by which the maximum of the tide at [2544]

Brest follows the syzygy. This value will hereafter be used.

25. We shall now determine the law of the variations of the mean absolute

heights of the tide, and of the total tides of Table II [2513]. For this

purpose, we shall take for unity the interval of two consecutive tides of the

morning and evening, near the syzygies ; and we shall put k for the quantity k.

by which the time of the maximum of the tides follows the middle of the [2^45]

interval between the six days of observation which we have considered.

We shall put a— b . t^* for the general expression of the mean absolute [2546]

heights of the tides of Table II [2513], t being the interval from the time

of maximum. The mean absolute heights of the tides corresponding to the

days —1, 0, 1, 2, 3, 4, will bef

a— b.(i + ky, a— b.(i + ky, a— b,{\+kf,
a— b.{\

—
kf, a— b.(i

—
ky, a— b.^— kf,

^^^^'^

quantities, or l'^^y,54058
— O^'^yjOGSSG= l-^^y,47702 [2543]. This requires an addition [2541(/]

of 0*^*^,03022 [2539], on account of the unequal number of the observed morning and

evening tides, and the inequality of the suras of the absolute heights [2531]. Hence the

corrected value l''»y,4770i -f 0''*y,03022 = l''*y,50724, which represents the interval f2541e]

from the syzygy to the maximum tide at Brest, as in [2544].

[2546a}

*
(1870) This formula is the same as that in [2514], altering the epoch by the quantity

—
[2524]. For by putting x=t-\-— in [2514], we get

and if we change ^+7" '"^° ^^ ^ ^"^° ^' ^' becomes of the form assumed in [2546] ;

so that the quantities a, b, of this article are different from those in § 24 [2515, &;c.]. The

values of these coefficients are computed in [2553a
—

c].

t(1871) The mean of the times —1, 0, 1, 2, 3, 4, is f ; this added to A: [2547al

will give the time of the maximum of the tides [2545] f+ A;. Subtracting this from the
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If from the sum of the third and fourth, we subtract the sum of the extremes,

[2548] we shall have 12 6 for their difference. The results of Table II [2513]
[2549] give 29'"''S297 for this difference ;

hence we deduce & = 2™'''-,4414.

[2550] If in like manner we represent the total tides of Table II [2513] by
«'— h' . f, we shall find in the same manner*

[2551] fe'=5"'«S2197.

[2552] According to the theory explained in § 22, 6 = 1 5'
; consequently

6 = 2'"^6098.t The difference between this value and 2'"^S4414 [2549],

given by the absolute mean heights of the tides, is within the limits of the

errors of the observations
;

but the absolute height being observed more

[2552'] carefully than the low water, we shall take for b the third of^the sum of the

times [2547«], we obtain the values of t which

correspond to those days respectively,
—

{^-\-k),
P547&]

_(3 4.^), -ih+k), h-k, i-Jc, i-k.

Substituting these in the formula a— b .t^

[2546], we get the expressions [2547] ; putting

[2547c] these equal to the mean absolute heights of the

tide in [2513], we obtain the annexed system of

equations. From these we may eliminate «, k, and obtain a large coefficient for b, by

subtracting the sum of the extreme equations from the sum of the third and fourth, which

gives 12 5 = 29,297, whence &==2"'®'-,4414. INloreover, it is evident that this value

[2547e] of 12 6 is equal to /"+/'"—/—/% as in [2548].

*
(1872) We must change a, b, into a', b', in the equations [25476], and for the numbers

of the second members of these equations put the total tides of [2513], namely 248'"'''-,183,
'
^ *^

269'"<''-,037, 280'"'='-,639, 282'"«t-,561, 273'"^'-,438, 252™«'-,381 ; then subtracting the

sum of the first and last of these equations from the sum of the third and fourth, we get, as

[2547g-] in [2547rf], 126' == 62™«S636 ; hence 6'= 5"'«S2197, as in [2551].

f (1873) If we put a for the terms of [2499] independent of i^, and 6 for the coefficient

[2553a] of t% it will become Y'= a— b . t^. Also if we put a for the terms of [2502]

[25536] independent of t^, and 6' for the coefficient of i^, we shall get Y"=a'— b'.t^.

Comparing the coefficient of t^ [2499] with that in [2502], we find that the former is half

of the latter, or 6 = ^6', as in [2552]. Substituting in this the value of b' [2551], we

[2553c]
obtain 6= 2,60985 [2552], instead of 6=2,4414 [2549].

a— 6
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two values of h and 6' given by the observations,* and for h' the double of

this quantity ; hence we shall have

h = 2'°^S5537 ;
&' = 2 6 = 5""*'S1074. [2553]

To determine «, a\ we shall observe that the sum of the six preceding

expressions of the mean absolute heights of the tides, is

6 a— & . {-o -f 6 .
A^^J.f [2554]

By the observations of Table II [2513], this formula is equal to 1591'""'-,862 ;

therefore we have

1591"'«'-,862 + (^ + 6 F) . 2'^'-,5537
a = -^ ; [2555]

in the same manner we have

1606"'-S239 4- (^ -f 6 ^^) . 5"'^S1074
O, = -pi . L.«oooj

D

The mean hour of the syzygy in Table II [2513], is 0"'^,4>5667 [2747] ;

adding to it 1*^^^,50724 [2544], the distance of the maximum of the tide

*
(1874) This is equivalent to the mean of three values of b, 2'"^'-,4414, 2'°«S60985,

2"^'-,609S5 ; one of which was deduced from the absolute mean heights of the tide, and

two from the total tides ; so that the total tides have the greatest influence, which seems [2553rf]

inconsistent with the remarks in [2552'] ; but as very great accuracy is not to be expected

in the results of observations of the tides, we shall not make any alteration in these numbers.

f (1875) Taking the sum of the equations [25476], we get

6a— 6.(^ + 6A^)=l 591°'«'-,862, [2555a]

from which we find a [2555], using the value of b [2553]. In like manner, if we change

a, b, into a', b', and use the total tides, as in [2547/], we get

6a'—b'.{y^-{-6I^) = 1606">«t-,239.

Substituting b' [2553], we obtain [2556]. In the preceding equation the coefficient of a' is

the same as in the method of the least squares; and if we wish to use this method, we may

proceed in the following manner. Instead of k [2559'], we shall put k= 0,026055 -j- t j [25556]

substituting this in the equations [2547&], neglecting A/^ on account of its smallness, we

obtain the same number of equations of the form a— 6,381 . b— 5,052 . k^= 257'°^S105j
r2555cl

See. From these last equations we get the values of a, 6, A:', as in [849A;Xf

176
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[25571 from the syzygy, we get V^^,96391 for the distance of this maximum from

the midnight which precedes the syzjgy at Brest. The middle time between

the two tides on the day of the syzygy is 0"^^^,39657 [2541] ; adding to

it I of the interval taken for unity, which is l'^'^y,02705 [2526], we have

l^*y,93715 for the time elapsed from the midnight preceding the syzygy to

the middle of the interval between the six days of observation. If we
subtract this from V^^,96391, we shall obtain the value of k [2545]

[25591 expressed in days, equal to 0''"y,02676 ; dividing it by 1,02705 [2526],

[2559] we shall find, in parts of the interval taken for unity, k = 0,026055 ;

which gives*

[2560] a = 272""^'-,760, a'= 282'"^S606.

Hence the expression of the numbers, relative to the mean absolute heights

of the tides of Table II [2513], is
Absolute

L J'

heights.

[2561] 272'"^*-,760
— 2'"«S5537 . f

;

and the expression of the numbers of the same table, relative to the total

tides, is

282'"^*-,606
— 5'"^%1074 . f

;

the values of t relative to all these numbers being respectively

— 2,526055, — 1 ,526055, — 0,526055,

0,473945, 1,473945, 2,473945.

Total
tides.

[2562]

[2563]

Substituting these values in the two preceding formulas [2561, 2562], and

[25631 comparing the results with the numbers of Table II [2513] ;t we shall find

the differences to be very small, and within the limit of the errors to which

the observations are liable.

g
We shall now compare these formulas^ given by observation, with those of

[2564] ^ 22, deduced by the theory of gravity. Putting e for the height of the zero

[2562a]
*
(1876) This value of k being substituted in [2555, 2556] gives a, a', [2560] ;

substituting these, and h, b', [2553], in [2546, 2550, &c.], we get [25G1, 2562]. The same

value of k being substituted in the coefficients of b [2547^], they become as in [2563].

t (1877) IVIultiplying the squares of the coefficients [2563] by 6= 2,5537 [2553],

[2563a] we get the quantities b.{^'^kf, b.{^-\-ky, he, [2547]; 16'"«S295,
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of the scale of observation above the level of the equilibrium which the sea

would have independently of the action of the sun and moon
;

also h for the ^>

sum of the squares of the declinations of the sun at the times of the phases in [2564']

the syzygies of Table II [2513], and 1\! for the like sum relative to the h'.

moon, we shall have, by [2499, 2502],*

3.(l+ 3.cos.2^)
« = 48 e— —^^^

[8565]

I -r r-^ ) 16

a' = 2 P .

J^ + ^' I

-
:^
= 282--,606. [2566]

5«'«'-,947, O-^^t-jTOT, 0'««t-,574, 5™«t-,548, IS-^^'-jGSO, respectively. Subtracting these

from a =:= 272"'«'-,760, we get

The corresponding numbers of formula [2561], 256,465, 266,813, 272,053, 272,186, 267,212, 257,130;

The numbers corresponding in Table II are 257,105, 266,449, 272,000, 271,543, 267,624, 257,141; [25635]

The differences or errors for 48 absolute heights, —0,640, +0,364, -}-0,053, -|-0,643, —0,412, —0,011.

Doubling the numbers 16,295, &c. [2563a], we obtain the corresponding numbers of

formula [2562], 32'°«*-,590, ll'°«t-,894, 1°'«'-,414, l"'«t-,148, ll°>«t-,096, 31'°«'-,260.

Subtracting these from a' =282,606,

We get 250,016, 270,712, 281,192, 281,458, 271,510, 251,346;

The corresponding numbers of Table II are 248,183, 269,037, 280,6.39, 282,561, 273,438, 252,381; [2563c]

The differences for 48 total tides,
- -

-f-1,833, 4-1,675, +0,553, —1,103, —1,928, —1,035.

Hence we see that the greatest error in the mean absolute heights for forty-eight syzygies is

0"»«'-,643, and for the total tides, neglecting its sign, l'°^'-,928 ; the mean errors for one

tide are —— = 0"'«'-,0]3 and ~- = 0™«*-,04 ; so that even the extreniie errors
[2563rf]

are very small. We also see that the greatest errors are in the total tides, as is observed

in [2552^].

*
(1878) We have 1 — 3 . sin.^F^ 1— 3 . (1

—
cos.^F) == 3 . cos-SF— 2, and

in 2i or 48 syzygies, the sum is 48 . (3 . cos.^^— 2) ; but as V varies in the different [2565a]

syzygies, the actual values must be found at each syzygy, and their sum taken as in [2564'],

putting 2i. cos.^F'= 48 .cos.^F'=A ; and then the preceding expression becomes
2 i . (1

- 3 . sin.^F)= 48 . (3 . cos.^F— 2)
= 3 . (A

—
32). In like manner we find

^^^^^^
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[2567] We have seen in ^ 11 [2301], that -^ = 0™^S12316. The latitude of
^ ' s

Brest being 535685", we have very nearly 2 & = 928630".* Neglecting
3

in comparison with unity the very small factor j—, because the mean

[2567] density of the earth is several times greater than that of the sea,t we

shall have

We shall hereafter see [2706], that in the mean distances of the moon from

U L
[2568'] the earth

-7^
= ^ • -j '

^^^ ^^^® distance of the moon in the syzygies is

2 i . cos.^F'= A', 2 i . (1
— 3 . sin.^F')

= 3 . (A'— 32). These are to be substituted in

[2565c]
|-2499-j^

g^d the whole is to be put under this form Y'=a— h.t^ [2553a], and then

the expression of a will become as in [2565]. For the two first lines of [2499] produce in

[2565d]
« the terms multiplied by (I + 3 . cos. 2

&) and P [2565] ; and the term 48 e must

evidently be introduced in [2565], for the height of the zero of the scale. Again,
— h

[2553a] is put for the coefficient of t^ in [2499] ;
and as t^ makes part of the factor

[2565e]
^^ + tV [2499], the corresponding terms are — ht^— -^^h, of which the quantity

—
-^^b makes part of the value of a in the expression of Y' [2565c] ;

hence the complete

expression of a becomes as in [2565]. Substituting in it the value of a [2560], we obtain

the equation [2565]. In precisely the same manner we may put Y" [2502] under the

[2565/1
form Y"= a —b' t^ = a'— 2b t^ [25536, 2553], and we shall obtain a' [2566] ;

then

substituting a' [2560], we get the equation [2566].

*
(1879) In [323*^] & is put equal to the angle formed by the axis of the earth, and the

[2567a] radius drawn from the centre of the earth to the particle of the fluid. The complement of

this ancle is sometimes called the reduced latitude, or the geocentric latitude; the difference
Reduced,

^
, i-rnTJ'U

orgeo- between this and the actual latitude is the reduction computed m [l5795j, and is about
ccntriCj
latitude,

jg, j-Qj. Brest. In calculating the tides, the oblateness of the earth is neglected, and instead

[25676] of 6 the complement of the geographical latitude [2128'''] may be used. The author seems

however to have taken the geocentric latitude ;
for the geographical latitude is nearly 53° 74'

[23 IS'], the reduced latitude 53° 55' nearly [2567].

f (1880) The smallness of this fraction appears from [2280e]. The value of 26 gives

[2568a]
COS. 2^ = 0,1118, ^^2!l^ == 0,2225 ; multiplying this by -^ = 0-S123L6

[2567], we obtain: [2568] nearly.
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less by about y^^ than its mean distance, by reason of the argument of [2568"]

variation, which always decreases the moon's distance in these parts of the

U L
orbit;* therefore in the syzygies we must put -73

= -W-. -j. In the 48 [2569]

syzygies of Table II [2513] we have

^ = 44,13399, ^' = 44,50884; [2570]

hence we find

^•^'+8y"-^''
.

{ ^.(A-32)
+ ^.(A'-32) I

=4-1666 ; [25715

consequentlyt

48 e — 4'"«S1666 + i X 282'"«'-,606
— ^V X 2'»*'-,5537 = 272"^S760 ; [2572]

which gives

6 = 2'°^'-,827. [2573]

Then by reducing —3 to the mean distance of the moon from the earth,

*
(1881) In the expression of the lunar parallax, by Burg's tables, the constant term is

10558",64 5 and the term depending on the angular distance of the sun and moon, or

the argument of variation, is 80",25, multiplied by the cosine of the double of the angular

distance of the sun and moon, as appears in Book VII, § 26 [5603]. The distance varies

nearly in the ratio of these quantities 10558",64, 80",25, or as 131 to 1, instead of 120

to 1 [2568"]. This correction increases the parallax, and decreases the distance; so that for r'

[2569a]

[25696]

we must write r'.(l
—

yJ^), and for —
-, (l+TfTy)-"7;=TM'~Tr nearly ; and instead

°^ ^ = 3 • ^ [256S'], we must put ^'
= 3 X iff . ^

=W •

^>
as in [2569]. [2569c]

Substituting this value and that of
"^

g^°^'
—

.
-

[2568, 2567'], also A, A', [2570],
o

in the first member of [2571], we obtain its value, as in the second member of that

expression nearly.

t (1882) From [2566] we get P\^ + ~\== ???!^ +
1

. Substituting [2572a]

this and h [2553] in [2565], also the numerical value of the expression [2571], it becomes

as in [2572]. From this equation we obtain the value of e [2573]. The observations of

the quadratures give, in [2693], e= 2,778. The cause of this difference is discussed [25726]
in [2694].

177
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[2574]
2P.|i.^'.|^

+
^3 |+2P.{A-U./i'}.^

= 282-S756;*

the fraction 2P . [h
—H • ^'1 • ~T being very small, we may suppose in it

[2575] Il===i,\^A_ I^l;

thus we shall have,

[2576] 2P . {ill . /i' + tVo • ^1 .

I ^ + ;^ I

= 282-S756 ;

hence we deduce,

[2577] 2 PJ ^ 4- ^3 I
= 6™^S2490 ;

Tj Tj rj

[2574a] 5^(1883) This is done by changing as in [2569c]
— into ^fs .

_ = |^ .
__

j by

which means [25C6] becomes 2PA -'—+ 1^ .
~- \—^-^h = 282'°«»',606. Adding

the term
^
— to the factor of 2 P, and then subtracting the same quantity from this

factor, it may be reduced to the form H • ^' •

) ^^ + 7^ ( + (^
—H '^') •

~^i
^"^ ^7

[2553], 282'°^*-,606 -f- Jg- ^= 282'"^*-,765 ;
therefore the preceding equation will give

[25746] 2 P . 1^ . A'J ^+ ^' I
+ 2P .

(/i
— t^ .

/i')
. I
= 282'°«*-,765, nearly as in [2574] ;

the

difference of the two last figures of the decimal in the second member being but of little

importance. Now the factor h— |^ . A' is about 3V of — h [2570] ;
and as this is

L It U
multiplied by

-
, which is only one quarter part of the factor

'^'\'~r^ [2706], connected

with the other term, it must be so small that no sensible error can arise from the
substitutioa|.

of the value of -
[2575] ; then it becomes fl

[2574c] 2P.H.A'.^^+^;]+2P.(iA-^V.^').{^+ ^]=282--,765.

This is easily reduced to the form [2576], and by substituting the values of A, A', [2570],

we obtain by division, the expression [2577]. The equation [2576] may be put under the

Tl f T Tl -v

[2574£f ]
form —=

|.j--|-— >, which will be used hereafter.
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which is the expression of the total tide that would take place at Brest, if

the sun and moon moved uniformly in the plane of the equator. For we
[25771

have seen in [2507], that L' in the syzygies of the equinoxes becomes

L'.(l
— 2m'Q . COS. s) ',

and in the syzygies of the solstices it becomes [2577'q

L .il ^ j [2507'] ;
so that in the whole of the syzygies of Table II

[2513] L' must be changed into* L'Al— m'Q . fcos. i
-\ ^—A \

;
now [2577"q

we have

/ .
1

/-» I (sin. J s')^
Formula.

COS.S'H J = 2+ 4. ^^

-^-f- ; ro^yo,
COS. s' COS. e^ L^o7»j

and this last term may be neglected in comparison with the first, on account

of the smallness of (sin. \ a')"* ;
therefore in the syzygies of Table II, U

must be changed into L . (1
— 2m!Q)^ as if the moon moved in the plane [2579]

of the equator.

We shall now determine the variation of the tides, near their maximum, hv variation
•^ ' ' •^ of the tides

the theory of gravity. For this purpose we shall resume the expresion of ^^11^'}^

Y" [2502] ; the angle s having varied sensibly, in the interval of the 48 J2579q

syzygies of Table II [2513], it will be found with sufficient accuracy for our

*
(1884) This is the mean of the values [2577"] for the solstices and equinoxes. If we

add = 2— 2 to the first member of [2578], we get by successive reductions, and

using [1] Int.,

cos. s'
-|

= 2+ (cos. s'— 2 -I
\ = 2

COS.*
'

\ cos.«7

COS.2 i'— 2 . COS. t'-\-l

cos.s'

= 2 + -^^ ^ =2 + -i H- , [2578a]COS.l' COS.* '• '

as in [2578]. Now we have nearly 4 . (sin. | z'f
= 4 . (sin. 13°)*

= 4 . (i)^
=-^ ; [25786]

which may be neglected on account of its smallness ; considering also that it is multiplied in

[2577'"] by the small quantity m'Q, so that we may put cos.s'H ,

= 2
; and then

the expression [2577'"J is simply L'. {I
— 2 m'Q). If the moon move in the equator, the [2578c]

angle s' will be nothing, and the expressions

Z.'. (1
— 2 m'Q. cos.s') and jL'. A—2m'Q.~) [2577"] [3578^]

become I.' . (I
— 2 m'Q), as in [2579].
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purpose, by taking for cos.^s' the mean of the squares of the cosines of

,
the declinations of the moon, in the twenty-four syzygies of the solstices in

[2580]
that table. Hence if we put p and p' for the sums of the squares of the

, cosines of the declinations of the sun and moon, in the twenty-four syzygies

[2580'] of the equinoxes ;
also q and 9' for the like sums in the twenty-four syzygies

of the solstices ; we may suppose nearly
*

[2581] sm.^ s' = ^ • ' ^'^^ —!— ^ — i-L-I-
/ s + s'Y

24 V 2 7 2.24

The term multiplied by f in the expression of Y", will thus become, for the

twenty-four equinoctial syzygies,!

*
(1885) From the expression of f/ [2580'] it is evident that ^V 9 represents nearly

[2581a] the mean value of cos.^ s'
; hence we shall have nearly cos.^ s = 2V ?'? and

sin.^8'=l — cos.^ /= ^V • (24
—

q') [2581]. In like manner cos.^£= ^5' nearly;

and as ^ differs but very little from s, it is evident that the mean of these values

[25816] differs but very little from the square of the cosine of the mean angle i . (s+ s'), [2581].

f (1886) The term multiplied by t^ in the value of Y" [2502] is

L' > ^.{cos.^.(e+ OP ^

[2582a] -4iP.^^.i^v^. {l,\65 .{sm.^s'^2.sm.W)+^ ^, };—
. cos.^ F"-f- —z . cos.^ V

and as there are 24 syzygies in the equinoxes, and 24 in the solstices, [2507"*], we must

T' U
[25826] put in both 2i= 24. We must also write, as in [2574a], H .

-^
for —

,
to reduce

41. i'
/ to the mean distance. Then putting for the term .-' ,„ ,

which occurs without the

3r + ^) [2574(i]; and for H-—35
within the braces, its

[2582c]
value Vt^ •

z^ [2569c], the preceding expression becomes
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and the term relative to the twenty-four syzjgies of the solstices will be*

-48P.+«.(^^-,^).^..^S^-|^,-l,165.(^)§; t-3,

u
in which -73 corresponds to the mean distance of the moon from the earth.

Now we find

;?
= 23,68196, /= 23,75355, 9= 20,45203, q'=20,15529. [2584]

V is the mean sjnodical motion of the moon in the interval P*^,02705 [2584']

[2493, 2746] ;
and this motion is 141 866",f noticing the argument of [2585]

Now in the syzygies of the equinoxes we have

003.*-*^=^, cos.2r'=^- [2580'], sin.2F'=l— cos.2F' = ?^, [2582e]

Substituting these and [2581] in [2582<^], we get [2582], [2582/]

*
(1887) In the syzygies of the solstices, we have

cos.2F=X, eos.2^'=^ [2580^, sin.2F'=l~cos.2F'=^' , t2583a]

and sin.^s' as in [2581]. Substituting these in [2oS2d'\, we get the expression for the

solstices [25S3].

f (1888) The daily synodical motion of the moon in the syzygies, noticing the variation,

is 13°,8136 [24936/]. Multiplying this by l'i%02705 [2584'], we get the value

of V in seconds 141 872", as in [2585] nearly. This is reduced to parts of the radius [2587o]

by dividing by G36619",8 [1970A] ;
hence we have t;= 0,222852, whose square

is t;2=0,049663. Multiplying this by 48.f|f, we get 48 .j^^^-.:P=l,S32b6. But [25876]

by [2577], pA--\- — l= 3"«t.^i245. Multiplying this by the preceding equation, we

find 48 P . if§ .

j

- +—
I

. f2= 5"'^'-,72585 j hence the factor, containing i^ without
[2587c]

the braces in [2582, 2583], is — 5°'«'-,72585 . t^
; and by substituting the values of p, p,

q, q', [2584], these expressions become —
3'°^'-,2040 . i^,

—
l'°«'-,8977 . t^, the former

[2587rf]
of which represents the value of the coefficient of f in the 24 syzygies of the equinoxes

[2510], and the latter in the 24 syzygies of the solstices [2511,2512]; and their sum

_5met.^l017 .t^ represents its value for all the syzygies in Table I [2510
—

2512]. We
[2587c]

deduced from observation in [2562]
—

5'"«'-,1074 . i^ for the value of this term, which

can hardly be said to differ from the theory.

178
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Decrease
of tides in

gieVbyUie vaiiation, which always increases this motion in the sjzygies. Thus we shali

[2586]
have —

3'"^*-,2040 . f for the value of the term multiplied by f in the

[2587] expression of Y" for the twentyfour equinoctial syzygies; and —l'"^'-,8977.i^

for the value of the like term relative to the twentyfour solstitial syzygies ;

this term relative to the whole of the sjzygies will therefore be

[2588] —5"'''',10n.t^

The observations of the preceding article [2562] have given

for this term, which agrees perfectly with the theory.

—5™^M074f

[2588']

[2589]

26. We shall now examine separately the observations of the syzygies of

the equinoxes^ and those of the solstices, in Table I [2510, &c.]. If we

determine, by the method of the preceding article, the expressions of the

absolute heights and total tides of the syzygies of the equinoxes, given by

the observations of Table I [2510], we shall find*

140'"^452— l'"^5811.^^ [Absolute
height

in the equinoxes. ]

*
(1889) The calculation may be made, as in [2547a

—
g],

[2589a] by forming equations similar to those in [25476]. In the present

case, the first members of these equations are the same as in

[2547J]. The second members are as in the adjoined table
;

in

[25896] which column {A) contains the absolute heights [2510] ; column

{^') the total tides of [2510] ;
column [A!) the absolute heights,

found by adding the numbers of [2511] to those of [2512], for

[2589c] the same day ;
and column (.^"') the similar sums, formed from

the total tides of [2511, 2512]. Hence we obtain 12 h, 12 h',

as in [2547e,g-]. Thus for the equinoxes we have, by using the

numbers in columns
(./2), {A")y

12 h =139'°«S851 + 139'"''S962
— 129">«SS90 — 131'"^'-653

= 18"^S270, or 6 = 1"''S5225;
[2589rf]

12 6'= 149">«'-,342 -f 150™«S066— I28'»^S988— 131'"«S77(>

= 3S'"^'-,650, or S'= 3"»«t-,220S.

ABSOLUTE
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for the expression of the absolute heights of the tides of the equinoxes ;
and

150-S235— 3-S1623 . f ]J:^^^^. ] [2590]

for the expression of the total tides. In like manner we shall find

132-S328— 0-S9725 . f [I'ttroiS] [2591]

for the expression of the absolute heights of the tides of the solstices, and

132-S371 — 1-S9451 . f [Til^tllt^?] [2592]

for the expression of the corresponding total tides.

In the first place we see that the total tides, counted from the maximum, [2593]

decrease more rapidly in the syzygies of the equinoxes than in those of the Icrease^*

solstices. This result of observation is wholly conformable to the theory : Td°jMi^^e^ ^ ./ J '

syzygies of

^vhich, as we have just seen [2586, 2587], gives
—

3™''-,2040 . f and Lo«s^?ian

—
1°'^*-,8977 for the coefficients of f, differing but very little from the [2593']

numbers —3'"^'-,1623 and — 1°"^'-,9451, givenby observation [2590,2592']. T^T^
solstices,

met. met. met. met.
*

met. met.

12&=132,149-J-I31,581 — 127,215— 125,488= 11,027, or J= 0,9189;
[2589/}

12 6'=131,297+132,495— 119,195— 120,611=23,986, or 6'= 1,9988;

and the corrected values [2552*] become, in this case, as in [2591, 2592],

6 = J . (0™^t-,9189 + l'°<'*-,9988)
= 0"'«'-,97256, b'= 2b= l'"«'-,9451. [2589gJ

In the equinoxes we have, as in [2555a], for the sum of the tides of column (A),

Ca— &. (^5 _|_6^)__8i4niet.^914 J
and for the sura of the tides of column {A"), [2589A]

6a'— J'.(^4-6Ar^)= 846'"«S060. Dividing these by 6; substituting the value of

i .
(%s-+ 6 ^)= 2,9173 [2559'], and those of 5, b', [2589e], we get successively

a= 135'n''S8190 -f 2,9173 . 5 = 135'"«-,8190 + 4"'«'-,6125 = 140">«S432 [2589] ;

e'=141 ,0100 + 2,9173. &'= 141 ,ai00-f-9 ,2250=150 ,235 [2590].
[2589t}

In like manner, by taking one sixth part of the sum of the tides of the solstices, in columns

(^'), {A'"), we get the corresponding values of a, a', as in the following equations, which

are reduced to numbers by means of the values of b, b' [2589^] :

a= | . 776,948 + 2,9173 . b = 129°'«S491 +2"'«S837 = 132'°«S328 [2591] ;

a'=^. 760,179-1-2,9173.6'= 126 ,697-1-5 ,674=132 ,371 [2592].
l^^^f^l
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[2593"] If we suppose ^ = in the preceding expressions, we shall have

8'"®'-, 104 for the excess of the mean absolute height of the tides in the

equinoxes [2589], over those of the solstices [2591] ;
and 17'"''-,864 for

[2593'"] the excess of the corresponding total tides of the equinoxes [2590], over

those of the solstices [2592]. This last quantity is rather more than

[2593""] double of the former. By ^ 22, it ought to exceed twice the first expression

by the quantity*

6.(l+ 3.cos.2^)

*
(1890) Subtracting twice the value of Y' [2499] from Y" [2502], we get

4i.(14-3.cog.2^) (i /, ^ . ar^N i ET"— 2Y'= "••''T""'"o:°' J ^
. (1
— 3 . sin.=iF) +^ . (1— 3 .sin.'K')

|

+ 4iP.=^.^..2. ;i,165.(sin.V—2.sin.2F')+ ;^
^I—^ ^/

^
7

^ . cos.^ ^+ I^ • cos.^?^'

in which the coefficient of
-Jg-

is the same as that of — i^ in [2502]. In the syzygies

of the equinoxes of Table T, this coefficient is 3'°^*-,1623 [2590], and in those of the

[25946] solstices 1°>^%9451 [2592]. Hence the greatest value of this term is 3'"«'-,1623. -j^.j^^,

or 0'"^%l.t'^ nearly; and as v^= ^t [25096], it becomes 0'^^*-,004, which is so

T/ TJ

small that it may be neglected. Then [2594a] becomes, by writing lo^ •

-75
for

-j^,
as

in l^blAd],

[2594c3
Y''^2Y'=.

'''^'^^''''l^'K\^^

We shall now put Y'„ Y",, for the values of Y', Y", in the equinoxes ;
and F',,

Y"s, for their values in the solstices. In the former case we have sin.2F'=l — .^^p

[2594rf]
^^^ sm.^V=l—^p' [2582e], and in the latter we have sm.W=l—^qi
sin.^F'= 1 — Jj q', [2583a] ;

hence

Y

[2594c]

'•"f3'M ^-i'-s-('-Ag)!+H-^:-[i-3-('-As')i|;
^•0-57)

Y".—2Y',=
*'
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This, reduced to numbers, is equal to 2™^'-,050 ; by observation it is

l'^^;656 [2494/i] ;
the difference is within the limits of the errors to [2595]

which such observations are liable.

The excess 17'""*-,864 [2593'"] of the total tides of the syzygies of the [2595']

equinoxes, above those of the solstices, is the effect of the declinations of

the sun and moon, which weaken the action of these bodies upon the sea. [2595"]

This excess is by ^ 22 equal to*

and by subtracting the last of these equations from the preceding, and putting 2 i= 24

[2507"], it becomes

„. 6.{l+3.cos.2d) (i , , , ^ L'
, ,, )

'^)==
^ ( 3^^ '\;^'(p-9)

+
n--^,-(p'-^)]' [2594/]{Y\-Y",)-2.{Y',-Y\

82-. (1— -

Now Y"g— Y"g expresses the excess of the total tides of the equinoxes above those of

the solstices
;
and Y'^

—
Y'^ represents the same excess for the absolute tides

;
and the

former exceeds the double of the latter, by the quantity in the second member of [2594/*],

L' T
which is the same as that in [2594] . Putting

—=3 .
-

[2568'], using also [2568, 2584],

this expression becomes

(1+ 3. cog. 2^)

"r3

6.(l+ 3.cog.2^) L , , „„ / / ,.>

= 6 X ;0"«t-,02745 .
fp— ? +W . (p'— q) 1

= 2'"^*-,050. [2594^]

This difference by observation [2593", 2593'"] is 17'"«*-,864
— 2 X 8'°«»',104= l°>«»-,656, [2594/i]

as in [2595].

*
(1891) The chief term of the value of Y" [2502] which is most materially affected

by variations in the declinations V, V, is

4iP.[^.cos,-V+.-^.cos.-V'], [2596al

It is upon this term that nearly all the variations of the tides on account of the declinations

depend ; so that in computing the effect of a change of declination, we may put simply

Y"=
4iFA~.cos.^V-\-^.-^.cos.^V'^; [25966]

r/

the coefficient |^ being prefixed to —
, to reduce it to its mean distance [2574a]. In

the equinoxes we must change L' into i'.(l
—

2»i'Q .cos.
e') [2507], and in the

solstices into L' . fl ^-^ [2507'] j hence we have

179
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[2596] 2P.J^.(p-y) + ||.^'.(/.(l-2m'Q.cos.0-9'.[l-3])5;

or

[2597]

[2596c]

[2596rf] n= 4iP.[|.eos.=F+U.^.(l-^).cos.»F'].

In the first of these expressions we must put cos.^F'=2^p, cos.^ P'= ^V p' [2580] j

and in the second cos.^F= ^^ q, cos.^F'= ^j g-', [2580'] j
and 2i being equal

to 24, we shall get from [2596c, (Z],

[2596/] r",= 2P.[|.p+ti.^.(l-2m'Q.cos.0.p'j;

[259%] r",-n'=2P.[^.(p-j)+ii.|^.([l-2m'Q.cos.a']./-[l-?^].j')];

as in [2596]. The coefficients of p' and ^ may be put under the forms [2596A, h'],
and then

the expression [2596^] becomes as in [2596i, k'],
or as in [2597].

[2596/1] 1— 2 m'Q . cos. s'=l— 2»»'Q + 2 w'Q . (1
— cos. s) ;

[2596/.'] i__^=i_2m'Q + f2m'Q-^Wl-2m'Q-^.(l-cos.s');^
COS. «'

ML I

y^
^

cog^ ,' y
^

cos. »'
^ -"

(
/ /.(l-2m'Q)+2m'Q.{l-cos.Oy \)

[2596i]

Y\--Y^^2P.^-.{p-q)+H-^y(_^>,^,_^^.^)^^^^

[2596i]
=2P.

<( / a' \

+ -.f^.2m'Q.(l-cos.O:.(y+ ^-,)
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now by the preceding article, we have*

2 P . J ^ 4- ^3
. (1
— 2 w'Q)

I
= 6'"«S2490 ; [2598]

£J
moreover we shall hereafter find [2706, 2707], that -rj

. (1
— 2m'Q) is [2598']

very nearly equal to —
j- ; lastly we may suppose that cos.^ s' == ^ ; [2599]

hence the preceding expression becomes,

*
(1892) Making in [2577] the change required in [2579], we get [2598] ; but from

[2497m, 2579], or from [2707, 2707a], we have ^
= J •^ • (1

— 2 m'Q) ;
and if [2598a]

we substitute this in [2597], it becomes

L'

2P.-.(l-2m'Q).^^—
^ + ^.(p'-^)|

+2pi'.a.2m'Q.(l-cos.0.(/+^).

[25986]

Substituting the value of -
[2598a] in [2598], we get

2P.-.(1— 2m'Q) = |x 6"»«*-,249= 4"'^t-,6867o ; [2598c]

hence [25986] becomes as in [2598/]. Now from [2584, 2599] we obtain

cos. ^= /(jV ^) = 0,929948, 1— cos. s'= 0,070052, [2598rf]

£^= 22,319, p' -I- -£^
= 46,073, ^+H • (p'-5')= 4,14985. [2598e]

Substituting these in [2598/], we get [2598g-],

4-68675. ^^ + |^(p'-,0+H.j^3^.(I-cos.O.(p'+^)} [2598/]

= 19-«S449 + 15-«S505 .

~^7^ . [2598g]

This differs a little from [2600] ;
and if we put it equal to the observed excess 17"**-,864

rncnc/T 2m'Q 17,864 — 19,449 , ,^
[2595'], we get —-^==_l-^^-^—

=_ 0,1022, whence 2m'Q=— 0,114;

which differs a little from [2601]. We shall see in [2624, 2719] that other observations give

quite different results, and it seems to require a much greater number to determine the value [2598A]
of Q with any considerable degree of accuracy.
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[2600] 19'-«S494 + ^""'^^^ X \6"'''\95S.
1— 2 m (^

Putting this equal to the observed excess 17™''-,864 [2593'"], we may
Value of thence determine 2tn'Qj and we shall find

[2601] 2 m'Q =—0,10637.

Therefore it appears from the preceding observations, that the rapidity of the

motion of the moon in its orbit increases the action of the moon upon the tides

at Brest is at Brcst obout one tenth part, as it retards the time of the maximum of the tides
increased

_

./ »/

LUn^s « day and a half; but this delicate element ought to be determined by a greater

number of observations.
motion.

Etfectof 27. Lastly ive shall compare the tides in the syzygies of the winter solstice,

sITtiVdis-^ with those of the syzygies of the summer solstice, in Table I [2511, 2512], to
tance on
the tides, obtain the effect of the variation of the distance of the sun from the earth, upon

the heights of the tides. If we add together the total heights of the days 1,2,

[2602] in the winter solstices of Table I [2512], we shall have 134™'*-,702* for

the sum. The like sum of the heights of the syzygial tides of the summer

[2602'] solstices is 129'"'^'-,090 [2511], being less than the former by 5'"''-,612;

this proves that the greater proximity of the sun in winter than in summer

has an influence upon the heights of the tides.

To compare in this respect the theory of gravity with observation, we

shall put / for the sum of the squares of the cosines of the declinations of the

^' ^'

sun, in the syzygies of the summer solstices of Table I [2511] ;
and V for

[2603] the like sum relative to the declinations of the moon. Then the sun being

about one sixtieth part nearer in winter than the mean distance, the value of

[2603]
-— is increased about one twentieth part ;

and for a contrary reason, it is

[2603"] decreased about one twentieth part in summer. This being premised, the

formulas of § 22 will givef

*
(1893) 134'°«S702= 67"'«t-,202 + 67"'«S500 [2512J,

1 29"'«'-,090= 64'"«t ,095+ 64'"«t-,995 [25 1 1 ].

f (1894) The term of Y" [2502] multiplied by t^ + ^V> is small in comparison wit

[2603a]
the first term of that expression, and of nearly the same value in winter as in summer^
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[2604]

for the excess which has been found by observation equal to 5"'**-,612

[2602'] ;
now we have*

J / or r
il = :^. 2P.:^ = ix6-S2490. [2605]

We have found /=10,16776, /'= 10,341 31 ;
hence the preceding function [2605']

becomes 4™"'-,257 ;t which differs but l'^^';355 from the result of [2606]

observations [2602'].

therefore, in calculating the difference of the summer and winter tides, we may notice only

that first term, and put

Y"=4ipA~. C0S.2 r+^ . C0S.2V I . [26036]

Now q [2580'] represents the sum of cos.^ V for both the winter and summer solstices of

Table I
;
and

q' the sum of cos.^F"' for the same solstices. Moreover, Z, I' [2603J, represent

these sums respectively, for the swrnmer solstices ; therefore q
— I and q— I' represent [2603c]

the corresponding suras for the vnnter solstices ;
and as there are twelve observations in each

solstice, we have for the summer solstice, cos.^ ^== tV 'j cos.^P' = ^^^ I' ; and for the [2603d]

ivinter solstice cos.^F'= , cos.*^'= . In the summer solstice, on account

of the variation of the sun's distance, we must write jf •

;^
for

z^y
and in the winter

solstice, fi .

^ for -
, as in [2603']. We must also write

ih'~T^ foi^
3^ i [2603e]

[2574a]. Lastly, as the number of observations in each solstice is 2t or 12, on each day

[2602], we shall have 4 i= 48. Hence the expression [26036] becomes in the summer

solstices as in [2603/], and in the winter solstices as in [2603^] ; their difference is [2604].

*iP\ii-^-^l+H-^.i,v]=iP.\».^.l+ ih-^,-r\; [3603/1

*(1895) We have -= 3.- nearly [2568'] ; substituting this in [2577], we get

'

L 6'"«S249 rcj^o

r/i T

t(1896) Substituting —'=3.- [2605] in [2604], it becomes as in the first [2605a];
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Effect of
the varia-
tion of the
distance

[26061
of the
moon on
the tides.

[2606"]

[2607]

Observed
total tides

at Brest,
in twelve

syzygies
near the

perigee,
and in

twelve

syzygies
near the

apogee.

28. The effect of the variation of the distancesfrom the earth is much more

sensible in the moon than in the sun. In order to compare on this point the

theoF}' with observations, we have added the total tides of the first and

second days after the syzygy, in twelve syzygies near the perigee, where the

semi-diameter of the moon exceeds 30'
;

and in the twelve preceding or

following syzygies near the apogee, where the moon's semi-diameter is less

than 28'. We have selected these two days, because they include between

them the instant of the maximum of the tides, to which they are very near.

The following table contains these syzygies, and the corresponding total

tides.

TABLE III.

Day
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[2607]

[2G07"]

We perceive by this table, that the total tides correspondino; to the

semi-diameters of the moon which exceed 30', are always greater than those

corresponding to the semi-diameters which are less than 28'. If we add

together the total tides relative to the greatest semi-diameters, we shall

have 164'"'''-,256 for their sum
;
that of the total tides relative to the twelve

least semi-diameters is 124""'^-,560. The difference of these two sums is

39'"''-,6961. We shall now see what it ought to be bj the theory. [2608]

If we neglect, as we have done in the value of y" [2483], the quantity

(A) [2481'], which in the present case is insensible, on account of its

smallness, and because the declinations of the moon are alternately north [2608']

and south in the observations of Table III [2607],* it is evident from this

expression of y'\ that we shall obtain, by the following process, the part of

the required difference relative to the terms depending on P. First, Finding

the mean semi-diameter of the moon in the twenty-four observations of the [2609]

table [2607], which is 2917". Second. Multiplying in each observation the

square of the cosine of the declination of the moon, by the cube of the [2610]

ratio of its semi-diameter to 2917".t Third. Computing the sum of these [2611]

products relatively to the twelve observations in which the semi-diameter

exceeds 30', which sum is found to be equal to 13,5846 ;
and then [2612]

[26056]

A P _ 521 n 9.1 JL JL23 fj' J_2 3 oj'l

= 3'°«*-,1245 .
f 1^ . ^

— 2 Z -f V^ .
9'
— Va- . 2 ?}

= 4'°^*-,257.

*
(1897) The function {Jl') [2481] is very small, as is observed in [2481']. lis greatest

term, which depends on the moon, is -^ •

;75
• sin. v' . cos. V . sin. (X

—
7). Now in Table [2608a]

III [2607], two consecutive syzygies are always taken ;
and if in the one case sin. v' be

positive, in the following syzygy it will be of nearly the same value, but negative ; so that

their sum must nearly vanish, and by this means {Jl') will become very small.
[26086]

f (1898) In the observations of Table III [2607], which include the first and second

days after the syzygy [2606'], the time from the maximum of the tides is about half a day, so
[2611a]

that what is called t in [2562] is ± i nearly. Hence the term depending on t in [2562]
is to the constant quantity of that formula, as 5,1074 X i to 282,606, or as 1 to 221

;

consequently the quantity depending on t [2562], which was deduced from the observations

of Table II [2513], must be very small in comparison with the other terms. The
[26116]

same result would be obtained from the observations of Table III [2607], Therefore
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subtracting from it the sum of the same products, relatively to the twelve

[2613] observations in which the semi-diameter of the moon is below 28', which is

found to be 9,3628. Fourth. Multiplying the difference of these two

U
[2614] sums, 4,2218, by 4P.-7^, r' being in this case the mean distance of

[2615] the moon in the syzygies ;
this gives 4 P .

—
. 4,2218 for the part of the

required difference depending on P.

in finding the effect of the variations of v', r', in the value of y" [2483], we may

neglect the part depending on t^, or (4-'
—

•4')^~f"i9'^ on account of its sraallness,

[26116'] and put ?/"= 2P. <
-

. cos.^v -f-
—

. cos.^v' > . Now in two consecutive syzygies,

the variation of —
. cos.^v must be very small in comparison with that of

—;- . cos.^ v'
;

and as these observations are taken at different limes of the year, the effect of

the changes of — .cos.^v in finding the difference of the heights of the tide, in the perigee

and apogee of the moon, must be nearly insensible, because the effect in one season is

contrary to what it is in another. Therefore we may neglect this term, and we shall have

r2611cl 2/"
= ^ -^ •

"^
• ^°^-^ ^'' ^"i^om. which the proposed difference of the tides [2608] is to be

computed. This expression of y" is for one tide
;

but on each day of Table III we have

taken the sum of the two days 1, 2, after the syzygy [2606'], therefore it must be doubled,

roQiiff}
hence y"

= 4 P .
—

. cos.^v'
',

/ being the distance corresponding to these two tides. If

r^llel ^^ ^'^^ ^^ denote by / the mean distance of the moon in the syzygies, it will become

._ Zj / moon's mean dist. \ 3"
. m^ L /

y"=4P.-.{ —
-) .eos.2v'= 4P.— .(•z

7-'J \ moon's actual dist. / 7** V

moon's actual sem. diam.\3 „ ,

. cos.-^ V

[2611/1 =^^-;i-V 29lr
= 4P.^.f

r'3 V

moon's mean sem. diam.

L I moon's sem. diam.
. cos.^v'.

In the tides of the perigee, I
'"°

,

°':^

.i

^-^'^"^'°- j
, cos.^v' is equal to 13,5846 [2612] ;

and

in the tides of the apogee, 9,3628 [2613] ;
hence in the former case we have

[2611g-] y= 4 P . ^ . 13,5846, and in the latter /= 4 P .
—

. 9 ,3628 ; their difference is

4 P. -^.4,2218, as in [2615}.
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To obtain the part depending on Q, we shall observe that by § 20, this

dV U
part

adds to the expression of f the term* — 2P Q, -— .
—

. cos.^ v'. [2616]

We have by [2505], -^— . cos.^ v' = -^ . cos. s'
;

and if we take the [2617]

mean distance of the moon from the earth for unity, we shall have nearly

dV rri L' ^2618]— = -^ ;f thus the preceding term becomes —2m'PQ .
-7^

. cos. e';

*
(1399) This calculation is made upon the principles explained in [2502', Sec.]. The

variations of r, v, may be neglected, for the reasons stated in the last note, so that the

term of ay [2463] depending on Q will be as in [2504] ;
and near the maximum of the

tide we have cos. 2 . (n ^ -j- '^— 4^'
—

>^)
= 1 [2479c]; hence [2504] becomes as [2616o]

in [2616].

f (1900) The mean motion of the moon in the time di being m'dt [2505'], the actual

71' di

motion, when at the distance r, is
—-—

[585], the mean distance from the earth being [2618a]

unity [2618]. Putting this equal to dV [2488"], we get
~ =^ [2618]; if we

substitute this in [2617], we get
—

. cos.^ v' = — . cos. s'
; hence the expression

[2616] becomes — 2 m'PQ . ^ . cos. s' = —2 m'PQ .^ . /(s^?') [2599,2619]; [26186]

and the value of ay [2463] is increased by the term

— 2 m'Pq .— .\/{j\q') . COS.2 . {nt -{--a
—

4.' —X) [2616ff,2504].

Now cos. 2 . (n ^
-|-

*— 4''
—

^) is nearly equal to 1 at high water, and — 1 in the [2618c]'

following low water, consequently the effect of the total tide [2476] is

L'

and as the tides of two days [2606'] are included in each of the numbers of Table III

[2607], this expression must be doubled
; by which means it becomes

-Sm'Pq.^.^i^q'). f26t8e|

If we wish / to represent the mean distance of the moon from the earth, we must change, as

m[2611/, &;c.],
— into ^ • f^^^^^—^^j ,

and then the preceding expression [261^1

181
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[2619] COS. s' may be supposed equal to I/ i, (( being the sum of the squares

of the cosines of the declinations of the moon, in the twenty-four syzygies
of the solstices of Table II [2513], which sum is by the preceding article

[2584] equal to 20,75529. Therefore we shall have the part of the

[2619'] required difference, relative to Q, firsts by computing the sum of the fifth

power of the ratio of the semi-diameter of the moon, in each observation in

the perigee to 2917", and subtracting from it the similar sum relative to the

observations of the apogee ; second, by multiplying the remainder by

r'3 Y 24

'] Thus we find — 8 m'PQ . -^. 6,9091, r' being its value at the mean

distance of the moon in the syzygies.

Adding together the two parts depending on P, Q, the required difference

will be*

[2618^1 becomes — 8 m' P Q . ^ . /(^V ?')
• {f^~^^ [2620]. Finding the sum of

the terms of this form in the tides of the perigee, and another sum for those of the apogee,

we shall get the difference of these two sums [2608], equal to [2618A], in which 2 is

the sign of finite integrals, and r'^ is changed into r'^, observing that r'=\ [2618].

^„^, -, - , _, _^ i>' ., . ,. C /moon's periff. sem.diam. \^ / moon's apog. sera, diara. \^ )
[2618/.1 -8 m'P Q .— .^/(sV?') . 2

I ( '^ )
-

( ^T ) \

.

According to the author, the quantity' \/{2\ q')i multiplied by the terms under the sign 2,

is 6,9091, hence the expression is as in [2620] ;
and putting 6,9091=4,22 18 -{-2,687 3,

[2618i] it becomes — 4P . ^ . 2ot'Q. 4,2218 —8 m'PQ. ^ .2,6873.

*
(1901) Connecting the two terms [2615, 2618t], which express the differences of

the tides arising from P, Q, we get

[2621a] 4 P .

^3
. 4,2218 .(1

— 2m'Q)— Sm'PQ.^. 2,6873.

This is easily reduced to the same form as in [2621] ; observing that its last term has the

factor 1— 2 m'Q common to the numerator and denominator.
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., ^m'PQ.^^ . (l—2m'Q) . 2,6873

We have by § 25^

2 P . ^' . (1— 2/»'Q) = III X 6"^"'S2490 ; [2622]

hence the preceding difference becomes,

40-S562 —'\^ . 25'"'>S819. [2623]
1— 2 m kl

Putting this equal to the observed difference [2608] 39'°^'-,6961, We find
[2624]

2m'Q = 0,03425, which is insensible, and has a contrary sign to the value

determined in the preceding article [2601], by the phenomena of the tides,

relatively to the declinations. VV^e see by the greatness of the coefficient of

2m'Q, in the preceding difference, that the phenomena of the tides,

depending on the variation of the distance of the moon from the earth, are

very proper for determining it ; and it follows that 2m'Q is very small, [2G25]

and even insensible at Brest. The even-

ing tides

at Brest

By means of the inequalities of the second kind, the period of ivhich is momini'°

nearly equal to one day, the evening tides exceed the morning tides at Brest in [2626]

the summer solstice, and the contrary takes place in the winter solstice* To sXTce'^ ' and the

contrary
in the

winter
solstice.

*
(1902) We have 2 P . ^ . (1

— 2 m'Q) = lx 6'»'''-,249 [2598c] ;
/ being the [2622«]

mean distance of the moon. To reduce this to the mean distance in the syzygies, as in the

above calculation, we must multiply it by f^ [2574a], and we obtain [2622]. Substituting"

this in [2C21], we get

2 X 4,22 1 8 X {m X 6-S2490)— ^ X 2,6873 X
^^g Xj)"-S2490)

. 2m'q .

^^6226]

which by reduction becomes as in [2623]. Putting this equal to the value 39'"*'-,696 found

, , . ,^^^^n , . 2m'Q 40,562— 39,696 ^^«^,,
by observation [2608], we obtam -—~^= = 0,03354 5 whence

[2622c]

2 m'Q= 0,0324, which differs a little from [2624].

*
(1903) The chief term of ay [2463] depending on oscillations of the second kind, is

that represented by [A) [2467], which nearly vanishes in the equinoxes, on account of the [S626a]
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determine the quantity of this phenomenon, we have added, in seventeen

sjzygies near the summer solstice, the excess of the evening tides over those

of the morning, on the first and second days after the syzygy. The

[2626'] maximum of the tides falling nearly in the middle of these two days of

observation, the daily variation of the height of the tides, arising from the

inequalities of the third kind, is nearly insensible in the result, which ought
therefore to contain only the excess of the evening tides over those of the

morning, arising from the inequalities of the second kind. The sum of

[2627] these quantities, in the thirty-four days of observation is G^^^jlSl.

We have likewise added the excess of the morning tides over those of the

evening, in the eleven syzygies near the winter solstices. The sum of these

[2628] quantities, in the twenty-two days of observation, is 4™'-,109. Taking a

mean between these two results, the excess of an evening tide over that in

the morning, in the syzygies of the summer solstices ; or of a morning tide over

smallness of v and v'. At the time of new moon 4^' is nearly equal to 4-, and nt-{-'vi
—

\)

[2131c] represents the distance of the sun from the meridian. If we put this equal to A, we

[26265] get nt-^-m— \^
—

y = nt-\-zs— \J
—y=h— y ; hence at the time of new moon,

the expression [2467] becomes

[2626c] [A) ==A.\-. sin. v . cos. v + — . sin. v' . cos. v' / . cos. {h
—

y).

If this represent the evening tide, the preceding morning tide will be found by decreasing A

about 200°, which will change the sign of [2626c] ;
so that if A correspond to the evening

tide, the value of {A) in the morning tide will be

[2626rf] [Jl)
=— A .< —. sin. v . cos. v -1

—
7^

. sin. v' . cos. v' I . cos. (A
—

7),

nearly. Subtracting this from [2626c], we get the excess of the evening tide on the day of

[2626e] the new moon 2A.\ —
. sin. v . cos. v -j- -7^

. sin. v' . cos. v'
^

. cos. (A
—

7). The same

expression also answers nearly for the preceding or following full moon. For at the time of

full moon
-v]^'
=

4^ ± 200°
;

also v' becomes generally of a different sign from that it had in

[3626/"] [2626c, &.C.] ;
but the product of the two negative quantities sin.v'. cos. {nt-\-'^

—
^'
—

7)

does not change its sign in [2467] ; consequently the resulting expression [2626e] remains

unaltered, A being as in [26266], and v' is taken with the same sign as at the new moon.

Lastly, if the expression [2626e] correspond to the new moon of the summer solstice, it will

have a different sign at the time of the new moon of the winter solstice, on account of the

[2626^] change in the signs of sin. v, sin. v'
;

and from what has been said, it is evident that the

same result obtains at the time of the full moon. This agrees with the remarks in [2626].
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that in the evening, in the syzygies of the ivinter solstices, arising from the

inequalities of the second kind, is 0'^''-
,
1 83.*

^

[2629]

This excess is by § 21 equal to the second member of [2630] ;
hence

we havef

0'"^%183 = 2J. } — .sin.v.cos.v + -73.sin. v'.cos.v' > . cos. (x— y). [2630]

It is probable that cos. (x
—

y) differs but little from unity ;
a long series

of observations of the low water in the morning and evening will show exactly

its value.

ON THE HEIGHTS OF THE TIDES NEAR THE QUADRATURES.

29. To determine these heights by theory, we shall resume the complete

expressions of ij, yt', [2472, 2477], and shall observe that if we change \! [2631]

into 100° +4''> or into 300° + 4-', according as the moon is near its first

or last quarter, we may reduce y' and y" into series, supposing 4''
— 4 to [2631']

be small, as is the case near the quadratures. Then neglecting the terms

multiplied by Q, we getj

*
(1904) This is equal to the sum of 6"»«S131, 4'°«S109, [2627, 262S], divided by

the number of observations 34 + 22^ 56 [2627, 2628] ; observing that the observations [2627a]

of two days are used at each syzygy [2626'].

f (1905) The function [2630] is the same as [2626e], observing that at the time of new

moon we have nearly, by [2479c], nt -\-'a
—

^' z=i nt-\-zi
— 4^=:X; consequently X is [2630o]

the same as A [26266], and cos.
(/i
—

7) [2626e] changes into cos. (X— y) [2630].

J (1906) To find the time of high water, we must proceed in the same manner as in

[2464, &ic.], and we shall obtain in the quadratures formulas exactly similar to [2466, 2467, [2632a]

2468, 2472, 2474, 2477]. Before the development of these new values of
y', y", [2472,

2477], in series, as in [2482, 2483], it is necessary to change, in the terms multiplied by P,

4' into 100°
-j- 4', when the moon is in the first quarter, and \/ into 300° -f- 4-' in the

last quarter, by which means the quantity \!
— ^j will always be small near the quadratures, [26326]

[2631']. These changes being made in [2466], it becomes in the quadratures

— -
. cos.^ V . sin. 2 . (4— 4')

tang.2.(7if + irf— 4'— X)= _; ^-
; [2632cl—

. cos.^ \'— -
. cos.^ V . cos. 2 . (4

—
4')

182
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[2632] xj
—— i^

8^

Mean
absolute

height of
the tide of
one day in

the quad-
ratures.

i+l^.;^.(l_3.si„.^v)+^:.(l-3.si„.v')|

1a u
2 P . -3 . cos.^ V •

"7?
• cos.^ v'

^ 2 /
-^ 2

-jT . COSr V r . COS. V
r r3

and the term under the radical sign, by which P is multiplied in {^2472, 2477], becomes

[2632d ] U^. COS.2 vV— 2 . ^ . COS.2 V .

-^
. COS.2 v' . COS. 2 . (4^'— 4^) + (~ . cos.^ v'V I ^.

These formulas [2632c, d^ may be derived from the original expressions [2466, 2472], by

[2632e] merely changing the sign of L, as appears by inspection ;
and it is evident that this simple

[2632/*] principle of derivation may be used in obtaining the factors of P [2632, 2633], from those

in [2482, 2483], respectively. We may observe that we have inserted the terms depending

on q^ [2632, 2633], which were accidentally omitted by the author, though he finally

introduced them in [2636
—

2640], by changing t^ into t^-{-Ts, or ^^+32-) ^s in

[2632g] [2500c
—

d']. The terms multiplied by (1+3. cos. 2^) [2468] appear in the same

form in y' [2472, 2632] ;
but they do not occur in y" [2477, 2633]. The expression (A),

which occurs in [2468] vanishes in the value of y' [2472], on account of the change of signs

mentioned in [2468'"] ;
and for the same reason it does not appear in [2632]. The only

[2632A] term which remains to be noticed, in the values of
y', y", [2472, 2477], is that represented

by —{A') in y" [2477]. Now by adding 1 00° to the angle nt-\-vi [2467,24806],

we get {A') [2473], and then —
{A') [2632^]. Substituting in this the values [2479],

[2632i] nt-{-T^
— 4.'=:X, ni-\--ui

—
4/
= X+ ^]:'

—
4/, we get [2632Z]. Finally putting, as in

[2631'], 4.'— 4^=100° in the first quarter, 4^'— 4^
= 300° in the last quarter, we

get for — (A) the expression [2632m], being the same as the terms multiplied by

A in [2633].

[2632A;]
— {M)=A. \ -.sin.v.cos.v.sin.(w2'-f-z;J

—
4-
—

y)^-;^ .sin.v'.cos.v'.sin.(n<-f «— 4^'
—

/)
\

[2632Z] =A. \
-

.sin.v.cos.v.sin.(X
—

7+4^'
—

4^)+"^
• ^in. v' . cos. v'. sin. (X

—
7)

^

{2632m] =A. \ ± — . sin. V , cos. v . cos. (X
—

7) + T^
• sin. v' . cos. v' . sin. (X

—
7) > .
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l/'
= A.—^. sin.v'. cos.v'. sin. (x

—
7) ±:A.-^. sin.v. cos.v. cos. (x

—
7)

+ 2 ^ •

I 7^
• ^os.' v'— ^ . cos.v

I

126331

Total tida

T rj ia the

4 P .
-3-

. cos.^ V .
—

f
. COS." v' !SS"'

-73
. COS.^ V -^ . COS. V

the sign + is to be used in the first quarter of the moon, and the sign
— in [2633^

the second quarter.

The excess of the evening tide over the morning tide at Brest, in the

quadratures of the equinoxes, arising from the inequalities of the second [2633'^

kind, is*

U
±2A.-j^. sin. v' . COS. V . cos. (x

—
7). [2634]

*
(1907) It appears from [2469, 2467], that the difference of the two tides of the same

[2634a]

day is 2 (A). If we notice only the part of ay [2463] depending on this quantity, or

upon (*4) [2467], and put for brevity A'= A .
~

. sin.v' . cos. v', we shall have, in the [26345]

equinoxes, where v= 0, ay = A' . cos. {nt -\-zs
—

4'
—

7). We shall represent this

function, at the time of high water, in the morning by ay^, and in the evening by ay^.

Then in the equinoxes, we have in the evening tide of the first quarter, when the moon is [2634c]

above the meridian, nt-\-vi
—

4''
= x [2479]; and in the morning tide this angle is

decreased by 200°
; hence we get

ay,
= .^'.cos.(X—.7), ay,„=—.4'.cos.(X— 7), at/,

—
ay,„
= 2.^'.cos.(X—.7). [2634(/]

In the last quarter, we have in the morning tide, when the moon is above the meridian,

nt-{-zi
—

^|>'= X [2479], and in the evening tide this angle is increased by 200°
; hence

we get from [26346],

«ym='^'-cos,(X— 7), «?/,
=— .^'. cos. (X— 7), ai/,

— ay„=—2./2'.cos.(X— 7). [2634«]

Now if we resubstitute the value of A', we get generally in the equinoxes, as in [2634],

"ye
— «ym= ±2^. — . sin. v' . cos. v' . cos. (X— 7),

[2634/]

the upper sign corresponding to the first quarter, the lower sign to the last quarter ; we must

also notice the signs of v', considering northern declinations as positive, southern as negative.
^^''
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The even-

ing tide at

coeZThe It follows from the preceding article^ that the evening tide at Brest exceeds

[2634] (Jidf qJ fjiQ morning, in the quadratures of the vernal equinox ;* the contrary
morning i t • i i f i i •

tide in tiie taKcs plttce m the quadratures of the autumnal equinox.
quadra- X T k/ j.

tures of

[2634"] If in 2 i quadratures, near the equinoxes, we notice the absolute heights

Suinox?'
^^^ *he total tides, on the days near the quadrature, putting Y' for the sum

[2635] of the mean absolute heights, we shall find, by the same analysis by which

contrary Y' was computcd in [2499],t
of the
autumnal ___^____^_^___^____^_^^___^_____
equinox.

*
(190S) In the vernal equinox, / is positive in the first quarter, and negative in the last

quarter [2634^] ;
therefore the second member of [2634/] becomes in both cases

[2634A] + 2 ./^ . ^ . sin. v' . cos. v . cos. (X
—

7),

considering sin. v' as positive ; and this expression is positive, as is evident from

[2634f] [2630, 2630']. In the autumnal equinox, v' is negative in the first quarter, and positive in

the last quarter [2634^] ;
and then the second member of [2634/] becomes in both cases

of a different sign from that in [2634AJ, as in [2634'].

t (1909) If we notice no other inequality of the moon's motion, except that depending on

[2636a] the argument of variation, and take the sum of the values of y' [2632] for 2 i quadratures,

v^^e shall obtain [2636]. For the term multiplied by the factor l-f-3.cos. 2^ is the

same in both, changing the terms depending on v, v', into their mean values F^, V, and

multiplying by 2i. The next term -^ •

) "7i
• cos.^ v'— — . cos.^ v > produces

^ipA^. cos.2 V'— -,. cos.2 V \ .

( r 3 r>> )

The only remaining term is that depending on (4.'
—-1)^+4 9^5 and to determine this

[26366] factor, we shall put, as in [2637], r, r', for. the angular motions of the sun and moon in their

orbits, in the time taken for unity, noticing the equation depending on the argument of

variation. If we suppose -nI^j r, to represent the sun's right ascension and longitude

[2636c] respectively, we shall have tang. -s}/
=

tang, r . cos. s [670], and when 4-, r, are small, we

shall obtain nearly 4'= r.cos.s. If 4^, r, be nearly equal to 100°, we may put

[2636d] 4 = 100° — 4^, r= 100°— r^, and the preceding equation becomes

[2636el cotang. 4-/
=

cotang. r^ . cos. e, or tang, r^
=

tang. 4/ • cos. s
;

[2636e'] hence we get nearly r = 4/ • cos. s. In like manner in the lunar orbit, when the moon

is in the quadrature, about 100° distant from the equinox, we have, as in the last equation,

r'

[2636/*]
1^= 4'' COS. £'; and as s' differs but little from V'y we shall get 4'== y,

nearly.
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2i.(l+3.cos. 2«) < L
, q . 2„, ,

L' - . 2TA,^ ) [2636]Y'=—
8^

+ 3

cos^2
.)

.

I ^ . (1
_ 3 . ,i„,D + J^ (1

- 3 sin.- V)
\

+ 2^P. ^^.cos.^F'— -^.cos.^F ^
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[2636] t being the number of intervals from the minimum of the mean absolute

height of the tide to the time under consideration
;

each interval being equal

[2637] to the time from the high water on one day to the corresponding high water on

r, r'. the following day, near the quadratures of the equinoxes,
r and r' are the

angular motions of the sun and moon during this interval, noticing the

argument of variation, which always decreases the moon's motion in the

quadratures, s, s', represent the inclinations of the orbits of these bodies to

the equator.

[2637"] The value of Y' relative to 2i quadratures, of which i are near the winter

solstice, and i near the summer solstice, is

To calculate the numerical value of m, we have as in [2493c, &c.], the moon's mean motion

in one day, 13^ 10™ 35*; the sun's, 59™ 8*
;

the equation of variation,
—14™ 37* nearly;

subtracting this from 13*^ 10™ 35*, we get the daily motion of the moon, corrected for this

59™ 8*

[2636j]
variation, 12*^55™ 58*; hence T=

^^^ ^^^ ^^^
. r^= 0,0762 . I^. Substituting this in

m [2636o], and putting F'= s'= 23-^ 28'", we get

m^(l — y. cos. V . cos. s'V = (1
— 0,0762 . cos.^ 23-^ 28™)-«

[2636r] =
(1 —0,0641 )-2 =1,142.

Hence the expression [2636p] becomes

2iP.^. (^2+ tV) • (r'
— r . cos. V . COS. s)

. 1,142 . sin.V ;

which agrees with the corresponding term of [2636], except that the numerical coefficient is

[263Gjy] 1,0611, instead of 1,142, making it too small by about a fourteenth part, the author having

probably neglected to square the expression of m [2636r]. This difference is however of

but very little importance, on account of the smallness of the term. For sin.^s' is nearly | ;

T> T

[2636<J and if we put V'=V, — = 3 . -, the last term of [2636] with which this factor

is connected is equal to 1, so that the sum of both the terms between the braces is

nearly ^ + 1 = i, and the error y^ X i= btj or ^V P^^ of
|^ ;

so that the error

is -^ part of the term connected with the factor t^, and is less than ^V X 1 0'"®'-,9040, or

0°»*'',1, [2716], observing that the coefficient of t^ is less in [2636] than in [2639].

We may moreover remark, that the calculation [2636*7], for the variation of the moon's

motion, is altered a little if the time used differs from one day. For example, if we take

1J or 2 days from the quadrature, corresponding to the extreme observations from the maximum

[2636r] tide [2646, Sic.]. The time we have assumed [2636<7] corresponds nearly to the mean

of the observations in these tables, and it is sufficiently accurate in calculations of this kind.

Similar remarks may be made relative to the notes in other parts of this work, as in [2493<?].

[2636u]

J
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+ 2iP.\^,,cos.'V'
— ~.cos.'V

[2638]

Sum of
the mean
absolute

heights of
the tide in

/-* r* ) 2i quadra
tures of
the solsti-

O r N ces, half

rOQSXT- i in each

T' C r ") 2 ^ -—.COS.-/'

+2.-p.^.(<=+A).^r'.cos.s'-— ]
.1

^^.

^
j^

l,0611.tang.= ^
solstice.

-7- . C0S.2V . C0S.2V
3 r3

*
(1910) The two first lines of the second member of [2638] are deduced from [2632]

in the same manner as the similar terms of [2636]. The remaining term, multiplied in

[2632] by {\J
—

Vf-\-k<f^ is computed in the following manner. Near the solstices, [2638a]

the motion of the sun in right ascension 4/, is equal to its motion in longitude r . t divided

r

by cos. £, or 4'= . t [2636e', &tc.]. The moon being then in the quadratures,
COS. «

(J i

must be near the equinoxes, and we shall have as in [2636c, Stc], 4-'
= r' . ^ . cos. s' ; [26386]

hence 4-'
—

\>
= t . \ V . cos. s' > . Squaring this and adding ^ g-^,

which is the

same as to change t^ into t^ -\- -^ [2636A], we get

{V-W^^q'= {t'-\--,\)\^'<^os.^^^^y. [2638c]

Substituting this in [2632], and multiplying it by 2 1, we obtain, for 2 i quadratures

of the solstices, the term

^iP.^,.{t^+ i.).{T'.co...'-^X-lj'^

—- .cos.^ F. cos.^F''

—
. cos.^F"'— —

. cos.^ VL 77,
' [2638d]

which is the same as the first of the terms multiplied by ^ + yV in [2638], observing that

in the quadratures of the solstices, cos.^F^' is nearly equal to unity. The only remaining term
[2638*]

is that depending on tang.^ /, arising from the variation of cos.^ F"'. Now in the

quadratures of the solstices, v' is nearly equal to nothing, and the value of cos.^v' [2492]

—
j

. sin.^s'= cos.^v"— t^ . r'2 . sio.^s' [2636n] ; consequently

U TJ
the terra ^ •

-^t^

• cos.^ v', produces the correction — P.— .V"^.t^. sin.^ £'. If we
[2638/1

put for brevity n= M _— -\
, we shall have identically [263§n
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[3638'] By putting Y" for the total tides corresponding to Y' [2636, 2638], ive shall

have, in the 2 i quadratures of the equinoxes,^

[2639]m Y" = 4iP. \ ^ . cos.^ V'— ^. C0S.2 F I

of (r^ r^ )Sum
the total

tides in 2»

quadra- f 2Ij „ ^
turesof

J,
\ . COS. A^

n«r" -f4iP.^.(i2_|_^y.fr'— r.cos.F'.cos.£}2. ;i,0611.sin.V-|-
^

—
. COS.^F' r . COS.^ F"'

[2638^]

r'2= (t'. cos. s'— -^Y . -^ . (l
— ~

j\

'

\ COS. 6/ COS.- 8 \ r . COS. S.COS.S /

/ r N2 1 r= r' . COS. s'—
)

.
—— .n.

\ COS. 8/ C0S.2/ ^f

Substituting this in the correction [2638/], also putting sin. £'=tang.a'. cos.s', multiplying

by 2i, and changing as above t^ into ^^-(-iVj it becomes

[2638;i]
—

^ii'.^. (i^+ xV) •

\
r' . cos. s'—~ 1 ^ n . tang.^ a'

for the corresponding term of [2638] ;
in which we must substitute the numerical value of n.

If we put s= s'= 23'^ 28^", we shall have, by using [2636<7, 2638/],

n=(l --^^

7)"
=

(
1— 0,0762 . sec.2 23-^ 28™)-^ = (1

—
O,O9056)-a

V Jl • COfda & • COS* ^ /

= (0,90944)-2 = 1,209 ;

hence [2386A] becomes —2iP.
-j^

•
{t^ + tV) • (^' • cos. s' ~) X 1 ,209 . tang.^ «'.

This is of the same form as the term in [2638], but the coefficient n is put equal to 1,0611,

instead of 1,209 ; therefore the value of this term is about one eighth part more than that

given by the author in [2638]. This difference is not however of much importance, as is

evident from [26365
—

u].

[2638i]

[2638^]

[2638Z]

[2639a]

*
(1911) In the quadratures of the equinoxes v= 0, hence the term multiplied by

sin. V vanishes in [2633]. If we take two successive quadratures, sin.V must be positive

in the one and negative in the other, therefore the term multiplied by sin. V must nearly

vanish from [2633], especially when we consider the sraallness of A [2630], and of X— 7

[26396] [2481']; consequently.^ may be neglected in finding Y" [2639]. If we change Pinto

2 P, and 9^ into ^q^, in [2632], it produces the terms depending on P in [2633] ;
and

by making the same changes in [2636], which was derived from [2632], we obtain the

[2639c] corresponding terms of Y" [2639] ; observing that the change of q^ into ^ q^, makes the

factor t^ + -rV [2636A] become t^-{-^ as in [2639]. We may also observe that the

numerical coefficient 1,0611 [2639], ought to be changed to 1,142, as in [26365].
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and in the 2i quadratures of the solstices,^ L snutoc [2639']

y"=4iP.^^.cos.^P— ^.cos.^F ]
[2640]

i r r^ )
Sum of
the total

tides in

^ •ilj n -rr J 2i quadra-

j, f r "^2 \
——

. COS. f^ / turesof

+4iP.^.(^2^3^^). r'.cos.s' —\ .{rr-^ J -1,0611. tang.2 4. ^:^
^ '^'"^

/^.cos.2P-^.cos.2r \ iX^.

Lastly we find, as in ^ 22, that in order to notice the terms depending on

Q, it is sufficient to change L' into L . (\ ~
]

in the expressions [2641]

relative to the equinoxes ;t and L' into L'.(l
— 2m'Q. cos.

s'),
in the [2641']

expressions relative to the solstices.

30. To compare these results of the theory with observations, we have selected

from the beforementioned collection [2507"], the observations in twenty-four [2641"]

syzygies near the equinoxes, and in twenty-four syzygies near the solstices ;

taking ahvays two consecutive quadratures. The days of these quadratures

at Brest are as follows.

*
(1912) In the quadratures of the solstices v'= nearly; hence we may neglect

the term multiplied by A . sin. v', in computing Y" from [2633]. If we take as many
winter as summer solstices, the term A . sin. v will in the one case be positive, and in the [2640a]

other negative ;
so that their sum will nearly vanish in finding Y". This term may also be

neglected on account of the smallness of A, even when the number of observations in each

solstice is not exactly the same. The terms depending on P [2640] are deduced from those [26406]

in [263S], by the principle of derivation used in [26396, c] ; observing that the numerical

coefficient 1,0611 [2641], ought to be changed into 1,209 [2638Z;].

f (1913) The terms relative to Q are noticed in [2507,2507'], by changing L' into

L
.[\.
— 2 nj'Q . COS.

s')
when the moon is in the equinoxes, and into L' .i\

;- j [2641a}

when the moon is in the solstices. The former case corresponds to the quadratures of the

solstices, the latter to the quadratures of the equinoxes, as in [2641, &c.], changing s' into
[26416]

f^', to which it is nearly equal.
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QUADRATURES OF THE EQUINOXES.

[2642]

Times of
the quad-
ratures
of the

equinoxes
at Brest.

Years.

1711. September 5, September 19, October 4, October 18.

1712. March 15, March 29, August 24, Septembers, September
October 7.

1714. August 18, September 1, September 17, September 30.

1715. March 12, March 28, August 22, September 6.

1716. March 1, March 15, March 30, April 14, September 8,

September 23.

[2643]

Times of
tlje quad-
ratures
of the

solstices

at Brest.

QUADRATURES OF THE SOLSTICES.

1711. June 23, July 7.

1712. May 27, June 12, June 25, July 11.

1714. May 21, June 5, June 20, July 4, December 14, December 28.

1715. May 26, June 8, June 24, July 8, November 18, Decembers,
December 17.

1716. January 2, May 28, June 12, June 27, July 11.

Mean
absolute

height of
the tide.

[2644]

[2644^

Total
tide.

[2645]

[2645^

We should have taken as many quadratures in the winter, as in the summer

solstice, but could not for want of observations.

In each of these quadratures we have taken a mean between the absolute

heights of two consecutive tides, to obtain what we have called the mean

absolute height of the tide [2471]. We have in the first place taken the two

tides on the day of the quadrature, then the two following tides, afterwards the

two tides which follow them, and finally the two tides which follow these

last
;
so that it has often occurred that the two tides which we have combined

together did not happen on the same day. The total tide is the excess of

the mean absolute height above the intermediate low tide. The numbers of

these tides are denoted by 0, 1, 2, 3, commencing with that on the day of

the quadrature. Several times the height at low water was not observed ;

sometimes only one of the two daily tides was observed. To supply these

defects, we have used the same methods as in the tides of the syzygies

[2509", &LC.]. Hence we have obtained the following results :
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-/ !i TABLE IV.

QUADRATURES OF THE EQUINOXES.

Numbers of the tides.
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[2649] a— b x-j- ca^ = the mean absolute height of the tide
;

[2649']
X representing the number of intervals taken for unity, between the epoch
and this tide, supposing the tide to follow after the epoch. If the formula

[2649] correspond to a morning tide, the expression of the evening tide

[2650] of the same day will be a— b . (x -\- ^) -{- c . (x -\- ^y, noticing only those

inequalities in which the period is nearly half a day. If we take the half

sum of the two expressions [2649, 2650], we shall get the mean absolute

Absolute height of the tide : hence we have
height of ° '

the tide.

[2651]
«^ + TT ^— b . (x -{- 1) -{- c . (x -\- ly = the mean absolute height of the tide.

The expression of the intermediate low water is, according to the theory, of

the form

[2652] a' + b . (x + l)
— c . (x-{-iy= the height at low water

;

[2652'] therefore by putting x -{- 1 = t, the expression of the total tide will be of

the form,
Total tide.

[2653] m— 2bt-\-2cf =^ the height of the total tide.

[2654] The minimum of this tide takes place when t = —
;

this value of t is

likewise the value of x corresponding to the minimum of the formula

a— bx-{- cx^.

To determine —
, we may use the total tides of Table V [2648] ;

/^ C

[2655] but the absolute heights of the same table having been more carefully

observed than the total tides, we shall use their sum
;
and shall put /, /',

f"i f"'i foi" the four sums obtained by adding the mean absolute heights to

the corresponding total tides in the table. The analytical expression of

[2655"] these sums will be of the form k— ib .t-\- ic . f* Supposing successively

[2655]

[2656a]

*
(1916) This expression is similar to that in [2521].

If we put successively t=0, t=l, t=2, t=3,
and call the resulting values /, /', /", /'" ; then

substitute for these quantities the sums of the numbers

in [2648], corresponding to each of these days ; we shall obtain the annexed equations,

which are similar to those in [2522a]. Adding together the first and last equations, then

[26566] subtracting the sum of the second and third, we obtain 4ec=/—/'
—/"-}-/'"= 6 5'"^'-,424

/ =357™et
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^ = 0, ^ = 1, ^= 2, t = 3, we shall have the values of /, /', f\f"\
from which we may obtain

consequently

f I ri fii fill

4

— = 2.4 f-^f'—f"—J"' = 1 2964
2 c

^ ^ 2 . [f—f'—f"-{-/'")
ij^^o^.

[2657]

[2658]

We shall hereafter find that the interval taken for unity is 1*^^0521 [2809] ; [2659]

hence the interval from the epoch to the time of the minimum of the tide, [2660]

estimated in days, is ^''^,3639. The hour of the epoch at Brest in these [2661]

observations is 0''^y,6121,* and the mean hour of the quadrature 0*^*^,4683 [2662]

[2656] ;
which gives ic= 16"^*-,356. Again, adding the first and second equations, and

subtracting the sum of the third and fourth, we get

/+ /'
—/"—/'" = — 26'"«t-,642 — 4ib—l2ic, whence

ib=Sic-\-i. {f+f —f"—/'")
= 3 1 c— G-^^'-jGeoS,

as in [2657]. Substituting in [2657] the value of ic deduced from [2656], we get

1 6= f (/-/-/"+ /'") + J. (/+/'_/"_ r) ; [2656rf]

dividing this by half of [2656], we obtain, as in [2658],

2c ^ ^2. (/—/'—/"+/'")
^ 2X65,424

^'^^"'*- [2656(r]

The interval taken for unity is 1,052067 [2809], or as it is called above, 1,0521 ;

multiplying this by 1,2964, we get the interval in days l''%3639, as in [2660].
[^656c]

[2656c]

We may combine the equations [2656a] by the method of the least squares, as in

[25246
—

dj, and we shall obtain the three following equations, similar to [2524c],

[2656/]

1406,468= 4^;— 6i'6+14tc5 2143,555=6*—14t6+36ic; 5089,621 = 14A;— 36 1 5 +98ic. [265%]

hence we get Z;= 357,817, i 6= 42,297, tc= 16,356,
—-=

|^
= 1 ,2930 ; [2656A]

and the interval between the quadrature and the minimum tide 1^*^,5042, found as in

[2661
—

2663]. These numbers differ but little from those obtained by the author [2658, Sec.].

*
(1917) This time 0'''^y,612]5 is the mean of the times 0^^60566, 0*^*^,61863, [2661a]

corresponding to the number in Table VII i^^bon, 28U7] ; which by [2648"] is the hour

of the epoch.

185
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Time

minimum [2811'] ;
SO that the quadrature preceded the epoch by 0''^y,1438. Adding

high water , i r\ j /» i

aboSta
^^^^ quantity to l''''y,3639, we have F^^SO??, for the interval by which

[2663] the minimum of the tides follows after the quadrature. This differs but very

haffTfter
^^^^^^ ^^^^ V^^,50124f, found in [2544] to be the interval by which the maximum

mme^' of the tides follows after the syzygy ;
therefore these two intervals are equal,

at Brest

as they ought to be by the theory [2729—2730, 2797, 2797']. We shall

[2663'] suppose them both to be l''''y,60724.

We shall now determine the law of the variations of the mean absolute

heights, and the total tides, in the forty-eight preceding quadratures. For this

purpose we shall take for the unit of time, the interval of two consecutive

J. morning tides, or evening tides, near the quadratures ; and shall put k for

[2663"] the interval by ivhich the time of minimum of the tides precedes the middle of

the interval between the four days of observation. We shall put a-\-b ,f,

[2664] for the general expression of the mean absolute heights of Table V [2648] ;

t being the time from the minimum of these heights. The mean absolute

heights, corresponding to the numbers 0, 1, 2, 3, will be*

[2665] a+b.(i—ky; a^-b.{\—kf', a-\-b.{l-\-kJ ; a-\-b.{^+kf.

If from the sum of the two extremes we subtract the sum of the two middle

[2666] terms, we shall have 4 b for the difference,! which by Table V [2648] is

[2667] equal to 21'"'*-,469 ;
hence we deduce h = 5'"''*-,3672.

In like manner, if we represent the heights of the total tides of Table V
[2668] [2648] by a'+b'.f, we shall find, by a similar computation,

[2669] b'= 10'"^S98874

*
(1918) This is similar to the expressions [2547], neglecting the terms corresponding to

[2665a] the days
— and -}-4, changing the sign of J, as in [2G49a]. The sign of A; is also

changed ;
because in [2G63"] it is supposed to precede the middle time, but in [2545] it

follows that time.

f (1919) The sum of the two extremes is 2a-{-b .(§~\-2k^), the sum of the two

2666a] middle terms is 2 a -{-b . {^ -\-2k^) ; the difference of these sums is 4 b, and by using

the absolute heights [2648], we get

[2666t] 4h= 205'"°'',628 + 212'°«S399— 191'^'';279— 199"^«'-,279 = 21'^'^;469 ;

hence b — ^""'^,3612, as in [2667].

[2668al t (^^^0) I'h^ formula [2668] is similar to [2550], changing the sign of b', as we have

done with those of b, c, [2649a] . Then we find 4 b', as in the last note, by means of the



IV. iv. § 31.] OBSERVED HEIGHTS NEAR THE QUADRATURES. 739

According to the theory, & = ^ 6'= 5'"%4943 [2668^^]; the difference [2669']

between this value of h and the preceding, is within the limits of the errors

of the observations.

If we take for 6, one third of the sum of the two values of h and &', and [2669"]

put h' equal to the double of 6,* we shall have,* Values of

h = 5™'^S4520 ; &' = 1 0"'^S9040 = 2 6.
^^^2^^^^

To determine a and a', we shall observe that the sum of the four preceding

expressions of the absolute heights of the tides [2665], is 4a+6.(5+4A:^).

This sum is by Table V [2648] equal to 814'"''-,585 ;t therefore we have, [2671]

8 1 4'"''*-,585
—

( 5 + 4 ^2\ 5met. 4520
a =

^-^
^ '-

. [2672]

In like manner we shall find

, 591™«*',883 -^ (5 + 4 k^
)

. 10'»^t-,9040
« =

4
'
•

[2673]

To determine fc, we shall observe that the mean hour of the quadrature at

Brest, in the forty-eight quadratures of Table V [2648], is 0''''y,46829 [2674]

[2811']. Adding to it 1'"^, 50724 [2663'], the distance from the

quadrature to the minimum of the tides, we have l''^y,97553, for the time
[2675]

elapsed from the midnight preceding the quadrature to the minimum of the

tide. The middle time at Brest, between the two tides on the day of the

total tides [2648], from which we get

4 6'= 152««'-,079 -f 165'"«'-,840
— 1 34"'«'-,927

—
139'"«'-,037= 43'»«'-,955, [26685]

or h'= 10™«'-,9S87. If we compare [2636, 2639], also [2638, 2640], we shall find that

the coefficient of t^ in F', is half of that in Y", at the same season ; that is, the coefficient

in [2636] is half of that in [2639], and in [2638] is half of that in [2640]. Therefore the ^^^^'''\

coefficient of t^, in the formula found from adding the expressions [2636, 2638], is half of

that in the sum of [2639, 2640] ; so that the value 6, in all the observations of Table V
[2668(/]

[2648], is half of h'.

*
(1921) This method of finding 6, h\ is liable to the objections made in [2553^]. [2670a]

f (1922) This quantity is the sum of the absolute heights of [2648]. Putting it equal
to 4a-l-6. (5-f-4/c2), and using 6 [2670], we get a [2672]. The similar equation in

0', 6', using the sum of the total tides 591'»«'-,883 [2648], and h' [2670], is

4 a'+ 6' . (5 -|- 4 A;2)
= 591'°«t-,883, whence we get a! [2673], [2671a]
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quadrature, is 0'''^y,6l215 [2661a], in the observations of Table V [2648].

[2676] Adding to it f of the interval taken for unity, which interval is l''^y,05207

[26771 [2809] ; we have 2''"y%19025, for the time from the midnight preceding
the quadrature, to the middle time between the extreme observations of the

table. If we subtract from it ^"^,97553 [2675], the difference 0''''^21472

is the value of k, expressed in days. Dividing it by l'^''y,05207 [2809],

[2679] we obtain k = 0,204093, expressed in parts of the interval taken for

unity ;
hence we deduce*

[2678]

Values of

a, a'.

[2680]

Absoluto

heights.

a = 196"'^'',604, a' = 133"'^*-,886.

Hence the expression of the numbers of Table V [2648], relative to the

absolute heights of the tides, is

^2ggj^
1 96™^S604+ 5™^S4520 . f

;

and the expression of the numbers of the same table, relative to the total

Total tides, is

tides.

[2682]
133"'^886 + 10^^9040 . i^

[2683]

e.

fVe shall now compare these formulas, deduced fro7n observation, with those

in § 29, given by the theory of gravity. Let e be the height of the zero of

the scale of observation, above the level of equilibrium which the sea would

[2683'] take, neglecting the action of the sun and moon
;

also h the sum of the

squares of the cosines of the declinations of the sun, at the times of the

[2683"] phases, in the quadratures of Table V [2648] ;
and h' the similar sum

relative to the moon
; we shall obtain, from ^ 29,t

*
(1923) Substituting ^= 0,204093 [2679], in a, a', [2672, 2673], we get [2680].

[2680a] Using these values of a, a', also b, V, [2670], we obtain from [2664, 2668] the formulas

[2681,2682] respectively.

f (1924) In the 4i= 48 quadratures of Table V [2648], we have 4i . cos.2^=A,

4 % . cos.2F'= A', [2683', Sic] ; hence we get, as in [2565/>],

[2683a] 4*.(l
—

3.sin.2r) = 3.(A
—

32), 4i . (I
— 3 .sin.^F')

= 3 . (A'— 32).

[26836] Substituting these in the sum of the formulas [2636,2638], we obtain the value of Y\

corresponding to 48 quadratures; supposing 24 to be in the equinoxes [2634"], 12 in the

summer solstice, and 12 in the winter solstice [2637"]. To each of these tides we must add

the constant height e, making 48 e. If we neglect the part multiplied by ^ -}- y^j the

rest of the terms will be the same as in the first member of [2684], excluding b. Now by
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48 e _ 3.(l+
3.cos^2^)

^

j ^
. (/,_ 32) + ^'

. (^'- 32)

"'^^'^"^'^

op

_L. p, \ hH _ ii^ ^ + 1 = 196-S604 ;

[2684]

we have for Brest [2568],

[26851

L
But in the forty-eight quadratures under consideration, the value of

is not exactly equal to its mean value. Table V [2648] includes twenty-four [2685']

quadratures of the equinoxes [2642], eighteen quadratures of the summer,

and six of the winter solstices [2643]. Now we have seen in [2603', &c.J,

that in the quadratures of the summer solstices, -^ is decreased one [2686]

twentieth part, and in the quadratures of the winter solstices it is increased

one twentieth part ;
we must therefore multiply the mean value of -j by [2686]

II,* to obtain the mean value in these forty-eight quadratures. Moreover, [2686"]

£J

—3 is less by one fortieth part in the quadratures than in the mean distances, [2686'"]

[2664], the coefficient of t^ is 65 therefore the coefficient of t^+xV is also equal to b,

producing the terms b .t^ -{--^b, of which the part ^V ^ ^s to be added to the first [2683c]

member of [2684] to obtain a [2664], and then by substituting a [2680], we obtain the

equation [26S4].

*
(1925) In 18 summer solstices it is decreased by 18 X sV* and in 6 winter solstices

is increased by 6 X jV >
so ttha in the whole 24 solstices it is decreased by 12 X ^, [2686o]

and the mean decrease for one solstice is if X 2V == 3^ • Now there are also 24

Udes of the equinoxes, upon which no allowance of this kind is to be made
; therefore the [26866]

correction, for the whole 48 observations, is only one half of the preceding value or ^ ; so

that we must change
- mto i§ • 3 •

[2686<]

186
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on account of the argument of variation ;* and as it is nearly equal to

-f m the mean distances, it must be supposed in the quadratures equal to

[2687] y_7 .
—

. Lastlj, we have found in the preceding quadratures,

12688] A = 44,16767, 7t' = 44,45074.

This being premised, we havef

3.(l-f 3.cos.2^)
[2689]

[2690]

The expression of the total tides of Table V [2648], compared with the

formulas of § 29, givesf

2 p J ii^'
_

^:^ ^ + 1 = 133-%886.
( r -^

r"* ) 16

^
(1926) The variation increases the distance in the quadratures, as much as it decreases

it in the syzygies, as is evident from its chief term being as the cosine of the double of the

elongation of the sun and moon [2569a] ;
and as —•

is increased a fortieth part in the

syzygies [2569c], it must be decreased in the quadratures by the same quantity. Now if

[2687a] we denote by
— the mean value of that quantity, we must use in the quadratures

L' U L U
[26876] |# .

—r ,
instead of -—•

; and as we have supposed in the mean distances 3 .
—= -—

,

[2568'], we must change
— into 3 X |f .

-
=-Vo' -

-^^
as in [2687].

t(1927) Changing
— into W-^ [2687], also - into \% ,

-
[26S6c];

[2688a] we obtain for the part of [2684] included in the first member of [2689], the following

expression, neglecting the sign, and using the values [2685, 2688],

( 3.(l+ 3.co9.2^) L^
\
8^.(l_^)

•i5>.|U.(A-32)+W.(^'-32)}

[26886] =3X0"'«'-,02745.{|9.(A— 32) -f-yf . (A'— 32)}= SXO-^^S02745X48,434= 3'"«S989.

1(1928) Adding the formulas [2639,2640], we obtain the value of Y" for 2*

quadratures of the equinoxes, and 2 i quadratures of the solstices. Then putting, as in
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This equation requires a small correction, arising from having in Table V

[2648], eighteen quadratures in the summer, and only six in the winter.

For the low water in these quadratures corresponds to the solar high water

in the evening ; which, in summer, exceeds at Brest the solar high water in

the morning by Q'"^'-,0457.* Therefore we must increase 133"^'*-,886 by [2691]

six times 0™^'',0457, to render it independent of the inequalities of which

the period is nearly one day ;
then we have

2i^.J^-^| = 133-S819; [2692]

[2668], 6', or 2b [2670], for the coefficient of t^, or t^-}-^; also 4i= 48, and

as in [2683a], 4 i . 008.^/^= h, 4i . cos.^F"'= A'
;

we get for this sum,

Comparing this with [2668], we get a'= 2F.\ -^ '—
[ + tV ^

>
^°d i^ ^^^

substitute a! [2680], it becomes as in [2690].

*
(1929) The excess of the evening tide in summer is 0'°«»-,183 [2629, 2630] ;

and [2691al

as — is nearly one fourth part of ";;+"; [2575], the part of this excess, depending

on the solar force -
, is nearly one quarter of 0™®'-, 1 83, or 0'°^*-,0457 ; therefore

the evening solar tide exceeds the morning solar tide, in summer, by 0"®^-,0457, and the

contrary takes place in winter
;

or in other words, the evening solar tide in summer exceeds [26916]

the mean value of the solar tide, by the half of this quantity, or ^ X 0™^'-,0457. Therefore

if we wish to obtain the total tide, by using the mean solar tide of that day, we must add

JX0"^*',0457 to the total tide obtained in the summer quadratures, and the contrary in

the winter quadratures. Now in Table V [2648], there are 18 summer, and 6 winter [2691c]

quadratures; so that the quantity ought to be increased by 18 X i X 0""'*',0457, and

decreased by 6 X i X 0°'«*-,0457 ; making on the whole an increase of

12 X i X 0'"«'-,0457 = 0°>«S2742. [2691rf]

Adding this to 133°'«'-,886, we get 134°'«'-,1602 for the corrected value of the second

member of [2690] j
and by using b [2670], we obtain

^P'{^
—^]+ 0^3407 = 134-S1602, [2691e]

which is easily reduced to the form [2692],
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hence we deduce*
e.

[2693] e = 2"'*'-,778.

[2694] The observations of the sjzjgies have given in [2573], e = 2'"^'-,827. It

is a question whether the small difference of these two values arises from

the errors of the observations
;

or from the circumstance that the great tides

at Brest do not run out entirely, on the ehh^ to the point determined by the

theory. It is presumed that it depends on the last cause, but this can be

[2694] determined only by means of a much greater number of observations.

We shall resume the equation [2692],

2P.J:^-A^j
= 133-,819.[2695]

Li U
To reduce the values of ^, -r^, to the mean distances of the sun and

moon, we must multiply the sum of the squares of the cosines of the

declinations of the sun, in the quadratures of the solstices of Table V [2648],

[2696] by ff,t in order to correct for the effect of the greater number of summer

than of winter solstices. Then adding to the product, the amount of the

squares of the cosines of the declinations of the sun, in the quadratures of

*
(1930) If we substitute in [2684] the numerical value of the expressions [2G89,

[2693o] 2692, 2670], it becomes 48 e— 3'°«*-,989 + Jx 133'"^t-,819 + y^X 5,4520= 196"'^*-,604,

whence 48 e = 133'"«S343, and e = 2™«S778, as in [2693].

f (1931) It appears from [2603', &;c.], that the force - is diminished ^^ in summer,

[2696a] increased ^V in winter, and is at its mean value in the equinoxes. In Table V [2648],

there are 18 observations in summer, and 6 in winter
; consequently the whole variation, for

[26966]
the 24 observations, is — 18 X sV + ^ X ^V = — '2 X s^a- Dividing this by 24, the

number of observations, we get the mean diminution equal to :jV j
so that we ought to write,

in formula [2695],

' - for
-^-,

or f^/t for h, in these observations of the

solstices. Now the whole value of h [2688] is divided, in [2708, &;c., 2714], into two

[2696c] parts, p= 23,68841, (7
= 20,47926; the former being the part for the quadratures of

the equinoxes, the latter for those of the solstices. Therefore for A, in [2695], we must use

[2696rf]
the following expression, p+ ff ^=23,68841 +f 3 X 20,47926= 43,6557, as in [2697].
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the equinoxes ;
the sum will be the value of h which must be used. Hence

we find ^= 43,6557 [2696J]. [2697]

In the quadratures, the value of — must be decreased by one fortieth [2697]

part, on account of the argument of variation [26876]. This is equivalent

to a decrease of h' [2688, 2683"] in the like ratio
; by which means it

becomes 43,3395 ; therefore we have,* [2698]

[2699]

[2700]

2PA 43,3395 . ^
— 43,6557 • J |

= 133'"^S819 ;

r and r' being the mean distances of the sun and the moon from the earth.

We may put this equation under the following form,

2 P. 43,3395A~^^ |
—2P. 0,3162 .

~ = 133-%819.

In the small term 2 P . 0,3162 .
-j, we may supposef

therefore we shall have,

2P . 43,1814 .

I ^ — ^ I

= 133-S819 ;

hence we deduce,

2pA%, — ^]= 3-^%0990.

*
(1932) This is deduced from [2695], by substituting h [2697] and A' [2698].

t (1933) The equation [2701] follows from the value ^ = 3 . ^ [2568'], which [2701a]

has been so often used. The error of this assumption must be inconsiderable, on account of

the smallness of the coefficient 0,3162, in comparison with 43,3395, by which the other

term of [2700] is multiplied. Substituting therefore for — 2 P . 0,3162 .
- the value

— 2 P . 0,3162 X ^ .

j

— —
-j^ I

, the formula [2700] becomes as in [2702]. Dividing [2701ft]

this by 43,1814, we get [2703J.

187

[2701]

[2702]

[2703]
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We have found in [2677],

[2704] 2pA^-\-^A= 6™^'-2490
;

hence we get,*

[2705]

'

^1 = 2,9677.^.
r"jJ3

The lunar

°'2/
Therefore we may suppose very nearly,

is nearly
three

times the _. . ,,. .. 7t/»t
solar force 13 ut we Hiust oDserve that this ratio is not exactly that of the masses of the

-. sun and moon,, divided respectively by the cubes of their mean distances from
the earth. For it appears from § 25, that L' and L being these masses, and

[270€1 ^* ^? w'^j the mean motions of these bodies about the earth, the ratio just

[2707] Jound IS that of
—^^—

rg
-^

t to —
^-—3

-^
;

it cannot therefore

be taken for the ratio of
[2707']

U L
be taken for the ratio of -^ to —

3 , except ivhen Q is nothing or

insensible; and we have seen above [2601, 2624], that this is nearly the

case at Brest.

JVe shall now determine the variation of the tides near their minimum, as it

appears from the theory. For this purpose, we shall resume the values of

*
(1934) Taking the sura and difference of the equations [2703,2704], we get

[2705a] 4 p . :^^ 9'°«'-,3480 : 4 P . ^= S'"^'-, 1 500.

Tl T

[2705&] Dividing the former bv the latter, we obtain the ratio of —
r to —-

[2705]. From a

discussion of the later observations at Brest [2507e], it was found necessary to decrease this

ratio from 2,9677 to 2,3533, as will be seen in Book XIII, [11905].

f (1935) The method used, in [2577'— 2579], to prove, in the syzygies, that L! ought

to be changed into L'.{\
—

2ot'Q), may be applied in the present case, in the

r2707 1
1"^^*'^^"'"^s ; by merely reading quadratures when the moon is in the solstices or equinoxes,

instead of syzygies of the solstices or equinoxes respectively.
It is also evident, from the

same principles, that L ought to be changed into L.(l— 2wQ), but 7n and Q being

both very small, we may neglect 2 m Q .
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Pi P'-

Y" [2639, 2640]. Let p and p' be the sum of the squares of the cosines of
[2708]

the declinations of the sun and moon, in the quadratures of the equinoxes of

Table V [2648] ; q and q' the like sums in the quadratures of the solstices
[2708']

of the same table
;
we may suppose, in these expressions,

cos.2B=±: cos.^ b' =P^. [2709]
24 '

24

The term multiplied bj f, in the expression of Y" [2639], relative to the

twenty-four equinoctial quadratures [2646], becomes*

H.48P.^.(=.Jr'-^.V/77Jl
;
1,0611.(5^)

+

Coefficient

T N of f^ at

C) ^ 1 the time

F ' ~^ r of the
""

equinoze*.

HP'-^.-P-'^S [2710]

r' and r
being the mean motions of the moon and sun, in the quadratures, in the

1^, r,

interval taken for unity, and which is, in the equinoctial quadratures, equal to [2711]

l'^%057493t [2833]. We must observe, that in the quadratures r' is always

decreased, on account of the equation of the variation [2637'].

The term multiplied by f, in the expression of Y" [2640], relative to the

twenty-four quadratures of the solstices of Table V [2647], becomes, by

decreasing -j one fortieth part, because there are eighteen summer [2711^

solstices, and only six winter solstices, [2696],

*
(1936) This expression in [2639] is

2L
rj \ -7- . C0S.2 V

4iP.- .t^.^r'-r.cos.F'.cos.sp. ; 1,061 l.sin.«/+^,_^f ^
.

^^yjoa]
f —-

. C0S.2V— —
. C0S.2 V

The term — must be multiplied by f^, because —
is less by one fortieth part in the

quadratures than its mean value [26S6'"]. Then putting, as in [2708, &;c.], 2i=24, [27106]

cos.F'=v/(-Vp'), cos.s=:/(2.V2), sin.V=l_cos.2s'=-^^^-, cos.F-=/(jVp), [2710c]

it becomes as in [2710].

t (1937) This is easily deduced from formula [2833], by which the daily difference of

the tides is 0''^y,057493 in the equinoxes, which agrees exactly with the above. In the
[2711a]

solstices, the difference is 1^^046643 [2834], as in [2712'].
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Coefficient

"f *^ "* r ^ c C r> L.
the time _. f .... ^'^V 2o.
of the TJ \ / »' \ i
solstices. 11.

. 48 /* .
— .^^ yr'.f— *

[2712]

'"'
^'r'^"") \24; f^^%')9J^_^_:Ii

r"

ifi6n.(^-^)i

r, r'. r and r' being the motions of the sun and moon in these quadratures, during

[2712'] the interval taken for unity ;
which is equal to l'^"y,046643 [2834], in the

quadratures of the solstices.

L U
In these expressions, —^ and — are reduced to the mean distances

of the sun and moon from the earth, in which case we havef

[2713]
.^'
= 3.^!;; 2P.~ = ^x 6'"^S2490 = 4'"^S6867.

Values of

p, p\ We have found

[2714] p = 23,68841; /= 20,69652; 9 = 20,47926; 9'= 23,75422.

This being premised, we shall have 7'"^'",819t for the term multiplied

by f in the expression of Y", relative to the twenty-four equinoctial

*
(1938) The coefficient of t^, in the value of Y'' in the quadratures of the solstices

[2640], must be multiplied by ff [2696], and 2 i being 24, it becomes

cos.^ V^

2712a] 39x48P.4^.i2 Jp/.cos.s' ^— I . < ^^—if . 1,0611 •tang.^s'

.C0S.2P .COS.Sr

Now putting as in [2710c, 2708'] cos. /= v/(#4 ?')' cos. s= \/{^\ q), cos.'*F=2^ q,

OTT^, , / ^ r o , •• sin.^s' 1— ^\p' 24— p'

cos.^V'=^q'', and for tang.^s' writing ^=—~Y-=—-7-^, it

becomes as in [2712].

L . L'

t (1939) Substituting -=J.— [2706], in [2704], it becomes

[2713a] 2 P .

^ ^ + ^3 1
= 6-S2490 ;

hence 2 P . ^= f X 6-^-2490.

X (1940) If we substitute the values [2713], in the expressions [2710,2712], they

become respectively as in [2714cr, &],
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quadratures, and 2'"*"-,894 for the same term relative to the twenty-four [2715]

solstitial quadratures. The sum of these two quantities is lO^^'^VlS, which

differs but very little from the result 1 0'"^^-,9040, given in [2670], by the L2716]

observations of Table V [2648].

32. We shall now consider separately the tides in the quadratures of the Height, of

equinoxes, and those in the quadratures of the solstices. We shall find, by f^ ^he"

the method in the preceding article,*
\hel°ni-
noxes.

94'"^»-,033 -f 3'°*'',747 . ^, [ h'S'ilu.'] [2717]

1^ X 18 X 6-S2490.i^{r'-^Vr. A9PW'
\
1.0611 .

(^') + i^/.l'^p \
5 [2714«]

nx 18x6--,2490.<^|l-.v/GVpO-7(T;y)]'-{§^-1.0611.(^ [27146]

and if we use the values of p, p\ q, 5^, [2714], they change into

157met.^021 . t^. {r'— 0,857817 . rp, 62'"«S465 . ^ . {1^—1,165750 . r}^. [27Uc\

In the former, r, r', must be taken for the time l'^y,057493 [2711] ; and in the latter,

for the time l''*y,046643 [2712']; so that if we multiply the preceding expressions by [27l4d]

1,057493*, and 1,046643*, respectively, they will become,

175">^S595.i2.{r'— 0,857817. r}2, and 68™^'-,428 .<*. fr'— 1,165750. r^ ; [2714«]

and r', r, will represent the motions in one day. Now the sun's motion in one day is

59"»8%3 [2636^'], or in parts of the radius, r= 0,017203; the mean daily motion of [2714/]

the moon is 13'' 10™ 35*, the correction for the variation is nearly
— 14"* 37*^ making

12'^ bb"^ 58^ which in parts of the radius is 1^= 0,22572 ; hence

r'— 0,857817. r= 0,21096, r'— 1,165750 . r= 0,20567. [2714^]

Substituting these in [271 4e], they become 7°*«'-,815 and 2'"^*-,894 nearly as above.

The sum of these two terms is 10'"®*-,709, which differs but very little from 10"^*-,9040,

found by observation in [2670, 2682]. The numbers [2715] are erroneous in the original,

being 2,794, 10,613.

•*

(1941) Applying the method [2663"—2669] to the equinoctial tides of Table IV
[2717o]

[2646], we find 6= J . (99»«'-,51 l4-105"^t-,639— 94«'«t.^282
—

96'"«t-,059)
= 3'"«t-,702,

6'= i . (69">«'-,835+ 81'"«'-,342— 58'"«t-,638
—

62'°«t-,383)
= 7'°«t-,539 ; from which we ^^^'^^^

188
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Heights of for the expressions of the absolute heights, and of the total tides, in tlie
the tides

mt'l.r'' equinoxes of Table IV [2646, 2647] ;
the expressions of the same

rat'liros quantitles, relative to the tides in the solstices of this table, are*
of tlie

solstices

[2718] 1 02'"^S57 1 + 1 "'^S 705 . t\ [tSr ]

[2718'] 75'"^'-,517 + 3"'«%410 . f. [^]
The tides

increase

more rap-

In the first place, we see that the tides increase more rapidly in the equinoxes

Jiuinoxef
than in the solstices, which is conformable to the theory. According to

solstices, observations [2717'], the coefficient of t', relative to the total tides, is

[2718'] 7'"''-,495 in the equinoxes, and 3'"''-,410 [2718'] in the solstices; and we

obtain, as in [3669"], the corrected values 6=
^^

.
(3'"'^'-,702 -f 7'"'='-,539)

= 3'"«»-,747,

h'=2h— 7'"<^'-,494, [2717, &z;c.].
The sum of the equinoctial absolute tides of Table IV

[2717c] [2646] is 99'"«'-,51 1 + 94'"°S282 + 96'"''S059 + 105'"'^'-,639 = 395""^S491, and the

sum of the total tides of the equinoxes,

[2717(i] 69'^'''-,835 -\- 5S™«'-,63S + 62'"'-''-,383 -f S 1 '"^'•,342= 272'"«'-,198 ;

from these we may obtain a, a, by the same method as in [2672, 2673], using the preceding

values of h, h' . Hence we have

[2717e] a= i.f39r3"^^S491— (5+4P).3'"'=S747|, a'=i.f272'"«>S198
—

(54-4A;2}.7""'S494|;

substituting (5 + 4 k^) X 3">«'-,747 = 19"'«'-,359 [2679], we get

[9717/]
« = 94"«^*-,033, a!= 5S'"'-S370, . [2717, 2717'].

*
(1942) In the same manner as b, b', [27176, &c.], were computed from the equinoctial

tides [2646], we may find, from the solstitial tides [2647],

[2718a]

Z; = |-.|106"«-'S117+106'"'-'t-760
— 102"'^S997—103"'°S220}=ix6™«'-,660=l™°S665,

/y= ^. f 82'"'^'-,244+ 84'"'''-,498
—

76'"«'-,289
—

76"'«'-,654 |=|-X 13'"^*-,799= 3'"'''-,450.

Hence the corrected values [2669'] are

[27186]
6= i .

(l"^'''-,665 + 3'"'^*-,450)
= l'"^'-,705, b'= 2b= 3'"^'-,410.

The sum of the absolute tides in the solstices [2647] is 419'"''^-,(}94, and the sum of the

total tides in the solstices of the same table is ol9""^'-,6S5 ; hence we get, as in the last note,

[2718c] a=i.|419'"^''-,094
— (5+4F).l™^-705}, o'=i.{319"«^^' ,685

—
(5+4P).3"'«»-,410|;

substituting (5 + 4 k^) . l""^'-,705= S"^°^-,809 [2679], we obtain

a=I02'"«S571, «'=75'"%517, [2718,2718'].
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have seen, in the preceding article [2714—2715], that the theory gives

7'"'',819 and 2'"'^'-,894, for these coefficients. The differences are within

the limits of the errors of the observations, and of the elements employed

in the calculation.

If we subtract the first term of the expression of the total tides in the

equinoxes [2717'], from the first term of the like expression in the solstices, [2718'"]

[2718'], the difference 17'"°'-,147 is the effect of the declinations of the

sun and moon. To render it independent of the oscillations whose period is

nearly a day, we must add to it, as we have seen in the preceding article

[2691], six times 0™''S0457, and then it becomes 17™^S421. [2718']

According to the formulas of ^ 29, this effect is equal to*

ih^P-\^ (p-g)+^ .[(l_2m'Q.cOS.0.?'-(l-^)
.

y] j
, [27.8.)

*(1943) Putting J5=7"«'S495 and ^=3'"«^-,410 for the coefficients of i^ in
[27i8c']

the expressions of the total tides [2717', 2718'], corresponding to [2639, 2G40], we get,

for the terms independent of t^, in the equinoxes,

4ipA^, cos.8 1^'—
^'

cos.aF
I
+ ^V ^» [2639] ; [2718rf ]

and in the solstices 4 iP .< — . cos.^F'— -
. cos.^ F^ > -f- ^ ^' The moon being [2718e]

T> TJ
in the quadratures, we must write f^ .

— for —
[2697']. We must also change

1 yX in the equinoxes [2641], and Li into L'.(l
—

2m'^.cos.£'), [2718/]

in the solstices [2641']. Moreover, in the solstices we must change
— into f§.

—
, for

the reasons slated in [2696]. Hence these expressions become respectively,

4iP.|.^iL.(i_?^|).eos.^F'-^.cos.^F}+,V^,
end

[2718g]

4 i P .

j
ff .^ .

(
1
— 2 m'Q . COS.

£')
. cos.^ F'— f§ . | . cos.^ vl + ^'^B';

each of which corresponds to 2i observations. In the first of these expressions we have

2i.cos.W=p, 2i.cos.^V'—p', [2708,2714]; and in the last, 2 i . cos.^ V=z
q,

2 i . cos.^ V= q. Hence in the equinoxes we have,
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or

[2718"*]

+ H.2P.Ji(.(l-2.'Q).(l-cos.0.(^+£.).-^^(i

in which we may put P'= s'
;

and in the solstices,

subtracting the first of these functions from the second, we obtain the excess of the value

of a in the solstices, over that in the equinoxes,

or[2718il 2P.^^.(p-Hj)+W.|.[(l-2m'Q.cos.0.!'-(l-^).p']^+^
[2718*] «.2P.^^.(p-?) + ^.[(l-2m'Q.cos.a').j'-(l-^).p']^

which differs from [2718^] in the terras [2718A/], omitted by the author.

*(1944) The factor 1 — 2m'Q.cos. s', connected with 9' in [2718''], may be put

under the following form, being the same as in [2596/i], multiplying the last term by

1 — 2 m'Q ,
and then dividing by the same quantity :

[2718^ 1 _ 2 m'Q + (1
- 2 m'Q) . (1

- cos. .^^ .

Substituting this in [2718^], it produces the terms depending on q'
in [2718''']. In like

manner, the factor —
f 1 — r

]
, connected with p, m.ay be put under the following

form, which is deduced by the same method from [2596A'] :

[2718m] _(i_-2m'Q) + (l-2m'Q).(l~cos.0.^.j:^f^.

Substituting this in [2718A;], it produces the terms depending on p in [2718"']. The terms

[27 ISA/], omitted by the author, ought to be added to [2718"'].
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in which expression we may suppose cos. s'= ^XJL- [2709], and then

by putting*

t.,^l
— 2m'Q) = ^; 2 P . ^ + 4^ • (1

— 2 ?/i'Q) S = 6-%2490. [27i8viii

it becomes,

18'"^S861 + jz:^^ . IS'^SOIS. [2718-"]

*
(1945) The first of the equations [2718^"] is deduced from [2706, 2707], the second

from [2577, 2579]. Substituting the first in the second, we get

2P.^ = iX6°^S2490; 2P . ^. (1
— 2 wz'Q)= S X 6"''%2490; [2719o]

hence [2718''] becomes

H X i X 6-S2490 . \{p
—

q) + 3 . {q'—p')\

+ |#XfX 6-2490. (l-cos-O.
(5'
+^). j^f^.

If we put cos. e'= ^{^ p') [2709], and use the values [2714], it becomes

18'°«t-,86 1 + z^~T7^ . 1 5°«»-,01 5, [27196]
1—im Q

as in [2718^'"]. The neglected term depending on P [2718FJ, is

^V X 2 P .
-

.;?
=

^<y X i X 6'"«'-,2490 X 23,68841 = 0™'t-,925 ;

and that depending on P, B', [2718A/, (/], is ^. (P'
— P)=— 0"'«t-,l28 ; their sum [2719c]

0met,925_0"«'-,128 = 0™^S797, must be added to the term 18"'«S861 [2718'"'];

making its corrected value equal to 19'''«*-,658. If we put the expression [2718''"'] equal

to the value by observation [2718'"'], 17'°«t',421, we get

—^^ == '

js^ig'
—=— 0°'^'-,0959, and 2 w'Q=— 0"'«t-,1061, as in [2719]. [2719rf]

Using the corrected value 19'"®*-,658, instead of 18'°®S861, it becomes

2m'Q 17,421—19,658 ^ , , .^^ , ^ ,^-—
r-TTT = —

^-TTTTiT^
—=— 0'°«*-,1489, whence 2 w'Q=— G-^SHS.

1—2m'Q 15,015
-^ »

We have found in [2001], 2m'Q=— 0°'e%10637 ; and in [2624], 2m'Q= 0»'«-,03425.

These numbers differ very much from each other, and the true value can be obtained only [2719e]

by increasing greatly the number of observations.

189
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Putting this equal to the result obtained from observation

[2718""], we obtain,

[2719] 2m'Q = — 0,1061 ;

Remarks
on the
value of

which agrees with the result deduced from the observations in the sjzygies

[2601] ;
but it is of a contrary sign to that found in [2624], by comparing

2m'Q. ^|jg observations in the perigee and apogee. Hence it follows that ive may
[2720] neglect the terms depending on Q ,

mitil its exact value shall be determined by

a very great number of observations.

33. We have seen in [2634'], that the evening tides at Brest exceed

[2720] those of the morning, in the quadratures of the vernal equinox ;
and that

the contrary takes place in the quadratures of the autumnal equinox. To

verify this phenomenon, we have added together, in eleven quadratures near

the vernal equinox, the excess of the evening over the morning tide, on the

[2720] first and second days after the quadrature. This sum is 3™®'-,143. We
have likewise found 3'"°'*,385, for the sum of the excess of the morning

[2721] tides over those of the evening, in thirteen quadratures near the autumnal

[2722] equinox. The mean between these observations, gives 0'"°*,138* for the

Difference G^ccss of au cvcning tide over that of the morning, in the quadratures of the

mornfng vcmttl cquiuox ; or of a morning tide over that of the evening, in the quadratures
ing tides. ^ ^^g autumnal equinox.

We have found in [2629] 0'"''-,183, for the excess of an evening tide over

that of the morning, in the syzygies of the summer solstices. This excess is

L U U
[2723] to the preceding, according to the theory, asf 3 + 7^ to

"7^ 5
or as

*
(1946) The eleven quadratures of the vernal equinox contain one observation on the

first, and one on the second day after the quadrature [2720"], so that the mean is

^^2 X S-^^SHS = 0"«'-,143 ;

those of the autumnal equinox give ^^X 3'"®'-,385= 0'"^'-,130 ; the mean of both is

[2722a] O'^^'SIST nearly as in [2722].

f (1947) In the syzygies of the solstices, this excess is

[27226] 2 ^ .

^

-
. sin. v . cos. v + — . sin. v' . cos. v'

^
. cos. (X

—
7) [2630] ;
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4 to 3, which is very nearly the same as the ratio of the numbers ©""^'^ISS [2723']

and O-^^SISS.

Lastly we have found that the influence of the variation of the moon's

distance, is perceived as sensibly in the observations of the tides of the

quadratures, as in those of the syzygies [2608, &c.].
'• ^

ON THE HOURS OF HIGH WATER, AND THE INTERVALS BETWEEN THE TIDES,

NEAR THE SYZYGIES.

34. We shall resume the equation [24661, tee?"
mine the
time of

-
. C0S.2 v . sin. 2 .

(4.
—

\f)
"i^'er.

tang. 2 . (w ^ + :3— \!— x)
=

j-, j^
;

^2725]—
. cos.^ ^' "i" ;i

• ^^^'^ ^ • ^^^' 2 • (4-
—

4'')

and shall put it under the following form,*

^.cos.2v'.sin.2.(4''— vP)

tang.2.(n^ +«- + -^) =
^^ J. ^9726]

-^ . cos.^v+ -^3
. cos.^ v' . cos. 2 .

(vL'
—

4-)

and in the quadratures of the equinoxes, where v is nearly equal to nothing, the excess is

r'3
2 ^ .

—
. sin. v' . cos. v' . cos. (X

—
7) [2634], [2723a]

If we put V= v' in the first of these expressions, it will be to the last as --\
—

;- to

L—
, which by the first equation [2713] is as 4 to 3. Now by [2629] the excess in the

syzygies is 0'"^'-,183, and 4 : 3 :: O'^^SISS : 0°>^S137, which agrees with tlie value
[27236]

found in [2722a].

*(194S) The equation [2466] or [2725] is derived from [2465]. Now in this last
[2726o]

equation, we may change L, r, v, 4'> into L', r', v', 4''? respectively, and the contrary,

without altering its value, as is evident by inspection ; therefore we may make the same

changes in [2725], by which means it becomes as in [2726]. We may also obtain [2726]

directly from [2725], by means of the formula [29] Int., putting

a= 2.{nt-Jr^— ^'—\), 6 = 2.(4.'— 4.), [27266]

and reducing ; but it is unnecessary to go through tliis calculation, as the former method is

the most simple.



756 THEORY OF THE TIDES COMPARED WITH THE [Mec. Cel.

[2726'] The angle ^'
—

4. being small near the syzygies, we may neglect its third

power, and we shall have,*

(+'-+) •^•cos.-^V

^.COS-^V+^.COS.^V
Hour of
tte total

-yy-g gjj^ji jjQ^ consider the middle time between the tivo hours of high tvater of

[2728] the same day. This time we shall call the hour of the total tide. The

[2728'] preceding equation will also be satisfied at this hour,t provided the variable

quantities nt, ^, and 4^'? correspond to this hour. Now 7it-{-z:—I is

*
(1949) About the time of new moon, y'

—
4' is small

; but at the full moon, it is nearly

[2727a] equal to 200° [247 9<^], and then we must change 4- into •v].±200O in [2726]. This change

does not alter the form of the equation, but it renders
%)>'
—

-^ so small near the syzygies,

that we may neglect the third power of ^'
—

-^j ^s in [2726'], and consider the angle

n i+ «— 4'
— ^ as of the same order as 4-'

—
4'' Hence by formulas [45, 43, 44] Int.,

we may put tang. 2 . (n ^+ t;j— 4.
—

X)
= 2 . (n ^+ 7S— 4.— X),

sin. 2 . (4.'— 4.)
= 2 . (4.'— 4.), cos. 2 . (4-'— 4.)

= 1 .

Substituting these in [2726], and then dividing by 2, we get [2727].

[27276]

[2728a]

f (1950) The quantities in [2727] are supposed to correspond to the hour of the maximum

of the total tide [2728], taken as an epoch. If we put M for the coefficient of 4-'
—

4'j in the

second member of [2727] ;
also 8.[nt), 64^, S-^', 5M, for the variations of nt, ^, -l^', M,

respectively, during the interval from high water, to the hour of the following total tide [2728],

or the epoch; the equations [2727] for this high water, will become as in [27286]. In the

high water following this epoch, the equation [2727] will become as in [2728c] nearly,

neglecting the second differences of 5 . {nt), ^4-, &;c.

[27286] nt— 6,{nt)-\-zi-'{-^—6^)— -K = {M— dM). (4-'— 4-'— sj.+ H) 5

[2728c]
ni + 5. (nO +«— (4^ + ^)— ^= {M-\-^M) . {\: -\- ^V— ^— 6-1).

Half the sum of these two equations is

[2728rf] n^ + :3— 4.-— X= ./)f. {-^J
—

^) -\- 6M . {^ -^
— ^

•\') ;

and by neglecting ^M. {6 -^J
—

6-V), of the second order of differences, we get,

[2728c]
7t f + w— 4.

~ X= JVf. {\f—-\') ',

in which w f, 4^, M, correspond to the epoch, or to the time of the total tide, as in

[2727—2728'] ; observing that all these times are to be decreased by l^'^y,50724 [2544],

in finding 4'? 4''» ^c.
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the horary angle of the sun [2131c], and \!
—

]> is nothing at the maximum [2729]

of the total tide [2478'] ;
therefore if we put

T-T = the apparent hour of the maximum of the total tide, [2729']

we shall have, for the apparent hour of the total tide, on any day,*
General

expres-
sion of the

apparent
hour of the

(+— 4').-^.cos.^v'
T+ - '—- = hour of the total tide

;

^
^2730]

cos.'' V -j ^ . COS. V in the
^/3

[2731]

7-'» gyzygieg ;

First form,

the second term of this expression being reduced to time, estimating the whole [2730']

circumference 400° as one day. We shall put u for the synodical motion

of the moon in the syzygies, during the interval between two consecutive tides

of the morning, or evening, near the syzygies. This interval we shall take [2732]

for the unit of time ; and we shall put t for the number of these intervals,

counted from the time of the maximum to the time of high water

corresponding to t. In the syzygies of the equinoxes 4'
—

4^ is nearly

equal to ^u.cos.e' [2733e], and we may suppose cos.^v'= cos.^v
;

hence [2733]

the apparent hour of the total tide isf

^ f
Second

X/ . form,

-J^'tv' cos. S in the

7"+—m i=
— = hour of the total tide in the equinoxes. °'thS

// /^
^

equinoxes;

73+^5" [2734]

*
(1951) Using M Rs'm the last note, the equation [2728e] becomes

nt-{-^— -].
= X-\-M.{^'—-^). [2729a]

Now at the maximum of the total tide, ^'
—

4^
=

[247S'], and the horary angle

n^-f""^
—

4^ [2 1 3 1 c] is then equal to T [2729']; hence the preceding equation becomes

simply T= X. Substituting this in the general expression of the horary angle, or the hour
[27296]

of the total tide [2729a], it becomes nt-{--a— ^=T-\-M. (-4.'
—

4.), as in [2730].

^^ **i COS €

f (1952) From [2505] we get d -L' = dt .
—'-—~

; in like manner for the sun,
cos.-'v

r , , X [2733a]
J , , ^ "• • COS. i , C m . COS. i m . cos. « ) , .

•• ^

a-\>= dt. —
;

hence rf^.'
—

d-\' = dt.< tt- i ',
but m is

C0S.2v
(. COS.2v^ C0S.2v )

much smaller than m', and s' is nearly equal to s [2497A] ; therefore we may, without any
sensible error, change cos. s into cos. s', and the preceding expression becomes

J4,'__ f/4. = dt. cos. e' . I
—^, ^ \ . [2733i]

( C0S.2 V COS.2 V )
*

190
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[2735] In the solstices
(4^'
—

4').cos.v' [2733/*] is nearly equal to iu, and we may
Third also suppose cos.^v'^ cos.^v

;
hence the apparent hour of the total tide is,

form,
in the

syzygies T.'
of the / ,,

T -]-—^ ^-r- == hour of the total tide in the solstices.
solstices.

[2736]

^3
"T"

^'3
. COS. V

In these calculations we must suppose t to be negative in the tides preceding
the maximum. We shall now compare these formulas with observations.

35. For this purpose we have selected the hours of the total tides of

Table I [2510, &c.], on the days 0, 1,2, 3, taking the middle between the

[2737] hours of high water on the same day ;
these hours being counted from the

apparent midnight preceding. We have obtained the following results.

Observeil
hours of

the total

tide at

Brest ;

in 24

syzygies of
the equi-
noxes.

[»738]

TABLE VI.

SYZYGIES OF THE EQUINOXES.

Days. counted from the syzygy. Apparent hours of the total tide at Brest.----- -
0''='y,3970S

1 ------ ,422222------0 ,44733

3 G ,47359

•od in 2)

syzygies
of the
solstices.

[2739]

SYZYGIES OF THE SOLSTICES.

- 0'''^y,39606

1 -__--- ,42592

2 ,45369

3 ,48186

In the syzygies, we have nearly cos.^ v = cos.^ v'
; substituting this in [27334], we get

d-\>'
— d-\'=^{m' dt— mdi) .

—
~-^ ;

and by neglecting the variations of s', v', its integral

[2733c]

-. Now m t represents the mean motion of the moonis V— \,
=. {m't

—
mt) .

in the time t [2505'], mt the mean motion of the sun; therefore m't— mt is the mean

synodical motion, which is represented by tv [2731,2732]; hence we get,

[2733rf] 4''
—

4' tv
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ff^e shall in the first place consider all these observations collectively. If we

take the mean between the hours of the total tides in this table, corresponding

to the same day, in the sjzjgies of the equinoxes, and in the syzygies of

the solstices, we shall have,

0'-''',39657, 0•^^^42407, 0''^^45051, 0'^^y,477725, [2740]

for the apparent hours of the total tides corresponding to the days 0, 1, Hours of

2, 3. We shall assume the following general expression for the hour of t^es. -

the total tide,*

a + h .t' = the hour of the total tide
; [2741]

t'.

H being the number oj intervals taken for unity [2732], counted from the time [2742]

of the total tide on the day of the syzygy. Subtracting the first of these

hours from the fourth, we obtain the value of 3 6, from which we get

h = 0''^^027052. If from the sum of the four preceding hours [2740] we [2743]

In the syzygies of the equinoxes v' is very small, so that cos.^ V is nearly equal to 1
;

hence the expression becomes \''
— \>=tv.cos.^, as in [2733]; substituting this in [2733€]

[2730], and putting cos.^ v'= cos.^ v, we get [2734]. In the syzygies of the solstices

v' is nearly equal to s', therefore we may put cos. s'= cos. v' in [2733(/], and we shall

get -V— \^=tv. —
,

as in [2735]. Substituting this and cos.^ v= cos.^ v' in [2733/"]

[2730], we obtain [27 3G].

a = 0<iay,39657

a+ 6= ,42407

a-f-26= ,45051

a4-36= ,477725

[2743a]

*
(1953) This assumed form corresponds with those in formulas

[2734, 2736] ;
and if we put successively t equal to 0, 1, 2, 3, we

get the annexed system of equations. Then, according to the

method of the author, we must subtract the first from the fourth, to

obtain 36= 0''*^477725— 0'i''y,39657= 0''»y,08n55 ; hence 6= 0'^"'y,027052 [2743]. [27436]

The sum of the four equations [2743^] is 4 a-f- 6 6= l"^''y,748875 ;
if we subtract

6 6= 0J%162310, we get 4 a = l''%586565, or a= 0'J%39664 [2744]. [2743c]

Substituting these values of a, b, in [2741], we find [2745].

The equations [2743a] may also be combined by the method of the least squares [849A;]. [2743rf]

In this case the two fundamental equations are found, by taking in the first place the sum of

all the equations [2743a], and then the sum of their products, by the coefficients 0, 1,2, 3,

respectively. These equations are 4a+ 65^ l'^='y,748875, 6 a -f- 14 6= 2'^''y%758265 ; [2743e]

whence a= 0'5%39673, 6= 0<^»y,02699] ; consequently the hour of the total tide

[2741] becomes 0<^^y,39673 -j- 0'>''y,026991 . f, which differs but very litde from [2745]. [2743/]
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[2744] subtract 6&, the difference is 4« ; therefore a = 0''^^39664 ;
and the

tuTloM expression of the hour of the total tide [27411 becomes,
tide in the *- -^

syzygies.

[2745] 0'^^y,39664 + 0'''^^027052 . t'.

[2746]

To obtain the constant quantity T of the preceding article [2729'], we shall

observe, that when the tide follows after the sjzjgj by 1''='^,027052, the

hour of the total tide is increased by 0'^=^^027052 [2745] ;
and in the

syzygies of the preceding table [2738, 2739], the hour of the syzygy at

[2747] Brest, by the mean of the observations, is 0''''y,45667. Therefore if we

suppose X to be the value of t' [2742], corresponding to the hour of the

maximum of the total tide T [2729'], we shall have for this hour.5

[2748] 0'i'^y,39664 + 0,027052 . x,

[2748'] and this time 'will follow after the syzygy by 1,027052..r— 0''''y,06003

[2748c]. Now T [2729'] is the hour of the total tide corresponding to the

maximum, and this tide follows the syzygy by l''''y,50724 [2544]. Putting

[2749] this quantity equal to the preceding expression 1,027052. a;— 0''"y,06003

vai^of [-2748'], we obtain x, and find,
at Brest,
or the hour

[2750] T = 0^^^39664 + 0,027052 . x = 0^^^43793.
of the
maximum

ia'the""^ This is the value of T at Brest
;
and it is, in this port, the hour of the total

[27501
^^^^^ ^^^^5 supposing the sun only to act upon the sea, and that it moves

uniformly in the plane of the equator. If we subtract from it a quarter of a

[2748a]
*

(1954) In the definition of x [2748] an alteration was made in the original work, to

render it less obscure. The substitution of x for t' in [2745] gives the hour T of the total

tide, at its maximum, 0'^%39664 + 0,027052 . a; [2748], counted from the preceding

[27486] midnight ;
or 0''''y,39664 -{-1,027052 .x, counted from the midnight preceding the syzygy

as an epoch. If we subtract the hour of the syzygy 0''°y,45667 [2747], which is counted

from the same epoch, we obtain the interval, from the syzygy to the time of the maximum

[2748c]
total tide, J,027052..r— O-^^OGOOS [274 8^] ;

and as this is equal to l''''y,50724

r..r..n 1,50724-1-0,06003 ^ ^, . . ,. , ^ . rr^„^^n
[2748rf] [2544], we get x=

^~7^n"c;o
=^ 1,526. Substitulmg this value ot x m [2748J,

we obtain the hour of the maximum total tide

[2748e]
T •— 0'i'^y,39GC4 -}- 0'''»y,04 1 28 == 0''»y,43792 [2750].
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day,* the difference 0''*^,18793 is
^
in this hypothesis, the hour of the solar [2751]

high water at Brest, counted from the apparent midnight, or noon.

We shall now determine the value of the coefficient of t', which results from

the theory of gravity. We have seen in the preceding article [2734], that

this coefficient, in the sjzygies of the equinoxes, is equal to coefficient

syzygies

Y I of the
J-^ I cquiaoxea.—

. u . COS. 8

^
[2752]

- + -

The angle u [2731] is equal to 14°,1866 [2585]; dividing it by 400°,

to reduce it to parts of a day, it becomes u = 0'^''y,0354665. We may

y—r [2753]

suppose cos. s' =1/1- [2581a], g' being equal to 20,75529 [2584].

U L
Moreover we have, in the syzygies of the equinoxes, -7^

=
^-^-^

.

-^ [2569] ;

[2753']
but we must decrease this value one thirtieth part, because in the equation
T r T'
-^ = [2464«, 2465], the expressions of -3 and

-7^
are multiplied^^ ^ ^

[2754J

respectively by n — m and n'— m',\ mt and m't being the motions

*
(195'1a) The interval between the two solar tides of the same day is 0''*y,5

[2419
—2420] ;

therefore the hour of the total tide [2728], which falls midway between

them, must be distant 0''^y,25 from each of them, in the hypothesis assumed [2750'].

f (1955) In finding, from the value of — = 0, the equation [2465], we have

neglected the variations of
-s]^, \'\ [2464'], and have put

d . COS. rl . {n t -\- -a— \!
—

\)
=— 2ndt. sin. 2 . (n < -f «—^— X^ ; [2752ai

whereas it is nearly equal to —2.(n
—

m').dt,sm.2.{nt-\-'ui
—

4^'
—

X), because d-\>' \s

nearly equal to mdt [2505']. To rectify this, we must change, in [2465],
— into

L n— to' ,- -M L . L n— m _ __,

35
•

; and lor a similar reason,
- mto —-

. [2754], These changes must [27526]

also be made in [2466], which was deduced from [2465], and in [2725—2736, 2752, 2756].

The same effect may be obtained in [2752, 2756], by changing L' into L'. {n
—

m'), and L [2752c]

into L.{n— m), as in [2754]. Now the sideral revolutions of the sun and moon, also that

191
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[2754'] of the sun and moon [2706']. m!— m is nearly a thirtieth part of n— m
[2755] [2752e], hence we have 0*^^^024679 [2752/], for the coefficient of t' in the

sjzjgies of the equinoxes, resulting from the theory.

In the syzygies of the solstices, this coefficient is, by the preceding article

Coefficient [2736], cqual to
oft' in the

syzygies. jr/
of the JLj

solstices.
——

, u

[2756]
. cos. V

[2756] We may suppose cos. v' = iX ^ ;
hence we get 0'^'*y,028603 [2752/]

for this coefficient. Adding it to the preceding [2755], and taking half the

[2757] sum, we obtain 0'^''^026641 ,
for the coefficient of t', deduced from the

theory, relative to the whole of the syzygies of Table VI [2738, 2739],

[2757']
taken collectively. This differs but little from 0'^''y,027502, deduced from

the observations [2745].

To make the results of theory and observation agree, we must increase a

[2757"] little the ratio of
-j^

to -^ ;
which furnishes another method of

[2752rf] of the earth about its axis, are nearly in sideral days, 366'^''y% 27'^*y%4 1^^^
j

hence if we

put n= l, we shall have ^'=9^' ^=-jfb"5 consequently

[2752e]
m—m

^



*
(1956) In the equinoxes, we have 4''

—^= tv.cos.^ [2733e] ;
and in the solstices,

[2758']

[2758'"]
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ascertaining this ratio. But we may determine this important element with

greater accuracy, by using the differences of the observed hours of the high

water, at nearly three and a half days on each side of the maximum of [2757'"]

the tides. For this purpose, we have considered, in the abovementioned

collection of observations [2507", &c.], ninety-eight syzygies, and we have [2758]

added the hours of high water in the morning and evening, on the second

day before the syzygy ;
these hours being counted from the apparent time

of midnight in the morning tides, and from the time of noon in the evening

tides. When the hour of high water has been observed but once in a day,

we have doubled it
; by this means we have procured 196 observations. In [2758"]

like manner, we have added the hours of high water in the morning and

evening, on the fifth day after the syzygy. The sum of these hours is

J (jdays 997222, on the second day before the syzygy, and 55'^*y%386111, on [2759]

the fifth day after the syzygy. Their difference, divided by 196, is equal to

0'"^, 195862 ;
which is the retardation of the tides in the intervrl of these [2759^

observations.

We shall resume the equation of the preceding article [2726],

4^.cos.2v'.sin.2.(4^'-— 4)

tang. 2.(w/ + t3— 4.
— x)= L

[2760]

-3 . cos.^v+ -jg
. cos.^ v' . cos. 2 .

(^L'
—

4^)

The ninety-eight syzygies which we have considered, having been taken

indiscriminately, near the equinoxes, and near the solstices, we may suppose
cos.^ v' = cos.^ V, and 4'

—
4^ equal to the synodical motion of the moon [2760"]

from the time of the greatest tide.* Now this time has fallen very near to

where cos. v'= cos. s' nearly, we have -4'
—^=—^ [2733/]. The mean of [2760a]

these two values, using [2578a, &€.], is

4,'
— ^= ^ .tv A cos. s'

-j ;-
i = tv=:the mean synodical motion. [27606]

Therefore if we take as many tides in the equinoxes as in the solstices, we may suppose the

mean synodical motion, after the maximum., to be 4^'
—

4'j and before it, 4-'
—

4'; so

that 2 .
(4''
—

-4) is nearly equal to the synodical motion, in the whole interval [2761]. [2760c]
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the middle of the interval comprised between these observations
; therefore

[2761] we may suppose 2.(V— J.) to be equal to the sjnodical motion of the

moon during this interval [2760c]. Moreover, the hour of the greatest tide

[2762] is determined by the equation* w ^ -f -. — — x := [2479c] ; therefore

[2762'] 2.
(nt'-^r

-— ^— ^) is the retardation of the tide, in the interval comprised

between the observations. This retardation, estimated in degrees, supposing

the whole circumference 400° to correspond to one day, being put equal to

fA, we shall have,t
Ratio of
the lunar Xv
and solar —

-tj-
forces. r "*

tang. |X

[2763]

[2764] j^ sin. 2 .
(-^j.'

—
4^)
—

tang. ;• . cos. 2 .
(4''
—

-4-)

*

7"

[2765] The preceding observations give /^-=^ 783448" ; J but among the observations

[2765] which precede the syzygj, 112 correspond to the evening high water; and

among those which follow the syzygy, only 100 refer to the evening high

[2765"] water. Hence it is evident, that the mean interval of the observations is

[2766] 7''^^'165249.^ If we suppose this interval to be divided exactly in two equal

*
(1957) The maximum of the tide corresponds to -\^'=-^, and nt-^vi

—
4^
—X=0

[2762a] [24790]; in which nf.-}--^.
—

4^ [2131c] represents the horary angle, or hour of the

day. Hence it appears, that the angle n t
\--

t^— -^
— X, computed from [2760], for

the fifth day after the syzygy, represents also the increment of this angle from the time of

the maximum of the tide to that fifth day; and its double, or 2.(nt-{-zi
—

4^
—

X),

represents the whole retardation, from the second day before, to the fifth day after the syzygy

[27626] nearly: hence fi.
- .? . (n i + « ~4 — X) [2762', 2763] .

f (1958) Substituting m- [27626], and cos.^v = cos.^v' [2760"], in [2760], we

^3-
sin. 2. (4.'-^.)

[2764a] get tang, m-
=

j ^jt ;
hence we easily obtain [2764] .

^-i- ^. COS. :^. (+'-+)

[2765a] f (1959) This is deduced from 0^^y,195862 [2759'], turned into degrees, estimating

one day as equal to 400°.

§ (1960) If there were as many evening as morning tides, on the second day before the

[2766a] syzygy, and on the fifth day after the syzygy, the whole interval would be 7 days, increased

by the retardation of the tides [2759'] , making the interval 7'^''y%195S62. This is to be

corrected, on account of the greater number of evening than morning observations. There
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parts,
at the instant of the maximum of the tide, and notice the argument of

variation, we shall find 983284",* for the synodical motion of the moon [2767]

are 196 observations on the second day before the syzygy [2758"] ;
112 in the evening [27666]

[2765'], and 84 in the morning. In like manner, on the fifth day after the syzygy,

there are 196 tides, of which 100 are evening tides [2765"], and 96 morning tides. We
shall put, on the second day before the syzygy, T for the hour of the morning tide, counted [2766c]

from the preceding midnight; and T -j- t for the hour of the evening tide, counted from

the preceding noon. Also T', T' -{-t, for the hours of the morning and evening tides [2766d]

respectively, on the fifth day after the syzygy ; counted in like manner from the midnight,

or noon, immediately preceding. Then we shall have, on the second day before the syzygy,

84r-fll2.(T-l-^)= 16^»ys,997222 [2759, 2766cJ ;
and on the fifth day after the [2766e]

syzygy, 96 T' + 100 . (T'+ ^ = 55<>''y%3861 1 1 [2759, 2766<i]. Subtracting the first [2766/]

of these equations from the second, and dividing by 196, we get

T'—T— ^\% . t = O-J^ 1 95862 [27591 • [2766/']

If we now count all these hours, T, T-\-f, T', T' -f- ^, from the midnight preceding

the morning tide, on the second day before the syzygy, they will become respectively

T, 0<'''y,5 + T-|- ^ 7*^^^' -\- T', 7'J^y%5 -\.T'4-t. [2766^]

IVIaking these changes in the first members of the equations [2766e, f], and dividing by

196, v^e get for the mean of all the observations, on the second day before the syzygy,

r+ -f^f .
(0''''y,5 -|- i) ;

and on the fifth day after the syzygy, 7<^»y» 4-T'-f^ .

(0'>'^y,5+ 1). [Q766h]

The difference of these two expressions represents the mean interval between the observations,

which is reduced by means of [2766/'],

7days_ _i^2^ y^ 0'>''y,5 -}- {T'
— T— j\% .

t)
— 7''^^— O-^^yjOSOe 1 3+ O^^y, 1 95862

=
7'^'^y% 165249, as in [2766]. [2766i]

*
(1961 )

The maximum tide happens about a day and a half after the syzygy [2544],

being nearly at the middle of the interval between the observations made on the second day [2767a]

before, and on the fifth day after the syzygy, as in [2766]. Now the whole interval being

7daysj 65249 [2766], and the moon's mean synodical daily motion 12'*11'«27* [2493c];

the mean synodical motion, in half that interval, is 43''40'"30',6. The equation of variation, [27676]

corresponding to this angle, in Burg's tables, is nearly 34™ 22%9. The sum is the corrected

motion, in this half interval, 44*^ 14"* 53*,5 = 49°,1646 ; multiplying this by 2, we get [2767c]

the motion in the whole interval, 98°,3292 ; being nearly as in [2769]. In finding the

equation of variation, the angle 43*^ 40™ 30',4 is counted from the conjunction ;
a small

difference will be found, if we count it from the opposition.

192
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[2768]

[ares']

[2769]

The inter-

vals of the

tides prove
llie lunar
force at

Brest to

be nearly

[2770]
3 times as

great as

the solar.

during this interval, or for the value of 2 .
(^^'-

we shall have,*

^ = 3,053 . 4 .

^)^).
This being premised,

This value corresponds to the mean distance of the moon from the earth,

because the equation of the variation is very nearly evanescent, at the limits

of the interval comprised between these observations
;
but we must increase

it by a thirtieth part, as we have seen [2753'] ;
hence we get,

— = 3,155.
-^

;

which is very nearly equal to 3. The observations of the heights and of the

intervals of the tides concur therefore at Brest, in showing that the action of

the moon on the tides is nearly three times that of the sun.

SQ. We shall now consider separately the syzygies of the equinoxes, and

those of the solstices, of Table VI [2738, &c.]. If we use the method of

the preceding article, we shall find,t

[2768a]

[2768i]

*
(1962) Substituting m^ [2765], 2.(4-' -4.) =933284" [2767] in [2764], we get [2768].

The effect of the variation in the lunar parallax, 80",25 . cos. 2 . {^'
—

4} [25G9rt], is less

than 2", or -g-^Vir P^^t of the whole parallax 105r)8",64; therefore the parallax, or the

distance r', mav be considered as at its mean value. We must however change
— into

—
,

for the reasons staled in [2753', &tc.] ;
and then [2768] becomes29

L' L
|9.— = 3,053.-;

^3

whence we easily get [2769] nearly.

f (1963) The computation of the quantities in [2771, 2772] is

made as in [2743a
—

c]. The tides of the equinoxes [2738] give

the system of equations [2771a], similar to [2743a]. The sum

of these equations is 4 a 4- 6 6= l'^*y,74022 ;
the difference of

the extreme equations is

3 6= C^y, 17359 — 0''''y,39708 = O'J^y,07651 ;

hence h= 0'^'^y,025503, and

« = ^. (1,74022
—

6J) = J. (1,74022
— 0,153018) = 0<^''y,39680,

[27716]
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for the expression of the hour of the total tide in the sjzygies of the the"tot°ai

equinoxes, and 1^&\

0^^^39648 + 0^^^,028600 . t, [.iViL^.] [2772]

for that expression in the syzygies of the solstices.

The mean hour of the syzygy at Brest is 0'^^'',51612 in the first syzygies, [2773]

and 0'''y,39722 in the last. Hence we deduce T= 0^''^,4^S125* in the [2774]

as in [2771]. In like manner, the tides of the solstices [2739] give the system [2771Z'],

whose sum is 4 a -\- 6 b= l'*%75753. The difference of the extreme observations is

36= 0,48 1 86— 0,39606= 0''^y,0S580 ; hence, as in [2772],

b= 0'i"y,02B60, a= I .
(

1 ,75753— 66) = 0'^^y,39648. [277151

If we combine these equations by the method of the least squares, as in [2347^—/], we

shall obtain, from the system [2771a], the two fundamental equations,

4 a -f 6 6= l''''y,74022, 6 a + 14 6= 2^''y%73765 ; [2771c]

hence tt=0^%39686, 6=0''*y,025464 ; and the hour of the tide in the equinoxes becomes

0'J'^y,39686 + 0'^*y,025464 . i', which differs but little from [2771]. In like manner, the
[2771(i]

system [27716] gives 4 a+ 6 6= I'i'*y,75753. 6 a + 14 6= 2''''y%77888 ;
hence

[2771e]

a= 0'^*y,3966 1
, 6^0'''^y,028517 ; and the hour of the tide in the solstices becomes

0'*«y,3966l +0'J''y,028517. ^, being nearly as in [2772]. [2771/]

*
(1964) These values of T are computed as in [2748rt

—
rf], using the expressions

[2771, 2772], instead of [2745]. The equation corresponding to [27486] is in the

equinoxes 0'*^y,396S0 -f l'^%025503 . x
; and this represents the hour T of the total tide [2774a]

at its maximum, counted from the midnight preceding the syzygy as an epoch [27486].

Subtracting the hour of the syzygy 0'^"y,51612 [2773], we obtain the interval from the
[27745]

syzygy to the time of the maximum total tide,

l'i''y,025503 . X -{- 0'i^y,39680
—

0'"'y,51612 = l^'^y,50724 [2544] ; [2774c]

hence a;= 1,5861. Substituting this in the expression of T, counted from the midnight

preceding the total tide, as in [2748e], we get from [2774a],

T= 0'^^y,39680 -f- 0'^''y,025503 . x = O'l^'y,43725, [2774rf]

as in [2774]. Proceeding in the same manner in the solstices, using [2772] instead of

[2771], we get l'^''y,028600 . x+ 0"'%39648— 0''%39722= l'^''y,50724 [2772, 2774] ;

hence a;= 1,466, and r= 0'i*y,39648 + 0^^028600 .a;= 0^^43841, as in [2775]. [3774^]
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[2775] observations of the syzygies of the equinoxes ;
and T = 0''^y,43841 , in

the observations of the syzygies of the solstices. The difference between

[27751 these values and 0^"^,4^3193 [2750], given by the whole of the observations

of the syzygies, taken collectively in the preceding article, is within the

limits of the errors of observation.
The daily
retard-

thi^'tidfs J^i follows from the preceding expressions, that the coefficient of t', or, in

[2776] other words, the daily retardation of the tide, near the syzygies, is less in the

fsSosTin equinoxes than in the solstices. This result of observation agrees with the

noxestiian
thcory, which in the preceding article gives 0'^''^,024679 [2755], and

Loistlces.

0''^y,028603 [2756'], for these coefficients, which differ but little from

[2777] 0'''^y,025503, and 0''''y,028600, deduced from the observations in

[2771, 2772].
Tlie daily
retarda-

tion of the

s'entibiy"''^
^^ • Th^ daily retardation of the tides varies very sensibly with the distance

[2777'] of the moon from the earth. To compare, upon this point, the theory with

diittnce^f observation, we have added, in the tides of the perigee, of Table III [i607],

yyy"

'

tho liours of high water in the morning, and in the evening, on the day of

the syzygy ;
these hours being counted from the apparent midnight in

the morning, or from the apparent noon in the evening ; their sum is

[2778] 3''''y',476389. We have added, in like manner, the hours of high water in

the morning, and in the evening, on the third day after the syzygy ;
and

have found 5''''^%7 19444 for the sum. The difference of these two sums,

[2779] 2'^''y%243055, divided by 72, gives 0^"^y,031154 for the daily retardation

of the tide.

In the tides of the apogee of the same table, the sum of the hours of high

[2780] water on the day of the syzygy is 3''''^',642361, and the sum of the hours

of high water on the third day after the syzygy is 5''''y',2295 1 4. The

[2781] difference of these two sums l'^''y,587153, divided by 72, gives 0''%022044

*n'the'^'' for the daily retardation of the tides. Hence we see that this retardation is

[2782] less in the apogee, than in the perigee, of the moon. Comparing the preceding

ffinthe results with the semi-diameters of the moon, in the observations of Table III

themwn. [2607], WO fiud that one minute variation in this semi-diameter corresponds

[2783] to 258"* of variation in the daily retardation of the time of high water.

*
(1965) The difference of the semi-diameters must have been 3' 53 lo produce the

•' above result. For the difference of the daily retardations is
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fVe shall now see what the theory gives, relatively to this point. The [2783']

observations of Table III [2607] having been taken indiscriminately, some

near the equinoxes, and others near the solstices
;
we may suppose ^'

—
-^ [2784]

to be equal to the mean synodical motion of the moon in the syzygies

[27605], and cos.2v'= cos.^v [2760"]. In this case, the daily retardation [2784]

of the tides, near the syzygies, is by ^ 34 equal to*

Lt Daily re •

—-r . u tardatioa _^

r Bear ths

syzygies

73 + ^ [2785

But u is greater in the perigee of the moon than in the apogee ; we shall

have very nearly, at these two points of the orbit, r'^v = r/^u, [585, &c.] ; [2786]

r' and
u, being relative to the mean distance of the moon in the syzygy.

Hence the preceding expression becomes,

i' /r/y
[2788]

U L
We have seen in [2753'], that — =

iy2_3
. jjut this value must be [2788^

0^'^y,031154— 0'^%022044 = O^^yjOOOll [2779, 2781], [27836]

or 911". Dividing this by 3',53, we get 25S" [2783].

*
(1966) The expression [2785] may be easily deduced from [2730], using formulas

[2784, 2784'] ; but we may obtain it more simply, by taking the mean of the two functions

[2752, 2756] ; putting cos. v'= cos. s', by which means we shall have very nearly
[2785a]

cos. s' -4 — = cos. s' 4- = 2 [2578fll. [27856]' coa.r '

COS. «
^ -• " '

The value of the synodical motion v is greater in the perigee than in the apogee. If we put

r/, v^, for the mean values of /, v, we shall have very nearly r"^v= rlfv^ [585, &;c.] ; [2785c]

observing that the synodical motion differs but about a thirteenth part from the actual motion

U T' /r'\3
of the moon in its orbit. The value of — may be put under the form —

• (
—

, ) ;
ff 6

•' ^
,./3 \r/

/r'\^

'

[2785i]

substituting this and «= f

^ j
.
v^ [2785c], in [2785], it becomes as in [2788].

193
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U Li

[2789] decreased a thirtieth part [2753'] ;
hence -7^

= 2,9725 .
-3^.* We have

r'
also found, in the syzygies of the perigee in Table III [2607],

— =1,06057 ;

[2790]

and in those of the apogee, -7
= 0,93943. Lastly we have, by reducing

u^
into time, in proportion of the whole circumference 400° for one day,

u^
= 0''''y,0354665. This being premised, the preceding formula [2788] gives

0*^^^,031125, for the daily retardation of the syzygial tides of the perigee
[2792]

j^^ rp^^j^ jjj |-2607] ;
and 0^'^y,022272, for the daily retardation of those

of the apogee. These differ but very little from the observed retardations

[2793] 0-^^031154 [2779], and 0-^^^,022044 [2781].

ON THE HOURS AND INTERVALS OP THE TIDES, NEAR THE QUADRATURES.

38. If in the equation [2726],
Equation

* - -•

to deter-

mine the X^ n i ' r\

S °'

73-
• COS." v' . sm. 2 . (4.'— 4.)

water-
taUg. 2. (71^ + ^ \ ^)

=
Li LI

[2794] -3 . COS.^V+ -j^
. COS.^ v' . COS. 2 .

(4.' ^)

[2794'] we change ^^' into 100° + -^', or into 300° + 4.' ;t according as the

*
(1967) Substituting v [2753] and —

[2789], in [27S8] ;
then rejecting the factor

—
,

which occurs in the numerator and denominator, we get, for the daily retardation,

2,9725 X 0'i%0354665 . f^'V
[2788a] _ ^^ ^

2,9725.0)'+!

In the perigee, ^= 1,06057; in the apogee, 5= 0,93943 [2790]; and the

[27886]
^ "^

corresponding values of the retardation [2788o] are 0"^%031117, 0'''^y,022265, respectively,

being nearly as in [2792].

[2794a] t (1968) If we change -v}.'
into 4.'+ 100°, or 4.'+300O, as in [2794'], the formula

[2794] will become of the following form
;

in which 4''
—

4^ will be small near the

quadratures, as in [26326, c] :
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moon is near its first, or its last quarter ;
and suppose 4^'

—
4^ to be

so small near these points, that we may neglect its third power, we [2794"]

shall have,

(^'-+)-^-cos.V
nt + rs— 4,

—X= [2795]

-73
. cos.^ V— -^ . cos.'* V

T.

Putting therefore T for the apparent hour of the minimum of the total tide, [2796]

the apparent hour of any tide near the quadrature will be,*

Y I Hour of

/ .1 1 \ " Q / total tide

(4' Y ) • -7T • cos. V near the

rT% ,

^ r "^
quadra-

1 +
j^

;
tares.

— .COS.^V'—
^.COS.^V [2797J

the angles 4^' and 4^ being counted from the quadrature. [2797']

4.' . COS. v' is the motion of the moon in its orbit, near the quadratures of
r'.

the equinoxes [2636/*]. We shall put r' for this motion, during the interval
[^g^ggj

of two consecutive tides of the morning or evening, near the quadratures, [2799]

which interval we shall here take for unity ;
t the number of these intervals, i.

from the minimum of the total tide, unto the tide under consideration ; then ^ ^

we shall have 4-' • cos. v' = r' ^. Now putting
r for the sun's motion, in

[280i]

the time taken for unity, we shall have 4-
= r ^ . cos. s [2636c, &c.] ;

r.

therefore the apparent time of the total tide, near the quadratures of the '• ^^^

equinoxes, will be.

——
. COS.2 v' . sin. 2 . (4.'— 4.)

tang.2.(««+»- +-x)=j -^L^,
_ •

[8,94i]—
. COS.'* V —

. COS.'' V . COS. 2 .
(4^
—

4^)

Neglecting the third power of 4''
—

4'> we may use the values [2727J] ; by which means

the preceding expression, after dividing it by 2, may be reduced to the form [2795], by [2794c]

changing the signs of the numerator and denominator.

*(1969) The equation [2795] may be derived from [2727], by changing the sign

of L. Making the same change in [2730], which was derived from [2727], we get [2797] ; [2797a]
T being, in tliis case, the time of the minimum of the total tide.
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T-\-

-;^ . COS.^ V . {
-— r . COS. S } .t

r^ ( COS. v' )

Theoreti-
cal compu-
tation of
the hour of

[2803]
the total

^
'

2J ZT
tide, in the pp,c 2 „/ „ _„ -^ ^
quadra- #3

* ^"^* ^
^3

* ^"^' ^
turea of ' '

the equi-
noxes,

[2804]

*

and of the

solstices.

In the quadratures of the solstices, we havef 4.'
= r' ^ . cos. s' [26386] ;

r t

^ __
[263Sa—61

;
therefore the hour of the total tide then becomes,

COS. V ^ -^ '

-r.cos.^v'. \ r'.cos. s' — I .t

jT I r^ ( COS. V )

[2605]
"^

L'
~

L
I

-^ . COS.^V —
. COS.^ V

We shall now compare these results ivith observations.

39. For this purpose, we have determined the hours of the total tides oi

Table IV [2646, 2647], corresponding to the numbers 0, 1, 2, 3
; by taking

[2805'] the mean of the hours of high water in the two tides, corresponding to

the same number ;
these hours being counted from the apparent midnight

preceding. We have found the following results :

h'^ouTof TABLE VII.
the total

tide at

ttequad- dUADRATURES OF THE EQUINOXES.
ratures.

Number of tho total tide. Apparent hours of the total tide at Brest.

o-i^yjeoseeof the '

^i"'""'^^^' 1 ,66125

[2806] 2 ,72411

3 ,77815

QUADRATURES OP THE SOLSTICES.

- - - - - - o-'^yjeises
and of the
solstices. 1 ,66311

2 - ,70933

3 - ,75856
[2807]

*
(1970) The calculation in this paragraph is similar to [2636c

—
g]. The equations

[2636/, c], for the time t, correspond respectively to [2801, 2802] ;
and [2636^] changes

[2803a] r r' v

into ^'
—

-^
= t.< — r . cos. s C

; substituting this in [2797], we get [2803].

f (1971) In the quadratures of the solstices we have nearly £==:v
; hence the values of
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We shall first consider the whole of these observations collectively. Taking
the mean of the hours of the total tides [2806, 2807], corresponding to the

same number in the quadratures of the equinoxes, and in those of the

solstices ;
we obtain

0''''y,61215, 0'^'y,66218, 0'^^71672, 0''^^76835, [2808]

for the apparent hours of the total tides, corresponding to the numbers 0, 1,

2, 3. Using the method in [2740
—

2745], we find for the expression of "eToui,1 J2, tide in

these hours,* the quad-
ratures.

[2810]

0^''y,61 1 73 -f 0^^^,052067 . tf ; [2809]

t being the number of intervals taken for unity, counted from the time of [2809^

the total tide on the day of the quadrature. To deduce the constant

quantity T from the formulas of the preceding article, we shall observe that

when the tide is P^y,052067 distant from the quadrature, its hour increases

by 0^^^,052067 [2809]. In the quadratures of Table VII [2806, 2807], [28ii]

the hour of the quadrature at Brest, taking the mean value, is 0^''y,46828. [2811']

Therefore if we suppose x to be the value of tf [2809'] corresponding to the [2812]

hour of the minimum of the total tide, we shall have for this hour,

O^-'^ei 1 75 + 0'''^y,052067 . x ; [2813]

4.', ^^, [2638rt—6], become as in [2804], and 4'
—

4-
=

]
r' . cos. e'

— l.t. If we [2803i]

substitute this in [2797], we get [2805].

a =0d''y,61215

a+ 6= ,66218

a-j-26= ,71672

a+ 36= ,76835

[2808a]

[28086]

*(1972) The computation is made as in [2743a
—

c], using the

numbers [2808] instead of [2740]. Hence we get the annexed

equations, from which we find,

b = ^. (0'J*y,76835
—

0'''^y,61215)
= 0''''y,052067,

and a=i. (0d''y,61215 + 0''%66218 + 0'^''y,71672+ 0'^'^y,76835)
— f &= 0'»»y,61175 ;

substituting these in [2741], we get [2809].

We may also find the values of a, b, by means of the method of the least squares, as in

[2743(Z—/]. For the sum of the equations [2808a] is 4 a + 6 6= 2^''y^75940
;

and
[2808c]

the sum of the products found by multiplying each of them by 0, J
, 2, 3, respectively, is

6 a+ 14 6= 4'^^y%40067. From these we get a= O'J^y^G 1 138, b= 0'''^y,052314 ; and
[2S08d}

[2741] becomes 0'i''y,61 138+ 0^'^y,0523I4 . f ; which differs but little from [2809].

194
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and this last hour will follow after the quadrature by

[2814] V^y,052067 . X + 0^''^14347.

Now T is the hour of the total tide corresponding to the minimum, and this

hour follows after the quadrature by 1^^^,50724 [2544] ; putting this

[2815] quantity equal to the function ^"^,052067 . x + 0'''^y,14347, we obtain x f
Value of and then we find,

[2816] T = 0''^y,61 175 + 0'^^y,052067 . x = 0''^y,67924.
or of the

hour of the

minimum
of the

total tide

This is the time of the minimum of the total tide at Brest, in the

at BrestJ quadraturcs. This hour must therefore exceed by a quarter of a day the

^ur^'.^' hour of the maximum of the total tide, which we have found in [2750] to be

[2817] equal to 0'^^y,43793. But the difference of these two hours is only

[2818] 0'^'^y,24131, which is less by about 8'^ than a quarter of a day. This

seems to indicate an anticipation in the hour of high water at Brest, in

proportion as the height of the tide at full sea decreases. We have already

noticed a similar effect, in the height of the zero of the scale of observation,

above the level of the sea, determined by the tides of the syzygies [2573],

and by those of the quadratures [2693, &.c.]. These are probably the slight

[2818] variations, arising from the hypothesis we have used, that the two partial

solar and lunar tides are placed the one above the other, as if they were

separately arranged upon the level surface of the sea
;

which is not the case

except the undulations are infinitely small.

*
(1973) The calculation of this part is made as in [2748a, Sic], or rather as in

[2816a] [2774a—e] ; using the quantities 0<^^y,6ll75, 0'i%052067 [2809], 0''%46828 [2811'J,

instead of C^^^SgeSO, 0'i^y,025503, 0'J='y,51612 [2774a, 5], respectively j by which

means [2774c] becomes as in [2814],

[28166] l'J''y,052067 . x+ 0''%61175— 0-^^^,46828 = l^''y,50724 ;

hence x= 1,296. The same changes being made, in the value of T [2774c?], it becomes

[2816c] r=0''%61I75+ 0''''y,052067.a:=0'i"y,67923, nearly as in [2816]. Subtracting the hour

[2816rf] o^ maximum 0'''^y,43793 [2750], the difference is 0''^y,24131 ; this varies 0'i''y,00869, or

8',69, from a quarter of a day, which is the difference by the theory. For the maximum

[2816e] tide corresponds to
-v^'
—^= 0, in [2729, 2730], and the mmmwrn to 4*'

—
4'
= i°

[2797] ;
but in the last case 4.' differs 100° or 300^ [2794'] from its value in [2730] ;

therefore the times of maximum and minimum must differ 100°, or one quarter of a day ;

[2816/"] observing that 300° is equivalent to — 100°, the whole circumference being 400°.
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JVe shall now determine the value of the coefficient of t which results from [2818"]

the theory of gravity. We have seen in the preceding article [2803], that
Daily re-

fn ' • 1 1 r 1
• • 1

tardation

this coefficient in the quadratures oi the equinoxes, is equal to
oftheuTtai

L'
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[2825] This being premised, we shall find 0^"^,064>25^ for the coefficient of t\

given by the theory in the quadratures of the equinoxes.

Daily re •

tardation
in the

quadra-
ratures
of the
solstices.

In the quadratures of the solstices, the coefficient of t [2805] is equal to

-^ . cos.^ v' . < r'. cos. s (

r ^
I COS. V )

[2826] ^g.COS.V'—
-.COS.^V

[2827] Here cos.^v' == ^V q'
= tt X 23,75422, cos.V= ^V 9

= 2k X 20,47926,

[2708', 2714]. r and r' are the motions of the sun and moon, in the

interval of two tides, on successive days, near the quadratures of the

[2828] solstices, which interval is nearly 1^^^,04664 [2834]. The moon's motion

must be decreased, on account of the argument of variation. Moreover,

[2829]
— = y_7 .

-1
[2687] ;

but as there are eighteen summer, and six winter

quadratures, in the observations of Table VII [2806, 2807], the value of

[2829'] -^ ought to be decreased one fortieth part.f Lastly, we must decrease

[2830]
—

by a thirtieth part [2753']. This being premised, we find 0'^''y,04528,

*
(1977) Substituting in [2819] the values of —

[2821a], cos.V==2Ty5
[2825a]

^

cos.^v= ^\p [2820] ; dividing the numerator and denominator by 2^X2,8275 . -, and

then using the values of p, p\ [2714], it becomes

»' ( r' ) 20,69652 C r' „ >—~
. \ r . COS. £ \ = . s 7

— r . cos. £ >

/_ P ( cos.v' 5 20,69652— 8,37787 ( cos. XT' >
^

2,8275

[28256]
== 1,680097 . \ -^-7— r . COS. £ \ .

(. COS. v' )

[2825c]
Now we have r, r', [2823&, d], cos. v' [2820], cos. s [2824] ; hence

1 ,680097 .
—^ = 0<^%06874, 1 ,680097 . r . cos. s= 0'''^y,00449,
COS. V

[2825rf]

and 0'"^y,06874— 0'J^y,00449 = 0^''y,06425, as in [2825].

f (1978) It appears from [2696] that in consequence of the greater number of summer than

7" L
[2828a] of winter solstices [2696a, &;c.], we must change

- into fl--^?
in the formula [2826].
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for the coefficient of ^* given bj the theory in the quadratures of the solstices.

If we add the two coefficients [2B25, 2830], relative to the equinoxes and

solstices, and take the half of the sum 0*^^^,05476, it will be the coefficient of t

in the whole collection of observations of Table VII. This coefficient is by
observation 0'''^y,052067 [2809]. The difference is within the limits of

the errors of the observations and of the elements used in the calculation.

We shall noiv consider separately the observations of the quadratures of the

(quinoxes, and those of the quadratures of the solstices, in Table VII

[2806, 2807]. If we use the preceding method, we shall find, for the

hour ot the total tide near the quadratures of the equinoxes,!

0''^^60605 4- 0'>^^057493 . ^
; [^^otJ

and for the hour of the total tides near the quadratures of the solstices,

0^^^,61744 + 0''^y,046645 . tf. [In
the 1

solstices.J

[2831]

[2832]

Hours of
the total

tide at

[2833]

Breit, in

the quad-
ratures.

[2834\

*
(1979) Substituting in [2826], the values of

/3 [2821rt],
-

[2828a], cos.^v',

cos.^ v [2827] ; dividing the numerator and denominator by ^^ X 2,8275 .
—

; using the

values of q, (/, [2714], we get,

q ^ _. , r

[2829a]

f,' 3 9 •1-
cos. s

cos.v

2,8275

> 23,75422 C .
,

r >
> = ' < r. cos. £ >

5 23,75422—7,06181 ( cos.v >

= 1,42306 . \ v. cos. s'
^

] .

( COS. V )

We have r, r', [2823/], cos. s' [2709], cos.v [2827]; hence

r
1,42306 . r'. cos. s'= 0''%04969, 1,42306 .

cos.v
= 0<'''y,00441,

and 0^^04969 -- O-^^y,00441 = Od''y,04528, as in [2830].

f (1980) This calculation is made as in [2771a, 6], using the

numbers [2806, 2807] instead of [2738, 2739], by which means

we get the annexed systems of equations [2833a, 5], corresponding

to the equinoxes and solstices respectively, similar to [2771a, 6].

Then by the method of the author, we have in the equinoxes,

6 == ^ . (0'J»y,7781 5
—

0'J«y,60566)
= 0''%057493,

a= J . (0'^%605664- 0''%66125 + 0'^^y,72411 + 0^^77815)— 1 6

= 0'J^y,60605.

195

EaUINOXES.
a = 0day,60566

a+ 6= ,66125

a-|-26= ,72411

a+ 36= ,77815

SOLSTICES.

a =0<Jay,61863

a-j- 6= ,66311

a 4-26=0 ,70933

a 4-3 6= ,75856

[28296]

[2829c]

[2829ci]

[2833a]

[2S336]
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[2836]

[2837]

[2835] The mean hour of the quadrature at Brest, is 0'^''y,44418 in the first

quadratures, and 0''*y,49239 in the second. Hence we. find T equal to

0*^^^,67919,* by the observations of the quadratures of the equinoxes; and

T equal to 0''^y,67904, by the observations of the quadratures of the

[2838] solstices. The differences between these values and 0''^y,67924, found in

[2816], by the combination of all the observations in the equinoxes and in

the solstices, are within the limits of the errors of the observations.

It follows from the preceding expressions, that the coefficient of t, or in

[2838'] other words, the daily retardation oj the tides, near the quadratures, is greater

Substituting these in [2741], we get [2833]. In like manner, from the system [28336], we

get in the solstices,

6= J . (Od''3^,75856
— 0<'%61863)= Oi'^y,046643, and

[28336']
^ V ' ' y ' »

a= i. (0<^'^y,61863 + O-^^GGSI 1 + 0'^''y,70933 + 0''^y,75856)
— f 6= 0'^^y,61744 ;

hence [2741] becomes as in [2834].

We may also find the values of a, h, by the method of the least squares, as in [2771c—/]•

The system of equations [2833a] will by this method give, in the equinoxes,

[2833c] 0'J%60524+ Od'^y,058034 . t',

instead of [2833] ;
and the system [2833&] will give, in the solstices,

[2833i] Od'^y,61751 + 0'''^y,046601 . <',

instead of [2834] . These differ but little from the results of the methods of the author.

[2836a]

*
(1981) IVIaking the calculation as in [2816a—/], we must change, in the quadratures

of the equinoxes, O-^^yjOinS, 0'^''y,052067 [2809], 0'i^y,46828 [2811']; into Oday,60605,

O^-^y,057493 [2833], 0'''*y,44418 [2835], respectively ;
and in the quadratures of the

[28366] solstices, into 0'''^y,61744, 0d^y,046643 [2834], 0''»y,49239 [2836], respectively. In

the former case, the equations [28166, c] become, in the equinoxes,

l'J''y,057493 . X + 0^^60605— 0'i%44418= l<i%50724,

[2836c]
T = 0"i'^y,60605 -|- 0^^057493 .x;

[2836(i] from the first of these equations we get «=1,2722, and the second gives r=0''''y,67919,

as in [2836]. In the second case, the equations [28166, c] become, in the solstices,

l"J^y,046643 . X + 0'J%61744— 0^^49239 = l''^y,50724,

r2836c]^ ^

T=0^»y,61744 + 0'i'^y,046643.a;5

[2836/] from which we get, in the solstices, x= 1,3206, 7= 0<»»y,67904, as in [2837].
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The daily
retarda-

in the equinoxes than in the solstices. This result of observation is conformable
thTtideia

to the theory, which has given 0''^,06A^25 [2825], and 0''^y,04528 [2830]. [2839]

These differ but little from the coefficients 0'^'^y,057493, 0'^^y,046643, deduced [2839^

from observation [2833, 2834]. The difference will be still less, if ive notice latules^
r\ I n 1 ' 1 greater in

the third powers of \''
—

^|^, neglected in [212&, 27d^)'], and which become
[2839"]

sensible, especially near the quadratures of the equinoxes* Lxes tun

lolstices.

40. The daily retardation of the tides, near the quadratures, increases in
^etarda-'^

the tides of the perigee, and decreases in those of the apogee; and this [2840]

phenomenon, arismg from the variation of the moon s distance, is less m the
^^g^J:,,

tides of the quadratures, than in those of the syzygies. To compare the matures
^ ./ ./ o X increases

theory, relatively to this part, with observation, we have added, in eleven
'^r%le.

quadratures, in which the semi-diameter of the moon is less than twenty-eight J„^^^^
^

minutes, the retardation of the tides, both in the morning and in the evening, tTth!

apogee.

[28396]

*
(1982) If we do not neglect the third power of 4-'

—
\', in [2727, Sic], its expression

[2734] will contain i'^
',

and instead of the expression of the hour of the tide a-\-bf [2839o]

[2741], we shall have a-{-bt'-{-ct'^. Now if we put successively t= 0, t=l,
i= 2, t= 3, the numbers in the quadratures of the equinoxes [2806] will give,

O-i^eOSGG = a, 0^*y,66125= a-{-b-\-c,

Qday^72411 ^a-]-2b-{-Sc, 0'i''y,77815= a+ 36+27c.

Combining these equations by the method of the least squares, we obtain the three

fundamental equations,

4a-f 6ft-f36c=2,76917, 6a+ 146+ 98c=4,44392, 36a -{-98 6+ 7946=27,46418 ; [2839c]

whence we obtain a= 0'^'^y,60464, 6= 0^'^y,05928, c=— 0<'^y,000142. This value [2839(/]

of J= 0,05928, comes nearer to the value by the theory 0,06425 [2825], than the value

0,057493, computed in [2833]. We may proceed in the same manner with the numbers [2839e]

in the solstices [2807], from which we get,

0^«y,6l863= a, 0^''y,66311 = a -f- 6 -fc,
[2839/]

Od=»y,70933= «+ 2 6-l-8c, 0<i''y,75856= a+ 3J-|-27c.
*

The three fundamental equations deduced from these, by the principle of the least squares, are

4a-f-6&-|-36c=2,74963, 6a+ 14&-f98c=4,35745, 36a -f 986 -f-794c=26,8 1887 ; [2839g]

whence we get a = 0''»y,61861, b = 0''''y,044292, c= 0'J''y,000262. This value of b [2839A1

differs rather less from that by the theory 0^''y,04528 [2830], than the value 0^''y,046643, [2839i]

found in [2834], from the observations.
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[2840"] on the day of the quadrature, and in the three following corresponding tides,

[2840""] and have found the sum to be 3^''^%26667. We have likewise added, in

eleven corresponding quadratures, in which the moon's semi-diameter exceeds

twenty-nine minutes and a half, the retardation of the tides, both in the

morning and evening, from the day of the quadrature to the third following

[2840V] tide corresponding ;
and have found 3'^''>^39306 for the sum of these

retardations. The sum of the moon's semi-diameters is 30222" in the

eleven first quadratures, and 32728" in the last quadratures ; therefore

an augmentation of 2606" in the sum of these semi-diameters, has produced

an increase of 0''''^, 12639, in the sum of the retardations. Hence it

follows, that an increase of one minute in the semi-diameter of the moon,

[2841] produces 84" in the daily retardation of the tides, near the quadratures.**

This increase is about one third of that corresponding to the same variation

[284V] of the moon's semi-diameter in the syzygies, which was found, in [2783],

to he 258".

The daily retardation of the tides near the syzygies, found in [2788], is

Daily re- L /r/\^
tardation

( I . u
of the y./3

\ ^
' "

tide in the I ^
•yzygies

[2840vi]

[2840'i']

[2842] ;:7i.(^^j+^

[2842'] If we suppose r' = r'— (3 /, the increment of the retardation of the

tides, corresponding to the diminution — 5 r', will bef

*
(1983) The variation for 2506", or 25',06, in the semi-diameter [2840^»], is

[2841a] 3'^'^y%39306
— 3''^y%2C667 = O-^^y, 12639= 12639" [2840"", 2840^].

Hence the variation for one minute is irr--r = 504" ;
and as there are three days, and

5i5,Oo

[28415] two tides in each day [2840'"], this must be divided by 6, to obtain the daily variation 84",

corresponding to an increase of one minute in the moon's semi-diameter.

t (1984) If we put for brevity 73
=^^5 T^^'"'' V~^' we shall have

[2843a] r'= r;
— <5r'=r;. (1—p); ^

=^ = 1 -f- p,

neglecting p^, and the higher powers of p. Substituting these in [2842], and then developing

(28436] according to the powers of p,
it becomes, by putting R for its value when p

= [2843'],
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IncTement

P ) /
I (

tardation

"'
(, y^/

' ) . syzygies,

—
3 + ^ [2843]

R being the mean daily retardation of the tides, near the syzygies. In like [2843]

manner we shall find, from [2797],*

( 2L' 5L)
and in the

S r' ) r'^ t^ \ quadra-
'

tures.

J.
'3 j3

[2844]

[2844^
for the increment of the retardatii^i of the tides, corresponding to —5/ in

the quadratures, R being the mean daily retardation of the tides at that

time. In these expressions we may suppose, without any sensible error,

that -73
= -J [2706] ;

then they becomef —^ .
— and "T •

~
* ^^^^^^

X'.(l+p)5.„^ X'.(l+ 5p)

X'.{l+p)34-X X'+X+ 3p.X' x'+x A >^'+V x'+x*i
"^ '^

x'+x5

The term of this expression depending on p is the same as in [2843].

*
(1985) The retardation of the tide in the syzygies is obtained from [2730], in the

quadratures from [2797] ;
and the last may be derived from the first, by merely changing [2844o]

the sign of L [2797a]. IVIaking the same change in the increment [2843], corresponding

to the syzygies, we obtain the increment in the quadratures [2844] ; R being supposed to
[28446]

become R! in the quadratures [2844'].

r/ r

t (1986) Substituting
— = 3 .

-
[2706], in [2843, 2844], they become respectively

Jji./2._4, \R'.—r, as in [2845]. Now we have i?= 0''%027052 = 2705" [2845a]

nearly [2745] ; R!= 5207" [2809]. Hence the two preceding expressions are

V- X 2705". ~ and ^ X 5207" . il :

r r

[28456]
which are to each other in the ratio of 258" to 90" nearly as in [2847].

196
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This
increment

[2846] But by what precedes, R=^2705" [2745], R == 5207' [2809] ; and

thTs^me if the first of these retardations he supposed equal to 258" [2783], the second

[2847] will he 90"
,*

the observations give 84" [2841 ] ; therefore the theory and

by*the^' observations agree upon this point.

[2847']

4L We can now reduce to numbers the expression [2463], which represents

the height of the tide a y above the surface of equilibrium at any time. We
have seen, in [2464J, e], that the terms of this expression multiplied by B
and Q are insensible at Brest. We may also, by reason of the smallness of

[2848] ^[24656], suppose 7 = x
[2481e], in the term multiplied by A. The

constant quantity
>^ is the interval by which the solar tide at Brest follows

[2848'] after the time of the passage of the sun over the meridian [2419', 2131c] ;

this interval being reduced to degrees, allowing 400° for a day. Now

[2849] from the combination of all the observations of the syzygial tides, this

[2850] interval is 0^^^,18793 [2751] ;
and by those of the quadratures, the interval

[2851] is 0'^^y,17924.* The mean of these two results is 0'^'y,18358; and by

reducing it to degrees, we get the value we shall assume for x, namely,

[2852] X = 73°,432. This being premised, the expression of ay for Brest isf

[2853]
«

2/
=— 0-%02745 . {^^ (1

— 3 . sin.^ v) + 3 ^'^ (1
— 3 . sin.^ V) }

S-- J-n-t.07179 J
i^ sin. V. COS. v. COS. (u- 730,432) )

Shfof'
"^ '^* *

\-]-^i'K sin. v' . COS. v' . COS. (u + ^P
— 4.'— 73°,432) 5

the tide

4, O-"- 781 12 \
i^ cos.^v. COS. 2. (u~ 730,432) >

-ryj ,iuii^.
^ 4_3j/3.cos.2v'.cos.2.(u + 4.

— 4.'— 730,432) 5

*

*
(19S7) The minimum of the total tide at Brest is 0'''^y,67924 [2816], in the

quadratures, which represents the middle time between the two times of high water [2728].

[2850a] This must evidently differ 0^^^,^ nearly from the time of the solar high water following

after the sun's passage over the meridian, which must therefore be at 0^^^,17924.

[2853a] t (1988) Substituting [2568,2706] in the term of [2463] depending on (l4-3.cos.24),

it produces the first line of [2853], having the factor — 0'™'-,02745. In the term depending

on A [2463], we must put 7= X=730,432 [2848,2852], nt -\-zi
—

-\.==v
[28536] L L'

[2131c, 2853*], nt-\--m
—

\' =. v-\- -i^
—

-^J. If we suppose -, —
,

to correspond

[2853c]
to the mean distances of the sun and moon, we must multiply these quantities by i^ ^'^

respectively [2855]. Lastly, substituting the value [2706], we get for this term of [2463],

the following expression,
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Symbols.

The symbols in this formula are as follows. First, u is the sun's horary v.

angle, or the angle which the sun describes by its diurnal motion, from the ^ -'

time of its passage over the meridian of Brest to the time for which the

computation is made [28536]. Second, v and v' are the declinations of the
[^qm]

sun and moon respectively ; the northern declinations being supposed positive,

and the southern negative. Third, -^ and 4-' are the right ascensions of the 4, 4'.

sun and moon respectively [2130"", 2426]. Fourth, i is the ratio of the mean .
.,

distance of the sun to its actual distance ; and i' is the actual parallax of the [2855],

moon, divided by the constant term of this parallax [2853c]. Fifth, the

quantities v, v', \^, \l, i and i', correspond to the time ivhich precedes the

time under consideration by V'^,50124, [2544, 2463", 2472', &c.].
[2856]

The different causes which modify the oscillations of the sea, on our

coasts, and probably also the error of the hypothesis of infinitely small [2856']

oscillations, which we have used, make the preceding formula vary a little

from observations. Thus the time of low water determined by this formula,

differs some minutes from the observed time [2818]; because it takes the [2856"]

tide less time to ebb than to flow at Brest. We perceive also that, by the

operation of the same causes, the level of the sea [2573, 2693] is rather

higher in the syzygies than in the quadratures. These causes seem also to

^.-.{^3.sin.v.cos.v.cos.(f—730,432)-[-3^'3.sin.v'.cos.v'.cos.(t;+^j.— 4.'—.730,432)}. [2853^]

The value of
'^•-^ might be obtained from [2630], by substituting the values of v, v',

also 7 = X [2S53J]. The author has not given the values of v, V; but if we put

v=v'=22°, we shall obtain the factor O'^^SOTITQ, used in [2853]. For in this case [2853e]

we shall have 2 . sin. v . cos. v= 2 . sin. v' . cos. v' = sin. 2 v= sin. 44° = 0,63742. If

we substitute this and [2706] in [2630], we get

0'"«t-,183= 4 ^ .
—

. (2 . sin. v . cos. v)
= 4^ . ^ . 0,63742. [2853/]

TT /. i 0,1831
Hence -^ •

;:5

=
4x 63742

~
0"'*"j07178, and the function [2853fZ] becomes as in

the second term of [2853], depending on the factor 0'°«*-,07179. Lasdy, substituting

[2706] in [2704], we get P'^= 0'"^'',781 12 ; lience the term multiplied by P [2463] [2853^]

becomes as in the last term of [2853] ; the factors i^, i'^, and the values of X [2853c, b],

being used as above.
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[2856'"] retard the tides in proportion to their magnitudes. Notwithstanding these

slight variations, we may use the preceding formula in calculating the

heights of the tides, because they may be altered by the winds in a much

more sensible manner.

This formula furnishes a simple method of determining the greatest tides

[2856""] which happen in each syzygy. The knowledge of these very high tides is

interesting in the labors and operations in the sea ports, and is also useful in

preventing the accidents which might happen from the inundations produced by
these tides. It is therefore important to ascertain the heights of these tides

by previous calculations. This may be done in the following manner. The

greatest tide, as we have seen, follows after the time of new moon, or full

moon, about a day and a half [2544], and at the time of this high tide, the

angles u
— 73°,432 and ^J^^— ^'

— 73°,432 are nothing, or equal

to two right angles [2479c] ;
therefore we shall then have,

[2857]
«

2/
= — 0"^%02745 . {^*^ (1

— 3 . sin.^ v) + 3i'\(l— 3. sin.^ v') }

'

?he|re'a?5 + 0"^S071 79 .{zti^ siu. V . COS. V ± 3 ^'^ sin. v' . cos. v'
J

est tide
^ ^

near the

KrJ&5 + 0-S78112 . {i\cos.^Y + 3i'\cos.^y'}.

[2856V]

[2857]

Second

form;

[2857"]

In this expression we may neglect the two first terms, which are very small

in comparison with the last
; besides, they have no sensible effect, except

near the solstices, where the tides are considerably decreased by the

declinations of the bodies. Then we shall have,

a?/ = 0™''^78112.{^^cos.'v + 3^'^cos.2v'|.

In the syzygies of the equinoxes ^ = 1 very nearly, v and v' are nothing,

[2857"'] and the mean value of i'^ is f| [2569&
—

c, 2855] ; taking therefore unity

for the mean value of ay near the syzygies of the equinoxes, its value for any

syzygy whatever will be*
Third and
best form.

[2858] «
2/
= tVV • {*^

• ^os.^ V + 3 ^'^ . cos.^ v'
}

.

*(1989) Putting i=l, i'^=U^ v= 0, v'=0, in [2857"], it becomes

ai/= 0"°t-,78112 X -W-j equal to the mean value of the tide in the syzygy, represented

by unity in [2857'"]. Hence 0"»«'-,78112= jVir 5 substituting this in [2857"], we

get [2858].
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Thus ive shall have, by this very simple formula, the height of the greatest

tide, ivhich follows in one or two days after the time of new or full moon.

The quantities i, i', v, V, correspond to the time of the syzygy. This formula [2858']

will also determine the greatest ebb of the tide, below the surface of

equilibrium. For it follows from the general expression of ay [2853], that

the sea falls as much below the surface of equilibrium, at low water, as it is

elevated above it in the corresponding high water.* The height of the tide

taken for unity, may be determined, by means of numerous observations of the

differences of the elevations of the tide, betiveen high luater and low luater,

upon the first and second days after the syzygies, near the equinoxes. For the f<"™i'y-

half of the mean value of these differences will express very nearly the height [2858'"]

of the tide taken for unity.

42. To complete this theory, we must now determine the time of high

water, by a simple formula, which may be easily reduced to tables. For this

purpose, we shall resume the equation [2466],

|-
To find

-r- . COS.'' V . Sm. 2.(4. 4- ) of high

tang. 2 . (nt-\-T!S 4^ V = T' T
* ^"stfonn.

^.cos.'v'+^
. cos.2 V . COS. 2 .

(4.
—

4.') ^2559^

This equation contains seven variable quantities r, r', v, V, nt, 4^? 4''; so

that it would be difficult, in its present form, to reduce it to tables
;

but we [2859q

may simplify it, by the consideration that the semi-diameters of the sun and

moon differ but very little from each other. We shallput H, H', for the apparent [2859*]

semi-diameters of the sun and moon respectively, at their mean distances from
^' ^ '

the earth, in which situations we have found —=3.-3 [2706] ;
and

'

r2859"q
h, h', for their actual semi-diameters. We shall then have, by observing that

U
in the preceding formula — must be decreased about one thirtieth part,

[2860]
or more accurately, in the ratio of 2,89811 to 3 [2755],

*
(1990) Neglecting, as in [2857'], the effect produced by the two first terms of [285S],

on account of their smallness, and retaining only the last term of that formula, or that which [2858a]

has the factor 0'»«S7S112.

197
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—
)
.cos.^v . sin. 2 . (-1— 4-')

[2861] 2,S98ll .

(j^)
. cos.2v'+ f—

j
. cos.

^
v. cos.2. (4.—4.')

To make use of this equation, we must first construct a table, containing the
Correction

^mwi- values of the function,
ameters
for the de-

clinations. ( 2,89811 .H'-\-H
[2862] I §;^^^n

.{1— V/c^^|,

corresponding to all the degrees, from v = to v = 32°. We must

[2862] afterwards correct the semi-diameters of the sun and moon A, h',-f found in

f (1991) The ratio of n— m' to n— m is found, in [2752e], to be as 29 to 30 ;

[2860a] or more accurately as 1 — kt^^^ to 1 — oaaT^ which is the same as 2,89811 to 3
;

so that instead of [2706], we must put
—= 2,8981 1 .

—
; ?•/, r^ , being the mean values

of /, r, respectively. Now we evidently have,

V>^^
;5
=

7i
•

(7)
= ^ U) ' Vi

=
7:r{?} =.75

•

(ff)
=2,89811 .- .

(-) ;

substituting these in [2859], and rejecting the factor —
,

which occurs in the numerator
'/

and denominator, we get [2861]. We may observe that the author, in this section, has

[2860c]
erroneously used the factor 2,89841, instead of 2,89811.

f (1992) If we apply a small correction to the semi-diameters h, Jiy so as to include in

them the effect of the factors cos.^ v, cos.^ v' [2861], and put these new values equal to

h^ and A/ respectively, we shall have.

The cube roots of these give h,
= h. (cos.^ v)J , A/= h! . (cos.^ V)J

,
or

[28625] A— A,==A.n— (cos.2v)J|, A'— A/= A' . ^ — (cos.^ v')M .

These expressions of A— A^, A'— A/, are to be subtracted from A, A', respectively, to

obtain their corrected values A^, A/. Now the greatest value of v is 26°, and that of v', 32°;

[2862c]
so that the greatest values of 1— (cos.^v)*, 1— (cos.^v')J, are y*^

and y^ respectively ;

and as A is nearly equal to A', we may, in computing A—h„ h!— A/, from the formulas

[2862&], suppose, for A, A', some intermediate mean value. The error of this supposition
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the ephemeris ; by subtracting from each of them the quantity which

corresponds, in this table, to the declination of the body. Then we shall

have very nearly,*
Third
formula

r / A \3 ^ for the

i
(-).sin.2.(^-i')

i Ij-of

^^+^_4.'_x=:iang.tang.; >./.3 . . x 3 > ?
^'^^'•

^
2,8981 1 .

(^^)
+
\^)

• COS. 2 . {\—V)
^

[2863]

in which h, h', represent the semi-diameters of the sun and moon corrected in

the abovementioned manner. By this means the declinations of the sun and

moon vanish from the expression of nt-^-^— 4^'
— ^. In strictness, we

ought to subtract from the sun's semi-diameter the quantity

^ . (1
—

v/c^s77) [28626] ; [2864]

but this being very small, and the value of h differing but little from

2,89811. ff' +H , . ,. , . /. 7 m,—
, we may substitute this last quantity for h. Ihe same [2865]

3,8981 1

remark applies to the correction of the semi-diameter of the moon ; and as

[2862rf]

must be very small
;

because h varies only about ^^ P^^t from its mean value, and h!

about -^^ part, by reason of the change of distance, arising from the excentricities of the

orbits. Therefore the error arising from the use of H and Jff', instead of A, A', in the

second members of [28fj2&], does not exceed -^^ X -is for the sun, or y^ X x^ for the

moon ;
and in general is much less. Moreover, as H diJSers but little from H'

; since the

former is about 15™ 43% the latter 16™ 01*
; we may, in [28626], use either H or jH', [28626]

instead of A, h'. But instead of using H or H.\ it will be more accurate to use, for A or A',

2,89811. H'4-H rr., . r . , , , . .—
g 393^2

• J- his lorm is assumed, because the mean lunar force is to the solar, as

2,89811 to 1 [2860], Substituting this for A or A', in the second members of [28626], we
obtain for A— A^, A'— A/, expressions of the form of [2862].

[2862/]

*
(1993) Substituting in [2861] the values [2862«], we get,

(^y.sin.2. (4.-4.0
tang. 2 . (n ^ -1- «- 4-'- ^)

=
;f/ 3 ^j, xa t2864a]

2,8981 1 .

(^) + {-£)
. COS. 2 . (4.-4.')

From this tangent we get half the corresponding arc n ^ 4"^— 4-'
— >^

> as in [2863],
in which A, A', represent the corrected values A^, A/, respectively, [2862a].
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the influence of this body upon the hour of high water is to that of the sun

in the ratio of 2,89811 to 1, the diameters H' and H are made to enter

. ,. . . , . . 2,898 11. If
'+ JI Tr -J ,

[2866] in this proportion in the lunction
^T^T^o^i

* ^^ "^^ consider that
Ojoyy 1 1

, ,.^ .
A'.fl" J H+h'—h . {H—h).(h'—h)

[2867] the difference between 7-^ and ~ is -——
-, and

that it may be neglected on account of the smallness of the factors H—h
Fourth •' °

formula and k'— k, WO shall havc,*
for the
time of • ^ / . . /\

high C Sin. 2 . (4'
— ^) )water.

^^ + ^_^'«x= iang. tang,
j 2,89811. r^-;^y+cos.2.(^-^')[2868] ^
^,u^u 1 X .

^ ^, J

We may easily reduce, to a tabular form, this expression of nt-j-rs
—

^'
—X;

and by turning it into time, considering the whole circumference 400° as

equal to one day, we shall obtain the law of the retardation of the tides,

upon the time of the moon's passage over the superior or inferior meridian
;

which time is determined by the conditionf

[2868a]
*
(1994) The first member of [2863] is the same as that of [2868] ;

and if we divide

the numerator and denominator of the second member of [2863] by ( "77 )
j

w® shall find

that the numerator is the same as in [2868], but the denominator becomes

[28686] ^'^^^^ ^ • (S)'+ ^°'- ^ • ^^
-

^')'

which may be reduced to the same form as in [2868], by the following considerations. We

., . „ h'.H H-\-h'—h . {H—h).{h'—h) .
., , , , • u

[2868c] have identically
-—- = —

j
t—--

, as is easily proved by reducing the

first term of the second member to the denominator h . W, and neglecting the terms

which mutually destroy each other. Now from Burg's tables, we find nearly that

H—h ^ ,
h'—h .

,
- n—ii h'—h—< -bV, -^7-< tV ; consequently -y- . —7[2868(i]

—-—< -bV, —^< tV ; consequently
—-—

.
—~-< -^^ X ya < -b^f J

therefore this term may be neglected in comparison with the other term of [2868c] ;
and we

may put
—-—

;

== —-——
, without any sensible error

; by which means the denominator

[2868el [28686] becomes as in [2868], This last formula [2868] is well adapted to the computation

of the hour of high water, by a table of double entry, having 4^
—

4.' at the top, A'— A

at the side, and n ^ -}-
zaf— 4*'

— X for the corresponding number.

[2869a] t (1995) This is evident from [2131cr,6, 2426].
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Equation
of the

nt + ^— ^'= 0, or n^ + w— 4-'=200°. [2869]
moon's

But to use this table, we must ascertain, in each port, the time by which ^11^
the maximum of the tide follows after the syzjgy. We have found at Brest,

that this time is l''*y,50724 [2544], and according to observations it is

nearly the same in all the ports of France bordering on the ocean
;

so that

the values of nt-^^— v — '^ correspond to the values oi \'
—

\', which

precede, by 1^*^,50724, the time for which the calculation is made. [2869']

Moreover, we must determine the value of the constant quantity >^. This

quantity, reduced to time, is the hour of high water which follows after the

syzygy by l'^''y,50724 ;
and we may determine it by a great number of

observations of the hour of high water on the second day after the syzygy.
Recapitu-
lation of
tlie phe-

43. We shall now recapitulate in a few icords the principal phenomena of the"tides°*^

the tides, and their relation with the laws of universal gravitation. We have [2869"]

generally considered these phenomena near their maxima and minima, and
thergrfe.

we have divided them into two classes: the one relative to the heights the theory
' <-> and oU-

of the tides, the other relative to the hours of the tides, and their intervals.
'"'"'"""•

We shall now examine separately these two classes of phenomena.

The heights of the tides in each port, at their maximum near the syzvgies,./ ^ o '

r2869"'l

and at their minimum near the quadratures, are the data of the observations,

which best show the ratio of the actions of the sun and moon upon the tides
; variation

and by means of this ratio, the various phenomena of the tides, which result height of
•^

. . .
the tides

from the theory of universal gravitation. One of these phenomena, which Sfa"J^„

is very proper for the verification of the theory, is the law of the diminution ^mmmD.

of the tides from the time of maximum, or the law of their increase from
[2869""]

the minimum. We have seen in [2593', 2716], that the theory of gravity

accords perfectly with the observations in this respect.

These laws of the decrease and increase of the tides vary with the

declinations of the sun and moon : we have seen in [2590, 2592], that

their decrease near the syzygies of the equinoxes, is to their corresponding
decrease near the syzygies of the solstices, in the ratio of 13 to 8 ;* and that

this result is conformable to the theory of gravity. We have seen likewise, [2870]

*
(1996) These decrements are as 3'"«S2040 to I'^'SSg??, by the theory [2593'] ;

and as 3'"«'-,1623 to I'"""-,9451, by observation ; being nearly in tlie ratio of 13 to 8. [2870a]

198
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Variation
of the

°"

[2717', 2718'], that the increment of the tides, counted from the minimum
heights,

-»»/«/
onTh"e''de?

**^^^ ^^^^ Quadraturcs of the equinoxes, is to the corresponding increment near

raRViT
^^^ quadratures of the solstices, as 2 to I ;* and that the theory of gravity

gives nearly the same ratio.

According to this theory, the height of the total tide, at its maximum near

the syzygies of the equinoxes, is to the corresponding height near the syzygies

[2872] of the solstices, nearly as the square of the radius is to the square of the cosines

of the declinations of these bodies near the solstices ; and we have seen in

[2590, 2592], that this differs but little from the result of observations.f

By the same theory, the excess of the heights of the total tides, in their

minimum, near the quadratures of the solstices, above their corresponding

[2873] heights, near the quadratures of the equinoxes, is the same as the excess of the

heights of the total tides in their maximum, near the syzygies of the equinoxes,

above their corresponding heights near the syzygies of the solstices ;l and we

[28706]

[2872c]

'^(1997) These increments, by observation, are as 7™^%495 to 3'"«S410 [2718"];

and by the theory, as 7™«S819 to 2™^S894 [2718", Sic], being nearly as in [2871].

f (1998) The chief term of the expression of the total tides [2502] is

[2872a] 4ipA^. cos.^V+^ . cos.^V I ,

which in the syzygies, where cos.^F'=cos.^F' nearly, is proportional to the square of the

cosine of the declination ;
so that the height, near the syzygies of the equinoxes, is to that near

[2872ft]
the syzygies of the solstices, by the theory, as the radius is to the square of the cosine of the

declination. By the observations of Table I [2510, &;c.], the constant term of the heights

of the total tides in the equinoxes is 150"'«t-,235 [2590], and that in the solstices 1 32'"''*-,371

[2592]; which are to each other as 23,71775 to 20,90. The first term 23,71775 is the

mean of the values of p, p', [2584], and the last is nearly the mean of the values of q, 5^,

[2584], which represent respectively the squares of the cosines of the declinations of the sun

and moon, in the equinoxes, and in the solstices [2580] ; so that the theory and observation

agree very nearly with each other.

[2873a]

[28736]

J (1998a) The chief term of the total tides [2502], in the syzygies, is

4 iPA
~.cos.^V'-\-^,cos.^v];

and in the quadratures [2639, 2640], is

4iP.[^.cos.='F'-^.cos.= r];
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have seen [2590, 2592, 2717', 2718'] that this is exactly conformable to

the theory. variation
of the

/I ft -I'l' 7T'*7/» Jl^'ShtS of

The influence of the moon upon the tides increases, by the principle of fj'^lf^^

gravity,
as the cube of its parallax ; and by [2608, 2623, &c.], this is so

[2874]

exactly conformable to observation, that we might have deduced from ^H^^^

observations the law of this influence. andmoM.

mum or
nuoimiuD.

[2875]

The phenomena of the intervals of the tides accord equally well with ^^If^^

the theory, as those of their heights. According to the theory, the daily the^mwi

retardation of the tides, at their maximum, near the syzygies, is only about

half lohat it is at their minimum, near the quadratures. In the first case

it is nearly* 27' [2757], and in the last case 55' [2831]. We have

seen in [2745, 2809], that the observations differ but little from this

result of the theory.

the former being the maximum, the latter the minimum value. Suppose now T^^, V^, to be

the values of V, V, when the bodies are respectively in the equinoxes ;
and V^ , V^ , their

corresponding values in the solstices. The minimum value [28736] in the quadratures of the

equinoxes, is AiP .\ — . cos.^F''^
— —

.cos.^F], / ,
and in the quadratures of the

C TJ TV N

solstices, 4iP.} — . cos.^J^'e
— -

. cos.^ Vg > . The excess of the latter is

4iP.^^.(cos.2F'.
—

cos.2F',) +
|.(cos.8r,~cos.2|^.)|.

The maximum value [2873a] near the syzygies of the equinoxes, is

C U T ^
and in the solstices, 4iP .<—. cos.^ ^'«+ ;5

• ^^^-^ ^s
[

5 and the excess of the former

is

4iP.^^. (C0S.2F',
— cos.2 F',) + ^

. (cos.2 V,— cos.2 V,)
I

, which is equal to

the preceding expression [2873c/], as in [2873]. By observation [2717', 2718'], the excess

in the quadratures is 75™«S517— 58'°«'-370 = 17'"«*-,147 ; and in the syzygies

[2590, 2592] the excess is 150'»«'-,235
—

132'"«t-,371 = 17'"«»-,864. These two quantities

are nearly equal to each other, as they ought to be by the theory [2873flf, e].

[2873c]

[2873d]

[2873«]

*
(1999) In the syzygies the retardation, by the theory is 26',641 [2757], by observation

27',052 [2745]. In the quadratures, the retardation by theory is 54',76 [2831], and by [a873a]
observation 52',067 [2809].
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The retardation of the tides varies with the declinations of the bodies.

[2876] According to the theory, it is greater in the syzygies of the solstices, than

the^decu- in those of the equinoxes, in the ratio of 8 to 1* In the quadratures of the
nationson^-^^^^ ^

"^
/^

^

atfor^"^' equinoxes, it is greater than in those of the solstices, in the ratio of 13

[2876'!
^^ ^'t We have seen in [2777, 2839'], that the observations give nearly

the same ratios.

The distance of the moon from the earth has an influence on the retardation

of the tides. According to the theory, an increase of one minute in the

[2877] semi-diameter of the moon, produces an increase of 258" [2783] in this

^thl retardation, in the syzygies, and only 90" [2847] in the quadratures; and

of the sun we have seen in [28471, that this agrees with the observations, and
and moon L J ' O '

tTrdation. conforms in every respect, relatively to the tides, to the law of universal

gravitation.

We have treated fully on the ebb and flow of the sea
;
because it is one

[2877]
of the results of the attraction of the heavenly bodies most obvious to

us, and the law which regulates it can be examined at every moment. It

is hoped that the theory of the tides here given will induce observers to

attend to the subject, in ports which, like Brest, are well situated for such

observations. Accurate observations, continued during a period of the

revolution of the moon's nodes, might fix with precision the elements of the

12877"] theory of the ebb and flow of the tide, and perhaps make sensible the smafl

oscillations depending on the inverse ratio of the fourth power of the distance

of the moon from the earth, which have heretofore been confounded with the

errors of the observations.

*
(2000) By the theory [2777], this ratio is 28',603 to 24',679 ;

and by observation,

[2876a]
28',600 to 25',503, as in [2876].

[28766]
f (2001) This ratio, by the theory [2839'], is 64',25 to 45',28 ;

and by observation,

57',493 to 46',643 nearly as in [2876'].
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CHAPTER V.

ON THE OSCILLATIONS OF THE ATMOSPHEKB.

44. Since it is impossible to submit to analysis the motions of the

atmosphere, depending upon the variations of the sun's heat, and upon [2877'"]

several other circumstances which modify these motions
; we shall restrict u^f^r

ourselves to the consideration of the oscillations arising from the attractions of f„p^^f^«

the sun and moon ; supposing the atmosphere to have a uniform temperature, ortLeTun

t • T 1 t • ' 1 »• .
^""^ moon.

and a variable density, proportional at each point to the compressing force. [2877""]

In this hypothesis we have found, in the first book [363], the two following

equations, using the same symbols as in that article :

Equations
of the os-

cillation!

ofthe level

trata of
the atmos-

phere.
First form.f / rl rl f \ / rl ' \ \ I irsi rorm.

4-r2.<5w. 5 sin.^^. (-T^\-]-2n.smJ.cosJ.{-^\
S =dF'— g,6ij

—
g.6y\ [2878]

If we suppose the depth of the sea to be a constant quantity, represented

by /', and neglect its density, as in [2280'", &c.] ; we shall have, as in

[338, 347] of the first book,

Equation!
of the
motion of
the inr-

face of
the sea.

+
r2.6:..|sin.^dY-^^+2n.sin.d.cos.^.('^^|

= 5F'--^.5y;

,, i /du\ ,
/'dv\

,
M.cos. 5 ) r«««,.

[2880]

199
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the value of V being the same as in the preceding equations [359", &c].

Therefore by putting

[2882] (l
— r).u'+ru = lu";

[2882'] (i-^r).v'-{-rv = iv";

[28821 Q^l'),j/J^ly =/2/';

Equations wc shall obtaiu, from the four preceding equations,*
of the os-

cillations

ofthe level

strata of
the atmos-

phere.
Second
form.

+ r2.5«.|sin.^^Y^^ + 2w.sin.^.cos.^.('^')|==:5F—^.Y;

J, 1 ( rdu"\
,

/'dv"\
,

u".co

[2883]

COS. ^

[2882a]

*(2002) Multiplying the equations [2878, 2880] by I— Z', Z', respectively; adding these

products ; then substituting the following expressions, which are easily deduced from the

differentials of [2282, 2882'],

we get,

[28825]

+ Zr2.5.tfisin.2K
{^f\ + 2n. sin. ^ .cos. ^ .

(^)]=Z.<5F-'—^.(/—O.^^-^-Z^y.

The differential of [2882"] relative to 5, being multiplied by
—g gives

[2882c] —g . [l—i') • ^y'—gl'^y — —gi- ^y"'

Substituting this in the second member of [28826], then dividing by Z, we obtain [2883].

I I'

Multiplying [2879] by
—
r-, and adding the product to [2881], we get,

[2882(f]
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These ttvo equations correspond evidently to the oscillations of the sea,

supposing its depth to be I. In this case we may determine the value of y", [2884']

as well as that of y, by the first chapter of this book [2294, &c.]. We can

therefore obtain the value of
y', by means of the analysis explained in that

chapter.

We have observed in the first book [363'"], that k being the height of the

barometer, in the state of equilibrium, its oscillations are represented by the

formula [363''] ; consequently also, by the following expression,*
[2885]

Oscilla-

tion of the

ak.{y-\-l/) ak.Cly" 1' y) . r ^, -i . Urometer*

^
^^ = —pTT

—
jj-^^

= the oscillation of the barometer. ^^^_.
I I .

\^l
—— I

) [2886]

It is evident from [349'
—

349"], that I is the ratio of the height of the

atmosphere to the radius of the earth,t supposing the density of the air, and
[2886']

its temperature, to be everywhere the same. Now we have found by

experiment, that at the temperature of melting ice, the density of mercury
is to that of air, in the ratio of 10320 to 1 nearly; and as the mean height [2887]

of the barometer is about 0'"^*',76, it follows that 1 = -s-iT' -^t a greater [2888]

The first member of this equation is equal to y" [2882"] ; and the second member may be

reduced, by means of [2882—2882", 2882a], to the form of the second member of [2884] ; [2882c]

hence we obtain [2884]. It appears evident by inspection, that the equations [2883, 2884]

are the same as those for the oscillations of tlie sea [2880, 2881], supposing the depth of the

sea to be l' instead of Z, as in [2884']. [2882/]

*
(2003) From [2882"] we find y'= -j^TT^ J adding y, we obtain

y+ 2^'=^,-?-; [2886«]l—V

ak
multiplying by

—
,

we get [2886]. Substituting l'= 2l [2890] in the last equation.
[28866]

we have y -\-y'
= 2y— ]/' ;

which is used in [2892].

f (2004) The radius of the earth being taken for unity, as in [2293']. [2886c]

J (2005) The height of the atmosphere of uniform density represented by

1 0320 X 0"*"-,76= 7843'°«'- [2887] ;

which is about ^4^ part of the mean radius of the earth [2891], being rather less than the

estimate in note 238, which was made for a different temperature.
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temperature, the value of / increases. To obtain some idea of the

oscillations of the barometer, we shall suppose the temperature to be such

[2889] that / = y^V.T* This is one of the depths of the sea, for which we have

determined, in [2306], the value of ay; and in the present case it will

[2890] represent the value of ay". Moreover we shall suppose* I' = 21, which

is also one of the depths of sea considered in [2307] ;
and then the value of

ay will be that corresponding to this depth. Substituting these values of

/, /', and for ay, ay", the quantities found in [2307, 2306]; also

[2891] k = 0™''-,76, and the radius of the earth 6366200 metres nearly [20356] ;

we shall have, to determine the oscillations of the barometer,!

Oscilla-

tionsofthe
barometer.

[2892]

ak.(ly"— r y) ak .^ ...

===0'"^000010623.^i=!^-^— ^{sin.'v— i.cos.2v4-e.sin.^v'-~ie.cos.'v'}

1,0000
— 4,6952 . sin.^d

1 2 0342 sin 4/5 I • o ( cos.^ V . COS. 2 . (n ^+ •«— -1) )

-f 0^^0000 J 0623./ "^'•^^^^•^'"- M.sm.^^.
^ , ^j r.) T w ?•

)
—0,6922. sin.6^

(
( 4-e.cos.2v'.cos.2. (n <-f*— 4.') >

— 0,0899 . sin.^d

— 0,0076. sin.'°d

*
(2006) The supposition that I'= 21, or that the uniform depth of the sea Z' is

equal to twice the height of a homogeneous atmosphere Z, is used, in order to enable us to

simplify the calculation, by employing the numerical coefficients, already computed with

considerable labor, in [2306, 2307].

f (2007) Substituting in [2306] the value [2285], x^—l—iJ^^=l— cos.^ 6— sin.^d

' "'
[2128"''], we get the quantity ay" [2890'], in the following form,

ay"=0^'';'i2S\6A^^P^\.{sm.''v
—

i.cos.^v + e.sm.^v'—^e.cos.W]

-4-0-M2S16 ^
1,0000 +6,1960. sin.2d + 3,2474.sin.4a + 0,7238.sin.6d)

[28916] -t-W ,1^010.
^ + 0,09 19. sin.8^ + 0,0076. sin.'0^+ 0,0004. sin.i^d 5

X sin.^d.jcos.^v.cos. 2. (nt-]-z3
—

-j/) -|- e . cos.^ v' . cos. 2 .(nf-f-o
—

4'')|.

Substituting a;= sin. d [2891a] in [2307], we get ay [2307] ; multiplying this by 2,

and subtracting ay" [28916], we get,

[2889a]
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Owsilla-

tionsofthe

If we suppose the sun and moon to be in conjunction, or in opposition, in bw^meter

the plane of the equator ;
and at their mean distances ;

in which case e= 3 t^^^S]

very nearly [2301', 2706] ;
we shall have at the equator ©""^'-jOOOGSOS,* for [2894]

the difference between the greatest elevation and the loivest depression of the ^ultw!

„.(2y_y")= 0'»«S12316.
I ^-t^^^^l .{sin.Sy

— J.cos.V+ c.sm.V~ic.cos.V|

+ 0- 12316 \
1-4,6952. sin.^. -2,9342. sin.^^-0,6923.sin.«^ )

^ '
•

^
_ 0,0901 . sin.8 a— 0,0076 .sWH— he. )

X sin.^a. {cos.^ vcos. 2 .{nt-^-'a
—

4') + e.cos.®v' . cos. 2. (ni-f-zs
—

4'')l*

Radius 6366200 , , ^ , „^ ,Now /=-——- = -^^^-, and k= O-^^^-jTC ; hence

I X 0«>«'-,12316= 0°»«S123J6 X ^''^^^^^'^
= 0=*«S000010623. [2891d]

k
Multiplying [2S91c] by -, and substituting the preceding numerical value, we shall get

the expression [2892] nearly. We may observe that the second value of [2892] is easily

deduced from the first, by putting I'= 21 [2890], and rejecting the factor I, from [2891e]

the numerator or denominator.

*
(2008) Comparing [2301'] with [2706], we get e= 3. If we suppose the moon to

be in conjunction, or in opposition, in the plane of the equator, we have v=v=0, and the

factor sin.^v— J .cos.^v-]- e . sin.^v'— |c.cos.^v' [2892] becomes —J—ie=— 2.

1+ 3. COS. 2 a [2894a]
At the equator, sin. ^=1, cos. 5= 0, cos. 25=— 1,

' —'— = — §, and

the factor 1 ,0000— 4,6952 . sin.^ 6— 2,9342 . sin.* 6— hc.==— 7,4191 . Hence the
,c^^i,^

expression [2892] becomes,

0'"«'-,0000 10623 X {f X 2}

— 0'"«S000010623 X 7,4191 X {cos.2 . (n<+ ts—
4.) + 3 . cos. 2 (n <-}-«

—
4.')}. [2894c]

The greatest value of this function is found, by putting

COS. 2 . (n < 4- Ttf—
4^)

== cos. 2 .{nt-{-'a
—

4'')
= — 1

5

and its least value by putting cos. 2 . (n <+ w—
4^)
= cos. 2 . (n < + «—

4,')
= 1 . The

difference of these two expressions is 0™«*-,000010623 X 7,4191 X 8 := 0°'*'',0006305,

as above.
[2894^;]

200
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barometer, as it is affected by the attraction of the sun and moon. This

quantity, notwithstanding it is so very small, may be determined by a long

[9894'] series of barometrical observations, made between the tropics, where the

barometer varies but very little. This phenomenon deserves the attention

of observers.

The at-

traction

the sun
of The action of the sun and moon, produces a wind corresponding to the ebb

anVraoon and floio of the sea. We shall determine the force of this wind at the
produces a »' "^

7^fonding equator, making the same suppositions as before. For this purpose, we

[2894"] shall resume the first equation of this article [2878], and shall put cos.^=
l^nd'flo? [2128^"] ;

hence we obtain,*

[2895] ^^ =_ . m_^. r^^ + (--
di^

^
\duj

^
\d-^J

^
\di^

[2896] Now we have y' -{-y =^y— y" [2886&] ; moreover, from formulas

[2193—2195, 2301],t

*
(2008a) Putting cos. ^ = 0, sin. 6=1, in [2S78], it becomes

This is equivalent to two equations, depending on the variations S 6, 8 -a. Now the part of

[2895o] the second member, depending on 5-si, is (-z—
j.^-ro

—
^•(^)*'^'^

—
^*(z~)**^^'

and by putting it equal to the corresponding part of the first member, we get, by dividing

[28956] by 5., ^.^|'
=
(1^)_^.(^)_^.(£). Substituting in this r= 1

nearly [2886c], we get [2895].

f (2009) Substituting cos. 5=0 [2894"] in [2193—2195], and retaining only the

terms depending on w, because the other terms independent of -a vanish when we take the

[2897a] differential relatively to -m, we get aV=—. cos.^ v . cos. 2 . {nt-\-zs
—

4')-
This is

the part depending on the sun ; the similar term depending on the moon, is

q Tl Q I\

a V=--- .cos.^v'.cos.2. (n<+ w— 4.')
= 't^ .e.cos.2v'.cos.2.(n<4-xs

—
^^'),

[28976] [2301']. Taking the differential of the sum of these two terms relatively to w, dividing by

d-a, and substituting [2301], we get [2897].
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aY^'')=—2^.0»«S123l6.fcos.2v.sin.2.(n^+^3—4.)-|-e.cos.V.sin.2.(n<+«— 4.')|. [2897]

Hence by substituting the values of y and if\ we get,*

a.-— = —2^. l">«S0369.fcos.2v.sin.2.(n<+trf—>|.) + 6.008.2^.8111.2. (n^+ trf—
4.'}}; [2898]

which, by integration, gives nearly,

o.(it)'=ff.rfi+-^.rwZM">«S0369.{cos.2v.cos.2.(n<-f*—4.)+e.cos.2v'.cos.2.(w<-|-w— 4.')}. [2899]

If we suppose that dt represents one second, ndt will be nearly the [2899']

one hundred thousandth part of the circumference ;t moreover, — is -^^-^ [2900]

*
(2009a) The two term8 —g. (-~j

—- g .

(-^j [2895] are equivalent to

-^•(^-)' -^XP896], -^.(^^). [^*]

The value of thi8 expression is easily deduced frona [2891c], multiplied by
—

g, putting

sin.^= l, COS. d= 0, and neglecting the terras which do not contain -us, because

they vanish in the differential relatively to zi. We shall have, after taking this differential,

and dividing by dzs, using [2894&],

=_2^X 0'°«t-, 1231 6X 7°'"*-,419 1 . {cos.^ v. sin. 2.(n<+w—j-) -f e.cos.^ /. sin. 2 .(n^+zs—4.') } [28986]

=—2^X0"'«S91375.{cos.2v.sin.2.(n<+«— 4.)-f-e.cos.2v'.sin.2.(n<4-^;r— 4.')}. [2898c]

Adding this to [2897], we get for tlie sum, a quantity equal to the second member of [2895],

multiplied by a, which is equal to a .
-—

, the first member of that equation multiplied

by a
;
and this sum becomes as in [2S98]. The integral of this last expression, relative to t, [2898d]

is easily reduced to the form [2899] .

f (2010) The angle described by the earth's diurnal motion in the time ^, is nt; which

may be measured by the arc described by a point at the distance 1 from the axis of revolution. [2900a]

Now the day being divided into 100000 centesimal seconds, corresponding to the whole

circumference 6,2832, the arc described in one second will be 0,000062832 = ndt, dt [2900ft]

being one second [2899']. In [1594a, Sic], we have —= 2^^; hence
S

^-ndtX 1"''S0369 =289 X 0,000062832 X 1°'^S0369 = 0™«t',0I883. [2900c]



800 OSCILLATIONS OF THE ATMOSPHERE. [Mec. Gel.

of the radius of the earth [1594«], which we shall denote by r
; hence we

shall have,

[2901] a.rdv'===rH.dt-^0'"^^-,0l8Q3.\co5.^v.cos.2.{nt-\--a—-\.)-{-e.cos.^v.cos.2.{nt-{-zs--^')].

If the constant quantity H be finite, there will result, at the equator, a

constant wind
;
and we might thus account for the trade winds. But the

[2902] value of this constant quantity depends on the initial motion of the atmosphere,
and we have already observed, in [2208, &c.], that whatever depends on this

motion at the origin, must have been destroyed a long while since, by the

wind^'do^ resistances of every kind, which the particles of air have suffered in their
not depend

uactfons'
oscillations. Hence ive may in general conclude, that the trade ivinds do not

Indmmn. arlse from the attractions of the sun and moon upon the atmosphere.

If we suppose these two bodies to be in conjunction or in opposition, in

[2903] the equator, and e = 3 [2893], we shall have 0'"^'-,07532,* for the

greatest space that a particle of air would describe in a second, by means of

both their forces. Now it appears to be impossible to ascertain by observation

[2903'] the existence of so small a wind, in an atmosphere which is otherwise very

much agitated. But this is not the case with barometrical observations
;

particularly if we take into view the extreme accuracy with which the

observations of the barometer may be made. These variations, as we have

observed in the heights of the tides, may be considerably increased by local

circumstances
;

therefore they deserve the particular attention of observers.

[2904]

[2900rf]

We do not know to what extent the small oscillations of the atmosphere,

depending upon the attractions of the sun and moon, can alter the motions

Substituting this in the last term of [2899], it becomes as in the last term of [2901] ;
the

first and second terms of [2S99] being multiplied by the value of the radius of the earth r,

which was taken for unity [28S6c], produce the first and second terms of [2901] respectively.

Then all the terms of [2901] may be rendered homogeneous, by putting for r its value in

metres [2891].

*(2011) If we substitute, in [2901], Jf=0, e = 3, v= v'=0, ^'=:^ or

4'= ^^ + 200°, we shall get,

f2903a] a .rrf«'= 4X0"'«S01883. cos. 2 . (n<-f-zJ— 4.)
= 0'^S07532 .cos.2.(n<-J-trf— vj.).

The maximum of this expression is 0'"®'*,07532. This represents the greatest space a.rdi/,

[29036] described in the time dt =1 second, by a particle of air, in virtue of the forces of

attraction of the sun and moon.

,r -i''
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produced by the various causes, which operate upon a fluid endowed with

such great mobility. For in consequence of this extreme mobility, a great

change can be produced by a very slight cause. It is by observation alone

that we can get information on this point. We shall merely observe, that

if the atmosphere rest immediately upon the solid nucleus of the earth, the

differential equations of its motion will be, by what precedes, the same as

those of the sea, supposing its depth to be everywhere the same.* Now we

have seen in [2255, 2256], that then the oscillations of the second kind, which [2904"]

are the only ones depending on the difference between the northern and southern

declinations of the sun and moon,t vanish. These oscillations also vanish,

or at least are nearly insensible, when the atmosphere covers a sea in which

the oscillations are nothing,J or very small, which is the case in our ports. [2904'"]

The sign of the declinations of the two bodies has not therefore any

perceptible influence in the modifications of the atmosphere.

*
(2012) If the atmosphere rest on the solid nucleus of the earth, instead of resting

upon the sea, the term g-^y, depending on the oscillations of the sea [350'", 359'''], will [2904al

vanish from [2878]. Then the equations representing the oscillations of the atmosphere

[2878,2879], will become like those for the oscillations of the sea [2880,2881], the accents

on the letters being changed, and the depth of the atmosphere being everywhere equal to the [29046]

constant quantity l\

f (2013) The expressions [2193, 2195], on which the oscillations of the first and third

kinds depend, are the same in north as in south declinations ; which is not the case with [2904c]

[2194], on which those of the second kind depend.

{ (201 3fl) If the oscillations of the sea are nothing, the motions of the air will be the

same as if it rested on a solid nucleus, and then its undulations will be small, as is observed [2904d]
in [2904"].

201
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FIFTH BOOK.

ON THE MOTIONS OF THE HEAVENLY BODIES ABOUT THEIR OWN CENTRES OF GRAVITY.

The motions of the heavenly bodies about their own centres of gravity,

have such a connexion with their figures, and with the oscillations of the

fluids which cover them, that we have thought it best to present the analysis

[2904""] of these motions, immediately after the theories explained in the preceding

books. Among the bodies of the solar system, ive shall consider the Earthy

the Moon, and the rings of Saturn, which are the only ones in ivhich we can

compare the theory with observation ; but the following analysis can be applied

generally to all the heavenly bodies.

CHAPTER I.

ON THE MOTIONS OP THE EARTH ABOUT ITS CENTRE OF GRAVITY,

1 . We shall resume the general equations of the motion of a solid body, of

any figure, demonstrated in Chapter vii, Book I. If we retain all the

den minations of that chapter, and substitute in the equations [234] the

[2904V] values p'=Cj), q'=Aq, r'= B r, [233], we shall get,*

*
(2014) In order to recall to mind the notation used in Book I, we have inserted the

annexed figure 58 ; which is similar to that in Vol. I, page 1 12. The plane of the figure

I2907al B F P E, represents the plane of the ecliptic at a given epoch, or in other words, the fixed

ecliptic. B G O P is the plane of the equator, intersecting the ecliptic in the line BCPr

[29076] and passing through the centre of the earth C. C A is the axis of Xy or x' [212'", &;c.] ;

CD, perpendicular to C A, is the axis of y, or /; and the axis of z, or z', is

[S907c] perpendicular to the plane of the ecliptic.
CG is the Jirst principal axis, or axis of
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dp+ ^^—
^
— .qr.dt= -^-

. cos. 6 —
. sm. 6

;

dq + ^-^^.rp.dt

803
General

equationr

[2905]

of the
motions
of a solid

\dJV.smJ4-<JJV.cosJ] . dJST" ^
J .Sin.(p-f --^.COS.9J {D) [2906}

, , (A—C) ,, ff/JV.sinJ+ rfJr.cosJ? dJS"' .

dr +—^— ^pq^dt =— ^

^ .cos.? ^.sin.?.

body about
its tiire*

axc3.

[2907]

x" [226'"] ;
CH the second principal axis, or axis of y";

bolh these axes being in the plane of the equator; CJV is

the third principal axis, or axis of z", drawn perpendicularly

to the plane of the equator. Then, as in Vol. I, page 1 12,

note 81, we shall have the plane angle B C G=
cp'j the

plane angle B CU ==
cp-{- 100°, the spherical angle

FBO = L We may, as in [212'"], consider x', i/, z',

as the co-ordinates of a particle d m, placed at M, and

referred to the axes C A, CD, z. The co-ordinates

of the same particle, referred to the three principal axes

CG, CH, C A'', are x", y", z", [22G'"J, respectively j
and the distance of this

particle from the centre 0, is CM=R [2908]. If we represent the distance of this

particle from the axes of x", y', z", by R^., R^, R^, respectively; we shall have,

as in the value of p^, in the second line of note 125a, page 150, Vol. I, the first of the values

of jR? [2907rt]. In like manner we get Rr^, Rl. The second forms of the values

[2907/i] are easily deduced from the first, by observing that R^=a;''!^-\- y'''^-{-
z '^

[19e],

"2
Rl=y"^-\-z"-^=R^—x"^ jRj=a/'2+z"2= /i2_y

Substituting these in the momenta of inertia [229], we get

A=S.Rl.dm, B= S.Rl.dm,

R1=x"^-{-f^=R^^z'

C = S . R^ .dm.

m

The values of x", tj", z", in terms of R, (a, -a, are easily deduced, from the principle

of orthographic projection, applied to the annexed figure ; froui which we obtain the following

expressions, being the same as in [14806], changing x, y, z, into z", x\ y^',
in order to

conform to the present notation. Hence we obtain,

x"= R.^{\— ^^).co%.zi, y'=^i2.v/(l
—

M-»).sin.'cy,
«"= 72 . ,*.

Substituting these in the second forms [2907n], and extracting the square root, we get

/?j, Ry, R^, [2911
—

2913] ; which are to be substituted in [2907o], to obtain the values

of A, B, C, [2915
—

2917], tS is the sign of integration relatively to the particle dm,
and it must be extended to the whole mass of the body [214'] ; in the third book [1705, &tc.],

the author uses the symbol /, which is changed into <S in [2952].

[2907i]

[2907e]

[2907/]

[2907g]

[2907A1

[2907t]

[2907*]

[2907/]

[2907m]

[2907n]

[2907o]

[2907p]

[2907g]

[2907r]

[29075]

[39071]
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[2907'] ^g must now determine the momenta of inertia A, J5, C, and the values of

dN, dN', dN".

Symbols.
2. We shall first consider the momenta of inertia ; putting

[2908] Ji __
tjif. radius drawn from the centre of gravity of the earth to a particle

dm of its mass
;

[2909] ^ == the cosine of the angle which jFl makes with the third axis, or the axis

of the equator ;

[2910] TO= the angle formed by the intersection of the plane which passes through

the axis of the equator and the radius B, and the plane passing

through the same axis and the first principal axis ;

then we shall have [2907r],

[2911] R . ^1 (1— (>.2).cos.2xff
= the distance of this particle from the first principal

axis ;

[2912] jR . y/j (I (;i,2)
.sin.^'KJ = the distance of this particle from the second

principal axis ;

[2913] R . »/i ^2
= the distance of this particle from the third principal

axis, or the axis of the equator.

Now the momentum of inertia of a body, relative to any one of its axes,

is the sum of the products of each particle of the body, by the square of its

distance from that axis [245'", 229] ;
and J, B, C, being, by [227c, 245, 245"],

[2914]
the momenta of inertia of the earth, corresponding to the first,

second and third

of the principal axes ; we shall have [29075],
Momenta
of inertia.

[2915] J=5f.i2=.6??n.}l— (1
—

f^^).cos.= ^};

[2916]
B = ^S. i^^ (?m . {1

—
(1
—

F-')
. sin.'^t^} ;

[2917] C = S.R\dm.{l—i^^.
Pint form;

The integrals of these expressions must be taken so as to include the whole

mass of the earth.

Now we have [1480"],

[2918]
dm=: R? .dR.dv',d'a;
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and by observing that the integral must be taken from R = to its value

at the surface, represented by R = R, we shall have,* ^2919]

Second
form.

A = \, S . R^ .di>',d'a.[\
—

(1
—

[)?)
. COS.^ra} ; [2920]

^ = |.5.J?'^(/fx.^:..{l
— (1— M'').sin.^«}; [2921]

C^^^.S.R'.di^.d-^.ll— i^^. [2922]

We shall suppose R^ to be developed in a series of the following form

[1530/],

C7® being a rational and integral function of fx, ^/iH^.cos.ts, y/THjI^.sin.w,

satisfying the equation of partial differentials [1437],

The function 1— (1
—

iJ?).cos.^zi is equal to f.+ [i
—

(1
—

M'^).cos.^i3}.

The constant quantity f is included in the form C7^°) ; and the function [2925]

±—
(1
—

fi,2).cos.^« is of the form C/^^^f since it will satisfy the preceding

*
(2015) Substituting [2918] in [2915

—
2917], and integrating relatively to R, we get

[2920—2922] ;
and by using the development of R'^ [2923], we finally obtain A, B, C, [2921a]

under very simple forms in [2936
—

^2938], as will be seen in the subsequent calculations.

t(2016) Putting in [1 528a, c], ^o''^
= §, B^i^= h Bf=— h and neglecting

the other terms, we shall have by means of [6] Int.,

rw=§, r^)=i.(M.=*—J)— 1.(1— f^2).COS.2^=i.(M.2—J)—J.(l—f.2).(2.cos.2^—1) [2925a]

= J (I M"^)
. cos.^w,

as in [2925]. In like manner, if we neglect all the terms of [1528a, c], excepting jB^°^=§,

^1')=^, J5f>=|, and reduce by means of [1] Int., we shall have,

y(0)_^^ Y«>=J.(M.^-J)+i.(l-H.2).cos.2«=^(M.2-J)+J.(l-M-^).(l-2.sin.2w) [29256]

as in [2926]. Lastly, putting J^^=— 1 in [1528c], and neglecting the other terms,

we shall get Y^^^= (J
—

f^^),
as in [2927]. We may remark that these different values [2925c]

of F2) may be put under one general form Y^^^= I>'4--E'. cos. 2 ta, which will be of [2925d]

202
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equation of partial differentials [2924]. In like manner, 1—
(1
—

H--).sin.^t3

[•292G] is equal to -|+{i— (1
—

ij^^)
. sin.^ -a] ;

and the second term of this

''>92n expression is of the form U^^K Lastly, the function (1
—

.a^)
is equal to

f+ (i
—

f^^)'
3"^ the part (|

—
ij?)

is of the form U^^\ Hence we !nve,

Momenta bv meaus of the theorem [14761,*
of inertia, •' •- -*

[2928J A = i.S.di^.dzs.{^, m^ + [|_ (l_f.2) . cos.^r.] .
f/(^^)} ;

[2929] ^ = -1
. 6' . <?f... <^tu . Jl . C7(°) + [I

—
(1
_

^2) . sin.2.:] . m^\ ;

[2930] C=\ .S.di^.dzi.l-f.U'-'^ + (i
—

f^')
. U^^^},

'1 liird

f„rm.
r^^^ intograls must be taken from m-

= — 1 to .a
= 1

, and from to=
[29301

Momenta ^o « = 2* [1470']; heuce We obtain,
of inertia.

[2931] ^ = -V . * . W-'^ + i'S. m^ , f/f. . ^*.
I i— (1

—
,.2)

. COS.^TO
j ;

[2932] ^ = ^V.*.C7(°)+i.*S'.C7(^>.^f.'^.(?TO.l-I— (1
—

,.2).sin.^TOJ ;

[2933] C= -^\.-^.U^''^ + \.S.mKdi>^.d-^.\:L^y?\,

for' The function m^ is of this form [1o28c],t

[2934]
U^^^= H.(i— i^^) + H'.(^. v/T=? • sin- ^-hH".'^. v/T=:i§ . cos. ^

+ H". (!—'/) . sin. 2to+ H". (l—^) . cos. 2^.

use hereafter
; U, E', being functions of f^ and constant quantities. For if we compare

this form with [2925a, b, c], we shall find that, in the expression of A [2920, 2925a], we

[2925el must put D'=i .(m-^
—

^), £'=— | .(1
—

fx^).
In the expression of B [2921, 292 5i],

[2925/] we must put D'=i.{iiP—i), £'=^.(1— ix^).
In the expression of C [2922, 2925c],

[2925g-] we must put U=— (fx^
—

^), E'= 0.

*
(2017) When we substitute R'^ [2923] in [2920—2922], we may neglect all the

[2928o]
terms of the form S . F® . U'''"' . diJ. .d-m [1476], in which i' differs from i; and retain

only the terms in which i'= i
; so that we may neglect all the terms except ZJ^''^ U'^^'^.

By this means [2920—2922] become as in [2928—2930]. The part depending on U^^\

[29286]
in all three of these last formulas, is ^^ . U^^^ .S . di^ .dzi=^-^ . U^°^ . 4 *= y\ . -r . t7(°>

[1468a]. Substituting this in [2928—2930], we get [2931—2933].

f (2018) The function [2934] is of the same form as the general expression of Y^^

[1528c], and is also like that in [1753], changing the sign of H. Then the consideration

that the axes are principal axes gives the equations [1754] as in [2935] ; by means of

[2933a] which the expression [2934] becomes t/"^^^= H . {i
—

^t.^) -}- H"" .
(
1—

m-S)
. cos. 2 a ;

and by putting for brevity D = —H. (ix^—i), E= H"" .
(
1—

f^s),
it becomes

[2933t] i7(2> =D-\-E . cos. 2 -a. The expressions of T^^) [2925a, b, c], which occur as factors
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Conditions

The consideration that the axes are principal axes, gives as in [1754, &c.], bavedi
°

lJirG6 &X6S

H' = 0, H" = 0, H"' = 0. [2935]

principal
,

axes.

of Z7(2) in [2931, 2933], are of the form Y^^)= !>+ £'. cos. 2 vs [2925^] ; D', E', [2933c]

being functions of |x and constant quantities [2925e
—

g]. Hence the integrals [2931
—

2933],

or the parts depending on U^^\ become of the form,

i.S.C7^2^ Y^'^Kd
ij.

. dTz= i . S . {D -{- E . C0S.2 -a)
. {U+ E' . cos.2-:^) .d IX . d^

= i. S.iDiy+ DE'. COS. 2 zs-\- HE. cos.2vi-{-EE'.cos.^2'a).dix.dzi. [2933rf]

Substituting cos.^2 zs=
-^ -\-^ . cos. 4 a, [6] Int., and observing that

S t?^.cos. nx3= [14836], S d-ss= 2if [1467J], the expression becomes [2933c]

i.S.U^^KY(-'^Kdii.d^= i.S.{DD'+ ^EE').dix.dzi

= ^.S.{Dn-^iEE'),dii.; [2933/]

in which we must substitute the values D, JE, [2933a], and those of jy, E', corresponding

to r^2^ [2925e,/,^]; taking the integrals from fA=—1 to jui=l [2930']. Now we

have generally 5 . ^t^"</^«.== r—— . (ix^^+^-j-l), which vanishes when f*
=—

1, n being [2933g-]

2
an integral number or zero

;
and when (*=1, it becomes Sliy?"dii'=-

——
. Putting

now successively n=0, 7i= l, n = 2, &;c., we get [2933A]

Sl,d(x = i', Sl,iJ?dix= ^; fifii^4rff*= f; Slifx6(;^= fj he.
[2933iJ

By means of these formulas, we may obtain the integrals [2933/*], corresponding to each of

the expressions [2931—2933]. For by substituting D= — H.{{x^— ^) [2933a] and [2933/k]

iy=h-{l^^
—

i) [2925e] in [2933/*], we get the corresponding term of that expression,

which is reduced by the aid of the integrals [2933^] ; and we finally obtain, for the part of

the value of A [2931] depending on H,

TT Q=
-5--(~f+ f Xf—iXf)=— 9->^2.If, [29331]

as in [2936]. The value of 1/ [2925/] corresponding to B, being the same as in the

8 w
preceding integral, it will produce, in B [2937], the same term —

oTTp • H. The [2933m]

value of U [2925^] cori-esponding to C, is equal to that depending on A, multiplied by

— 2
; therefore we must muhiply the expression [2933/] by

—
2, to obtain 5

—
12 •-H' [2933n]y X "
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Momenta
of inertia

about the

three prin-

Thesc three equations contain all the conditions necessary to make the axes

cipaiaxes. hcrc uscd the three principal axes. Hence we have
form.

[2936] ^ = !_-.C7(0)_±^.H-^.f/-;

[2937] ^ = ?|.C/(0)_±^.^ + ^./J'''';

[2938] C — — r/W-^i^ H

If we wish to have the three momenta of inertia A, B, C, equal, we must

riS^ put* H=0, H"" = 0; consequently [2934, 2936],
General

equation

in which

[2939] C/(2) = 0.

all the
momenta
of inertia

are equal.

Therefore this last equation satisfies the requisite conditions, to make the

three axes become principal axes, and at the same time the momenta of
If jS b c
be equal,

'

inertia about these axes equal to each other. Now we have shown, in
the mo- -1

Sertfa"^ [253"
—

254'], that in this case the momenta of inertia are equal relatively to

[2940] all the axes ; consequently the sphere is not the only body ivhich possesses this

Tqul?^ property. The preceding analysis gives the general equation [2923, 2939] of
relatively
to all the
axes.

[2938]. In like manner, the part of A [2933/] depending on E'=— J . (1
—

f/.^)

[2925e] and E [2933a] is

[29330] =-2^.H"".(f-f+l) =-3^--^'"

[2933p]
as in [2936] ;

and as E' [2925/] corresponding to B, is the same as the preceding value

of E', with its sign changed, we shall have the part of B depending on JH, equal to the

8 TT

preceding value [2933o], with its sign changed ; making it

g^^a
• H""> as in [2937].

[2933^7] Lastly, the term E'=0 [292 5g-] corresponds to the value of C, therefore EE' or

if""' must vanish from C [2938].

*
(2019) JMaking A = B [2936, 2937], we get il""= 0; and then putting

== C [2937, 2938], we obtain H= ;
hence A

case the value of U^^^ [2933a] vanishes, as in [2939]

r2939a]
B=C [2937, 2938], we obtain jff=0; hence A — B=C=

^.U^'^\
In this
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all the solids to which it appertains. We have previously spoken of this

equation [254']. We may observe, that these results are independent of the

supposition that the origin of R passes through the centre of gravity of the

spheroid ; therefore they hold good, lohatever point within the body may be [2941]

selected for the origin of this radius.

Supposing the earth to be composed of an infinite number of strata, of

forms which vary from the centre to the surface ; the radius R of one of these

strata can always be expressed in the following manner [1497, &c.].
Radios R.

i2=a4-«a. jy(i) + Y(2)4_ Y(3)_|. y(4^_|-&c.i ; [2942]

a being a very small constant coefficient, and Y^^\ Y^^\ &c., functions of

the same nature as U^^\ U^^\ &c. ; or in other words, they satisfy the [2942^

equation of partial differentials [2924] ;
but these functions may contain a

in any manner whatever. If we neglect quantities of the order a^, we shall

have [2942],

i25 = «5^5««^iY(^> + Y(^) + Y^^^ + Stcj. [2943]

If we now suppose a solid homogeneous body to have a density equal to

unity, and a radius equal to that of the stratum just mentioned, we shall [2943]

obtain, relatively to this solid,*
Momenta
of inertia

q -, ~5 01' a solid

A=-^-\-a..S.a'.Y^^Kdl^.d^.\\
—

{\
—

^).COS.^^\', [2944]

liomogene-
ous body,

q _, ^5 about its

B =^ +a.S.a\Y^Kdi^.d^.\±— (l—i^'). sin.^z^i; [2945]

tlireeaxes.

Sixth

q -f f.5 form.

C = -^ + a.S.aKY^'\dl..d^.\\-^^\, [2946]

Taking the differentials of these values relatively to a, then multiplying ^''J'''^

them by the density p of the stratum whose radius is a, p being any function
[2947]

of «, we shall get the momentum of inertia of this stratum. To obtain the

momenta of inertia for the whole earth, it will only be necessary to integrate

*
(2020) Comparing [2923,2943], we get m^'i=^a\ U^^^= 5 a.aK Y^^'> ; [2944a]

substituting these in [2931
—

^2933], we get [2944—2946] respectively.

203
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the momenta of the strata relatively to «, from a = to the value of a,

[2947'] corresponding to the surface of the earth, which we shall denote by a = \.

Momenta Hencc We shall have,*
of inertia

of a body
composed q

[2948] A==— . S .
p

. d .a' + a. S . p . d . (a' .Y^""^) . dt^ . d ^ . [i— (l
—

ii^)
. cos.^v:} ;

of strata A "
varying
in density

[2949] B=^ .S.p.d.a'+a .S.p.d.fa'.Y^'^) . di^ ,d^.U—n--^') . sin.^t.! ;
from the 15 ^ '^ i J V ' / i '

centre
to the

[2950] C= ^.S.p.d.a' + a.S.p.d.(a\Y^'^).di>^.dzs.li^(^^;
SeTonth
form.

the differential d . (a^ . Y^^^) being taken relatively to the variable quantity

a only.

[2951] It follows from the equation [1705], that if we put a 9 for the ratio of

the centrifugal force to the gravity at the equator [1726'], we shall have, by
the condition of the equilibrium of fluids, covering the surface of the earth,t

[2952] Sl.p.d.{a\ Y(^))
= I .

{
Y(^) + i

9 .
(f.2
—

i.) }
. ^ J . P . df . «^

the value of Y^^^ in the second member of this equation corresponds to the

surface of the earth [2947'], and the integrals are to be taken from 05 =
to ff = 1

; therefore we shall have,

*(2021) The formulas [2948—2950] are easily deduced from [2944—2946]; by

[2949a] taking the differentials of the terms a^, a^ . Y®^, relatively to a, then multiplying by the

density p, and finally integrating relatively to a.

f (2022) At the surface of the earth a= l [1702"], and the first integral of the

[2951a] equation [1705] corresponding to that surface vanishes, its limits being a= l, a= l;

consequently that equation becomes, when i= 2,

[29516] = _|*.r(2).filJ.p.<?.a3 + t*.fifS.p.J.(a5. Y<2))-f Z<2);

observing that a= 1 in the factors which are free from the sign of integration. Now if

we notice only the permanent figure of the earth, we may neglect the attraction of the bodies

jS, (S'j Sic.
; by which means the second of the equations [1G32] becomes

[2951c] a.Z(2)==-^^.(f.2_|)= -g^.«(p.(f.2_^).5'i.p.^.a3 [17271.

5
Substituting this in [2951 J], and multiplying by 7—, we get, by reduction, the

formula [2952].
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Momenta
of inertia

A ^^ CI ^ ,.5 !

"^"^
Cri ^ «3 ofasoUd

body.

[2953]

[2954]

15
" ^ 27

C= ^.*S'5.p.rZ.a^—— .(P.^-J.p.^.a^

+ ^.5'.Y(^).^M..^^.5i
—

f^'l-'S'i.p.c/.a^

[2955]

.^.^ .^^r-.M'-.ta r-^.'s^o'r'"'*"'* Eighth
form.

The function Y^'^ is of the formf [1528c],

[2953a]

*
(2023) Substituting [2952] in [2948—2950], we obtain [2953—2955] respectively;

no reduction being necessary, except in the term multiplied by 9 ;
and this term is easily

deduced from the coefficients of JZ, H"", [293G—2938], in the following manner. The

partof a.S.p.rf.(a5. Y^2)j [2952] depending on (? is %ol<^ .{j^
—

^) .^ .^ .d .ah

and this is multiplied in [2948, 2949, 2950], by the same factors as those of \ TJ'^'^ in

[2931, 2932, 2933] ;
so that if for a moment we put these two expressions equal to each

other, we shall get V^^^ = ^5. « (p
.
(f^s
— ^ .^.^ .d.(j?. Comparing this value of U^'^ [29535]

with [2933a], we obtain 11=—^ a
qj

. S . p . <Z . a^, H""=0 ; and if we substitute [2953c]

these values of H, H"", in ^, B, C, [2936—2938], which were deduced from formulas

[2931
—2933], we shall evidently get the terms of A, B, C, depending on <p, in

[2953,2954,2955]. Thus the term — ^|^ . H [2936] becomes

^^^ X ^acp.S.p.d.a^=^.cp.S.p.d.a^, [2953d]

as in [2953]. Moreover, the term of B depending- on If [2937] is the same as that of A
[2936], and the term of C [2938] is double of that of A, and of a different sign ;

and we
[2953c]

find the same proportions between the coefficients of 9, in the values of A, B, C,

[2953,2954,2955].

t (2024) This value corresponds to the general form [152Sc], and is similar to those in

[1753, 2934]. The consideration of the principal axes has shown, in [1754], that H', H", ^^^^^

H'", which are the coefficients of sin.-zs, cos.w, sin. 2^;^, [1753], vanish. In like

manner, when we use the symbols [2956], we shall have A'=0, A"=0, h"'=0, as [29566]
in [2957]. Substituting these in [2956], we get [2958].
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F^) = h.(^^iJ?)-i-h'.i^. v/r=V • sin. ^ + A" . m- . i/l^^i^ . cos. ts

[2956]

+ h'" . (l
—

iJ?)
.sm.2^ -\-h"" . (1-^iJ?) .cos.2^.

The consideration that the axes are principal axes, gives as in [1754, &c.],

[2957] /i' = 0, h"=0, h"' = 0;

consequently,

[2958] Y(2) ==h.(^— i^^)+ h"" . (1
—

iJ?)
. COS. 2 ^.

We have seen in [2056', &c.], that the variation of gravity is very nearly

proportional to the square of the sine of the latitude, so that the value of

[2959] h"" must be very small [2056"]. In fact the term h"" is nothing if the earth

be a solid of revolution ;* but for greater generality, we shall retain it in the

following researches. Then we shall have,t

*
(2025) If the earth be a spheroid of revolution, the angle zi evidently vanishes from

[2959a] the expression of the radius, whose origin is in the axis of revolution
;

and then we have

h""= [2958], the radius being the same for the same value of i^, whatever be the value

of ttf, as in [173p6', &:c.].

f (2026) If we compare the values of d, B, C, [2953
—

2955] with those in

[2960a] [2960
—

2962] respectively, we shall find that the terms multiplied by -^^ it are exactly the

same in both systems ;
and by a very slight reduction, it appears that the terms multiplied by

(p,
in the corresponding expressions of both systems, are also equal. The only remaining

term in [2953
—2955] is that depending on F^~^, and we shall now show that this produces

the terms of [2960
—

2962], depending on h, h!'", in the following manner. If we put

[29606] for a moment Z7(2)= -V-a . r(2) . ^fj . p . f? . a^ in [2931,2932,2933], it will produce

the terms depending on F^^^ in [2953,2954,2955] respectively, as is evident by inspection ;

therefore if we make the same substitution in [2936, 2937, 2938], which were deduced

from [2931, 2932, 2933], by performing the integrations relatively to fx, z^, we shall obtain

[2960c]
^jjg pQj.^ggpon(jing terms of [2960,2961,2962] respectively. Substituting in [29605] the

values [2933a, 2958], we get,

H. (J
—

M-2) + H"" . (1
—

f/.^)
. COS. 2 zi

[2960rf] =?i-a,\h.{^— ^^)-{-h!"'. {i-w'),cos.2zi\. SI.?. d.a^;

which becomes identical by puttting

[2960e] H=^^-u.h.Sl.P.d.a^ H"" =^
-''^-

a .h"" . SI .? . d . a\
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8*

Momenta
of inertia

of a solid

A=— .Sl.p.d.a'^^\.a',.(h-~i^),Sl.p.d.a'^i.u'^.h"".Sl.p.d.a'', [2960]

8*
body
about its

B^— >Sl.p.d.a^— ^%r,oi'!r,(h--icp).Sl.p.d.a^+ i.a-r.h"".Sl.p.d.a^; [2961]
J- 1) • . *

C^^.Sl.p.d.a'+ i^.a^.a—i^^.Sl.p.d.a^

S. We shall now investigate the values of dN, d N\ d N'\ which

enter in the differential equations [2905
—

2907]. We shall put L for the

mass of a body ichich acts upon the earth ; x, y, z, the co-ordinates of its

centre, referred to the centre of gravity of the earth, r^
= y/^ljr^aqr^ ^.

qI^q

af, ]j, ^, for the co-ordinates of a particle dm of the terrestrial spheroid ;

lastly we shall suppose,

The attractive forces of the body L, upon the particle dm, resolved in lines

parallel to the axes of x, y, z, and in directions opposite to their origin, being

decreased by the same attractive forces, upon the centre of gravity of the
'dV\ /^F\ /dV
dx'J' \dy'J' \dz'

earth, supposing it to be at rest, are

principal
axes.

[2962]

Ninth
form.

Symbols.

L.

[2963]

X, y, z.

[2964]

x', yf, 2'.

[2965]

V.

[2966]

Forces.

[2966^

[2967]

respectively.* These forces are what we have denoted by P, Q, R, in

[212'''], therefore we shall have, by substitution in [226],

If we now substitute these values of H, H"", in [2936, 2937, 2938], we shall obtain the

corresponding terms of A, B, C, [2960
—

2962], depending on h, h"", respectively, in
[2960/]

conformity to the method adopted in [2960c].

$9

*
(2027) In the annexed figure, C is the centre of the

earth, taken as the origin of the rectangular axes C X,

CY, C Z \ of which the last C Z is perpendicular

to the plane of the figure. M is the place of the particle

dm, whose co-ordinates, drawn parallel to these axes,

are CM":=^x', M" M' =
y^,

M'M=z'. L Is z\
the place of the attracting body L, whose co-ordinates are

«r, y, z. We have also CL= r^,
and we shall put

for brevity LM=f. Then by the principles of the

orthographic projection [I9&', &c.], we evidently have ( CL)2=( CL")^+ {UL'f-\-{L'Lf,

204

[2967a]

[29676]

[2967c]
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Values of

[2969] d7= ^-'^"'-r\-d7)-'\-d7)l'
''^'-

dJV" „ , C
, fdV\ , fdV\\

[3970J -dT=^-^'^-\y\T^)-'\-dY)\-
First

form

[2967i] or r^ == x^ -{- y"" -\- z"
',

also {LMf=P={x— x'f + {y
—

y'f -\- {z— z'f

[392]. Now the attraction of the body Z< upon the particle dm, in the direction ML, is

—
;

and if this be resolved in directions parallel to the axes of x, y, z, the part parallel to the

i L"M" L.(x 3/)

[2967e] axis a; is
—

.
= ' —

[394], tending to increase the co-ordinate xf. At the

Lx
[2967/] centre C, where x =0, and / changes into r^, this becomes —

, representing the

action of the body L upon the particle dm, at C, in the direction CX. Subtracting this from

[2967^] the precedmg expression, we get -\
——

, which represents the action of
'/ J

the body h upon the particle dm, resolved in a direction parallel to the axis of x,

supposing the centre of gravity to be at rest. If we take the partial differential of V [2966],

relatively to x, we shall find it exactly equal to this part of the force of the body L, [2967^],

[-2967^1
resolved in a direction parallel to the axis of x'

; so that it will be represented by (t~' )
'

tending to increase the co-ordinate x'. In like manner, \'T~.) represents the same force,

[2967i]
resolved in the direction y' ; and

("T"/)
the force in the direction z'

;
as is evident from

the consideration that V [2966] is symmetrical in x, x' ; y, y' ; z, z'. Hence we have,

for these three forces,

/dV\ _ _ Lx. L.{x— x') fdr\ ^__Ly L.{y—y') ^

\dx')
~

r3
~f~

/3
» Uy/ rS

"^
/3

'

[2967/fc]

^ ' ''

fdV\ Ifl\ ^'i^— ^') .

which are similar to the forces P, Q, i?, [212'^], respectively, as is observed above.

*
(2027a) If we take the differentials of [225] relatively to t, divide them by dt, and

[2969a] substitute for P, Q, R, their values
(^) , (^) ,

(^,)
, [2967], we shaB

get [2968—2970].
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Now by observing that we have,
*

-('^)-^-(S)=K^)— C^) =

•^(2028) Multiplying the first of the equations [2967^] by
—

y',
the second by x',

and adding the products, we get,

,
/dF\

,
/dV\ ^xj-y^ , a/.(y-y)-y.(r-3/) >

[2971cl

which represents the value of the first member of [2971]. We shall now investigate its

second member
;

and in the first place we shall show that the terms depending on the

differentials of rf [2966] vanish. For if we put for brevity
— jL. (a;a?'-{- y^-f- arz') =m,

and notice only the terms depending on the differential of rf^ neglecting for a moment the
^ '

variableness of m, we shall have V= — mr~^, or more generally F"=— mr/* ;

(d
V\ /dr\ X—

j
=— WOT. r/'~^ . (

—M=— nm . t'^~^ .
- = — n ot . r^'^^ . x [2965] ;

and in like manner f
—

j
= — nm . rj^~^ y ; consequently

Therefore in finding the value of the second member of [2971], by means of V [2966],

we may consider
rj", or r~^, as a constant quantity, as was done in finding the first [2971c']

member in [2971a]. We may now observe, that if we change x, x', y, i/, and their

differentials, into —
x',
—

x, —
y',
—

y, and their differentials respectively, leaving

r, unaltered, the expression V will remain identically the same. We may therefore make [2971rf]

the same changes in [2971a], which was deduced from [2966] by the common processes of

differentiation, and it will become,

which is exactly the same as the second member of [2971a]. Hence we get the equations

[2971 A]. If we change in this y, y, z, s/, into z, zf, y, y, respectively, which does
[297]g']

not alter the value of V [2966], we get [297 li]. Changing in this last expression

X, x, y, i/j into y, y', x, x', respectively, we get [2971^],
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we shall obtain.
Values of

12972] dt -^-"^"^'{^'ydx) ^'Uy

[2973] dt \ \dx ) \dz

d\N". d_N^ ^ , ( fdV\ fdV
[2974] dt ^•^'^•^•(^)"-^-(^)S-
Second
form.

The co-ordinates a:', ij^ 2', being supposed very small in comparison with the

[2974'] distance
r^
of the body h from the centre of gravity of the earth, we may develop

F, in a very converging series, according to the inverse powers of
r^. Hence

we shall have very nearly,*

Substituting the second forms of these expressions in [2968
—

2970], we get [2972
—

2974] ;

and if the last forms [297 lA—y\ are used, we obtain the formulas [297l7n
—

0] j in which

[2971i] r 8= cc2 + 3^2 _|_ ^2^ and p=^{x— cc!f+ (y
—

y'f+ (^
—

z'f [2967df].

[2971m]
^"^

-j^
= L . S .dm.{y a!— xy') .^--

—
~]^;

[2971n]
!ifL^L^s.dm.{zci!--xz').\j^

—
yl',

[2971o]

dt

d:N"'

^j=.L.S.dm.{zy'-yzf).[~-l-^],

(2029) Putting for brevity xx' -\-yy' -\- zz = r^ n, and neglecting the squares of

a?', y', z', n, we get from [29676?],

*

L2976al /2=a;2 4-3,2_^c2_2.(xa?'+ 2/y'4-zz')
= r,2__2^2^^;.9.^1_2„).

[29766] whence /"^= r-^ . (1 + 3 n), and



V. i.^3.] VALUES OF dJY, dJV', dJV". 817

Third
form.

^=:^.S,dm.(xx' + yy'+ zz').(:yx'-^xi/); [2975]

—r— = —r- . 8.dm.(xx' -{-yy[ -\-zz') .(zx'— xz') ;

at r.
\ ./ ./

-^ =
-^^S,d7n.{x3^ -\-yiJ-^zz!).{zi/'—y2!).

[2976]

[2977]

We have seen in [260'% &c.], that the values of p, q, r, are independent of [2977']

the position of the plane of x ?/,* and if we take the equator of the earth

---= -. (l+ 3n)~-==3r^.- = 3. ^^^±4±^'. [29766]

Substituting this in [2971m
—

o], we obtain [2975
—

^2977] respectively.

*
(2030) The quantities p, q, r, determine the position of the momentary axis of rotation,

relatively to the three principal axes x", y", z". For by [259], the cosines of the angles
' ^1

formed by the momentary axis of rotation and the three principal axes x", y", z", are

represented respectively by

9 ^ P . [[29776]

^(p2 -[-52-1- r2)
»

v/(|,2 -^ ^2 -|, ^2)
»

^/(p2^ 52 _|_ ^)
»

and it is very evident that these quantities, which have at any moment determinate values,

must be wholly independent of the arbitrary situation of the plane of a? y.
" '^^

The same result may be obtained from the consideration that p, q, r, represent the angular [2977d]

velocities of rotation about the three principal axes, as we shall soon see [2977^, &c.],

and these velocities are evidently independent of the arbitrary situation of the plane x y.

If we accent the letters in the formulas [23 1&, c], to prevent confusion in the use of the

symbols, we shall find that the three angular motions d 9', d \f, d w', about the three angular

axes z", x', y'\ respectively, are equivalent to one angular motion [2977c]
velocities

principal
axes

about a momentary axis, which forms with the axes z", x"j y", angles whose cosines are z",x",i/%
areequiva

dip' d-^' du' .
lent to one

represented by
—

,
—

,
—

, respectively. Now if we put dcp'= pd t, [2977/]

d-]/=:qdt, d(J= rdt, and for brevity d6'= dt .\/(p^-{- q^-\-i-^)=:sdt, we velocity,,

[2977fi-i
shall find, that the three angular velocities p^ q, r, about the principal axes z", a?", y", ^^^^^^ ^^

momenta-

205 '"""*
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[2978] for this plane, we shall have 6 = 0.* Moreover, if we take the first

[2979] principal axis for the axis of x, we shall have ? = O.f Lastly we have, as

Momenta in [229, 228],t
of inertia.

[2980] S.dm.(y''+ z")=A, S .dm.(x''+ z'') =B, S .dm.(x"+ y'')
= C

;

[2981] S.xy.dm^O, S.x'z'.dm = 0, S.y'z'.dm = 0;

SmS- therefore,^

[2982]

1^^^,^B-A).xy;

[2983]
__- = __.(C~^).a:z;

[2984] -Jf-
= —5- . (C

—
/y; . yz.

[2977/i] respectively, are equivalent to the single angular velocity s = \/{p^ ~f" ?^ "f" ^^)5 about the

[2977f] momentary axis of rotation ; and that this momentary axis forms with the three principal

J) Q T ,

[2977A] axes z", a/', y", angles whose cosines are represented by -, —
,

—
, respectively.

[2978a]
*
(2031) This is evident, because the inclination of the equator to the plane of xy is

equal to 6 [2907^].

f (2032) The first principal axis is CG [2907cJ, fig. 58, page 803
;
and CA is the

axis of X [29076]. When the axes CA, C B, C G, coincide, we shall have the angle

BCG= ^= [2907/].

J (2033) Having supposed, in the preceding note, the axes C A, C G, to coincide,

[2980o] also the axes CH, CD ; it is evident that the quantities x", y", z", become x, y\ z\

respectively. IVIaking these changes in [229,228], we get [2980,2981].

§ (2034) If we multiply the two factors of the expression [2975], we obtain,

[2984a] {x^-\yy'-^Z7i).{yx!
—

x^|)
= xy.{:^^-^j^)-\-{f-x^),x'^j\-^Jz,x!2^—xz.^iz'',

substituting this in the terms under the sign S in [2975], and bringing the terms a?, y, z, from

under that sign, because it affects only the quantities x\ y\ z, dm-, the part under this

sign in [2975] becomes.
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thus the equations [2905—2907], become,*

, , (B—A) ,, 3L.dt {B—A)

dq+

c
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[29891
^^ ^^ P"^ ^ ^"^ ^' ^'^'^ ^^^^ ^^® quantities n, w, corresponding to the particle

c<M)rdi- d m, become relatively to the body L, we shall have,
nates
of the

[2990] X = r^. v/i— v2 . cos. X, y = r,. y/T^^ . sin. x, z = r^,M,
attracting

body.

If we substitute these values in the function V [2966], and then develop it

according to the powers of —
, we shall have a series of this form,*

^/

[2991] F=^+:^.f7<'>+ :^\£/<=> + &c.;

*
(2036) If we substitute the values [2988, 2990] in the first member of [29906], and

reduce by means of [24] Int., we get [2990c] ; substituting this and
r]^
= x^ -{- y^ -\- z^

[2965], JR2= aJ'2_|_y2_|_2:'2 [2988], in [2990ej, we get [2990/], using for brevity

[2990a] 5= y/( 1_
f^2)

^ ^( I_
,2)

. COS. (ts
—

X) + ,*
v

,

[29906] xcd-{-yy' -\-zz'
= Rri. {\/{l

—
m-^)

. \/{\
—

v^)
. [cos. zs . cos. X -\- sin.-a . sin. X] -[- f* "^

[2990c] =/2r^.{v/(l— fJ^^)V(l— »^)- cos. (©
—

X) + ,;,»}

[2990i] =Rr,.8',

[2990e] {x—x'f+ {y—y'f+ {z—z'f= {xr^-{.y^-^z^)—2. {x x'+ y y" -^r z z') + (x/^+y'^+z'^)

[299Q/-] =r^— 2r^R.5-{-RK

[2990g-] Substituting [2990^,/] in [2966], we get ^= -~^ '^ +
(^r^^^ 2r^R .6 + RJ

'

The last term of this expression is of the form [1626], changing 5, r, -Ij ^} cos.v, cos.^,

into r^, R, X, L, fji., v, respectively, by which means 8 [1629] becomes as in [2990a] j
and

this term of [2990_g-] can be transformed into a series like [1627], equal to

[2990i] == :^
. h + — . 5+ ^ .P^2^+^ . P^'^ + &tc. ^ [1625/] j

by which means the whole expression of V [2990^] becomes,

[2990^] ^=.^.^l + |.p(2)+^.p(3)+&e.|.

Putting P»= 17«, it becomes as in [2991], and the differential equation [1630] changes

into [2992].
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and it is easy to prove, as in [1630, &c], that the functions U^^^\ U^^\ &c.,

are such that we have generally,

Q = < ( \ dj^ J S > I W5_/ + z.(i + l).C7('). [2992]

We shall now resume the equation [2972],

^ =
.,...J,.(i^)-..(i^)^

and we shall have,*

/dV\ fdV\ L.m < fd m^-^\ (d C7(2) \
J

[2994]

+ &c.

The partial differentials of the second memher of this equation are taken [29941

relatively to variable quantities which are independent of m- and zs.f If we

denote generally by C/® the following function,

we shall have.

[2996]

*
(2037) In substituting V [2991] in the first member of [2994], we may consider r^ as

constant [2971 c'] ;
and U^% U^'^\ 17(^>, &c., as the variable quantities j by which [2994o}

means the expression evidently becomes as in the second member of [2994].

f (203S) The quantities x, y, z, depend on the situation of the body L [2964], and are

wholly independent of fi, -sj, which define the situation of the particle dm [2965]. Hence *

if V-'^ be a function of f*, -w, x, y, which satisfies the equation [2992], it will also satisfy

it when multiplied by x or y, or by any function of a?, y ; or when its partial differential is [29956]

taken relatively to x or y. Therefore the expression U'^*'> [2995] will satisfy the equation [2995c]

[2996], which is similar to [2992].

206
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so that this function U'^''^ is of the same nature as Y^'\ or U^'^ [2995c].

The preceding expression of -^ [2993] becomes, by what we have seen

in §2, and by substituting for dm its value [2918] R^dR , d li'.dzi,

also for i? its value « + ««.{ Y^'^ + Y ^^^ + &c.
} [2942] ,*

[2997]

[2998]

^==^,S.p.d.(aKY^^), C/'(2) ,di^.di^
at r/

^ ^

+ ~.S.p.d.(a\ F^O . U'^^Kd^.dzs

+ &c.
;

[2997a]

*
(2039) Substituting C7'® [2995] in [2994], and the resulting expression in [2993],

using the characteristic 2 of finite integrals, we get [2997a]. This is reduced to the form

[29976], by the substitution of dm [2997], and integrating relatively to R
;

[29976] =2.5f.i?-+2^i?.c?f..rf^.-^.t/'«=2.S.2^.^,..rf^.-^.U'(»).
'/ i-\~o I,

[2997c]
From [2942] we have /?+3 = a'+3+ (i + 3) . a'+3 . a .

{
Y^^^ + F^^) _^ yw _^ jjc.

} ;

and if we substitute this in [29976], we may neglect all the factors of C/'^*), except those

of the form Y^\ as is evident from [1476, 1476a] ;
and then it becomes

[2997(f ]
-— = 2 . <S . a'+3 . a F^'^ . fZ f* . f/ w . --h . U"^'^ ;

or as it may be written,

[2997c] ^ = 2 . -^ . Sf . (a^+3 . Y^^) . Z7'« .<?//,. fZzs ;

in which P^'^ or U^^ [2990*,^, &c.], and U'^^ [2995], are independent of 12 or a.

Hence if the earth be composed of strata of different densities, the density being p throughout
-^^

the whole stratum corresponding to the radius a, the term (a'+^. F^'^),
in the preceding

expression [2997e], will become S.p.d.{d+^. Y^^) ;
as is evident by the process

[2997g] used in [1503'", fee], the differential and integral being taken relatively to the quantity
«.

Substituting this in [2997e], we finally get, as in [2998],

[mih] -^ = :E.f^.S.p.d.{a^+KY^^).U'^Kdi.,d^;

[2997i] observing that the least value of i is t=2, as is evident from [2991,2998].
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the differentials d . (a^ . Y^^^), d,(a^ . F^), Stc, referring to the variable

quantity a. Now the equation [1705] gives generally, at the surface of the

earth, when i exceeds 2,*

5J.p.(/.(aH^.Y(*)) = (^?i±iy
Y«.5^J.p.c?.a^ [2999]

the integrals being taken from a = to a = 1 ;
and Y^% in the [3000]

second member of the equation, corresponds to the surface of the earth.

Therefore we have,

^,S,^,d,{a\ Y^>) . C7'(^) . ^f. . 6?* =
l^^.S.Y'^^K

U'^'Kdis.,d^,S, p.d.a\ [300i]

*
(2040) If we notice only the permanent figure of the earth, as in [29516

—
c], we may

neglect S, S', &c., in [1632]; and then we shall have generally Z«=0, when t>2. [2999o]

Substituting this in [1705], and neglecting the first integral, whose limits at the surface of

the earth are a = l, a= l, [2951a], we get, by changing the sign / into S,

as in [2907i],

4w —,,.. ^, , « . 4 «•

[29996]= --.YOKSl.p.d.a^+
^^.^^^^^^, .Sl.f.d.{a<^.Yi^^),

The value a= 1
, corresponding to the surface, is to be substituted in the factors free

2t4-l
from the sign of integration; then multiplying by .

, we get [2999], in which Y^*\

not included under the sign of integration, is its value at the surface, where a=l.

Substituting [2999] in [2997A], we obtain

4^ = 2 . -^ .^^ . S . Y'^^ . ?7'(') .di,.,dzS.Sl.p.d.(^; [2999c]
at r^ o

in which the integral iS. Y^'\t7'®.<?(x.<ZOT refers to the variable quantities jx, «, and not to a. [2999^]

Now if the surface of the earth be elliptical, we shall have F(3)= 0, F('*)= 0, &ic.,

[1502^ ; consequently the corresponding terms of [2999c] will vanish, and the whole

expression will be reduced to its first term depending on Y^^\ or t = 2, which

is of the order —
. This term is the same as that retained in the second member of

[2999e]

[2982], or [2985], because it is of the order ^, or —
[2990]. What we have

[2999/]

here proved relatively to [2985] is also true for the equations [2986, 2987], as is evident

from the consideration that they may be derived from each other, by changing y, y', into
^^

z, z', &«., as in [2967i, &£c.].
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If the figure of the earth he that of an ellipsoid, Y^^) = o [1502', 1503a],

[3002] and then the expression of
——

[2998] is reduced to its first term ; not only

on account of the magnitude of r^, but because the values of Y^^\ Y^'^\ &c.

vanish. Although the elliptical figure does not exactly satisfy the measured

[3002'] degrees of the meridian, yet the agreement of the variations of gravity with

that figure indicates that Y^^\ Y^'^\ &c., are very small in comparison
with Y^^^

;
ive may therefore calculate the motions of the axis of the earthy

upon the supposition that it is an elliptical figure, without any sensible error.
[3003]

Axes

4. We shall now refer the co-ordinates of the body L to a fixed plane,

which we shall suppose to be that of the ecliptic at a given epoch ; X, Y, Z,

X Y Z ^^^^S these new co-ordinates.

[3004] The axis of X is the line drawn from the centre of the earth to the

moveable vernal equinox.

[3004'] The axis of Y is the line drawn from the centre of the earth to the

moveable first point of the sign Cancer.

[3005] The axis of Z is that drawn from the same centre to the northern pole of

the ecliptic*
Co-ordi-

Sting
We shall have, by [172, 173, 174],

body.

[3006] X = X. cos. <p + y • COS. S . sin. (p
— Z. sin. 6 . sin. 9 ;

[3007] y = Y . COS. 6 . cos. 9—X . sin. cp
— Z. sin. & . cos. <p ;

[30081 z = Y , sin. 6-{- Z . cos. &.

*
(2041) The plane of XY is supposed io he fixed, but the axes of X, Y, are

[3006a] moveable in that plane. The axis of X is the line drawn from the centre of the earth to

the moveable vernal equinox ;
and the axis of Y is drawn through the same centre,

perpendicularly to the axis of X. towards the moveable first point of Cancer. The axis of Z
[30066] is drawn through the centre of the earth, perpendicularly to the plane of X Y, towards the

north pole of the fixed ecliptic. The axes co, y, are drawn through the centre of the earth,

[3006c] in the plane of the equator ; the axis z is dravm through the same centre, perpendicularly to

the plane xy, towards the north pole of the equator. For illustration, we may refer to the

[3006d] figure in page 1 1 2 of Vol. I ; where the co-ordinates x^,,, y^^,, z^,,, x, y, z, correspond

in the present notation to x, y, z, X, Y, Z, respectively. JMaking these changes in

[3006e] [172, 173, 174], and putting -^
= 0, we get [3006, 3007, 3008] respectively. These
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Genert

The differential equations [2985—2987] then become,* Ke
General

equation*

motions
of a solid

body.

[3009]
{B —A) 2L.dt.{B—A) C { F(2).cos2^Z9.sin2d—X2—

2rZ.8m.5.cos.^}.sm.29^ ^

*??+ C '^^'^^
^

2^A^ C+ { SXr.cos.^
— 2XZ.sin.^ } . cos.2? S

'

(C— B) , 3L.dt.{C—B) c{{Y2—Z^).sm.6.cos.6i-YZ.{cos.^—sm.Z6)].co8.(p-)

I

('^— C) , _ZL.dt .[A—C) ^fxr.sinJ+XZ.cos.^l.cos.^ ^
"T 5 •^^" ^~"

i^5.5 7-f|(r2_Z2).sin.^.cos.^_|-FZ.(cos.2d— sin2^)}.sin.(pS"
[3011]

Third
form.

We shall now integrate these equations. If the two momenta of inertia A and

expressions are much abridged by the supposition of 4>
= 0, and we are enabled by this ronnfim

means to obtain more simple expressions of d-\> [3036, 3041, 3090, &ic.], than could

otherwise be obtained. Tbis value of d-\> represents the motion of the wioyeaSZe equinox, [3006g-]

or axis CB, upon the fixed plane XY, in the time dt
',

its integral [3100] gives

the value of -i, or the motion of the equinoxes, upon the fixed plane X Y, in the time t
; [3006A]

counting this motion from a point of this fixed plane corresponding to the situation of the

equinox at the period taken for the epoch.

*
(2042) Multiplying a?, y, [3006, 3007], we get [30096] ; reducing it by means of

[31,32] Int., we find [3009c]; substituting this in [2985], we obtain [3009]. In like [3009a]

manner, the product of y, z, [3007, 3008], is as in [3009«?] ;
and by substitution in [2986],

we get [3010]. Lastly, the product of x, z, [3006, 3008], is of the form [3009e] ; hence

[2987] becomes as in [301 1].

xy = \Y^ . cos.^^-f~ ^^ • sin.^^— X^— 2 YZ , sin. ^ . cos. ^} . sin. (p. cos. <p [300961

+ (X r . COS. &— XZ. sin. &) . (cos.2 9
— sin.^ 9)

= \Y^. COS.2 ^ + Z2 . sin.2 ^_ X2_ 2 rZ . sin. & . cos. ^} .
i

. sin. 2 9 [3009c]

-X-{XY . COS. ^— XZ . sin. d)
. cos, 2 9 ;

yz = \{Y^
— Z^) . sin. d . cos. a -f YZ . (cos.^ 6— sin.^

6) }
. cos. 9 [3009rf]

— {XY. sin. 6 -f- XZ . cos. ^} . sin. 9 ;

a?2;=f(Xr.sin.d+XZ.cos.d).cos.9+{(r2—Z2).sin.5.cos.a+ rZ.(cos.24— sin.24)}.sin.9. [3009e]

The equations [3009, 3011] are given, in Vol. V, [12180--12180"], in a general form,

according to the method of Mr. Poisson ; and the author has examined more minutely, in [3009/']

that volume, several very small equations, which are neglected in this book.
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[3011'] B are equal, which is the case if the earth be a spheroid of revolution,* the

[3012] first of these equations becomes dp = 0, consequentl}' p = constant.

If there be a small difference between these two momenta of inertia, the

[3012'] value of p will contain periodical equations ;
but they are insensible. For

the momentary axis of rotation being but very little distant from the third

principal axis, q and r are very small quantities ;t and we can, without

[3013] sensible error, neglect the term —-—
.rq.dt [3009]. The second

member of the same equation may be developed in a series of sines and

[3012a]

*
(2043) If the earth be composed of spheroidal strata of revolution, about the axis JVS,

fig. 58, page 803, its form will evidently be symmetrical relatively to the other two axes

C Gj CH; consequently the momenta of inertia about these two axes must be equal.

The same result may also be obtained from the expressions of A, B, [2960,2961]. For

[30126] the earth being a spheroid of revolution, the radius R, for any given stratum, and for a given

value of |x, must be the same for all values of -ro
;

or in other words, R [2942] and F^^)

[3012c] [295S] must be independent of ra
; therefore h"" must vanish from [295S]. Substituting

this value h""=0, in [2960,2961], they become equal, or A^^B
)

hence we get,

[3012i] from [3009], dp = 0, whose integral is p= constant, as in [3012].

f (2044) The momentary axis of the earth is supposed to be very near to the third

[3013a] principal axis [2913] ;
hence it follows, that this momentary axis must be inclined to the

first, or to the second axis, by an angle which is nearly equal to a right angle, consequently

its cosine must be very small. Now these cosines being represented by 2_l 34- 2\ '

^ — [29776] ; q and r must be very small in comparison with p. Moreover,

TO a—-— must be small, even when the earth is supposed not to be a spheroid of revolution,

[3013«J
because it differs but little from a sphere ; therefore —-—

. g r must be extremely small,

and may be neglected in [3009]. This is also evident, by referring to the values of p, g, r,

deduced from astronomical observations. For d-^ is of the same order as the precession of

[3013rf] the equinoxes in the time d t, being about 50* in a year, dd is of the same order as

the variation of the obliquity of the ecliptic, arising from the nutation, or from the secular

decrement; the former being about ±9* in a semi-revolution of the moon's nodes, and the latter

[3013e] about half a sexagesimal second in a year ; consequently dd is much less than d-\^. Now

d(p is the diurnal motion of the earth in the time d t, being at the rate of about 360"^ in

[3013/"] one day, or 360*^ X 365 in one year ; therefore di? is to d -^ in a ratio, which may

be considered as of the same order as 360'* X 365 to 50% or as 9400000 to I nearly.

[30136]
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cosines of angles, varying with rapidity ;
since its terms are multiplied by

the sine, or cosine, of 2?; these terms must therefore be insensible [3014]

after integration.* We may suppose, in the two equations [3010,3011],

If we examine the first of the formulas [i30], we shall evidently see that p is of the order

—
;

and from the two last of those formulas, q, r, are of the order —
,

—
. Therefore [301%]

at at at

q, r, may be considered as very small fractions of the order Sijyi-^isjj >
in comparison with

p, and qr so extremely small that qr .
———

may be neglected in [3009]. [3013A]

*
(2045) The values of X, Y, Z, which are computed in [3053—3055], are

independent of the terms cos. 2 o, sin. 2 9, by which they are multiplied in [3009] ;
and [3015a]

it is evident, without any calculation, that this ought to be the case, because X, Y, Z,

depend on the motion, or rather on the situation, of the attracting body L, whether it be the

sun, or the moon
;
while the angle 2 9 depends on the rotatory motion of the earth. This [30156]

angle 2 9 is nearly equal to 2nt [3024'], which varies rapidly, in comparison with the

variations of X, Y, Z, 6 ; and we may suppose that these last quantities depend on the

sines and cosines of angles of the form it -\- s
',

i being very small in comparison with n. [3015c]

Then we may represent the second member of [3009] by terms depending on the angle

2 . [nt -{- it -\- s) [17
—

20] Int., making d p = 2 . a .dt . cos.2 .{nt-\- it -]- s) ;
a

[3015d]

being a very small coefficient, considered as a constant quantity, independent of t. The

integral of this equation, relatively to
?", gives p= S .

^ . . sin. 2 .
(^nt-\- it-\- s) ^

in

which the terms have the large divisor 2n-\-2i, and are therefore not increased by [3015c]

integration. But they will be increased if dp contain terms of the form a.dt.cos.{it-{-£) ;

because the integration will introduce the very small divisor t, which may rerider such terms

sensible. Now as no such small divisors are introduced, we may neglect the terms of the [3015/*]

second member of [3009], and then we shall have dp= 0, and p= n, as in [3015].

If we wish to carry on the approximation to a greater degree of accuracy, we may substitute

in [3010, 3011] this value of p=^n, and those of X, Y, Z, [3053, &c.] ;
and then

[3015g-]

by integration we shall obtain approximate values of q^ r, to be substituted in the first

member of [3009]. A new integration will give a corrected value of p ;
and by proceeding [3015A]

in this way we may obtain p, q, r, to any required degree of accuracy. Whoever wishes to

examine this point more minutely, may consult an excellent paper of Mr. Poisson, in

Vol. VII, page 199, of the " Memoires de 1' Academic Royale des Sciences de 1' Institut de [3015i]

France." In this paper he demonstrates in a somewhat different manner the two formulas

given by La Place [3120', 3134]. He also proves that the integral fdt.^{p^-{-q^-{-r^), [3015ft]

or the angle described by each point of the earth, by its rotatory motion, increases in

proportion to the time
; noticing terms of the second order of the disturbing forces, which is [3015/]

necessary in this investigation, and neglecting the small equations of the motion, which are

always insensible, as in [3133].
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[3015] p = n ;
n being the mean angular rotatory velocity of the earth, about its

third principal axis. But as the discussion of the value ofp is very important,

[3015'] because of its influence on the length of the day, we shall resume the subject^

after having determined the values of q and r.

We shall put for brevity,

P, P'.

[3016] P = i:^ . 5(P—-Z^) . sin. ^ . cos. t-^YZ. (cos.'^
—

sin.'^} ;

[3017] F ^~.\XY, sin. ^ + Z Z . cos. ^\ ;

General

Sq";. then the equations [3010, 3011] become*
tions for

g. »••

[3018] ^^ + ^:?^.rp.^^=^:?!-.6/^.{P.cos.(p
—

P'.sin.?};A
• r - -

ji

[3019] ^^ + l:i_^.p^.j^ = (^__3.^^.{P'.cos.cp + P.sin.9}.

[3020]

P and P' may be developed in sines and cosines of angles, increasing in

proportion to the time. If k . cos. {i ^ + s) be any term of P, and

/c' . sin.
(z

^ + s) the corresponding term of P,t we shall have, by noticing

only these terms,J

[3017a]
*
(204G) Substituting [3016, 3017] in [3010, 301 1], we get [3018, 3019].

f (2047) If a term of this form occur in P, but not in P', we shall have A/= ; and

[3020a] in like manner we have ^= 0, when the term vanishes from the expression of P, but

not from P'.

J (2048) If we substitute P= yfc . cos. (i^+ s),
P'= A;' . sin. (t'< + s), [3020], in

the first members of [30216, fZ], and then reduce the expressions, by means of [17
—20]

Int., we finally obtain [3021c, e]. Substituting these in [3018, 3019], we get [3021, 3022],

respectively :

[30216] P . cos. (p
— V . sin. cp

= ^ . cos. (p
. cos. (i

^ + — ^' • S'"^- ^ • ^'"- (* ^ + ^)

[3021c]
= ^ .

(^fc -f A;')
. cos.

(<? + i^+ + ^ • {k
—

k') - cos. [c^—it
—

s) ;

[3021rf] F . COS. <p + jf* • sin. 9= A/ . cos. (p . sin. {it-\-s) -\-k . sin. cp
. cos. {i t -f- s)

[3021e] =l.{k+ J(f). sin.
(?>+ *< + s) + ^ • (^

—
^) • sin. (9

— i ^— e)-
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dn+^-^-^.rp.dt= ''-^^-^.di.\{k+k'),cos.{^i-it-^s)+ {k—l').cos.{^-^^ [3021]

j;.4.i±=^.«o.J/=^=l^.^^^(A;+ ^').sin.(9+a4-0+ (^— ^')-sin.(9—t^— Of- [3022]

If we suppose in these equations,* vaTue^of

7, r.

q
= M. sin. (9 + z ^ + s) + iV . sin. (9

— i ^— s) ; [3023]

r = M'. cos. (9 + 1^ + 0+ -^'- cos. (9
— it— s) ; [3024]

we shall have, by observing that ^9 is nearly equal to ndt,\ [3024]

[3023al

*
(2049) The reason for assuming these forms of q, r, appears from a calculation similar

to that in notes 174, 182, pages 184, 189, Vol. 1. For by taking the differential of [3021],

considering p as constant, and substituting the value o{ dr deduced from [3022], it may be

put under the form = —-—
-\- a^ . q -{- Q^, a being a constant quantity, and Q a function [30236]

of the form m . sin. {(:^-{-it-\- s)-\-m' . sin.
(<p
— it—

s).
This differential equation is of

the same form as in [865], 9 being equal to nt; and the value of q deduced from the

solution [871], is evidently of the form [3023]. Substituting this value of q in [3021], we

get r, of the form [3024].
[3C23c]

[3024a]

[3024[.]

f (2050) This value of J9 evidently follows from the first of the equations [230], or

from [3029], observing that d^ is extremely small in comparison with do? [30 13/*].

Now taking the differentials of [3023, 3024], and putting d(? = ndt [301 5, 3029], we

get, by using, for brevity, ci)-\-it-\-s=T, 9— it— s= T',

dq= dt.{M.{n-i-i). COS. r+ JV. (n
—

i)
. cos. T'} ;

dr = dt. {—M' . (n +i) . sin. T—JV. (n
—

i)
. sin. T'].

Substituting these values, and those of q, r, [3023,3024], in [3021,3022], multiplying by

—
,

—
, respectively, and then puttmg p= n, we obtam,

2A.{M.{n-\-i).cos.T-i-JV.{n—i).cos.T'l-\-2.{C—B).n.{M'.cos.T+JV'.cos.T'l

= {C—B).\{k-j-kf).cos.T+{k— k').cos.T'l; [3024c]

2B.{— M'.{nJri)'Sin.T—^".{n— i).sm.T']-\-2.{A—C).n.{M.sm.T-\-^\sm.T'l
= {A-C).{{kJrk').sm.T-i-{k^kf).sm.T'l. i;3024rf]

These equations must be identical
; therefore the terms depending on the cosines and sines

of T, T\ must be separately equal to each other, in both members. Hence we get the

four following equations,
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[3026]

[3027]
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(^^\^C-B),{n,{A + B-C) + iB}

{n-^if.AB— n^.{A—C).{B—C)

{n + if.AB— rv' .{A—C).{B—C) '

^(t=Ky^C-B).{n.(A +B^C)-iBl
{n
— if.AB—rv'.{A—C).{B—C) '

C-^)'(C-A),{n.(A + B-C)^iA]
LJ {n-i)KAB-nK{A-C).{B-C)
equations
to detev-

ri'ia'r"
We shall now resume the equations [230],

velocities

p, q, r,

[3029] d(p— d^. COS. 6 = pdt ;

[3030] (?4^ . sin. ^ . sin. 9
— d6 .cos. cp

=
q dt ;

[3031] d l' . sin. 6 . cos. ;p -\- d6 . sin. cp
= r d t.

about the
ihiee prill- ^ .

cipal axes.

[3024e] 2A.M.{n-]-i) + 2.{C— B).n.M' = {C— B).{k-i-J<f)

[3024/] ^2B.M'.{n-\-i) -{- 2 . {A— C) .n . M = {A— C) . {k+ k')

[3024g-] 2 A . JV . {n
—

i) +2 . {C— B) . n . A" = {C— B) . {k
—

k')

[3024A] —2B.JV'.{n— i)+2.{A—C) . n . JV = [A— C) .{k
—

k!).

IMultiplying [3024e, /], by {n-\-i).B, n.{C— B), respectively, and adding the

products, the term multiplied by M' vanishes, and we get,

2M.{{n-\-if.AB^7v'.{A—C).{C— B)\

[3024*1 =.{k+k!). (C- J?) .{(« + i)
.B+ n.{A-C)\;

from which we easily get M [3025]. Now multiplying [3024e, /] by n,{A— C),

—
(n+ i) .A, respectively, and adding the products ;

the term multiplied by M vanishes in

this sum, and we get,

2M' .{{n-^if .AB— rv" .{A^C) ,{B— C)\

[3024&] ={k-^k').{C^A).\n.{B-C)-\-{n-{-i).A\',
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These equations give,*

d6 = r dt . sin. (p
—

qdt. cos. <p ; [3032]

therefore we have,

d6 /M'—M\ . ,^ , -v , A .
/^'— JV\ . ,o -4 \— = {—-— \ sm. (2(p+ it-\- s) + [—-^
—

ysm.(2cp—
-It— s)

[3033]

,
{JV+JV'-M—M') . .... .

+ —'

2 -.sm.(it+ B).

d6
We may neglect the two first terms of this expression of —

,
because the

coefficients are insensible,t and they do not increase by integration. But [3033^

from which we easily obtain M' [3026]' In like manner we may obtain JV, JV*', from

[3024^, A] ;
or more simply from the principle of derivation. For if we change M, M',

U^ i, into JV, JV",
—

k',
—

i, respectively, the equations [3024e, /] will change into [3024i]

[3024^, K] respectively. Making the same changes in [3025, 3026], which were deduced

from [3024e, /], we get [3027, 3028].

*
(2051) Multiplying [3030,3031] by

— cos. <p, sin. (p, respectively, adding the

products, and putting cos.^(p -}" sin'^<P= Ij we get [3032]. Dividing this by dt, and [3032o]

substituting [3023, 3024], we get the following expression, which is reduced by means of

[18, 19] Int.

— = M' . sin. 9 . COS.
{cp -\- i t -\- s) -\- JV . sin. 9 . cos. (9

— it—
s)

— M. COS. 9 . sin.
{(p -\- i t -\- s)

— JV* . cos. 9 . sin. (9
— it—

s) ;

= ^M' . {sin. {2 (f) -\-
i t -{- s)

— sin. {it -\-s)\-\-^ JV'.{iin. (29— 1<—
s) + sin. {ii-{- s)} [30326]

4- |JW.{
—

sin.(29-fi<+£)
— sin. (i<+£)}+JA'.{-~sin.(29—1<— E) + sin.(*<+£)|.

This is easily reduced to the form [3033].

t (2052) The quantities P, F, [3016, 3017] are of the order of the disturbing

forces of the sun and moon upon the different parts of the earth. For X, Y, Z, are of

the order r, [3004,2964]; therefore P, P', [3016,3017] are of the order
^',

or

289 X (366 261^ [2300] ; consequently Jc, Tc', [3020] are of the same order; g being the



832 MOTION OF THE EARTH ABOUT ITS CENTRE OF GRAVITY. [Mec. Cel.

this is not the case with the third term, which may become sensible by

[3033"] integration, if i be very small. In this case we may neglect i, in

comparison with n, and we shall have very nearly,*

gravity at the surface of the earth [2128''^"]. These extremely small quantities k, k", are

[30336] multiplied in [3025
—

3028] by C— B, or C— Jl, which is of the same order as

the oblateness of the earth, or nearly ^^^ ;
so that the quantities M, M', JV, JV",

corresponding to the sun's disturbing force, are of the order qho v 2SQ v ("Sffi 26^^
—

'

the term n being introduced, because if we put i= 0, in [3025
—

3028], all these formulas

[3033c] will contain n in the denominator [30346]. Again, as dcp is nearly equal to ndt [3024'],

the integration of [3033] introduces in the term ^.{M'—M) .s'm.{2(p-{-it-}-s), a divisor

of the order 2n, consequently that coefficient is of the order b v3Q0y 289X'f366 261^ n^ '

n2 1
but by [1594a]

— = ^is, therefore this term is of the order
2 X 300 X (366 26)^'

°^

FTnytrVinnj- nearly. Multiplying this by 206265% the radius in seconds, it becomes

[3033d] about 4^^ of a second, which is wholly insensible
;
and as the lunar disturbing force [2706]

is only three times that of the sun, it must also be insensible. Hence the first term of [3033]

may be neglected ;
and as the second term is of the same order, it may also be neglected,

, , , . . ,
dd {.V+jy—M—M') .,.,,,

[3033e] and then the remaining term becomes — = o
—~

. sin. (t
r + sj.

[3034a]

[30345]

[3034c]

[3034J]

*
(2053) Putting i = in [3025

—
3028], the denominator of these expressions

becomes n^ .{A B— {A— C) . {B— C)} = n^ . C . {£ + B— C), consequently the

numerators and denominators of these expressions are divisible by n.{A-{-B— C).

Hence we get the equations [30346], from which we easily obtain [3034c, d]. The first of

the equations [3034^^], being substituted in [3033e], gives [3034].

,W+JV=^.(C-B); M-+ J^'= ^.{C-A).

{JV—M) + {JV'
— M')=J^+jr—M— M' =

-^.{A + B
— 'iC);

M+ M'+ ^r+J^' = -^.('-iC
—A — B).

71 O
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^ = (±tl^) . K. sin. (it+ .). [3034]
dt \ 2n.C )

\ ^ J

The preceding expressions of qdt<i r dt, give,*

d \' . sin. s = rdt . cos. (p-\-qdt. sin. 9 ; [3035]

hence we deduce,

-rr- . sin. d =
dt (^^ycos.{2, +

it + s) + (^^.cos.(2,-it--s)

(M+ M' + jY+JV') ,, , ,

[3036]

neglecting the two first terms of this expression, which are always insensible, [3036^

and supposing i to be quite small, we shall have very nearly,!

——- \ .k. cos. (i t -\- s).
n. C J

d\ . /2C—A—BY—^
. sin. ^ = f —-^—-

]
,1c. cos. {it-\- s). . [3037]

If we denote by 2 . A; . cos. (i t + s), the sum of the terms in which P is [3038]

developed [3020], and by 2 .k'. sin.
(it-\-s'),

the sum of the terms of the [3039]

development of P', 2 being the sign of finite integrals, we shall have,

*
(2054) Multiplying [3030, 3031] by sin. 9, cos. 9, respectively, adding the products,

and putting sin.^9 -\- cos.^9= 1, we get [3035]. Dividing this by dt, substituting q, r,

[3023, 3024], and reducing, we obtain [3036]. This may also be more easily obtained by
[3035a]

derivation from [3033]. For if we change 9, s, M, M', into 9-f-lOOO, s+ 100°,

1— M, —M\ respectively ; the values of q, r, [3023, 3024] will remain unaltered, and

d& [3032] will become the same as <?4^.sin. d [3035]. JMaking the same changes in

[3033], we get,

[30356]

^ . sin. ^ = I . {—M'^M) . sin. (29+ 1^ -f-s + 300°)

4.^.(JV'—JV).sin.(29— i^— s+ 100°)-|-|.(JV+^*'+JJf'-i-Jtf).sin.(t'<+ s+100O);

which is easily reduced to the form [3036].

[3035c]

•[• (2055) We may neglect the two terms in [3036] depending on the angles 2c^~\-it-\-s,

2(p
— it— f, for the same reason that the similar terms in [3033] were neglected [3033dl] j [3037al

then substituting in the last term the value of M -{- M' -\- JV -\- JV' [3034^], we

get [3037].

209
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Differen-

tial ex-

'"""""'
dd /A +B—2C

[30401 ^ =
(^?_;zi_^-)...fe^ ,;„.(,-, + ,).

dd, d^

dt
"^

V 2 w . C
[304,1 i^

. sin. . = C-^^i^) ...k. COS.
(.•

, + s).
(H)

[3041']

13041"]

[3042]

Integrating these equations, without noticing the arbitrary constant quantities,

we get the parts of ^ and 4, arising from the action of the body L. To
obtain the complete values of these variable quantities, we must add to them

the quantities depending on the state of the body at the origin of the motion.

If we notice only this original motion, the two equations [3010, 3011]

become,

Jl jD

hence by integration,t

[3043] q = G . sin. (^ ^ + |3) ;

[3044]
r=—^—^.G.cos.(x^

+ ^);

J A

*
(205G) If — [3034] contain a number of terms of the form K . sin. {it -\-i)

[3040a] [3020, 3034], its complete value will be as in [3040]. In like manner, the sum of all the

terras of the form [3037] becomes as in [3041].

f (2057) Neglecting the terms depending on the disturbing force L in [3010, 3011],

[3043a] they become as in [3042], which are precisely of the same form as the two last of the

equations [278], changing p into n. If in the values of q, r, [279], which were deduced

from [278], we change the constant quantities M, M', n, 7, [279], into G, G', X, p,

respectively, we shall get,

[30436] q=^G.sm.{-ki + ^), r = G'. cos. (X^ -f- ^).

Then from [280] we have, by changing as above n into X, and p into w,

[3043c]
X= n .

(^

—
)'

and G=-G.
[-j;^:!^^)

•

These values of
</, X, agree with [3043,3045] respectively.

The preceding value of

G' may evidently be put under the form,

A ^ /{C—A).{C— B)\i A „
^

-kA

[3043./] ^'=-;^5=^)-^--( i^ ^) --MC--^)-^-'=M5"=^-^^

[3043e] hence r [30436] becomes as in [3044].
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G and |3 being two other arbitrary constant quantities, and

7 . /{C—A).(C—B)

If we substitute these values of q and r in [3032],

835

[3045]

-— = r . sin. ?— q. cos. ? ;

at ^

we get by integration,'

h 4- ~—^ '- ~
. G . cos. ((p-\->-t + ^)

C -kA-^-n-iB—C) } ^, , . . ^N

[3046]

[3047]

h being a new arbitrary constant quantity. If the value of G be of a

sensible magnitude, we shall be able to discover it, by the daily variations [3047^

of the latitude, or of the height of the pole.f But since no variation of this

*
(2058) Substituting q, r, [3043, 3044], in [3046] ;

then reducing by means of

[18, 19] Int. ; using for a moment, for brevity, (p-}-X^-{-^=r^, 9— X^— p = T^^, [.3047a]

we get.

It
^

^{B^^^)
' ^ • ^°^' ('^ ^ + f^)

• ^'"' <?—G. sin. (X < + p) . cos. cp [30476]

2n.{B-C) ^'Sm.I,ir 2n.{B-C)
^-sm. J,. [3047c]

Multiplying this last expression by dt, resubstituting the values of jT^, T^,, [3047a],

integrating, and observing that d(p=ndt [3024'], nearly, we get 6 [3047] ;
the constant [3047d]

quantity h being added to complete the integral.

f (2059) The coefficient X is very small in comparison with n [3045], therefore the

variation of the angle X
t, in the time t, must be small in comparison with that of <p [3024'] ;

consequently the expressions cos. (9+ X < + |3), cos. (9
— X i— p), must pass nearly [3048a]

through all their values from +1 to — 1
,

in the course of a day, or rather in half a day ;

so that if G be of any sensible value, the quantity 6 will have a diurnal variation. Now as [30486]
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We may
neglect the

parts of

[3048]
depending
on the

original
inotion of
the earth.

[3049]

Obliquity
of the

ecliptic.

[3050]

V, r, A.

[3051]

[3052]

kind has been perceived, in the most accurate observations, it follows that G
is insensible

;
therefore ive may neglect the parts of 6 and -^^ depending on the

original motion of the earth.

5. We shall now resume the equations [3040, 3041]. The first gives by

integration, observing that the development of the function P' [3017] is

represented in [3020] by P' = 2.k' , sin.
(i

t + s),*

' 2n.C ^

The only bodies which have a sensible influence on the motions of the axis of

the earth, are the sun and moon. We shall first consider the action of the

sun ; and shall put v for its longitude, counted from the moveable vernal

equinox ; y the inclination of its orbit, upon the fixed plane ; and a the

longitude of its ascending node ; the angles v and A being referred to the

moveable orbit of the sun, we shall have,t

no such variation has been perceived, we may conclude that G is insensible. Hence

[3048c] ibe parts of g, r, [3043,3044], depending on the original motion, may be neglected;

consequently the similar part of d-^, [3035, 3041], or of 4'> ^s well as that of 6

[3032, 3040], may also be neglected.

*
(2060) Substituting F =:e .k' .sin. {it -]- s)

in [3040], it becomes

•-

dt 2n.C '

multiplying this hy dt, integrating, and adding the constant quantity h, we get [3050].

[3053a]
f (2061) In the annexed figure, C represents the

centre of the earth ; XX^^^Y Y^^^PAB the fixed plane

of XY
; X^iiSAx the sun's orbit, or the moveable

ecliptic, cutting the fixed plane in the line ACX^^,. Then

C X, C Y, are the axes of X, Y, respectively ;
and

[305-3i] the axis of Z is drawn through C, perpendicularly to

the fixed plane of X Y, towards the north pole of the

fixed ecliptic ; so that the rectangular co-ordinates of the

sun at S, may be represented by X, Y, Z, and the radius

[3053c] CS=r^. The co-ordinates X, Y, may be transformed

into Xj^^, y^ii, supposing C X^^, to be the axis of x /̂//'
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X = r^. cos.^ ^ y . COS. v + r^.
sin.^ i 7 . cos. (v

— 2 a) ; [3053]

Y = r^.
cos.*^

-^- 7 . sin. i?
—

r^
. sin.^ ^ 7 . sin. (v

— 2 a) ; [3054]

Z ^ r^. sin. 7 . sin. (v
—

a) ; [3055]

hence we deduce,*

and C Yiii that of
y,,, ;

these axes being drawn perpendicularly to each other, in the

fixed plane. Then if we make the angle X^,^ Cx= X^,^ C X= A, we shall have in the [3053d]

present notation [3051, &c.] the angle x C S= v, X^,^CS= v— A. Now if we let [3053e]

/all from 5 upon CsX,,^ the perpendicular Ss, we shall have,

C s= x^„
=

r^
. cos. {v— a), Ss= r^. sin. (u

—
A) ; [3053/^

[305%]

and it is evident that the co-ordinate Z, which represents the distance of the point jS from

the fixed plane, is equal to Ss multiplied by the sine of 7, the inclination of the planes

X,,^ T,„ , X^„S ;
hence Z= r,

. sin. (u
—

A) . sin. 7 [305 1 ] ,
as in [3055] . Moreover,

y„f
is equal to* Ss, multiplied by the cosine of the same angle of inclinadon, or

y,„
=

r,
. sin. {v

—
A) . cos. 7. [3053A]

From these values of
x^^^, y,^,,

we may get those of X, Y, in the same manner as
x^^, y^^,

are found in [170]. For if we put x^^
= X, y,,

= Yf 9= A, we get

X= x,„ . cos. A—
y^,,

. sin. A ; ^= y,„
• cos. A + x,,,

. sin. A ; [3053t]

and by substituting x,^,, y^, [3053/*, A], they become as in [3053A;. kc], which are

successively reduced to the forms [3053/, w], by means of [20, 17, 6, 1] Int.

X= r,
. {cos. [v

—
a) . COS. A— sin. {v

—
A) . sin. A . cos. y\ [3053*]

=
r,

.
{ J . COS. » + i • COS. (u

— 2 a) -|- [^ . cos. v— | . cos. {v
— 2 A)] . cos. 7}

=
^/

• {(^+ 2 • cos. 7) . COS. V + (i-
— J . COS. 7) . cos. [v

— 2 a) j

= r,.{cos.2^7.cos.v + sin.2i7.cos. (v
—

2a)}. [3053^

In like manner we may obtain Y [3054] from [3053i] ; but it is more easily derived from

X, in the following manner. For if we change v, A, into v— 100°, A— 100°, [3053m]

respectively; x^,^, y,,^, [3053/, A], remain unaltered, while the value of X [3053t] changes
into Y [3053t] ;

and by making the same changes in [3053], it becomes, by slight

reductions, as in [3054].

*(2062) Putti- --brevity ^'=
r,

. cos.^ 7, jB'=
r,

. sin-H 7, C'=r,. sin. 7, [3056a]
we get from [3053—3055],

X=^'.cos.»+J5'.cos.(«— 2A), r=^'.sin.t;--5'.sin.(t;— 2a), Z=C'.sin.(«— a). [30566]

210
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[3056] ZY= ir;.cos.^i7.sin.2y-fir;.sin.V.sin.2A—i,-;.sin.'' ^7. sin. (2?;—4a);

[30571
^^= ^ ^/ • sin. 7 . cos.^ \ 7 . sin. (%v— ^)

—
\ rf . sin. 2 7 . sin. A

-^\r^ <• sin. 7. sin.^^7 . sin. (2 v— 3 a),

On account of the extreme slowness of the motion of the equinoctial [3oints,

[3057'] we maj suppose dv equal to the angular motion of the sun, during the

time dt, and we shall have, by § 19, 20, Book II, [1057],*

[3058] rfdv=d^mdt. \/T^^ ;

[3059] m t being the mean motion of the sun, a its mean distance from the earth,

m, c, e. dfifi g f^Q ratio of the excentricity of its orbit to its mean distance. Moreover

we have, by neglecting the masses of the planets, in comparison with that

[3060] of the sun,
— .:=m^ [605'] ;

and the equation of the ellipsis gives,

•

SubstilLiting these in the first members of [3056c?, ^], we get the second members of these

expressions ; which, by successive reductions, become as in [3056/, i] ; using formulas

|.„„_^
, [31,22, 19] Int.; observing also in [3056e, A], that (sin47-cos.i7)^=(^.sin.7)^=i.sin.^7;.

and ^ C .
(.^'
—

B')
=

j7-^^.sin.7.(cos.^|7
—

sin.^J7)
=

|r^^.sin.7.cos.7
=

Jr^^.sin.27.

XY== A'^.sin.v . COS. v 4- A'B'. ism. v .cos. (v— 2 a)— cos. v . sin. (v— 2 a)\
m56d]

^ '>
.

— 5'2 . sin.
(?;
— 2 A) . COS.

(i;
— 2 A)

= iA'^. sin. 2v-\-A'B'. sin. {v
—

{v
— 2 A)} —^ B'^ . sin. 2 .

(?;
— 2 a)

[3056el
= ^ ^'2 . sin. 2v-{-rK (sin. ^ 7 . cos. ^ yf . sin. 2 A— | J5'2 . sin. 2 .

(ij
— 2 A)

[3056/] = ^ A'^ . sin. 2 v-{-ir^ . sin.27 . sin. 2 A— | B^ . sin. 2 . (v—2 A), as in [3056] j

XZ= ^' C . cos. t) . sin. (u
—

A) + jB' C . cos.
(t;
— 2 A) . sin.

(t;
—

A)
[3056g] = ^A'C'. {sin. (2 t?— A)

— sin. a] + ^ B' C .{sin. A +sin. (2 «— 3 A)}

[.3056A1 =^^'C'.sin. (2t)
—

A)
— ^C'.(^'— jB').sin.A+ ijB'C'.sin. (2«

— 3A)

[3056i] =^A' C . sin. (2 u -— a)
— ^ r,^ . sin. 2 7 . sin. A + | jB' C . sin. (2 z>

— 3 A),

as in [3057].

*
(2063) We easily obtain [305S] from [585, 599, 605^, as in [1057], changing r, n,

into r^, m, respectively. IMaking the same change in [605'], we get fx
= m^.a^; 1* being

the sum of the masses of the sun and earth ;
and by neglecting the last, on account of its

[3058o] smallneSs, in comparison with the mass L of the sun, we get L= 7n^.a^ [3060].
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a ^ l+e.cos. (
t?— r) ^

j-g^jgj^

r being the longitude of the solar perigee : therefore we shall have, relatively r.

to the sun,t 13061']

F dt = ~-:^— . {XY .sin.6 + XZ .C0S.6} [3062]

Sm.dv .\l-{-e. COS. (v— T)\ ( XY . , ,

--^ ^r ,_.,_,< ' V 11 ) o,« A _L /^r»o A \
[3062^

(l-e^)
2\a

(XY .
^ ,

XZ >

.|
— .sin.^ +

-y.cos.d^

If we substitute for —
2~»

—
i~j their preceding values, in terms of «?, [3062^^

we shall find, in the first place, that after having developed Fdi, in sines

of the angle v, and its multiples, the terms depending on the longitude of the

sun's perigee rj contain the angle v; therefore they cannot become sensible [3063]

•

•^(2004) Changing in [603] r, v, into r^, v— r, respectively, in order to conform to [3061a]

the present notation, we get [3061] by a slight reduction.

f (2065) Multiplying [3017] by dt, we get [3062], which may be put under the form

f •'
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by integration. But this is not the case with the terms depending on the

[3063] longitude of the node
;

the function —-- introduces in P'dt the term

slowness
;
and they may be represented generally by terms of the form Ai . sin. i t, i being

[3063e] a very small coefficient, which produces the divisor i in the integral fP'dt. Now as no

such terms are produced by the quantity e . cos. (v
—

r), it may be neglected ; observing

[3063/"] that in all these calculations, we neglect terms of the order of the square of the disturbing

forces, and of the square of the oblateness of the earth. If we also neglect the square of e,

[S06dg] the expression [3062'] becomes P'dt = Sm.dv.< -— . sin. 6
-\

—
. cos. 6 i; in

which we must substitute the values [3056, 3057], If we put cos.^ ^ y= l — sin.^ 1 7,

in [3056], we obtain,

[3063A]
—
|^= 1.(1—2. sin.2| 7 + sin.^r) • sin.2t)+ i.sin.27.sin.2A— ^ . sin.^^/.sin. (2z;—4a).

In the solar orbit 7 is extremely small [3051], and in the lunar orbit 7=5'^ nearly;

hence sin.^|7<[-5^^. Now as the terms depending on sin.2t7, cos. 2 v, '[3378
—

3380]

do not much exceed 3
,
or one sexagesimal second, we may neglect quantities of the order

sin.^ ^ 7, in the parts of [3063A] depending on the angles 2v, 2v — 4 a, which have

XY
[3063jfc] great divisors in the integral, and we obtain -—- = J . sin. 2 1; -j- ^ . sin.^ 7 . sin. 2 A. In

'/

like manner, substituting cos.^i7=l— sin.2^7 in [3057], and neglecting terms

XZ
[30mi] multiplied by sin.^ ^ 7, we get

—- = ^ . sin. 7 . sin. (2 1;— A)
— | . sin. 2 7 . sin. A ,

Substituting [3063^, Z] in [3063^], we get,

P'dt = Sm.dv . sin. 6.{^ . sin. 2 v -f i • sin-''' 7 • sin. 2 A}

-{-3m .dv . COS. ^ .
f i . sin. 7 . sin. {2 v— a)

—
^ . sin. 2 7 . sin. A).

[3063m]

[3063n]

We may neglect the terra depending on sin. {2v
—

A) in this expression ; for by

comparing its coefficient with that of sin. 2v it is of the order sin. 7, or <[ xVj 3°^

as the terms depending on sin. 2 v, cos.2z;, [3377
—

3380], are very small, it must be

insensible ;
hence [3063/n] becomes,

P'dt= §m. sin. 6 ,{dv . sin. 2v)
— J m . cos. 6 .{dv . sin. 2 7 . sin. A)

-\-^m . sin. 6 . {dv . sin.^ 7 . sin. 2 a).

[3063o] The integral of this quantity is multiplied by q in the value of 6 [3050] ; and

as this factor is of the same order as the ellipticity of the earth, or as it is usually called, of

the order a, we may suppose 6 to be constant in the preceding integration, neglecting

c[uantilies of the order a^ [3063/], and then the integral becomes,
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—
. sin. 2 y . COS. ^ . sin. a [3063^] ;

and on account of the slowness [3064]

of the variations of y and a, this term may become very sensible in the value

of ^. Thus we shall have very nearly, by observing that e and 7 are

extremely small, and retaining, among the terms multiplied by these

quantities, only those which can increase considerably by integration.

[3064']

fP' dt = — \m, sin. ^ . cos. 2 ??
—

| w^ . cos. fl ./y d t . sin. a. [3065]

7 . sin. a is the product of the inclination of the solar orbit, by the sine of [3066]

the longitude of its ascending node, counted from the moveable vernal

equinox [SOoSd, g"]. This inclination being very small, we may take for 7,

either its sine or its tangent. Now we have seen in § 59, Book 11,
' ^

[1032, 1133, &c.], that if we put
r

equal to the lotigiiude of the ascending r^.

node of this orbit, counted from the fixed equinox^ according to the order of [3067]

the signs, tang. 7 . sin. r^ will be given by a finite number of terms of the

form c . sin. (^^ + ^),* and tang. 7 . cos. r^ will be given by the same 1

number of corresponding terms c . cos. (^^ + |3) ; moreover, 4^ being the [3068']

JP' dt=— |m . sin. ^ . cos. 2 v— ^m . cos. & ./sin. 2 7 . sin. A . dv

-\-%m . sin. & .f sm? 7 . sin. 2 A . c? t?.

[3063p]

If we continue to neglect quantities of the order 7^, we may put sin.2 7= 2 7, and

neglect the last term
;

then it becomes as in [3065], observing that if we neglect terms

depending on e.cos.(t;
—

r), as in [3063a, Sic], we may put dv= mdt [3058,3061]. [3063r]

La Place, in ibis book, neglects the last term of [3063p] depending on the angle 2 A, and

the similar term, depending on the angle 2 a', corresponding to the attraction of the moon [3063*]

[3078]. This last term was introduced by Bessel in the value of & [3089], and by Poisson

in the value of 4^ [3100], in the paper mentioned in [301 5t]. Afterwards La Place

resumed the subject, and in the fifth volume [12217
—

12230'], computed these terms of

5, -vj^, depending on the angle 2 A', Sic.

[3063/j

*
(2067) Comparing the definitions of 9, 7, [1030', 3051], and those of &, r

,

[1030", 3067], we get 9= 7, ^^r,; hence
jo, 5-, [1032] become p= tang.7.sin.r^, [3068tf]

gr
=

tang. 7 . COS. r^. Substituting these in the two first formulas of [1 133], using the sign

2 of finite integrals, and changing JV*, JV^, &c., into c, c', &;c., we get, as in [3068, &c.]

p = tang. 7 . sin. r^
= 2 . c . sin. (5- ^ + ^), q= tang. 7 . cos. r,

= 2 . c . cos. {gt-{-^). [3068i]

In the original work, the mark is not placed below r
; we have introduced it, to distinguish

r^ from the longitude of the perigee [3061'].

211
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retrograde motion of the equinoxes, counted from the fixed equinox, we

[3069]
have a =

i", + v)- ;* hence we obtain,t

[3070] tang. 7 . sin. a = tang, y . sin. r^ . cos. 4^ + tang, y . cos.
r^ . sin. 4^.

Substituting; c . sin. (s^t 4- 0) for tane;. y . sin. i\, and c . cos. (s:t4- B)
[3070'] r , ^ ;

^s -rf->F

tor tang. 7 . COS. r, we get,

[3071] tang. 7 . sin. a = c . sin. (g ^ -f |3 + ^l-).

Hence we see, that to obtain tang, y . sin. a, it is only necessary to

[3072] increase the angles of the terms of the expression of tang. 7. sin. r

[30686] by the quantity 4^. We may therefore, by neglecting quantities of

[3072'] the order c^ substitute for ^]> the mean motion of the equinoxes. Then

tang. 7 . sin. a is composed of a finite number of terms of the form

[3073] c . s'ln. (ft -{- ^),t which differ from the terms of the expression of

tang. 7 . sin. r^ [30686], only in the increase of the angles gt by the mean

[3069a]
*
^2068) The symbol r^ represents the longitude of the ascending node of the solar orbit

upon the fixed plane, counted from the fixed equinox [30G7]. Now by [3006d?
—

g^, 4*

[30696] represents the precession of the equinoxes ;
therefore r^ -|- 4" is the longitude of the

ascending node, counted from the moveable equinox, and this is equal to A [305i].

[3070a]
t (2069) Having A= r -{- 4. [3069], we get from [21] Int.,

sin. A = sin. r^ . cos. -4 -f" cos. r^ . sin. 4 j

multiplying this by tang. 7, we obtain [3070] ; substituting [30686], reducing by [21]

Int., we find, as in [307 1],'

[30706] tang. 7 . sin. A = 2 . c .
{
sin. {gt-{- ^) • cos. -4 + cos. {gt-\-^). sin. 4^1

= 2 . c . sin. (g-
^ + p+ 4).

[3073a]

[30736]

J .
if J,

J (2070) Comparing -f- [3033] with -j.sin.^ [3036], it appears that the
CI Z Or t

variable parts of 6, -^i are of the same order. This is also evident from the comparison of

the numerical values of the variable terms of &, 4, [3377, 3379]. Therefore the variable

part of 4. must be of the same order as y [3051], or c [3070'] ; so that if we substitute, in

[3071], ihe mean value of 4^, we shall neglect terms of the order c^, as in [3072']. If we

[3073c] represent this mean value by 4.
= (/—g).U the expression sin. (g <+ ^+ 4') will

become sin.(/<+ |3),
as in [3073], and then [30706] becomes

[3073rf] tang. 7 . sin. A = 2 . c . sin. {ft + ^).
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motion of the equinoxes. We find in the same manner, that tang. 7 . cos. a
I Ov/O J

is composed of a corresponding number of terms of the form c.cos.(//-f 1^) 5

therefore by putting 2 . c . sin. {ft + ^) for the sum of all the terms of [3074]

the value of tang. 7 . sin. a, the expression of tang. 7 . cos. a becomes* [3074']

2 . c . cos. {ft + |3) ;
and these quantities will also be the expressions of [3075]

7 . sin. A, and 7 . cos. a. This being premised, we shall have for the part

of fP'dt depending on the action of the sun,t

fFdt = —^ . sin. & . cos. 2 tJ + ^. cos.^.2.
^.

cos. {ft-{-^), [3076]

[3078]

We shall now consider the action of the moon ; putting U for its mass, and [3077]

a' for its mean distance from the earth. Moreover we shall suppose, for the

moon, that w', v\ r', e', a', 7', correspond respectively to the symbols we
have named m, v, r, e, a, 7, for the sun ; also

-— = X . m^ == X .
-

; [3079]

we shall find, by the preceding analysis,

*
(2071) Substituting [3069] in the first member of [3075J] we get its second member.

Developing this by means of [23] Int., using the values [30686], reducing by [23] Int., we [3075o]

obtain the fourth expression [3075c]. Substituting in this 4'
= (/

—
S)^ [3073c], we get

[3075frj, as in [3075],

tang. 7 cos. A= tang. 7 . cos. (r + 4.)
=

(tang. 7 . cos. rj . cos. \,
—

(tang. 7 . sin. rj . sin. 4. [30756]

=2.c. {cos.(g<-}-^).cos.4>— sin. (^<-{-p). sin. 4.^=2. c. cos. (gr+ p-j-4.) [3075e]

=2 . c . cos. {ft+ p). [3075rf]

If we neglect 7^ as is done in [3066'], the expressions [3073J, 3075<?] become, as in [3075],

7.sin.A= 2.c.sin.(p+ ^); 7 .cos.A= 2.c.cos. (/f+ p). [3075^3

f (2072) Substituting 7. sin. A [307 5e] in [3065] we get

/F Ai^ — %.m. sin. fl . cos. 2 1;
—

f m^ . cos. 6.1.fdt.c. sin. {ft -f-^) ; and since [3076a]

ifd t.c. sin. (/< 4- ^)
=— 2

^
. cos. {ft -\- fi),

it becomes, as in [3076].
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rrktju 3Xm^ .
^ _, ,

3X7^2
, nil. • I,..

[30801 fr dt = --J- . sin. 6 . COS. 2v -—
. cos. & . fy dt . sin. a .*

X Y
The function -—^ also introduces, in the integral fP'dt, the terni,t

[3081] f X m^ . sin. ^.fy'^dt, sin. 2 a'.

[3081']
This term increases considerably by integration ; but it is evident, that,

notwithstanding this increase, it will yet be insensible
;

so that the only

[3081"] important terms produced in the value of the integral fP'dt, and of

course into the value of ^, by the action of the moon, are those we have

noticed. Some astronomers have introduced in this value, a small equation

[3081'"] depending on the longitude of the perigee of the lunar orbit; but we see

by the preceding analysis, that this equation does not exist. The mean

motion of the moon's perigee being nearly double of the motion of her

nodes, a term depending on the angle 2 A'
-|- r', might become sensible.

*
(2073) To compute the part of fP'dt, depending upon the attraction of the moon,

[3080a] we must accent the letters m, v, Uc. [3065] to conform to the notation [3078], and it

will become,

[30806] fP dt=^— I m' . sin. 6 . cos. 2v'— § . m' ^
. cos. (5// dt .sin. A'.

Accenting, in the same manner, the equation [3060], we get m'^= — =Xm^ [3079],

[3080c]

and nt'=^. Substituting these values of m'% m' in [30806], we get [3080].

f (2074) This corresponds to the last term of [3063p]. For by accenting the letters,

[.3081a] as in [3078], it becomes f m' . sin. ^/sin.^/ . sin. 2 A' . t/ v'; and dv'= m'dt, as in

[3063r]. Substituting this value of dv', and that of m'^= -Km^ [3080c] ; changing

[30816] also sin./ into /, as in [3066'], it becomes, as in [3081]. This term was finally

[3081c] noticed by La Place, in the fifth volume [12223], as we have observed in [3063<]. If we

substitute in [308 1 ] the values [3086, Stc] /= c', a'=—/ 1—
(3',

and put 6= h,

[3081d] it becomes, -^-^ .sin.h . c'Kfdt . sm.2{f' t +
^')==:^.s\n.h.c'^.cos.2

{f i+ ^').

This produces, in 6 [3050, 3089, 3101], the term,

[.3081e] .

-
--'(^ ^ y{j^'Sm.h.cos.2{ft

+ ^)].
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although multiplied by e'/'^; but the preceding analysis shows, that no [3C62]

such term exists in the integral fP'dt.* [3082']

To estimate the function fy d t . s\n, ^'
,

we shall observe, that in all [3082"]

the changes which the position of the solar orbit suffers, the mean inclination

of the lunar orbit upon this plane remains always the same, as we shall [3083]

see in the theory of the moon.f Now by supposing this satellite to be

*
(2075) The mean moiion of the moon in the time t, is m! t [3059, 307S] ; and if we

use the same notation as in [4817], we shall have (1
—

c).m't for the mean motion of ^ "^

the perigee; and (1
—

g) . m! t for the mean motion of the node. These quantities

represent r', A' respectively, [3078, 3061', 3052], and if we substitute the values of c, g
[51 17], we have, by neglecting, for brevity, the constant parts of r', A', corresponding to /=0,

r'= (l —c).m'^= 0,00845 199. 7??'^; A' =(1 —g).m' t —— 0,00^02115 ,m' t
; [30826]

2 a' -j-r'= 0,00040849. m'^ = im'i; putting, t= 0,00040849. [3082c]

Now If P' <? r [3062'] contain a term of the form m dv .^' .f^^{2 a' -{-T'), and [20E2d]

we substitute dv' = m'dt [3063r], it becomes, m'^dt.A' .
^'°"

im't; whose integral [3082e]

produces, in fP'.di, the term,

im' t=^"^. ^?«; (2 A' 4- r'). [3082/]

If we examine the value of R dt [3062', 3056, 3057], we shall find that the angle r'
[3C82g-]

is always connected with the coefficient e', and 2 a' with the coefficient 7'^; therefore

A' will be of the order e'7'^, and the term of fP'dt [3082/], will be of the order
[3082A]

m'e'y'^—r— . Substituting the values e' = 0,05487293 [5120], 7'= 0,0900807 [5117],

and i [3082c], it becomes nearly equal to 7nf, which is of the same order as the chief

term of [30806], depending on the moon; namely,
— ^m! . sm. 6 . cos.2v. This last [3082i]

expression produces, in [3377], a coefficient of the order 0", 3; therefore a term of this

kind would require to be noticed. But if we substitute the values of XT, XZ [3056,

3057] in [3062'], it will appear evident, by a very slight examination, that there is no

term having the factor ey% or e'7'2, except it be multiplied by the sine or cosine
[3082ifc]

of an angle containing either v, v', or its multiple, so that it contains no term of the form.

«' 7'^ •

cos! (2 ^'+ r')' as is observed in [3082'].

t (2076) This is proved in Book VII, [4783—4804]. [3083a]

212
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[3084]

[3085]

[3086]

moved upon the plane of the solar orbit, we shall have 7=7, and A' = a
;

therefore, by noticing the variations of the solar orbit,* we have

f7dt.sm,A' = —^ ^,
COS. (ft + ^).

Moreover, if we put c' for the tangent of the mean inclination of the orbit

c',f,^'. of the moon, to that of the sun, and —ft— f3', for the longitude of

the ascending node of the lunar orbit upon the sun's orbit, counted from
[3086'] the moveable vernal equinox, we shall have, for the terms dependino- on

this inclination,!

*
(2077) Substituting, in /.sin. A [3075e], the values of 7, A' [3084], it becomes

[3085a] /. sin. a'= 2. c . sin. (/^+ P)- Multiplying this by dt, and integrating, we get the

value of fy'dt . sin. A' [30S5], depending on the secular variations of the solar orbit.

t (2078) We shall

suppose FCf to be

an arch in the fixed

plane, or fixed ecliptic,

[3087a] as it appears on the -^1

spherical surface ofthe

heavens; F'D Cf an

arc of the sun's moveable orbit, F"DEf" the moon's orbit
;

F' the first point of Aries,

supposed to be moveable; F,F", the corresponding points on the fixed plane, and on the

the lunar orbit. Then drawing the arc DD' perpendicular to FC, we shall have

nearly FCF'= j, FC= A [3051, 3052] FEF"= y, FE= a' [2018]. If we

neglect the powers of 7,7', we may suppose the arch FF'F" to be perpendicular to

either of the arches CF, CF' or EF"; and in the triangles FCF', F'DF', FEF',
we shall have nearly, FF' = FCF' . sin. FC; F' F"= F'D F" . sin. F' D,

or F' F"= F'D F" . sin. FD' ;
FF" = FE F" . sin. FE, respectively ; hence

FF"= FF'+ F'F", becomes FEF". s\n.FE=FCF'.sm.FC+F'DF".sm.F'J).

Substituting in these equations, the preceding symbols, 7, A, 7', A'; also, for F'DF", or

rather for its tangent, the preceding value (/ [3086], and F'D=—ft— ^' [3086],

it becomes 7' . sin. a'= 7 . sin. A — c' . sin. (/' i^- ^'). Multiplying this by dt, and

integrating, we get,

// d t . sin. A' = ^
. cos. (/ t+ /s'j -\-fy d t . sin. A.

Now we have shown in [3085, 3085a], that the quantity fydt. sin. A, or the part of

// d t . sin. A', depending on the secular variation of the solar orbit, is —2 .
-

. cos. {ft-\-^)

[3035]. Substituting this in [3087A], we get the whole value of fy'dt.sm.h', as

in [3088].

[30876]

[3087cl

[3087d]

[3087e]

[3087/]

[3087g-]

[3087A]

[3087i]
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// d t . sin. A' ='- . COS. (/ 1 +n ;

^3087]

connecting these two terms, we have, relatively to the moon,

//(^^sin.A'=^^.cos.(/'i
+ |3')

—
2.-^.cos.(/^

+ |3);

and we have, by the combined actions of the sun and moon,*

[3088]

^ sin. & . {cos. 2 1? -| ;-
. cos. 2 v'

\

6 = h-\-~ .

(^ ^ y ^— (l+^).Wl.COS.5.2.-.COS.(/^ + ^)
I

+
^'.COS.KCOS.(/^

+ ^')

7/j'
'

I General

expression
of the

[3089]
obliquity
of the

ecliptic.

6. We shall now investigate the value of 4^ ; and for this purpose we
shall resume the equation [3041], putting it under the form,t

d^.sm,&= ^^^'~"^~^\ Pdt. [3090]
2n. C

We have by the preceding article, relatively to the sun,t

*
(2079) If we substitute the value of fy' dt .sin. A.\ [3088] in [3080], and then

connect this part of fP' d t with that in [3076], we shall obtain,

/P'rf^=— f .m.sin.^.{cos.2r4-r^.cos.2v'|+ f .m2.(l+X).cos.5.2.-^.cos.(/i-f-p) [30890]

—f.Xm2.i.cosJ.cos.(/i+ (3');

substituting this in [3050], it becomes, as in [3089] ;
to which we must add the

term [308 le].

f (2080) Substituting P= 2 . A; . cos. {i
t + s) [3038], in [3041], we get [3090]. [3090a]

X (2081) If we square the value of Y [3054], and put, as in [1, 17] Int.

sin.^ v= \
— i cos. 2 r, sin.^ (v— 2a)= i— J . cos. (2 v— 4 a) :

[3091a]
2 sin. V sin. {v

— 2 A)= cos. 2 A— cos. {2 v— 2 a), it becomes

Y^= J.r^^.cos.*^7.(l
—

cos.2»)
—

r^^. (cos.^ 7. sin. |u)^. {cos. 2 A— cos. (2o
—2a)| [30916]

4-^/2. sin.* ^7. {1— cos.(2t;
—

4a)}.

This may be reduced by [31] Int., which gives (cos. J 7 . sin. J 7)^= (^sin. 7)^=i sin.^7. [3091c]
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Y2—Z'=ir;.cos.^^7.(l— cos.2i?)
—

J-.r;.sm.27.{cos.2A— cos.(2i;~2a)|

[3091] —^.r^.sm.^j'.{l—cos.(2v^2A)l+^r^.sm.^y.{l—cos.{2v—4>A)];

YZ= lr^.sin2'y. cos. a— ^r^.sin.y. cos.^ ^ 7 . cos. (2v—a)

[3092] +h^r sm.7.sin.2^7.cos.(2?;—3a).

Therefore we shall find, by the analysis of the same article, neglecting

[3092] the squares of e and 7, and the quantities which remain insensible after

integration,*

Squaring the value of Z [3055], and substituting sin.^ {v
—

a)= |
— ^ cos. 2 (v

—
a)

[3091i] [1] Int., we get, Z^= irp .sin^y \l
— cos. (2 «— 2 A)}. Subtracting this from

Y^ [3091&,c], we get [3091].

The value of TZ [3092] may be found by multiplying Y [3054] by Z [3055],

and reducing, as in [3056o-, A], We may also derive it from the value of XZ [3057].

[3091c] For if we write v— 100°, and A— 100°, for v, and A respectively, the value of

Z [3055] will be unchanged ; but X [3053] will change into Y [3054] ; consequently

XZ [3057] will change into YZ. Now by making these changes in XZ [3057],

the quantity sin. (2i;
—

A) becomes sin. (2 z?
— A— 100°) =— cos. (2 v— A); sin. A

r3091/"l
becomes — cos. A; sin.(2v

— 3a) becomes sin. (2t?
— 3 A -f- 100°)= cos. (2 v— 3a);

these changes being made in [3057], it becomes, as in [3092].

*
(2082) Multiplying P [3016] by «?^=

^^^^^;^= [3058], we get Pc/i [3093i].

[3093al , 5, , , si

o I,
• • • u-

^ ^ \\-{-e.cos.{v
— T )\ . .1 , , ,

Substitutms; m this -z = m. — =ot.
:; , which is easily deduced

from [3058a, 30GI], we get [3093c]

[30936] Pdt= -
2,^,.^^::^

.

\ -^:^
. sin. ^ . cos. ^ +

"^^
• (cos.^ d- sm.^

6)
^

[3093*1 = —
T^

^
. <

~—
. sin. 6 . cos. ^+ -^- . (cos.^ ^— sm.^i) \

.

^

[l
— eef i ^/^

'

r^3
^

S

Now by the same method of reasoning as in [3062ff, &cC.], we shall find, that the factor

Y^—Z^ YZ
[3093rf] e.cos. (r— r), when multiplied by the terms —

,
—
^ [3091, 3092],

**/ '*/"

produces terms depending on the cosines of angles of the forms v— I', v-\-V^ 3t;— r,

&c.
;

all of which contain y, whose integrals will not have any terms with the small divisor t;

I



V. i. § 6.] PRECESSION OF THE EQUINOXES. 849

P.dt = ^m^.dt. sin. ^ . cos. &— | m . sin. 6 . cos. 6.d . sin. 2 v

[3093]

-j-^m^ .ydt. COS. a. {cos.^^
—

sin.^^j.

In this we must substitute for 7 . COS. A, its value 2.c.cos.(/^+|3) [3075e]. t^^^l

By the same analysis, we shall find, relatively to the moon,*

consequently they may be neglected in Fdt; because they will not produce any sensible

terms in 4", deduced from the integral of [3090]. Therefore we may neglect this term,

as we have done in computing P'dt [3063/] ; and by proceeding as in [3063/, Stc], we [3093e]

may also neglect quantities of the order of tho square, or the product of the disturbing forces.

Hence it appears, that if we neglect terms of the order e^, we may change the factor,

3mdv.{l+ e.cos.{v-T)}
rg^gg n^ ;^^^ Smdv, and we shall have, [3093/]

(1-ee)*

Pdt= 3mdv.} —
^;^—

.sin.4.cos.^ +— .(cos.2^— sin.2^) ^.
[309%]

Now if we substitute cos.^|7=(l — sin.^l/)^ in [3091,3092], and neglect terms
roQoaii

of the order 7^(1
— cos. 2v), /.cos. (2«

— 2 A), and such terms of the order 7^ as

are neglected in [3063i, &;c.), we shall obtain,

T72 72 y7—= 2(1— COS.21;)
—

:^
sin.^ 7 . COS. 2 A

;
—^= i sin. 2 7 . cos. A. [3093i]

Substituting these in [3093^], we get, successively, by putting dv . cos. 2v=-^d . sin. 2 v,

and sin. 27= 27 nearly ;

Dj. o J ( [i(l— cos.2r)— ^sin.2 7.cos.2A].sin.5.cos.n [3093A:]

( -j- ^ sm. 2 7 . COS. A . (cos.^ ^— sin.^ ^) 5

= ^mdv . sin. d . cos. 4— f m . sin. 5 . cos. ^ .d, sin. 2 v

+ 1 m . (/ V . 7 . COS. A . (cos.2 d— sin.2 ^) [3093/]

— ^mdv . sin. 6 . cos. 6 . sin.^ 7 . cos. 2 A.

We may put, as in [3063r], dv= mdt, and then the expression [3093Z]

becomes, as in [3093], with the addition of the last term, depending on 2 A, namely,

—
lrr?.dt. sin. d . cos. 4 . sin.^ 7 . cos. 2 A, which is neglected by La Place in this book ; but [3093m]

the similar term depending on the moon's attraction, is calculated in the fifth volume [12228].

*
(2083) Accenting the letters, m, v, 7, A, Sic. [3093, 3093/, m], as in [3078], we

get the following expression of the part of Pdt, depending upon the attraction of the moon ;

P<?i=
im'2.(Z^sinJ.cos.^--fm'.sin.4.cos.d.<Z.sin.2«;'-}-fm'2.7'J^cos.A'.fcos.2a—sin.2^1 [3093n]

—Im'^.dt.smJ. cos. & . sin.^ 7' . cos. 2 A'.

213
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Fdt = .Sin. ^. COS. ^ —7- . sin. ^. COS. ^. J. sin. 2^'

[3095]

-i-^-K.m^.dt.{cos.^6
—

sin.2^}.2.c. cos. (/t + ^)

-i-^\.m^.dt.{cos.^6
—

sm.^6\.c' .cos, (ft + ^');

consequently we shall have,*

Xm2
[3093o] Substituting m'^= -Km^, m'= -^ [3080c], it becomes,

3Xm2
Fdi = ^Xm^ .dt . sin. 6 . cos. 6

:

—-
. sin. 6 . cos. & . d. sin. 2 v'

"^ 4 m'

f^^^^-P^ +f X»i2. ^cos.2^
—

sin.2^|./rf^ . cos. A'

— %\m^ .dt . sin. ^ . cos. ^ . sin.^ 7' . cos. 2 a'.

If we lake, in
fig. 61, page 846, the arc F C/== 100°, then draw the arc //'/"

perpendicularly to F Cf, it may also be considered as perpendicular to either of the arcs,

[3093r] F' Cf, F"Df", neglecting the powers of 7,/, and we shall have, ff"=ff+f'f".

[3093^1
^'^^^ ^^ ^^^^ ^^^^ method as in [3087e], we have, in the triangles / Cf, f Df, fEf,
respectively, ff=f Cf .sm.f C; ff'=fDf.sm.fD'; ff" =fEf .s\n.fE.

[3093<] Substituting these in [3093r], we get, fEf . s\n,fE=fCf . sm.fC+fDf . sin./D'.

[3093u] If we use the symbols [3087d, g], we have, fEf= /, fCf= y, f Df or its

tangent =c', /E= 100° —FE= 100°— A', fC= 100° — jP C== 100°— A,
[3093ul

& ' ./ 'J '

/I>'=100°—F'D=100°+/'^ + (3'. Substituting these values in the equation

[3093u)] [3093^], we get, 7 .cos. a'= 7 . cos. A + (/ . cos. (/ ^ + p'). Multiplying this by dt;

then substituting 7 . cos. A= 2 . c . cos. {ft -{- p) [3075e], we obtain,

[3093a:] 7'<?^.cos.A'=£?^.2.c.cos.(/i+ (3) + c'.cZ^.cos. (/'f + ^').

Hence [3093p] becomes, as in [3095], with the addition of the term depending on

{3093y] cos. 2 a'
; namely,

— %\m^ .dt . sin. & . cos. 5 . sin.^ 7' . cos. 2 A'. This term was

afterwards noticed by the author, as we have already mentioned in [3093m]..

*
(2087) Substituting 7 . cos. A = 2 . c . cos. {ft + (b) [3075e] in [3093], and then

adding the two parts of Pdt [3093, 3095], we get the value of P dt, to be substituted

in [3090] ; then dividing by dt . sin. d, we obtain [3096] ; and if we use the value of

I [3098], it becomes,

d\ ,
IC0S./1 2dt.cos.h L w» J m(14-X)

[3C96a]
-— = / . <
dt A

. (cos.2^— sin.2^) , /. , N ,

"^ (cos.2^
—

sin.2<)) //»* i_o/\

f+-^ —^2.c.cos.(/^+^) +r-rr-—r- —'.</. cos. (/^4-p)
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COS. & { \m ) \ Differen-

(l-\->).m.cosJ-—-.]d.sm.2v+
—

.d,sm.2v'[\ ^^^^
-^ui

{
III y M

Pfg(.p„oi„„

d4. 3m (2C—A—B) ) ,

,.
, ^x fcos.2^

—
sin.2^} / ^. , on (

'

,

. fcos.^^
—

sin.2^1 , /r/v I /D/\+ 5^ m .
*

: . C . COS. (/ t + ^ )
I- Sin. ^

To integrate this equation, we shall observe, that the value of 6 is not
[3096']

constant, and that its secular variations become sensible, by integration, in

the first term of this expression of -r^.* Now the only variable part of [3096"]

the value of 6, which can, in the course of time, become somewhat large,

is the following [3089] ;

3m2 /2C—A— B\
., ,

. c ,., , ^s"~
4^

•

V c
—

/ (^ + '')
• ^^^- • ^ •

7
• ^^^' ^^^ + ^^' t^o^^^

O Q a TO

*
(2088) If we put V for the term multiplied by in the value of ^ [3089], [3097a]

we shall have, & = h-\-l' ; and by neglecting the square and higher powers of l\ we

shall find, from [61, GO] Int. cos. ^= cos. A— Z'.sin. A; sin. ^= sin. A -j- Z' . cos. /».
r30975]

Substituting these in [3096a], it produces terms, multiplied by ll\ which are so small that

they may be neglected in d-\^] but some of them, by integration, acquire a small divisor,

which render them sensible in 4^. Now upon examination, it will easily be perceived, that
' '^^

the terms of V [3097a], depending on the angles v, v', ft, corresponding to the motions

of the sun, moon, and the moon's node, cannot produce such divisors. If we neglect such ^ 1

terms in the value of l' [3097a], we shall find, as in [3097],

r=
-—.(^ ^ j.(l+X).cos.^.2.-.cos.(/^

+ ^); [3097e]

and the quantities producing similar terms in
-j~ [3096a], will be,

'•\^h+ sm.a.cos.A •^''•C0S.(/<+3)^- [8097/]

The last of these quantities is very small, as is evident from [3365, &;c.] ;
so that we may

substitute in it 6= h, and neglect the correction depending on /', in the values of

cos. 6, sin.6 [30975]. Therefore the only term of —
-, in which the variations of & are [3097^-1

COS. ^

required to be noticed, is the first
; namely, l. -.

—
'—, as in [3096"]. If in this we substitute [3097A]

cos. ^ [30976], and then l' [3097e], it becomes,

l-ll',t.u^.h=l+
lA^^.h.[^-£.(^-^^I±±^^

[3097*]

putting d = h, and using I [3098], we obtain [3099].
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This is therefore the only term necessary to be noticed
; and if we put,

for brevity,

[3098] ^^^r.^ nC-A-B
An

I ^ ) . (I + X) . COS. h,

f} 1

[3098'] the first term of the expression of — [3096«], will become, by neglecting

quantities of the order c

[3<^9] ll^ = l-\-P. tang. A . 2 . 1 . COS. (ft + |3).COS. h . o y w I I /

It is not necessary to notice the variableness of ^, in the other terms of the

d -h

[3099'] expression of —
, which, by integration, gives,*

Precession
of the

equinoxes

[3100]
X./ / ^ J K -T )

fixed'
—

^ , ,, , ,, . sm.2 tj'+———— ,
.
^—

r-T 7—^ . c . sm. (f't+^') ;

ecliptic. 2to'.(1+X)
'

(i_[_x)./' sm.h.cos.h ^^

[3100] ^ being an arbitrary constant quantity.

The expression of 6 of the preceding article, may be put under this form,

*
(2089) Substituting in [3096a], the value of its first term [3099], putting in the

[3100a] other terras 6= h, multiplying by dt, and integrating, we get [3100] ; observing that

the terms affected with the sign 2, appear at first under the form,

Z2.tang.A.2.-.sin.(/^+ ^)+Z.^- ^
.

^
\ 2 .-. sm. (/^ +p) ;^

f2
^-^ 1 f-y 1

COS. ^. sin. A / ^ I ^-y 7

cos.2^— sin.Sft ,

which, by substituting 7
—^-7-= cot. h— tang, h, becomes,' •' ° cos. ft. sin.A ^

[31006]
^^

2.H 1
j. tang.A-j-cot. A > . -.sin. (/^+ j3),

as in [3100]. The term neglected

in [3093i/], being integrated as in [308 It?, &;c.], produces in fPdt, the term,

f3100cl r • sin. ^ . cos. 6 . sin.^ y' . sin. 2 {f t -\- (3'). Substituting in this, the values, &= hy

sin. y'
= c' [308 Ic], the resulting expression will produce in 4^, [3090], the term,

2 nC/' sin. ft (. )

[3100^1
"^

This term of -4^ must be added to 4> [3100], and to i' [3107].
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6 =
h-^.j.

COS. (ft + ^) +
^^_^l^ ^^,

. c' . COS. (ft + n*

These values of 4- and ^, taken in connexion with that of p = n [3015]'

furnish the necessary data for determining, at any time, the motion of the

earth about its centre of gravity.

7. The expressions of 4^ and & correspond to the fixed plane. To obtain

their values, relative to the apparent ecliptic, we shall consider the spherical

triangle, formed by the fixed ecliptic, the apparent ecliptic, and the equator.

It is evident, that the difference of the two arcs, intercepted between the

equator and the ascending node of the solar orbit, in this triangle, is nearly

equal to the product of cot. ^, by the inclination of the solar orbit to the

fixed ecliptic, and by the sine of the longitude of its node.f This difTerence

is therefore equal to cot. K 2 . c . sin. (ft + ^)- Now if we put 4-' for the

Obliquity
of the

ecliptic

[3101]

referred
to a fixed

plane.

[3101']

[3101"]

[3102]

[3102']

[3103]

[3104]

*
(2090) This is deduced from [3089], by substituting, for the factor — .

( j,

its value ,, , , , [3098], and putting 6=zh, in the other terras. We must rSlOlol
m(l-|-X) .COS. ft

>- » ^ L J

also add to this expression the term neglected in [308 le].

that D C H is the equator, [3102o]

62

f (2091) We shall suppose, in the annexed figure

DCBAG the fixed ecliptic, C'B'AF the

apparent ecliptic; B, the point of the fixed ecliptic,

corresponding to the origin of the angles r^, •4, and

B' the corresponding point on C B' AF; so that

we may consider B B' as perpendicular to A D.

We shall also draw C C perpendicularly to AD',
then A is the ascending node of the solar orbit, and

DAC the spherical triangle mentioned in [3102].

The angle DAC being very small, the difference

of the two arcs, DA, C A, is expressed nearly by the small arc CD=AD— A C
The arc CC is nearly equal to the product of the inclination of the solar orbit DAC, by

the sine oi AC ox AD, and as CD C^6, we have very nearly, in the triangle CDd
CD=CC. cot.6, or .4/>—.3C'=CC'.cot.^= (AngleD.^C'Xsin..4D)Xcot.^
as in [3103]. Now DAC^y, AD=A [3066', 30G9] ; therefore we have, by neglecting

the powers of 7, as has been done throughout this calculation, AD— ^C'=7.sin. A.cot. ^.

Substituting 7. sin. A [3075e], it becomes, AD— ./2 C = cot. ^ . 2 . c . sin. (/^ -f" ^)'

as in [3104]. In all these calculations, terms of the order c^ are neglected [3072'].

214

[3102i]

[3102c]

[3102J]

[31G2c]

[3102/]
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distance of the intersection of the apparent ecliptic and the equator from

the invariable origin, from which we count the angle 4^, upon the fixed

[3105] plane, we shall have, very nearly, 4.
-—

4-' for this difference ;* therefore

we shall find,

[3106] 4^
—

4-'
= cot. ^ . 2 . c . sin. {ft+ |3).

Hence we deduce,

Precession 7.„, C-.,^ 07) /? P
of the

equinoxes
referred

to the

+' = ^^+ ^ + 2 .

I

1 +
-^

. tang.^/i
I

.

(^^-^y
cot. A. c . sin. (/^ + |3)

n^oveable (1+^)'/ Sm. A . COS. A ^*^ ^^^ 2 m .
(

I + X)moveable

•cliptic.

. sui. 2 ?; .

2w'.(i +x)

[3108] Then if we put ^' for the inclination of the apparent ecliptic to the equator,

we easily find, by referring to the preceding spherical triangle, and observing

that ^'— & is very small,t

[3109]
6' — ^ = 2 . c . cos. {ft + §) ;

therefore we have, J

Apparent
obliquity

[3110]

of the

ecliptic.

«' = A + ^ •

(^')
• c . COS. (/<+ 13) +^^-i^,

. c' . COS. (/' i+ 13')

'

2w.(l+X) ^
'

m' >

*
(2092) In

fig. 62, page 853, T,=BA, or B' Jl [30G6'] nearly; and by [3068', 3069],

[3106a] 4.
= J5I>, A= r^ + 4-= ^D; also from [3104], 4' =jB C or ^' C nearly ;

hence

[31066] "r
—

\''
=BD— B C, which is evidently very nearly equal to CD or AD—AC;

therefore ^—\/= cot. ^ . 2 . c . sin. (// + p) [3102/], as in [3106]. This gives, by

[3106e] changing & into A, \/ =i-]^
— cot. h .1 . c . sin. [ft -\- ^) ;

and by substituting the value of

4' [3100], we get [3107], as easily appears by connecting together the terras depending

on c, observing that cot. A. tang. A= 1.

[3109a] f (2093) If we make DH=DG= 100"^, the arch GH will be equal to &, the inclination

of the equator to the Jixed ecliptic [3101"] ;
and if this arch HG cuts the apparent ecliptic

in jP, the arch HF will be very nearly equal to ^', the arch D C being extremely small;

[310&5] hence we have, FG=HF— GH=6'— 6. But in the triangle GAF right-angled

at G, we get very nearly, FG=F^ G. sin.^(T= 7. sin. ^ ^= 7. sin. (100°—dD);
[3109c] and as AD= A [3106ff], it becomes FG^= 7. cos. A, consequently 6'— = 7. cos. A;

and by substituting the value of 7. cos. A [3075e], we obtain [3109].

[3110a] t (2094) From [3109] we get, fl' = 5 + 2 . c . cos. (ft + p) ;
and by substituting the

value of 6 [3101], and connecting the terms depending on c, we obtain [3110].
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The part 2 . \^—z~) • c . cos. (ft + f3) of this expression, gives the secular [^i^i]

variation of the ohliquitii of the apparent ecliptic to the equator. If the earth eam. be

be spherical, there will be no precession arising from the action of the sun cli'sutVa,

and moon : we shall then have / = 0,* and the secular variation of the ^^ "°
.

'
precession

obliquity of the apparent ecliptic will be, 2 . c . cos. (ft + |3). Hence we [3112]

perceive, that the action of the sun and moon upon the terrestrial spheroid ^/„'^"4g

changes considerably the laws of this variation, which will almost vanish [3113]

if the motion of precession, arising from this action, be very rapid in
the'suo"^

comparison with the motion of the solar orbit. For this last motion

depends on the angles (/— I) t [3113b'],f in which the coefficient (f
—

I) [3113']

*
(2095) The earth being supposed spherical, the length of the radius R', drawn from

its centre of gravity to the surface [2908, 2919], is constant, or independent of |x, ^; hence [3111a]

the value of R'^ [2923] must be reduced to its first term, U^^\ making t^i>==0,

6'<2)^0, &tc. Now ?72) being equal to 0, we must necessarily have, If= 0, H""= 0, &c. [31116]

[2934] ;
and by substituting these values in [2936

—293S], we get the same expression for

the values of A, B, C, namely,
—

. Z7(o>; hence A=B=C; therefore 2 C—A—B=0.
15

Substituting this in [3098], we get, 1=0', by which means the secular variation of the [31116']

obliquity of the ecliptic [31 11], is reduced to 2 . c . cos. {ft -}- ^)5 as in [3112]. [3111c]

f (2096) This corresponds to [3073c], where we have put (/
—

g) . i, for the mean

value of 4-, which is equal to Z i [3100]; hence (/—g).i=lt, or g=f— I; and [3113a]

the angle g t, upon which the displacement of the solar orbit depends, becomes (/— /)
. t, [31135-1

as in [3113']. If the earth be supposed spherical, we get, Z= [31116'], f=g, and

the secular variation of the obliquity [3111] becomes,

2 .

^
. c . cos.

(g-
<+ ^)

= 2 . c . cos. {g t + fi), [31130]

and this is to the general value [3111], corresponding to a spheroidal form, as quantities of the

order -.c are to those of the order (~y)'^i that is, as /:/— Z or f:g; and [3113rf]

as g is much less than /, the displacement of the solar orbit must be much less than if the

earth be supposed of a spherical form. La Place estimates that the secular variation is

decreased three quarters of its value from this cause. This calculation has no other

difficulty than its great length. The method is to compute g, g^, g^, &;c. [1100^], [3113c]

noticing the effect of all the planets ; then the actual variation of the obliquity by formula

[3111]. This is to be compared with the variation which would take place independently
of the attractions of the sun and moon upon the spheroidal shell of the earth, by formula

[3111c], to obtain the ratio mentioned in [3115].
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[3114] is very small in comparison with I and /; so that the function

2.(^tl^^.c.cos.(/^
+ |3)

becomes nearly insensible. Upon the most probable suppositions relative

La Place has published an article on this subject, in the Connoisance des Terns for 1827,

in which he points out some corrections to be made in the method used by La Grange,

Euler, and Schubert, in determining the variations of the obliquity of the ecliptic, and of

the precession of the equinoxes; to reduce them to the forms given in [3107, 3110].

We shall here give some of the results of this calculation. If we retain only the secular

[3113A] terms of &' [3110], and suppose its value to be h, at the commencement of the year ISOl,

when we shall suppose t= 0, we shall get &' [31 13A;j. If the earth be spherical, we have

1=0, f==g [31136], and 6' becomes as in [3113ZJ. If we were to refer the angle gt-\-(i,

[3113i] to the moveable equ.inox, by adding to this angle the mean precession of the equinoxes It,

it would become, (^g
t -\-lt) -\- ^^^ft-\- ^ [3113a]; and [3113ZJ would change into

the inaccurate formula [31 13»i], used by some astronomers.

[3113ik]
a' = A+ 2 .

(^^^ .c.{ cos. {ft + ^)
— COS. ^]

[31131]
6'= h-\-2.c.{ COS. {gi-\-^)— cos. ^ }

[3113m] ^'= /i-f-2.c.{cos. (/i( + (3)— C0S.(Z^+13)|.

This last expression represents the value of 6', noticing the mean precession of the equinoxes,

arising from the oblate form of the earth, but neglecting its effect when combined with the

' "'
secular change of the plane of the ecliptic. La Place remarks, that the last form [3113m]

is used by La Grange and Schubert, instead of the first [3113A;] ; in consequence of this,

[3113o]
^i^gy jjiake the maximum variation of the obliquity of the ecliptic about four times too great.

La Place gives the numbers of Schubert's calculation, taken from the third volume of the

last edition of his astronomy, which are equivalent to those in the following expression [31 13g'].

The difference consists in the reduction of two terms of the form a.s\n.gt-j^b. cos.gt for

each planet, into one of the form a . sin. {g i-{-i^), by putting a= a. cos. (x, J= a . sin. f* J

whence taqg. fJ"-
= —

,
a= a. sec. (x, and formula [31 13m] becomes ;

s dm s

[3113^]
4'= A + 5680.sin. (193 18 + ^.50,1 )

+ 657.sin. (216 05 + ^.24,5715)
Appirent

' v i ' /

ifZ''^ + 5823 . sin. (347 21+^.31 ,427 1
)

Sid' + 396 . sin. (
41 54 + ^ . 33,3851)

sTubert', + 1578 . sin. (343 24 + < . 43,2280)
formula. _ .

+ 3469 . sin. (114 32 + < . 45,3674).

[3113p]

[3113r] The sura is = 1 7603 = ¥ 53™ 23*= the maximum variation of the obliquity

according to Schubert.
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The varia-

to the masses of the planets, the whole extent of the variation of the tionofthe
r ' obliauitT

till after two or three centuries.

obliquity of the ecliptic is reduced, by the action of the sun and moon upon eciipuci*

the terrestrial spheroid, to nearly one quarter of the value it would have [3115]

independently of this action [3113m;] ;
but this difference is not manifested ^^

decreased
the

[3116]
action of
the sun

/' f 7\ and moon,

To prove this, we shall develop the function 2 . l—r-- j.c.
cos. (ft + f3), [3116']

^ J ^
upon the

according to the powers of the time. It becomes, by neglecting the terms shefiofthl
earth.

From these coefficients, 5680*, 657*, &c., we may easily obtain their corrected values

/-
[3113m], by multiplying each of them by

I /- 50^,1

using for / the coefficients [3113*]

of ^, respectively; namely, 50*,1, 24*,5715, &;c. To render these corrected coefficients

positive, we have varied the angles of the preceding formula by ± 180''; therefore the

corrected expression of the obliquity is,

s dm s

6'= h-{- 683 . sin.
(
36 05 + < . 24,5715)

+ 3460 . sin. (167 21 + < . 31,4271)
- + 198.sin. (221 54 + ^.33,3851)

+ 251 .sin. (163 24 + ^.43,2280)

+ 362. sin. (294 32 +<. 45,3674)

[3113<]

[3113ul

Apparent
obliquity
of the

ecliptic, by
La Place.

The sura is = 4954= I'' 22"* 34* = the maximum variation of the obliquity, [3113r]

according to La Place.

This formula makes the present annual decrement of the obliquity rather less than half a

second. The maximum variation according to Schubert, is 4'' 53" 23* [3113r], which is

nearly four times its true value, l^ 22™ 34* [31 13i;], corresponding to La Place's calculations.

The angles in the formula [31]3u], have different periods, depending on the coefficients

of t, respectively ;
the first requires about fifty-three thousand years, the last about twenty-eight

thousand years, to complete a revolution, or variation in the argument, of 360'^. The different

rates, at which these angles increase, produce several periods of maxima and minima,

besides those mentioned in [3113i^].

We may incidentally remark, that the formulas given by La Grange and Schubert, for the

value of 4>', and for the length of the year, require a similar modification to that in

[3113s, Sic.]. La Place remarks, that the terms of the secular equation of 4', given by

Schubert, must be multiplied by
—

'F~'(^ + 7 •

t^ng-^^jj
to obtain the corresponding

terms of his formula [3107]. The numerical values of 6, 6', 4/, 4-', are treated of in this

book in [3377—3380], and in Book VI, [4357—4360, 4614—4617].
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[3113x]

[3113y]

[31132]
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above the first power,*

[3117]
2 .

(^-^J
. c . COS. ^— ^ . 2 . (/— l).c. sin. /3.

The coefficient /— / is, as we have seen [3113«], the same for the earth,

[3117]
supposing it to be spherical, as for the case where it differs from the sphere ;

therefore the secular variation of the obliquity of the ecliptic is the same for
these two cases, in times near the epoch.

[3118]
The function 2 . < 1 + t^ • tang.^ h i ,

(I
—/) . cot.h .c . cos. (ft + /3), in

dV
the expression of —

[3107, 3118/'], gives the diminution of the mean

value of the year, by reducing it into time, estimating the tvhole circumference

[3118'] 400" as one year.f The decrease which takes place, by the motion of the

[3116a]
*

(2097) Putting in [61] Int. z= ^, a=ft, we get cos.{ft-\-^)
= cos.^^ft.sm.^,

neglecting the square and higher powers of t, substituting this in the secular variation of the

obliquity [3111], we get [3117]; and as /— l=g [3113a], it becomes

[^11^^] S.f*^ j.c.cos. ^— ^.2.^c.sin.i3.

Now g, c, ]3, are independent of the figure of the earth, therefore the term — ^.2.^c.sin.(3,

or the chief term of the secular variation, is independent of this figure ;
so that the effect

[3116c] of it can only be perceived in the terms which depend on ^^ and on the higher [Dowers of t;

and as the coefficients of these terms are very small, the effect of them will not be perceptible

till many years after the epoch, as is observed in [3116].

[3118a] t (2098) The length of the year is ascertained by the time elapsed between two

successive returns of the sun to the first point of Aries, determined by the intersection of the

[3118^] equator with the plane of the sun's moveable orbit; and this time must evidently be affected

by the variations of 4'' [3104, 3107]. Now the general value of 4^' [3107], noticing

only the first terms, and the secular equations, is

[3118c] -^'^It+ ^+ ^'l l+j..tang.2A|.(^y^.cot.A.c.sin.(/^
+ p).

If we wish to deduce from this the annual precession §
4>', we may increase the time t

[SllSd] by one year, represented by T, and we shall obtain the value of ^|^'-f"^4''J from which,

subtracting 4'', we get 6-^'. Now it is evident, that if we neglect the square and higher

powers of T, we shall obtain 8-^', by taking the differential of 4-' relatively to the

[3118e] characteristic S, and putting 8t= T. Hence we obtain,

[3118/] n'= l T-\-T.2.h +^.t^ng.nl. {l—f).couh.c.cos.{ft+^)
= l T+s T;

[2U8g] s being put, for brevity, equal to the quantity [31 18], under the sign 2. Subtracting the value
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ecliptic alone, neglecting the action of the sun and moon on the terrestrial

spheroid, is,

2 . (/
—/) . cot. h.c . COS. {ft + 13) ;

The action
of the
sun and
moon
on the

spheroidal

[3119]

shell of

therefore this action changes the value of the variation in the length of the the earth.
decreases

year, and reduces it to nearly a quarter of the value it would have independently ttrilTiolT'

of this action. [3119']

in the

8. We shall now consider the influence of this action upon the duration of the year.

[3119" ]

the mean day. We shall first observe, that the momentary axis of rotation

never varies from the third principal axis hut by an insensible quantity.

We have seen, in ^28 of the first book {259c], that the sine of the

angle formed by these two axes is equal to
; now it is

[3120]
v/p^+ 9^+ ^^

evident from what precedes, that q and r are insensible,* and that they "^^^^^

have no perceptible influence on the values of ^ and vl, except by the eanh^coV^

responds

integrations ; therefore ive may suppose that the momentary axis of the earth Mxaci

coincides with its third principal axis, and that its poles of rotation always ^^^j;'y^^

correspond very nearly to the same points of its surface. llJIncipaj

I

of S ]/ from the whole circumference, we obtain the arc actually described in one year,

400° — IT— sT; and its mean value, 400° — IT, is the arc described in r mean

year. Hence the actual year is less than the mean year, by the time which the sun takes

to describe the arc s T, namely, j—r^
——, or ——

nearly; and if we suppose [3118A]

the whole circumference 400° to represent one year [3118'], this decrement of the year roiiQ-i

becomes equal to s [3118,3118^]. Substituting /—l=g [3113a] in [3118], we get

for this decrement, — 2 .

j
1 + 7 • tang.^ A > .g . cot. h.c. cos. {ft -j- (S).

If we neglect [31184]

the action of the sun and moon on the spheroidal shell of the earth, which is the same as to

suppose the earth spherical, we shall have 1 = [31136], and then the preceding

expression becomes as in [31 19],

— ^.g .cot.h .c .COS. {ft -\-fi), or S . {I
—f) .cot. h . c. cos.{ft-^ ^) [3113a']. [3118/]

We may then compute the values of the two expressions [3118, 3119] as in [3113e, Stc.] ;

this computation has no other difficulty than its length. La Place makes the ratio of these [3118«]

quantities as 1 to 4 [3119'].

*
(2099) Comparing [3023, 3024] with [3025—3028], we find that q, r, are of the

order C— ^, or C— B, multiplied by k±k', all of which are very small. [3120a]
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We shall now determine the rotatory velocity of the earth about its third

[3121] principal axis.
'

It is evident that V = -j-
—

-7^
• ^os. ^, expresses this

[3l2lV velocity.* If in the equations [3009—3011], we suppose A = B, which

holds good when the earth is a spheroid of revolution,! the first of these

equations gives dp = 0, consequently p is equal to a constant quantity n.

But these equations being only approximative, relative to the action of the

[3123] body L, we shall proceed to prove that the equation p = n is correct,

when we notice all terms arising from this action.

[31231 If, as in [2978], we take the plane of the equator for the plane of

X and «/, the equation [2905] will become, t

[3124] dp=-^;
and by [2972],

dJV ^ , ( /dV\ /dV

Putting

[3126] F=*S.
^^^

and observing that by the nature of the centre of gravity [254],^

[3121a]
*

(2100) We have seen, in [2977jg-], that p represents the rotatory velocity about the

third principal axis, and by substituting its value [3029], we get [3121].

[3122a] f (2101) If the earth be a spheroid of revolution, we shall have Jl= B [301 1'], and

then [3009] becomes dp= 0, whose integral is p = n.

[3124a] t (2102) The equator of the earth being taken for the plane of xy, as in [2978], we

get ^= [2907g]. Substituting this and A = B, in [2905], we get [3124].

[3127a] <§, [2103) Multiplying [2966] by dm, prefixing the sign of integration S, and using

V [3126], we get,

o r^j Q r J^ Jxx'+ yy'+zz') Ldm
S. V dm==— o .Ijdm. [-

o .

[31276]

This is to be substituted in the second member of [2972]. In the first term of [3127i],

we may consider r^ as a constant quantity [2971c', &c.] ; consequently the partial
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S.x'dm = 0; S.-i/dm — O; S.z'dm = 0; [S126']

we shall have [2966, 2971],

dJV /dV'\ /dV'\ ,.,^

[3127']

V being the product of L, by the sum of all the particles of the terrestrial

spheroid, divided respectively by their distances from L.* It is evident

that if the earth be considered as a spheroid of revolution, V will be

the same, when z and 1/^2
1

^2 are the same
;

therefore V will be a Extensive
' V I J ' case in

J
-Xj*

which the

function of these two quantities ; hence we find -j- = 0, consequently m^b^of
u t the earth

rm 1 • • • T
a-bout its

dp = 0, or p = n. Thus we have a very extensive case in which the
[3128]

rotatory motion of the earth about its third axis is rigorously uniform, [3128']
third axis
IS rigo-

rously
uaifomit

difFerential of ihis term, taken, relatively to x, and multiplied by y, produces in

S.y.(--).dm, the quantity —S.Ldm.^== ^.S.a/ dm= [3126']. In [3127c]\ax / r^ T^

like manner, the partial differential of the same term, relative to y, produces, in

— S.xJ—\ the quantity S . Ldm.^=^ . S .y' dm= IS126']. Therefore we [31^d]

may neglect this first term of [31276], and substitute, in [2972], the expression

S.Vdm=V' ; by which means [2972] becomes as in [3127].
\2.Vi7e^

*
(2 1 04) The distance of the particle dm o^ the earth, from the attracting body jL, is

^^[x— x'f-^{y— 'iff^{z^2^f\ [2967^. The sum of all these particles, divided ^^^^^"^

respectively by their corresponding distances, and multiplied by L, is evidently equal to

V [3126]. If the spheroid be formed by the revolution of a curve about the axis [31286]

of z, V will be a function of the ordinate sr, and of the distance of the body L, from

that axis or \/{x^-\-y^) [2907n] ; so that if we put v/(«^+ y^)
=

•a?^ ,
we shall have,

V equal to a function of «, a?^,
which may be represented by F'=

<f)(2;, a?J. Hence

[3128cl

\dx) V dx, )'\dx) \ dx, y V(a:2-j_y2)'

and

(dV
[3128<ri

'\^/d.<^{z,x)\ /dx,\/d.9{z,!c,)\

J \ dx, )\dy) \ dx, )'

Subsututlng these in the second member of [3127], the terms mutually destroy each other,

and we have —-=
; hence [3124] becomes dp = 0, whose integral is p^^n, [3128e]

as in [3128]. #
216
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In the general case, where the three principal momenta of inertia are
/D a\

[3128"] unequal, the term f—-— \.qrdt, of the equation [3009] is insensible,

[3129] even after its double integration in the expression fp dt, which represents

the rotatory motion of the earth during any period of time.* For we have

29'!
seen, in § 4, that the values of q and r do not contain small divisors, which

are introduced into the values of 6 and 4 hy the integrations only.f

*
(2105) We have seen, in [3121a], that the angular motion about the third principal

r3129al ^^^^' ^" ^^^ ^™® ^ ^' ^^ p dt'f its integral, fp d t, will therefore represent the motion

about that axis in the time t. Now if, for brevity, we put the second member of the

[31296] equation [3009] equal to Q^ t, we shall have, dp -\- f

~
J .qr .dt= Q^dt. Its

integral being taken, and the constant quantity n added to complete it, we get,

———
j .fg

rdt= n -{-/ Qdt. IMultiplying this by d t, and again integrating, we

[3129(^1 obtain, fp'd t= nt -\-fd t ./Qdt— (———
j .fd ^ .fq rdt; which contains the double

integrals mentioned in [3128", Stc.].

[3130a]

f (2106) The quantities
—

, —, given by the equations [3040, 3041], are of the

order
(

—-—-—
)

. ^
;

^ being of the same order as P or P' [3020]. The values

of P, F [3016, 3017], contain no terms having small divisors of the order i, of the same

[31306] niagnitude, in other respects, as those before noticed ; therefore "77 ' "77 j
contain no

[3130c]
terms having such small divisors. But the divisors of the order i are introduced in &, -i^^

by integrating [3040, 3041], as evidently appears from the expressions [3089, 3100],

containing the very small divisor /, which does not occur in -r ,
or —

. Now as these

[3130i]
. d^ d^

small divisors are not found in T" > -77 j they will not appear in the values of q, r,

deduced from [3030, 3031] ; namely,

dt
^ ' dt

[dldUej q= ^ sin. ^ . gm. q,
— —

. cos. (p ;
^ ^^~^' ^^°' ' ^°^' ^'^Tt' ^"^' ^'

Therefore if we notice only the terms of -^ ,

—
,

deduced from [3100, 3101], and

[3130/]
«* <^*

depending on the secular equations, or on the angles of the form {ft -f- js),
these terms

will be of the order Ic, consequently the similar terms of q and r [3130e] will be of

[SlSOg] the order Ic. Hence
(

~
)-g^> whieii occurs in [3009], will be of the order
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Therefore q and r are of the order / c, noticing only the very small angles

depending on the secular variations of the earth's orbit ; and the term

^?J^\qr, is of the order ^'c\f^^\ [3130A]. The double [3130]

integration may introduce a divisor of the order P, and then it will

become of the order (
—-—

]
. c^

;
therefore it is insensible.

[3131]

If in the second member of [3009], we substitute for 6, cp, 4^, their values, [3131^

given by a first approximation, it will suffice to notice only the terms of

these values, which have very small divisors, which are of the form,*

—!_/'"• ^y^_[-|3), f being a very small coefficient of the same order as [3132]

I [3130^]. But these terms, when substituted in the second member of

[3009], are multiplied by the sine or cosine of 2<p, and by I; so that after

their double integration, in the expression of fp d t, they will remain [3133]

insensible. Therefore we find, even in the case where the three momenta

A, B, C, are unequal, that the rotatory motion of the earth can always be

supposed uniform, or, in other words, p can always be considered as equal

to a constant quantity n. [3134]

j J
and if this quantity be multiplied by a term of the form

^^' {ft-\-^), its

double integration in the expression [3129J] will introduce the divisor f^, so that the term

(—^J 'ffd ^-qr, will be of the order — . \—^\ o^
^^•\~'^\

because I is
[3i30/i]

of the same order as f=l-\-g [3113a, cfj, and such terms are neglected, as in

[3072']. We may incidentally remark, that some of these terms may be less than what we

have here stated, because the angle /<+ ^, becomes connected with 2 9, by which

means the divisor /^, introduced by the integration, is increased to (2n)^ or 4n^
[3130i]

nearly [3029, 3015].

*
(2107) The terms of 4^, & [3100, 3101], depending on the secular motions, are

evidently of the form [3132] ; and when these are substituted in (^dt [31296], or in the [3132a]

second member of [3009] , they are multiplied by quantities of the form
^^J^*

2
(p, producing

terms depending on the angle 2 9 ±ft ± |3. The double integral of these terms, in

c • [31326]
[3129a], will not therefore be mcreased by small divisors, as we have seen, in [3130A;].

This agrees with [3133].
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Mean day. 9. TMs IS tkc placc to discuss the variations of the day, which is called by

[3135] astronomers the mean day. The mean sideral motion of the earth in its

orbit is uniform, as we have shown in Book II, §54 [1051', &:c.]. We shall

suppose that there is in this orbit a second sun, whose motion and epoch
are the same as the mean motion and epoch of the real sun. Moreover, we
shall suppose that there is in the plane of the equator a third sun, whose

[3136] motion is such that it coincides with the second sun whenever it passes the

vernal equinox ;
its mean distance from this equinox being always equal to

Duration thc mcau longitudc of the sun. The interval betiveen two successive returns
of the O
mean day. ^ ^^^^'^ thh'd sun to thc meridian, is what is called the mean day. If the

[3137] motion of the equinox upon the apparent ecliptic were uniform, and the

inclination of this ecliptic to the equator constant, the third sun would

always move uniformly in the equator. But the secular variations in the

[3137'] motions of the' equinoxes and in the obliquity of the ecliptic, produce in

the motions of this third sun, small secular equations, which we shall now

proceed to determine.

We have seen, in the preceding article, that the rotatory velocity of the

[3137"] earth may be supposed equal to a constant quantity n [3134], and that its

momentary axis of rotation never varies from the third principal axis, but

s,v. by an insensible quantity [3120']. Therefore if we put 5 for the angular

velocity of the third sun, which is supposed to move in the plane of the

equator, and v for its distance from the vernal equinox, referred to the

[3139] Jixed ecliptic, n— s will be the angular velocity of the first principal axis

of the earth, relatively to this sun
;
and we shall have,*

[3140] d(p
— dv = (n

—
s) . dt.

Now we have in [3029, 3123],

[3141] d(^ = ndt-\- d-\' . cos. ^
;

hence we obtain,

[3142] dv = sdt-\-d-\> . COS. &.

[3138]

[3139a]
(2108) The distance of the first principal axis from the fixed equinox, is (p [2907/],

and the distance of the third sun from the same equinox is v [3 1 38] ;
therefore 9

— v is the

[31396] distance of the /r5< principal axis from the ^/lirc? sun. Its differential da?
—dv represents

the motion of that axis from the third sun, in the time d t. Now the angular velocity of this

axis from the sun being n— s [3139], its motion in the time dt is (n
—

s) .di', putting

[3139c] ^|j|g gqy^i tQ ^Y\e preceding expression [31396], we get [3140]. Substituting the value of

d(^ [3141], we obtain [3142].
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We shall put v' for the angular distance of the third sun from the apparent [3143]

equinox, or, in other words, from the intersection of the equator with the

apparent ecliptic. Then it is evident from [31446], that xi— v' is equal

to ~—-^:* therefore It is equal to ^-^^
——^\ hence we get [3144]

COS. a
^ sm. a

& L J

, , -, . • t. ^.c f. COS. (ft 4- e) roiitT
dv' = sdt + d^. cos. 6— dt ^—

. Y
^'^^

. [3145]
sm. 6

U gt be the sideral motion of the second sun upon the apparent ecliptic,!

^+ -^, will be its angular velocity, relatively to the apparent equinox. [3146]

But we have from [3106],

^'
=^- cot. d . 2 . c/. COS. (ft + ^) ; [3147]

*
(2109) We shall suppose, in

fig. 62, page 853, that S', S", S'", represent the

aces of the first, second, anc

S'" C'= v' [3143]; lience

places of the first, second, and third suns, respectively; then we have S"'D= v [3138], roiAA i

v— v' = S'" D— S'" C'=C'D. But in the triangle

CDC, we have C'D= ^^^--= ^^=^—^\2l06b'\. Substituting this in the [31446]'
COS.CDC COS. 6 COS. a

L J &

preceding equation, and using the value of 4'
—

4^' [3106c], we get v—v'= .
—

.

S.cf.cos.(ft4~3) . .
[ol44e]

Takina; the differential, we obtain dv'= dv— dt . . ; substituting d v° '

em. 6

[3142], we get [3145].

f (2110) The distance of the moveable vernal equinox from the fixed point, taken for

the origin of the longitudes, being represented by 4'' [3104], its differential d-^' will [3146a]

represent the precession in the time d t. Adding this to the sideral motion of the second

sun g dt, we get the whole motion, from the apparent equinox g dt~\-d-V ', dividing

this by the time d t, we get the angular velocity relatively to that equinox ^+ -7-, as [31465]

in [3146]. Substituting the differential d-\^' [3147], deduced from [3106], it becomes

as in [3147] ; which represents the angular velocity of the second sun, relatively to the

apparent vernal equinox. Now the angular velocity of the second sun is equal to that of ^ *'

the third, as is evident from the definitions in [3136]; and this last velocity is represented
dv'

by — [3143]. Putting this equal to the expression [3148], and then substituting

di/ [3145], we get,

. + ^.cos.^ sin.^

^^
=g-+^-cot.^.2.c/.cos.(/^+ P); [3146^

hence we easily obtain s [3149], by some very slight reductions.

217
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therefore this velocity is equal to,

'dt

dv'

[3148] ^+ rf7

— ^°*- ^ . 2 . c/. cos. (/^ + /3) ;

d V
and as this must be equal to — [3143], we shall have an equation, by

means of which we may determine s, and we shall find,

[3149] 5=^ + (l-COS.0.^ + (^~^').2.c/.COS.(/^H-«.

Substituting the preceding values of J 4. and 6 [3100, 3101], we obtain,*

s= g-\-l .(1
— cos. h)

— sin. h.:s, —, cos. (ft + /3)

[3150] +(1— cos.^).2.^('~/ytang.^+Lcot.A|.c.cos. (/^+ |3)

[3150'] The time expressed in mean days is equal to fs d t, therefore we have

for the equation of this time,!

*
(2111) If we retain only the first terras of

•I',
& [3100, 3101], and those depending

on the secular equations, we shall have,

[3150a] -|
= Z+ 2. I (-— iVtang.A+ cot-A > ./c .cos. (/^+ ^), ^=A—

2.-^.cos.(/<-|-^),

and from this last we get, by using, for cos. &, a formula similar to [30975] ;

Ic

[315051
^— cos. 5=1— COS. A— sin. A.2. — .cos. (/^-j-|3).

Multiplying this expression by
—

[3150a], and neglecting terms of the order c^, we obtain,

[3150c] (1
— cos. 5)

. ^= Z . (1
— COS. h)

— sin. h.S..—. cos. {fi+ ^)at J

-f (1
— COS. A) . 2 . \(-— Z

j
. tang. h-\-l. cot. hi .c. cos. {ft-\-^).

Substituting this in [3149], and in the last term of that expression, which is of the order cf^

putting h for 5, we get [3150].

f (2112) Multiplying [3150] by dt^ and taking the integral, we get, by putting, for

brevity, Jit= gt-\-lt{l
— cos. A),

[3151a] ^ i^,

J sdt = At— sin. A . 2 .
—

. sin. [ft -|- p)

+ (1
— cos. A) . 2 . 5

('^
—

j;)
. tang. ^+ 7

• cot. A
|

. c . sin. (/^+ ^)

. /I— coa.h\ . , ^ , X ,+ (
—

;

J
. 2 . c . sm. {ft+ ^) + constant ;
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Pc— sin.
h.:^.j^.

sin. (ft+ ^)

+ (1
— COS. h).:sA fL^ -^ . tang.h+j.

cot. hl.c. sin. (ft + ^) [3151]

/I pn«; A\ Equation

+
(^i^).^.c.sin.(/i

+ |3). ^2V

7%25 equation, reduced to time, estimating the whole circumference as equal [3i5i']

to one day, amounts only to a few minutes in a period of several millions of [3152]

years;* and it is unnecessaryfor astronomers to notice it \S\b2>e'\.

At being the mean value of fsdt. Now by [3139] n— s is the angular velocity of the [31516]

first principal axis, relatively to the third sun ; therefore the angle described in the time t,

is fd t{n— s)^=nt—fs d t ; and if we put this equal to the whole circumference 2 *,

which is described in one day, we shall get, by transposing fsdt, and dividing by n,

f= JLH
. This is the general value of the length of a day ;

and if we substitute the [3151c]
71

mean value of fsdt [3l5lZ»], we obtain the length of a mean day, which we shall

represent by t'= ——— . Subtracting this from the general value [3151c] we get the [3151dJ

equation of a mean day equal to . The numerator of this expression is the [3151e]

same as the function [3151], as is evident by substituting the value of fsdt [3151a].
2ir

Again, the preceding expression of a mean day t', being nearly equal to —
,

we get

It' . . ,

""

t3151/]-=—
, consequently the preceding equ'ution of the mean day is represented very nearly

by -^' \ fsdt— *^0; which is the same as to turn the function fsdt— At into [3151g-]

time, supposing the whole circumference 2 it, to be equal to a mean day t', as is

observed in [3151'].

*
(2113) Any one who wishes to examine this calculation, may do it by the method

indicated in [3113e, &:c.]. It is here omitted on account of the length of the calculation. [3152rt]

We may, however, show the smallness of this correction, by estimating roughly, by means of

the expression [3366], the value of any one of the terms ; as, for example, that muhiplie4

by the first power of — in [3151], which is

Ic

(
1 — COS. h) . (cot. h

—
tang. A) . 2 .

-
. sin. {ft+ p). [3152fc]

Ic

Substituting h [3369], it becomes nearly |.2. - . sin. {ft-\-^). Developing sin. {ft-\-^)

according to the powers of ft, as in [3362c], we find that the term depending on t,
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me'thod of 1 0. In the analysis of the preceding articles, the earth is supposed to be

eiectlf '^^^olly solid; but it is covered, for the most part, by a fluid, whose oscillations

[3152'] may have some influence on the motions of the axis of the earth ; therefore

o?^the^'' it is important to examine into the extent of this influence, to ascertain
ojcilla-

ttesei
whether the results we have obtained are varied bj these oscillations.

nudeLT For this purpose we must determine the increments of the values of dN,
supposing

whoHy dN', dN" [2905, 2907], arising from the action of the ocean on the nucleus

[3152"] or solid spheroid which it covers. We find in the first book [225], that

\Z^alfd7 i^ Pf Qi -^1 ^^ the forces acting on the particle dm, of the terrestrial

[3152'"] spheroid, parallel to the axes of x', y', and zf, and in directions tending to

increase the co-ordinates,* we shall have,
General j \/»
values of "^''^ O < r\ > n Ji J
[3153] j^

= S.{Q,x—P,y'].dm;

[3154] ^ = S.{R.x'^P.z'].dm;

[31^] 'Jfl^s.lR.^-^Q.^ldm.

Pressure ff^e shall now see what quantities the action of the ocean introduces into these
and at- 2 ^

ViTe'^sea"

°^

exprcssious. This fluid acts upon the terrestrial spheroid by its pressure and

[3156] by its attraction. We shall consider these two effects separately. We shall

nS^kus* suppose, for greater simplicity, that the plane of x', y,' is the plane of the

equator, as is done in [2978].

is ^ . / . 2 . Z c . COS. p ; and if we put t = iT, it changes into
j-

.i T . ^ .Ic . cos. p.

[3152c] If we now suppose I to be of the same order as / [31 1 2d], we may consider T. 2 . /c. cos. ^

to be of the same order as 0",24794 [3366], and then the preceding term is of the order

J-
. i . 0",24794, which is nearly i.0",04. If i be equal to 1000 years, it becomes

i.0",04= 40"; which corresponds to one centesimal second of time [3151']. This

correction, small as it is, will be much decreased, if we take, for the unit of time, the mean

[3152e] length of the day at the assumed epoch 1750 [3357], corresponding to ^ = 0. By this

means the term of the development depending on the first power of ft, may be combined

with At [3151a] ; and then the equation [3151] will depend on the smaller terms of the

[3152/"] order /^ t, p t^, &c. The subjects treated of in § 8, 9, are discusssed by Poisson in the

paper [3015t] ; noticing terms of the second order, he obtains the same general results.

*
(2114) This agrees with note 116, page 144, Vol. I. The equations [3153—3155]!

[3153a]
are the same as [2968—2970], changing (— ^, (— ^, (—,j,

into P, % R,

respectively, as in [2967].
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In the state of equilibrium, the pressure and the attraction of the ocean

do not produce any motion in the axis of rotation of the earth
; therefore

it is only necessary to notice the stratum of ivater, which, by the attractions

of the sun and moon, is elevated above or depressed below the surface of

equilibrium, corresponding to the surface of the ocean, independently of

these attractions. We shall represent the thickness of this stratum by ay,

and shall take for the unit of density that of the sea, and for the unit of

distance the mean radius of the terrestrial spheroid. Thus we shall have

to consider the action of an aqueous stratum, whose interior radius is unity,*

It is only
necessary

[3156']

[3156"]

to notice
the 8trai>

turn ele-

vated
above or

(lepresEed
below the

[3157]

stratum of

equili-
brium.

[31586]

*
(2115) For illustration, we shall suppose that the nucleus, or solid part of the earth,

is represented by ABDF, and that it is wholly covered by the ocean [3299], whose

surface, in the state of equilibrium, is A' B' D' F'. This equilibrium is disturbed by the

attractions of the sun and moon, which produce the various oscillations treated of in the [3158a]

fourth book [2128'^
—

2877], In consequence of these oscillations, the ocean, at any

moment, becomes of the form A" B" D" F" ;

some parts being elevated above the surface of

equilibrium, as at D"
;
and other parts depressed

below this surface, as at B" [2128^'% &;c.]. These

elevations and depressions of the fluid, make its

pressure on the nucleus difi'erent from what it is in

the state of equilibrium [342'% Stc] ; and by this

change in the position of the particles of the fluid,

its attraction on the nucleus is varied. Now it is

evident, that the combined mass of the earth and

ocean, in its state of equilibrium A' B" D' F'

produces no rotatory motion [3156'] ;
therefore it is

only necessary to notice the effect of the pressure,

and the attraction of the stratum^ corresponding to

the difference of the two spheroids A' B'U F',

stratum to be composed of an infinite number of short and nearly vertical columns, as D' !>',

situated above or below the surface of equilibrium A! B' If F' upon a radius, as CBfBI',

passing through the centre of the earth C; the action of any column falling below this

surface, being considered as negative [2128^^]. ^Putting CD'= i2' [2919], jyjy'= a.y

[2128'"^], we get CJy'=B!-\-ay', and in computing the action of the column ay, it

will be sufficiently accurate to put /l'= 1
; supposing the internal radius to be Cjy= 1,

the external CD"= 1 + ay, as in [3158]. We have already found, in [342'^^—342'],
that the pressure of the column D"D', at the point B, is communicated to the bottom of

the ocean at D
; where, according to the common principles of the pressure of fluids, it

must act in the direction D P, perpendicularly to the surface at the point D, with a force

218

A"B"D"F". We may suppose this
[3158cj

[3158d]

[3158e]

[3158/]
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[3158] and exterior radius l-\-ay [3158e]. If we put g for gravity; the pressure

of a column of this stratum will be the product of agy, by the base of

the column; this will be, by ^36 of the first book [342'"—342^], the

excess of the pressure, in the state of motion, above the pressure in the

state of equilibrium.

[3159] We shall put R for the radius, drawn from the centre of gravity of the

earth to the point of the surface of the nucleus, which this column presses

[3160] upon ; |x for the cosine of the angle that the radius R makes with the axis of

[3161]
rotation

;
and th for the angle which the plane, drawn through this axis and

the radius R, makes with the axis of x'
; lastly, we shall suppose u= to

be the equation of the surface of the nucleus, which the sea covers
;
u being

co-ordi- a function of the co-ordinates x', y\ zf, which determine the position of the
nates of a

particle,
point of the nucleus mentioned in [3159], we shall have, as in [2988],

[3163]
x' = R. v/l

—
M-^

. COS. zi
;

[3164] y'
= R. \/i—iiP . sin. w

;

[3165]
z' = R. iJ^.

The base of the small column which we have just considered, may be

[3165'] supposed equal to i?^.^(x. Jzs;* therefore the pressure of this column is

[3162]

[3158^]

[3158/1]

represented by ap' == ag\j [342'", 342'''] ;
the density of the fluid being supposed equal to

unity [3157], In the first method of investigation of the effect of the oscillations of the

ocean [3157
—3298], the sea is supposed to cover the whole nucleus, as is observed in [3299];

the second method [3299
—

3351] is free from this restriction, and is conformable to the

limited extent and depth of the ocean [3299'].

[3166a]

[31666]

*
(2116) The expression of dm [2918] represents the magnitude of a rectangular

parallelopiped, whose -base is R^ .d^.d-m, and height dR. This base is perpendicular to

the radius R, and its limits are determined by the values of d\>^, dus. This is conformable

to the calculation [14316
—

<:?].
If the height d R he increased till it becomes equal to

ay, the particle will become ay . R^ . d y^ .dzi, and its pressure on the base will be

agy . R^ . dix .dzi, as in [3166]. We shall now suppose, as in [3169, Stc], that the

base on which this column of fluid rests, is not perpendicular to the radius R, but is inclined

to it by a small angle q^, of the same order as q [3169']. Then, without varying the values

[3166c] f/ (x, dvi, the base, or part of the solid earth on which the pressure acts, will be increased in

the ratio of 1 to cos. q^, by the common principles of orthographic projection; but this

difference may be neglected, because it only produces terms of the order q^ [44] Int
,
or q^,

[3166d] ^i^ich are rejected in [3169']. Hence the pressure of the column on the part of the solid

nucleus, corresponding to the values of dih,dzs, becomes agy . R^ .d^j^.d-a, in a

direction perpendicular to the surface of the nucleus at that point, as in [3166].
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ugy . R^ . diJ^. drz. This pressure is perpendicular to the surface of the [3166]

spheroid [3158/] ; by resolving it into three forces parallel to the axes of

x\ ij, z', and tending to increase these co-ordinates, we shall have for these

forces, by §3, Book I,*

agy . R^ . dp^ .dzs fdu\^^ agy .R^ .d [x .dzs /^du\
^

f '\dx'J' f Kdy'J

agy . R^ .dii. dzi fdu

f \d<

Fressnrei.

[3167]

in which /= \/ \T~') ~^\d~') ~^\d^)' ^^^ equation of the surface [3168]

*
(2117) If we accent R in the formula [19], to distinguish it from the radius R of [3167o]

the present notation, we shall find, that if several forces S, S', he, in the directions

s, s', he, act upon a point, which is forced to move upon a surface, the resultant of all
rqi/^y,-,

these forces will be a force — R' in the direction r, perpendicular to this surface, as is

evident from note 14, page 11, Vol. I. This force R' produces in the equation [19],

the term R'Sr, and by substituting 5r= JV^m [19"], it becomes R'.JVSu. Now
roify -i

changing, in formula [13], <S into — R' [3167c], and s into r, in order to conform to the

present notation, we shall find, that the force — jR', in the direction r, resolved in a

direction parallel to the axis of ar, is —R .(— )
',

and by substituting the preceding [3167rf]

value of 5 r, it becomes —R . JV . (~j ; which may be reduced to

[3167e]
^m

v/m+(^r+mr
by using the value of JY [21]. Accenting the letters x, y, z, to conform to the notation [3167/']

^r^ -^'.(^)
[3152'"], and substituting / [3168], we get —R'.(j^)= ^i^. Substituting,

in the second member of this expression, the value of the force or pressure

R= agy.R^.di..dzi [3166], we obtain _ii'
^QL\==--Sy'R''^^-d^ f^\ ^siGlg]

being the same as the first formula [3167]. Changing x' into y, which may evidently
be done, from the nature of the preceding demonstration, we shall get the value of

— R' .(j~X as in the second of the formulas [3167] ;
and by changing x' into z', we

obtain the third of those formulas, corresponding to the pressures, in the directions parallel

to the axes ?/, z", respectively.
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^iJi^^f
^^ ^^® ^^^^^ spheroid, or nucleus, is of the form,*

[3169] 0/2+ 2/^ + 2'^= 1+29;
the solid

nucleus

9 being a very small function of x', y', z', the square of which we shall

neglect ; therefore we have,

[3170] u = a;'2+ ?/'^+ 2'2__ 1 _2 g.

This changes the expressions of the three preceding forces into,t

pressure
on the

nucleus.

Hence we shall have, by noticing these forces only,t

r31731 ^'_9 2agy.R\dix.du C /dq\ , fdq\}
dt

~'^
7 'i^'\dz'J'^ WJs'

[3169a]
*

(2118) The equation of the surface of the spheroid m= 0, given in [19', 1840],

is afterwards reduced to the form [1849]; which, by accenting the letters x, y, z, and

[31696] changing a u' into q, becomes = x'^ -\- y'^ -\~ z'^— 1 — 2 q. Transposing the two

last terms, we get [3169], which represents the equation of the surface of the nucleus.

The equation of the surface of equilibrium is given in [3187].

f (2119) The partial differentials of u [3170], relatively to x, y', z', are

3-1 m-^-{'-mh m-^-u-mV' m-^-y-mV'
substituting these in [3167], we get the three forces [3171].

J (2120) Putting the three forces [3171], respectively, equal to P, Q, R [3152"], we get

^ / n . ^agy.R^.dix.dzi ( . /dq\ , /dq\-}

[31726]
Rx -Pz'=

y
.

1^ .(^_j_^ .(^-J ^
;

[3172c] By-Q.'= ^ \^\1h)-~\J^')V'
and by substituting these values in [3153—3155], we obtain [3172—3174].
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We shall now refer the partial differentials
(t^/)j (j^)' (jS)' ^° ^^®

variable quantities R, fx, zs. For this purpose, we have,*

R = \/x'^+ y'^ + z'^; tang.^ = ^; ^^Ji'-> [3175]

whence we easily deduce,f

*
(2121) The formulas [3175] are easily proved, by substituting the values of a?', y',

«'
\z\l^]

[3163—3165], and reducing j putting cos.^ -m -\- sin.^-Ei = 1, sin. «= cos. « . tang. -a.

f (2122) The value of 72 [3175] gives, by taking its partial differentials,

/dR\ y ,,, _, . /dR\ z'
^ ^

The differential of tang. •5^=-, [3175], is ——=—
~^^
—

> and by substituting

the values of cj/, y, [3163, 3164], vpe get,

/dzi\ „ i/
— sin. TO /rfw\ „ 1 cos. « /dzf\

\ji) cos.^«-7^
=

a.^(i_^.)
;

(;^)
= cos.'^.-=

^^^,_^,^
;

(;^)
= 0. (31766)

The differentials of ft B [3175], are d^=^ii=^, Jfl =£££±i!:i2H:£££;

substituting this last in d m-, we get,

_ rfz-(r'2+y24,z/2)_2'(a:'rfa;--|-yrfy-^z-rf/)_ (a/2+y2).rfz'_2/x'rfx'-2-yrfy

From this we obtain, by using [3163
—

3165],

fd\i'\
zV M'.v/(1— nj.

Vrfx'y J13 22
'

/d\t.\ zY fA.v/(l— f;,2).siD.-g ,
/rf/x\

\dyj~ R3~ R '

Vd?/

r'2+y^ l—^S
[3176rf]

Now by considering q, in the first place, as a function of a/, t/, z', and then as a function

of /?, w, fi, we get, as in [462], ;

Kdj/J \dRj
'

\dx'J
"^

\dvsj
'

\d3f)
"^

\diL)
'

\J^)
»

fdq\^/dq\ {dR\,/dq\ {d^\ . fdq\ /rffx\

(^\^f^\ f'^\4.{^\ (^\4_f^\ f'^'^\
\dz') \dRj

'

\dz'J
"^W) •

\dz'J
"*~

Vdfi..y

•

Vrf?A

219
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[3176]

[3177]

[3178]

(S)=^'-^''-'°^-"-0
sin. zi

Ryi-i
dq , . fdq\ ,

cos.OT fdq\ M-.t/l— u,^. sin.ttf {dq\=
v/l-.^.sm...(^)+^^^=.(^)—i^-^ .(^);

[3179]

From these expressions, we easily obtain the following values of

dN dN' d JV"

-J- ,
—
r-, -^—; observing, that if we neglect, in [3172

—
3174], the

square of q, we may suppose* jR = 1 and /= 2,

dJ^
[3180] ^ = *S.«^2/.^f..^^Y^V-t
Effect dt °^

\dzsjEffect
or the

[3181]

pressure
of the
column.

dt

dJV'y a 1 7 C > /'^q\ , M-. sin. TO /dn\ )

""»»•
dj^" „ , , ( / . /dqX l-..COS.^ /dq\ )

/dR\ /dR-s

Substituting the preceding values of (jj)» (t^)' ^^•' ^^^^ become, as in

[3176/] [3176
—3178], respectively. We may also observe, that if we write zi— 100°, for

•a in [3163], this value of x' becomes like y' [3164], and the same change being made

in [3176], it becomes, as in [3177].

[3179a]

[3179&]

[3179c]

*
(2123) Comparing the value of R [3175] with [3169], we get R= \/{1 +25),

or by neglecting q^, R=l -{-q; and as the formulas [3172
—

3174] are of the order q,

we may, after substituting in them the values of x', y',
z [3163

—
3165], put R= I,

neglecting q^. In like manner, we may neglect, in / [3168], the terms of the order q ;
and

then the values of (^\ (p-X (^^ [3170], are 2 x', 2
y',

2 z', respectively;

consequently / [3168] becomes f=2^{x'^-{'y'^-\-z'^)= 2R = 2 [3175,31796],

as above.

[3180a] t [2124] Substituting, in [3172—3174], the values jR= 1, /= 2 [3179], and those

of x', y',
z' [3163—3165], we get

^-^=S.«5-y.ri,*.^«.V/(l-f^')-[cos.«.(^)-sin.^.(^)|;

[31806]

-=:S.agy.dis..d'a.
Jv/(1

—
H-"^)

•«'«•«
•(^rf7/"~''-W/rdt
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dJV d J\" dJV" .
Attraction

We shall now determine the values of
-—-

, -7— ,
and ——

, corresponding l[^eoua^ * "'' " ^ stratum

to the attraction of the aqueous stratum ay .d^i-. d^ [31666] upon the solid nucleus,

terrestrial nucleus. It is evident that if this nucleus, and the ocean which

it covers, form a solid mass, there will be no motion in the mass, arising [3182]

from the mutual attraction of all its particles; therefore the eflect of the

attraction of the aqueous stratum upon the ocean, added to the effect of its

attraction upon the nucleus, is equal, and of a contrary sign, to the effect [3183]

of the attraction of the whole earth upon this aqueous stratum. Hence it

follows, that the effect of the attraction of this stratum upon the nucleus, is [3184]

equal to the sum of the effects of the attraction of the ivhole earth upon the Into two

stratum, and of the attraction of the stratum upon the ocean, this sum being
^°"'^^'

taken toith a contrary sign [3184c?].

Now multiplying [3176] by
— sin. zs, also [3177] by cos. vs, and adding the two products,

we find that the co-efficients of
(jd)* (rf~)' destroy each other, and by putting

cos.^xtf-}- sin.^'5f= 1, in the co-efficient of (~), we obtain

cos

Substituting this in the first of the equations [31806], we get [3180]. If we multiply

[3178] by ^{l — fjL^)
. cos. w, also [3176] by

—
/x, and add the products, putting

R=l [3179], we shall find that the co-efficient of (t^) vanishes in the sum, and

we get, by a slight reduction,

.(l-.=,.c„.«.(£)-..(^)
=
(ii).co...[(x-^)*+.V,.-.=,|+^.(fi)

[3.B0.1

hence the second of the equations [31806] becomes, as in [3181]. Lastly, multiplying

[3178] by v/(l
—

m-^)
. sin.

•zrf,
and [3177] by

—
fA ; then adding the products, we find

that the co-efficient of
(t^) vanishes in the sum ; that of

( ;t— ) being reduced, as

in [3180rf, e], gives

•
(.-.^).s,„.«.(^-i)-..(^)=^(,_..)..o...(^)_^^.(£). ,3WJ

Substituting this in the last of the equations [31806], we obtain ^31821.
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The resultant of the attraction of the whole earth upon the small column

of the aqueous stratum ay . dit- .d-m^ combined with the centrifugal force,

[3185] is perpendicular to the surface of equilibrium of the sea;* therefore we shall

have the attraction of the whole earth upon this column, bj supposing it to

be acted upon by this resultant, and by the centrifugal force taken with a

contrary sign [3184/]. The first of these two forces is the gravity g,

[3186] which must be multiplied by the mass of the particle ay .dit- . d-a [31666] ;

therefore, by supposing that the equation of the surface of equilibrium

oW" of the sea is

[3187] a;'2_|_y2_^^2_ 1 +2^';
surface of

equili-
brium. •— —

[3184a]

*
(2125) We shall put S for the s^ra^wm of the ocean, whose interior radius is 1, and

exterior radius \~\-a.y [3158]; O for the whole ocean; N" for the nucleus, or solid

part of the earth
;
so that if the whole mass ^-|- O be represented by E, we shall have

^ ^ JV= E— O; hence we get [3184c], which is successively reduced to the form [3184(Z],

by observing that the attraction o( S on E= — attraction of E on S,

[3184c] Attraction of S on JV= attraction of iS on {E— 0) = attraction of 5^ on E— attraction of iS on O
;

=— attraction of jE on 5^— attraction of jS on O
;

[3^^4ti] =—
{attraction

of E on .S -f attraction of 5^ on 0\, as in [3184, 3184'].

Now we have the whole gravity of ^ on 5= attraction of £ on S -\- centrifugal force
;

always noticing the signs of these forces, as in [3152'"]; hence, by transposition, we find,

as in [3185, he],

[3184/*] Attraction of E on 5?= whole gravity g on 5^— centrifugal force of S;

substituting this in [3184c?], we get,

[3184g'] Attraction of S on JV=— whole gravity g on S-\- centrifugal force of S— attraction of S on O.

By this means the attraction of the aqueous stratum S, on the solid nucleus JV, is reduced

to the three different forces, given in the second member of [3184^]. The first of these

[3184/i] forces, depending on the action of the whole gravity g, upon each particle of the stratum S,

r dJ^ dJ^' dJV" . . ,. J -u
is computed in [3188], and the resultmg terms of —

-,
—

, -^, bemg combined with

those depending on the pressure of the stratum S [3180—3182], form the expressions

[3184i] [3191—3193]. The second term of [3184^] depending on the centrifugal force of each

particle of the stratum S, is computed in [3199—3201]. The third term of [3184^],

depending on the attraction of 5 on O, is computed in [3202
—

3211], and forms the

expressions [3209
—3211]. Combining the results of these three different expressions

r3184&l [3191—3193, 3199—3201, 3209—3211], we finally obtain the complete values of

1^, —, ^^
[3212—3214], corresponding to the pressure, and attraction, of the

dt dt dt

Stratum S, on the solid part of the earth.
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rfJV* dJV' dJV"
we shall have, by what precedes, the parts of -—

, -17-? ~J1~^

corresponding to this force, by changing q into q'
in the preceding [3188]

expressions of these quantities [3180
—

3182], and taking them with a
^^^f,°^

contrary sign, as is observed in [3185', 3184g]. Now if we connect these [3189]

terms with the preceding expressions [3180
—

3182], and put r = q'
—

q [3190]

for the depth of the sea, which we shall suppose to be very small, we

shall obtain the following values,*

[3191]

Effect
of the

dJV' „ , , ( , /'dv\ , M..sm.a /dy\ )
°"'"— ^-S..gy.d,..d..

/i_^^.cos...(^-j
+
^7==,.(^-j

; [3192]
^ N • r • \ > -'

pressure

dJV" CI I » ( y s • /^7\ M-. COS. •23 /'dy\ )
-;
—=— S.afry .dii^.d^. < i/T^ . sm. xj . -r- )

— —-..== A -^] ) , [3193]

and of the

gravity g.

[31906]

*
(2126) In [3166, &ic.] the effect of the pressure of the small column of water, whose

height is a. y, is calculated upon the supposition that it acts upon the surface of the nucleus,

oj at the bottom of the sea. The equation of this surface is [3169] ; that of the surface of

the sea, in equilibrium, being [3187]. The radii, or the values of \/{x"^ -{-y'^ -\-z'^)i

corresponding to these two surfaces, are, respectively, \/i\-\-2q)^ \/[\-\-2q) [3169, [3i90c]

3187]; or by neglecting (f\ ((^^ they become 1 +9^ and l-}-g^; whose difference is

9'
—

9
= 7 [3190]. We may compute, in the above manner, the pressure of this column

[3l90rf]

upon the surface of equilibrium. The only change necessary is that of using the equation

of the surface of equilibrium [3187], instead of that of the nucleus [3169]; and this is

done by merely accenting the symbol q\ so that if we change q into
g'',

in the values [3190e]

dN d JV' d JV"
[31 80—3182], we shall obtain the values of -7—, -77-) -^7-) corresponding to the

at at at

pressure of this column upon the surface of equilibrium. The signs of these expressions are

to be changed, to obtain the values corresponding to the first term of the second member of

[3184_g-]; therefore we must change q into — q, in [3180
—

3182], to obtain the parts

. dJV dJ^' dJV"
, ,. ... „ ,. . dJV .

U^ IF' "TT^ dependmg on this first term. Hence this part of -j- is [3190/*]

(J

/v—
j;

and by connecting it with the part computed in [3180], [3190g']

it becomes,

^-S.agy.d^.dvi.l^^,
as in [3191]. This is the same as [3180], changing q into — 7; and by making the

220
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[SiQai We must now consider the effect of the centrifugalforce, taken with a contrary

sis^n, and subtract it from these values ; or, in other words, we must add the

[3194] effect of the centrifugal force.* If we put n for the rotatory velocity of

the earth, the centrifugal force of a particle of the column ay.dti-.d^, will

[3195] j)e n~ . \/i
—

|j.2

. and by multiplying it by the mass of the column, we shall

[3196] obtain an^y.d[j'.d^.\/\
—

[>? for the whole force. This is directed according

to the radius of the parallel of latitude of the earth
;
and by resolving it

into two forces, the one parallel to the axis of x', the other parallel to the

[3197] axis of ?/', we shall get an^y . diJ- . d^ . \/i
—

jx^
. cos. ^ for the first

;
and

[3198] an^ y .dtJ- . d^ . \/i p.^
. sin. « for the second. Hence we obtain for the

^
. dK dJV' dJV"

A- . .u .-fir
parts of ——

,
——

,
——

, correspondmg to the centriiugal lorce.

f3190tl
^^"^^ change in [STSl, 3182], we get [3192, 3193]. Hence it appears that the system of

equations [3191
—

3193], comprises the effect of the pressures [31S0
—

3182], and that of

the gravity g, depending upon the first term of the second member of [3I84o-].

[3195a]

[3195c]

*
[2127] To compute the effect of the centrifugal force, corresponding to the second

term of the second member of [3184^], we may observe, that the rotatory velocity at the

distance 1 from the axis being n [3194], the centrifugal force at any distance from the axis

is equal to n^, multiplied by that distance [1569Z/]. Now the axis of revolution z', makes

an angle with a particle of that column, whose cosine =fx, sine= y/(l
—

fj.^) [3160];

[31956] ajj(j Jig ijg distance from the centre of the earth is jR = 1 nearly, the distance of the particle

from the axis of z', or the radius of the parallel of latitude, is \/{l
—

f^^); consequently

the centrifugal force of a single particle is n^.\/{\
—

(x^),
in the direction of the radius

of the parallel of latitude. The forces P, Q, R [3152"], into which the preceding

centrifugal force can be resolved, are evidently as in [3l95cZ], observing that the force R is

to be understood as a different symbol from the radius R [31956] ;

[3195rf] P = n2./(1— fx^^.cos.ttf; Q= n^. /(I
—

h-^)
. sin. ^

;
i?= 0.

Substituting these in [3153
—3155], we get,

[3195el JL ^S.n^.^{l—i>^^). {x . sin. w— / . cos. ^l .dm.

[3195/] ^'= -.5f.n2.5^'./(l— fx2).cos.ttf.cZm;

d Y"
[3195g] -^=— S.ri^.z' .^{i—iJ.^) . sin. vi .dm.

Putting jR=l [31956], in the expression of the particle dm, [31GG6], we obtain

[3195/i] dm,= ay .dii.dz^'j substituting this and the values of x', y',
z' [3163

—
3165], in

[3195e—;§•],
we get the expressions [3199

—
3201], corresponding to the centrifugal force,

or second term of [3184^].
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J TV Effect" •'^ __ . of the

dt
'

[3199]

J j.„ centrifugal

=— S.a.n^y.d^.d'^.^i'. \/l
—

i^^ . cos. w
; "Isaooi

dJV"

dt

=— S.an^y.diJ^.d^.i^. \/l
—

i^^ . cos. w
;

—
S.oi7i^y.d^.d'^.ii', \/].

—
[I?

. sin. «. [320]

/i^ now? remains to determine the effect of the attraction of the aqueous stratum

upon the ocean. For this purpose, we shall put a U for the sum of the
[3202]

particles of the stratum, divided by their respective distances from a particle

of the ocean, whose co-ordinates are represented by x', 1/', 2', or by the

.. „ - fdU\ /dU\ /dU\' .,,
- ^ [3203]

quantities it, f^, ^; then
"•(7~r)) "'Ij""^)' "•vTy")'

"^^''" "^ *^®

attractions of the stratum upon this particle, parallel to these co-ordinates, and

tending to increase them.* The mass of the particle is dm= R^dR.dii.drs [3204]

dJV dJV' d JV"

[2918]; therefore we shall have for the parts of ——
, -r—, ——

,

it L Ct Z C* £

corresponding to the attraction of the aqueous stratum upon the ocean,

^.«i^^^i2.^..^..[.',(^)^y(^)|;
[3205]

S.uR^dR.di^.d^.^x'. (^—^ —z'(^^^ I
; ^3206]

S.aR^dR.di^,di^Ay\f^\—z'f^^l. [3207]

To integrate these functions relatively to R, we shall observe, that

the depth of the sea being supposed very small, we may put R = l, [3208]

*
(2128) This is evident from what has been proved in [1387g] ; substituting the forces

[3203] instead of P, Q, R, in [3153—3155], we get,

rfJV' „ - (
,
/dU\ . /dU\}—=S. a.

^..^^'. (—)_.'.(—)(; [32056]

—
=S.a.dm.^3/.(—)-z'.(^)|. [.3205c]

Substituting dm [2918], they become as in [3205
—

3207].
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[3908']

Effect

[3209]
of the

attraction

[3210]

of the

aqueous

[3211]

stratum.

and fR^ d R = y* Moreover, if we change the partial differentials

fdU\ fdU\ fdU\ . . , . ,

(-1—7), ("77")? \~r~i' ]^
*^^^ others relative to the variable quantities

jR, *, /Ji,
the preceding functions will become, by taking them with a

contrary sign [3184'],t

d U\ (* . sin. ro

— O.ay.rffA.rf^./ ^1—^2 . sin. w .

S ,ay ,d\}'. d-!^ * < \/l
—

[)? . COS. « .

( -J— j
-\-

d (X •l-M^ d

,.,,,, , ,. ^ dJV dJV' dJV"
it we add these values to the corresponding parts 01 -—-

,

——
,
——

[3191
—3193, 3199—3201], we shall obtain the whole expression of these

quantities, corresponding to the attraction and pressure of the ocean on the

solid terrestrial spheroid, t

*
(2129) The general value of -R being put equal to 1+/, we have, by neglecting

[3208a] 7'^ fR^dR =/(l + y'f . d y =fd / = 7, as above ; the integral being taken from

the bottom to the surface of the sea.

t (2130) Substituting, in [3205—3208], the value fR^dR= y [3208], they

become, respectively,

S.uy.di..d.^.[c^.(^^)-y'.(^)];

S,uy.di^.d^.[w',(^^^-z'.(j^)]',

These may be derived from the formulas [3172—3174], by putting R= I, /=2 [3179],

gy='y, q=U; and if we make the same substitutions in [3180
—

3182], which were

derived from [3172
—

3174]; they will give the corresponding values of the expression

[3205—3207], as in [3209
—

3211]; the signs being changed, as in the third term of

[3184g], which is negative.

X (2131) The sum of the parts of
(^-^)

[3191, 3199, 3209], gives the whole

value [3212]. The sum of the three parts of
(j~\ [3192, 3200, 3210], gives

its value [3213]. The three parts of
\-j^) [3193, 3201, 3211], gives its value

[3209a]

[32096]

[3209c]

[3212a]

[32126]
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[3212]

Complete
values,
corres-

ponding
to the
attraction

[3213]

and

pressure
of the
ocean on
the solid

nucleus.

*
(2132) The integration of the first member of [3216], by parts, relatively to ijj

[1716a], becomes as in its second member. This equation is easily proved to be correct,

by taking its differential, relatively to zi, by which means it becomes identical. If we

suppose the integral to vanish when -^= 0, and put y', /, for the corresponding values

of y, y; the equation [3216] will become, at that point,
= a^y'y' -j- constant

;
or

constant=— f^gyW' Substituting this in [3216], we get, generally,

[3214]

at o ^
Y^^y \ d 5J y

CI 17^ / 7i fd ^\ I f* • sin. w fd TJ\ }

— S . an^y . ^ fj-
. c? ^[.'' t/i—a^ . COS. TO

;
t°hrsoHd

" ' '

nucleus.

dJV" CI f 7 ( / s • /^r\ M-.COS.Trf /'d'Y\ ) I'irstform

c 7 # ( / . /'d U\ /x . cos. trf /d U\ )— b . ay .a if- . d-a .
{ 1/1—^-''* . Sin. w .

——
. . -T- >

l^ \di^J \/l—ijJi \d-usj )

—
S.an^y.dit'.dzs[k ^/TH^ . sin. zs.

The preceding integrals must be taken from (x
=— 1 to M'

= 1, and from [3215]

w = to TO = four right angles. Integrating relatively to to, we have,*

S . agy . dts .(—
j

=
a.g yy— S . ag y .d-as, f—

^j-}- constant;

now it is evident, that at the two limits of the integral, where •« = 0,

and TO= four right angles, the function "-gyy is the same, since these

two limits appertain to the same point of the surface of the spheroid ;

[3216]

[3216']

[3214]. These are the complete values, corresponding to the attraction and pressure of the

ocean on the solid terrestrial spheroid ; observing that the parts first computed [3180
—3182]

are included in [3191
—

3193], as appears in [3190^]. The limits of the integrals [3215] [3212c]

are similar to those in [1431cr], and are so taken, as to include the whole surface of

the earth.

[3216«]

[32166]

S.agy.dzi.[-^^==
—
S.agy.dzi.(^-\-agyy

—
c>.gy'-/, [3216c]

At the other limit of the integral, we have to= 400°, y=zy\ and y =y'^ consequently

"Syy— "-Sy 7'=^; substituting this in the preceding expression, it becomes, as in [3218].

221
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[3217]

[3218]

[3219]

[3219']

[3220]

[3221]

[3222]
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therefore we have o.gyy-\- constant = 0, consequently

Integrating relatively to fx, we have,*

o / /^ 7\ / o •
/ s •

I o ^d^ . sin. ta

— S. a-gy . di^ . \/i—i^^ •

( T^ )
* ^"^* ^+ const.

The integral must be taken from
fji.
= — 1 to (jt,=:l; now y and y are

never infinite
;
and as the radical ^i—^^ is nothing at these limits, we

have at the same limits,

^gyy ' v/l
—

H-^
• sin. -a + constant =

;

consequently

o I , fdy\ , . CI I ix <Z
fji

. sin. ttf

b .agy .dii-.d^nA — U yi—ii? • sm. zi= b .agyy .a-a .
— —

— S . agy .d i^ .d^. y/i
—

liP. sin. -5J.
f-p).

We also find, by integrating relatively to trf,f

^ , , w.cos.'S /dy\ ^ 1 ., fA.cos. •zrf /«?y"
O .a£ry ,cl^, ^^ _^^^, -_L) = — iS . a ff y . d [J^ » d '!!i .

,
~-

-\- S .ag y y . d-a .

[3219a]

*
(2133) The correctness of the equation [3219] is easily perceived by taking its

differential relatively to fx; by which means it becomes identical. The constant quantity is

found as in the preceding note, by means of [3220]. Substituting this, and taking the

integral so as to correspond to the other limit of n, and then multiplying by d-us, it

becomes, as in [3221].

f (2134) In general, we have,

„ , a.cos.Trf /d'y\ a.cos.tJf
. . c* j M-.cos.'si /dy\S .as:v .d-a .- .

—^
]
= oi.SVy'^ r: + constant— o .ag;y.dzi.

—
.( -;—

J^S.agyy.dv^.-^^^^-^^,

as is easily perceived by taking its differential relatively to w. At the limits of this integral,

(X.COS. w
[32226] where w= and ^= 400°, the terms oLgyy.-jf-^

—^^+ constant, must become 0,

[3222a]

v/(l-f^)

as in the two preceding notes, and then multiplying by d^, it becomes, as in [3222].
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therefore we have,*

_ C
, . /^dy\ (A.cos.ra ^dy\ )

5 . «^ 2,
. rf (^ . <i « .

^
v/l-^^ • sin- - •

(^^j
-
71^.

•

(^rfs) ^

In like manner we have,t

=
-S.«^r.'i..'?«.{\/I=?.cos.«.(g)+ti^.(^)|.

„ , ,. . . dJY dJV' dJV"
,

Hence the preceding expressions or -j-,
——

,
——

, become,!

values

whole—
S.an^y.dii' . dzi . ^ .^i—jj^a . cos. zs

; aLd*lt'°
traction of

^^=«..,.....^^j.:^.3™.«.[..(|)-Q]-^^[,.(^)-P]} -,^,

—
S.an^y.dik. dis. II.. ^l—i^.sin.-a. ^^f

1 1 . We shall now determine the influence of these quantities on the motion

of the terrestrial spheroid about its centre of gravity. For this purpose,
^

we shall resume the equations [2905
—

2907]. If we neglect the very

small quantities (^—^J.qr.dt,
(
~

J.rp.di,
(
~

j.pq.dt; j-3228]

and put also <p
= 0, ^ = 0, because we have taken the principal axes for

*
(2135) Subtracting [3222] from [3221], we get the equation [3223]. [3223ol

f (2136) This equation is found in the same manner as [3223] ; or it may be

derived from [3223], by changing the axis of x" into that of y", so as to put
t*^^^^]

100° -j-w for «; by which means sin. ts changes into cos.
53', cos. zs into — sin. taf,

and [3223] into [3224].

X (2137) Substituting [3218] in [3212], we get [3225]. Instead of the terms

depending on 7 [3213], we must use their values [3224], and we obtain [3226]. Lastly, [3223a]

i substituting, in [3214], the terms depen'ding on y [3223], we get [3227].
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dJV , dJY" . dJV'

[3229] the axes of x', i/, z', [2978] ; we shall have,

J dJV ^ dJY"
,

[3230] «p = -^; "9 = -;^-;
^^^~ B '

We observe, in the first place, that the terms depending on very small

angles, contained in d N, may, by integration, become very great in the

[3230'] value of p; it is therefore necessary to notice these terms.

We have found, in [3046, 3035], that

d6
[3231]



[3239^
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LTT I . ^' . , \ ^ ^ r d JV' . sin. 4- d JV" . cos. a ,
et H a t . COS. (i t -{- s) be any term of ~

-, and [3238]

TT, ,,.,.,, . , . ., - dJV'.cos.o— dJV'.sm.p „ ,Hat. sm.
(i t-\-s), the similar term of ^ ;

* then [32381

the corresponding terms of x" and y" will be,t

fnH'—iH\ .,.,,. „ fiH'—nH\ .-, ,
n

^
=\ i^^n' J

.sin.(i^ + 0; y =[
^ •._^. J

. COS. (2^ + 0- [3239]

The terms depending on very small angles, or those in which i is very

small, are hardly sensible in the values of a;", i/' ;
but they become, by

integration, very perceptible in the values of ^ and 4^; J and we have

seen, in [3040, 3041], that the precession and nutation depend on such [3239"]

quantities ;
it is therefore necessary to notice them. These terms are

produced by those of dN' and dN', which depend on angles differing [3239'"]

but little from nt'^ for by multiplying them by sin. 9, and cos. 9, they

produce quantities depending on very small angles ;§ therefore we must

pay particular attention to terms of this kind.

*
(2140) We may remark on these assumed forms as in [3020a]. [3238a]

t (2141) If we substitute, in [3236, 3237], the assumed values [3238], we get

do(^'=— Hdt. COS. {it -\-s)-\-ny"d t, df=— H' d t . sin. {it -}-s)
— nx" dt. [3239a]

Taking the differential of the first of these equations ; substituting the value of dy", given

by the second, and dividing by dt^, we obtain,

d^x"

j^+ n^a:"-\-{nH'-iH).sm.{it-{-e)= 0.
[32396j

From this we get, as in [865, 871], a/'= f-r^——^ j
. sin. (i f+ s), as in [3239]. [3239c]

The value of dx" deduced from this, being substituted in the first of the equations [3239a], gives

( .g_ g j
.idt. COS. (i

^ -f-
=— Hdt . cos. {it-\- e)'-}- n y" d t.

Dividing this by ndt, and reducing, we get y [3239].
' •'

J (2142) These values are deduced from [3231, 3232] or [3233], by integration, as [3239cl

in [3101, 3100].

§ (2143) If dJV' contain a term of the form L . sin. {nt^vt-{-e), it will produce, [3240a]

in dx" [3236], a term depending on the product sin. 9 X sin. {nt -\-vt -\-s), or upon
cos. (w^

—
(p-{-vt-{-s) [17] Int. Now if we suppose v to be small, and nt nearly

equal to 9 [3024'], the coefficient of t, represented by i [3238], must be very small C^^^*]

222
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[3239^] The terms in which i differs but little from w, become very great in

the values of x" and y" [3239], because the divisor i^— n^ is then

[3240] very small. These terms result from those of d N' and d N", which

contain very small angles,* and for that reason they must be noticed. They

may also be produced by the terms of d N' and dN", depending
* -' on angles which differ but little from 2nt; for if, for example, d N'

contains the term L dt , sin. (2nt -^-vt -{- s), v being very small, it

.,, 1 . , - . ro^ooT d JSr. s\n. cp-\~ dJY" .COS. ,

Will produce, m the function [JzooJ y=^
, the

Term* ^
depending T
*'°''"

term —-, dt . cos. (2 nt— c(>-\-vt + s) [17] Int., and in the function
[3241] 2C ^ ^ ^ i / L J

"i'*^ dJV'.COS.(p dJV'.Sm.Cp , L ,^ . . ^ , , ^ , \ r-ini

JX' ^ ^ the terra —,Jt .sm. (2nt— cp + vt+ e) [18]
neglected. ^
[324r]

Int. But in this case, H' being equal to H,f the corresponding

in this last expression cos. (n^
—

(p-\-vt-{-s). The same term of dJY' produces a similar

expression in dy" [3237]. Such terms in dJY", will produce like terms in [3236, 3237],

[3240c]
(jepending on very small angles. The results are the same, if dJY' or d JV" contain

terms of the form L . cos. (n t -{- v t -\- s).

[3240d]

[3240e]

*
(2144) If dJV' or dJV" contain a term of the form L.sin.{vt-\-s), in which

V is very small, it will produce, in da/', dy" [3236, 3237], terms having the factor

sm.{vt-\-s) X sin. (p,
or sin. (i^^-f-^ ^ cos. (p, which, by reduction, as in the last

note, will produce terms depending on the sine or cosine of the angle cpdzvt dzs. Now

as <p is very nearly equal to w ^ [3024'], the factor of t, represented by i [3238], must

be nearly equal to n, consequently the divisor i^— n^ [3239] will be extremely small.

[324ta] t (2145) Comparing [3238] with [3241], we get H=—; H'=—; hence H'=H.

Substituting this in [3239], we get x"=H. i .^_^^ ] • sin. (i
i -f s)

= ——
. sin.

{i
t+ s),

(i
n \ JJ

)
. cos. (it4-£) = — cos. (i t-\-?); hence x", y", lose,

[32416] jj, ti^jg case, their small divisor i— n, and these parts become insensible, as in [3242].

This is not the case with the terms considered in the last note; for if dJ\"=L. sin. {vt-\-s),

[3^41c] ^g g^^jj ^i^jgji^^ ji^ [3238], the terms —
.^cos. {cp

—vt— s)— cos. {(p-\-vt-{- s)^,

corresponding to Hd t . cos. {it-\-s)', and in [3238'], the terms

—
.|
— sin.

{t^
— vt— s) +sin. (9+ rf+ s)^,

corresponding to H' dt . sin. {it-{-s). Now if we compare, in these two expressions, the
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expressions of
]j'

and a;" lose their very small divisor i— n\ therefore [3242]

they are insensible. We may also prove, in the same manner, that a

term of d N" of the form Ldt . cos. (2 n ^ + t? ^ + s), will produce,

in x" and ?/", none but insensible quantities ; therefore in the values of de'iL^ding

dN, dN', dN", it is only necessary to notice the terms depending on f/'"^

small angles [3250', &c.], and those in which the angles differ but little Zm
from nt [3258', &c.]. 13243]

To analyze these different terms, we must use the differential equations

of the motion of the sea. Taking into consideration a particle of its

surface, determined in the state of equilibrium by the co-ordinates /x, w,

we shall suppose, that in the state of motion, it is elevated above the surface
. ... [32441

of equilibrium by the quantity uy; that its latitude is decreased by the

quantity au, and that the angle ^ is increased by uv."^ We shall put, [3245]

also, V for the declination of the body L; n for its right ascension
; [3246]

r
,

for its distance from the centre of gravity of the earth
;
then supposing

3 L
ttf= —-^.jcos. 6 . sin. v-fsin. & . cos. v . cos. (n

—
9— to)J^, [3247]

we shall have, from [2175
—

2176'], the three following equations,!

co-efficient of the angle 9— v i— s, or that of cp-{-it -]- s, we shall find that they

both give H=— H'. Substituting this in the co-efficients of the expressions of a/', 1/' [3241d]

i-L-n H
[3239], they both become H' . .^_ ^

= 7—-, containing the small divisor i— n.

*
(2146) The notation here used is the same as in [2128^', 2128^'^]. [3245a]

[3248a]

[32485]

f (2147) The angle nt-\--ui
—

4', which occurs in [2192], is equal to the angular

distance of the meridians passing through the body i, and the particle dm [2131c].

Now the right ascension of the first principal axis is equal to 9 [2907/], and the meridian

of the particle d m makes the angle zi with this axis [2907g^] ;
hence the right ascension

of the particle is 9 -\-t^. Subtracting this from n, the right ascension of the body L [3248c]

[3246], we obtain n— 9
— -a for the angular distance from the meridian of the particle

dm. Substituting this in [2192], for nt-\-'us
—

4' [3248a], and changing r into r^, we
[3248<r]

obtain the part of a V\ corresponding to the disturbing force of the body i, on the particle

K d m, equal to —^ . < cos. 6 . sin. v -|- sin. 6 . cos. v . cos. (n— 9— •za) |

—
^ s

j and by

using the abridged symbol [3247], it becomes a/—— . To obtain the complete [3248c]

value of aV [2130'—2130'"], we must add the part aU [3202]; hence we obtain
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[3248] .. ^ fd.(ru.\/lir^)\ __ fd^yv)

[8249] ,'!^^_2„,. ^£:i^ _,„ ./r-3= S . fiy\^('Ll\^f^J.
it

[32.0]

(^^)+2„.(fi!)dt)'\/\— ^^ 1 — (;-2

[3250'] If we consider only the angles which increase with extreme slowness, that is

uoZf^"" to say, such as are independent of <p, it will be evident, that the part of /,

depending corrospondittg to these angles, will be independent of ^; therefore the

.mall

parts of y and U, relative to the same angles, will be independent of w,*

angle
it.

SO that by considering only such terms, we shall have,

\dM)~ ' \d^J
^'

\d.

consequently,!

[3248/*] aV = aU -\-a.f
——

; and as r, is independent of f*, is, the partial differentials

corresponding to (x, -a, will be

Dividing these by a, we get (=^)j {'T~\ ^"^ ^7 substituting them in [2176, 2176'],

we obtain [3249, 3250]. The equation [2175] is the same as [3248].

[3251a]
^

(2148) The principle made use of in [2191', Stc], for satisfying the equation [2183],

[32516]

[3251c]

shows, that y and U must contain terms depending on the same angles as /, and no J
others

; excepting such as arise from the initial state of the fluid, which must be neglected,
^

for the reasons stated in [2191"]. Now -r^ is connected with (p,
in the angle

n —
(p
—

«, which is found in the value of a/ [3247] ; it ought, therefore, to be m
connected with 9, in the values of U, y; so that if we notice terms depending on very

small angles only, we may suppose that -n does not occur either in /, y, or Z7, and

then the partial differentials of these quantities, relative to «, will vanish, as in [3252].

[3254o] f (2149) Substituting [3252] in [3225], we get [3253]; and by making the same

substitution in [3226, 3227], we obtain

t3-.
^^=S..,.....„.^V/I3^.eos...[,.(^)-(f)]|

—
(Si.an^y.cZ/*.f/trf.|x.\/i—^a.cos.OTj

[3Q54C] 7r=^-"''-^''-^^'l^i^''''"-^-t'(0)-(^)]]
—

S.a.n^y.d^.d't;s.[k.^l
—^s.sin.u.
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f^=:0; [3253]
^ '

These

-—-
. Sin. 9+ ^ COS.(p=AS^.ay.rffi.rfiS.V/l—fx2.Sin.(<p+TO;. jg.(

-£ —K^ )S; [3254]
dt at ^ \0'\^J \d^ J^ correspond

dN" . o J J /
—

3 / , \ s /^y\ /'dU\} 'V^-,
-.COS.(r ;

—
.Sin.(p=O.a7.ri(A.rftS.t/l_a2.C0S.(?+TO).<^. "T^ 1

—
-;— )>. [3255]

a? (\"M'/\"M'/) varying

We have seen, in [2213], that if we notice only the terms increasing with

extreme slowness, [2209'"], we may suppose nearly,*

slowly.

«=-©-(©-(©
This equation becomes the more correct, as these terms vary more slowly,

in which case they have a greater influence on the motions of the axis of

the earth. Hence we have, relatively to these terms,t

[21256']

Multiplying the first of these values by sin. cp, the second by cos.(p, adding the products,

and putting cos. «. sin.(p + sin. ts. cos. 9= sin. (9 + '*) [^1] Int., we get the equation [3254(f|

[3254], with the following additional terra in the second member,

— S .arv^y .d\i..dzi .\L. y/( 1 — ^) . sin.
( (p -j- xrf).

Now, by [3251], if we notice only angles increasing very slowly, y will be independent

of w, and then the integral of this term, relatively to -s, will be

/S . a n^ y . d fx .
(ji

. y/( 1—
[>^) >{ cos. (9+ w) + constant} .

[3254*]

The constant quantity is to be taken equal to — cos. 9, so as to make the factor

cos. (9 -f- *) + constant= cos. (9 -j- «)
— cos. 9, [3254/]

vanish at the first limit, where «=0 [3215]. At the second limit, where -ex= 400°

[3215], this factor becomes cos. 9
— cos. 9= 0; consequently the term [3254e] [3254g-]

vanishes, and we obtain the equation [3254]. In like manner, multiplying [32546, c]

by cos. 9,
— sin 9, respectively; adding the products, and putting

COS. « . cos. 9— sin. -a . sin. 9= cos. (9 -f- -si) [23] Int., [3254A]

we get [3255] ; neglecting the term — S . an^y .d[t. .d-a .\i. .\/{^\.
—

^^) . cos. (9 -f- w) ,

for the same reason that we have neglected the term [3254e, &tc.].

*
(2150) Noticing only the terms depending on the angle it, in which i is extremely [3256«]

small [2209'"], we have
Q=g.(^-.(^^\ [2213]. Substituting (^-J^ [3248^],

we get [3256].

t (2151) From [3256], we get g .

(^^
—

(-—^
==
(^^ -^ substituting this in [3257fl]

[3254, 3255], we get [3257, 3258], respectively.

223
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These ex-

correct in \ "' ^ /
the terms _ _-.

7 •»/«// .

[3258]
rfJV .cos.cp— dJV' . sin,

cp j j > ^ , , ^ fdf\
-

J^ =>b.«7.rfM'.rfOT. ^1—;jl2 . COS. (9 + ^) . f
-^^

).
dependin^
on angles
which
vary very ^ JV" dN"''
slowly. We shall now consider the jparts of ——^ -tt"' '^^^ich depend on angles
[3258]

differing but very littlefrom nt. We have,*

-3
[3259] <^JV^sln.(p-f cZJV^cos.y <^ J J^ n 5 •

/ i ^ ^ /^<^2/\ /^ t/

Investiga- dt Vr ^^^^V^^M-yVc/fA
lion of

'^ \ I / \ '

terms
f / /7 \ / / TTA "i

on'^ngles^ S . 0.y . d ^ . d "^ .
"

. COS. ((n -\- Vi) . < £• . (
— \ ( 1 \

*nl —
S.an'^y . d it' . dvs .[i. .s^i—^^ . sin. (9 + ^3).

The equation [3248] gives,t

[3260] S .o.n^y . d\i.d^ .[i'. \/\—[)? . sin. (9 + w)

= S . « »^ rf f. . rf « . ^. VT=;? . sin. (^+ .) .

J(?^*^^3.A (^£^\ j

.

Integrating from
fji-
= — 1 to fA=l, we get,t

In like manner, by integrating from « = to tn = four right angles.

[3261]

[3259a]
*

(2152) Multiplying [3226] by sin. (p, [3227] by cos. 9; adding the products, and

using sin. (9 -\- to), cos. (9 + ts) [3254(/j K\, we get [3259].

[3260fl] t (2153) Multiplying [3248] by an^ . dit' . dvi .^i. .\/{\
—

\t?)
. sin. (9 + '^))

and

prefixing the characteristic (S, we get [3260].

[3261a] J (2154) Putting, for brevity, W^=yu.\/{\— [>?),
in the first member of [3261],

it becomes as in the first member of [32616]. Integrating this by parts, it becomes

as in the second member of [32616], as is easily proved by taking the differential of

both members. At the limits of the integral /x
= — 1, fA=l [3215], we have

fi, .^(1
—

fjL^)
. W=0, and the preceding expression becomes as in the first member of

[3261c], which, by developing the terms d.{iJ'.\/{l
—

(x^)|,
is reduced to the second

form [3261c]. Resubstituting the value of W^ [3261a], we obtain [3261],
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we obtain,*

S.dz^. sin. (9+ ^) .

(^-^dV^)
= — »S . 7 V . c? « . cos. (9 + 1.) ;

[3262]

*
(2155) Integrating by parts, relatively to dzs, we get

S .dvi . sin. ((p-j-^) •
( ""/ )

= sin. (9 -\-ts) .yv— S .yv .dts .'cos. (9 -[-«),

as is easily proved by differentiation. Now sin. (9 -j~ *) is the same at both limits of

the integral ;
therefore we may neglect the term without the sign S, and then the preceding

expression becomes as in [32G2].

f (2156) Multiplying [3261] by a n" . <7 « . sin. (9 + «), also [3262] by— a n^ . M- c? fA . \/( 1 —
fA^) ;

and adding the products, we get

4-5. an2y t) . rf M- . <^* . I* . v/(l—/x2) . COS. (9-|-«).

Substituting this in [3260], we get [3263].

[3263]

[3264]

therefore,t

5. ari^y.</fi-.t?t5.fA. ^1—^,2. sin. (9+^) =--'S'.ayi^7W.<?M'.rf«. (1—2^,2). sin. (9+w)

-\-S.oLn^yv ,d\t'. Jw.fA.^i— fjL^.cos. (9+ ^).

We may suppose yu to be developed in a series of terms of the form

JET . COS. (i
^ + 5 ts -}- 5

H being a function of jx only, and s an integral

number, positive, negative, or zero, excluding fractional numbers,! because

yu is the same at the two limits, where ts = 0, or a = ¥)0° [3215]. [3264']

In like manner, y v may be developed in a similar series of terms of the [3265]

form M . sin.
(z

^ + 5 ^ + s), M being a function of m- only. We shall [3265']

put H', M', for the values of H, M, respectively, corresponding to

the same angle it, and to the particular value 5=1. The coefficient i
[3266]

[3262o]

[3263a]

f (2157) We may suppose H to be a function of f* only; for if it contain a term

of the form A . cos. (s'
« + s'),

in which A is a function of f*, the expression
"'

H.cos. {it-{-s Ts-}- s)
will become h. cos. {s'

-a
-\- s')

.cos. {it -\- s th -{- s), producing

terms of the form ^A.cos. {it-\- (s ±s') .'si-\-szt.s} [24] Int., similar to that proposed

in [3264], H . cos. {it -\- s -ai -\- s),
H being a function of |x, independent of «.

Again, if we increase the angle -a by four right angles, we shall fall upon the same particle [32646]

of fluid d m
; therefore the developments of 7 m, 7 v, ought not to vary by such an

increase in the value of «
; and as this will not be the case if a be a fraction, we must [3264c]

suppose s to be an integer, or zero, as in [3264],
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being supposed to differ but very little from n, the angle it— '^+') will

increase with extreme slowness; therefore, by retaining only the terms

depending on this angle, we shall find, that as the terms of yu aod yv,

in which 5 differs from unity, contain the angle rr, in the preceding

integrals, they will vanish, when the integrals are taken within the proposed

limits [3264'] ;* hence we have,

[3267] S .c'.rfy . d ;a . f/ h . |a . ^ I— ••;2 . sin. (s + n)

= avT''^. sin. (ii + s—
cp). S.d:.-. 1(1

—
2'/) . H'^-y. . </r=7^ . M'].

*
(2158) Putting, os in [32G4], -r= H. co,. (/ i -}-6'n -j- s),

we sIihII get, by

using [19] Int.,

[3265a] S.yu.dzs. sin. {co-{-vi)
= —^ S . H . sin. (i

f -j-
:— '. -f [«— I ] .

-is)
. rf ts

+ ^S.H. sin. (It -j- : -\- 0, -j- [<i -{- \] .
Ti)

. d-a.

If we retain only tHe term containing the angle ii-\-s
—

cp,
which varies v/ith extreme

slowness, it becomes —
I S . H.sw. {it -^ s—

<?+ [«
—

t].TO).f?^; snd when s

differs from 1, its integral, relatively to to, is

[32656] S.yu.dvi. sin.
((p + w)

=
^ _^ . H. cos. (i

^ + :—
cp+ [s

—
1] .

to) + constant.

The constant quantity is to be determined, so that the integral cnay vanish at the first limit,

where to= 0, and then by putting -a = 400^, at the other limit, the whole expression

will also vanish, because (s
—

1) . to becomes v multiple of 400°
;
therefore we have, in

this case, for all integral values of s, excepting s= l, »S. 71' .c^tr; . sin. (©-j-to) =0.
[3265c] -yvjjejj 5=1, the term of [3265a], depending on the angle it-]-s

—
(?,

becomes

— i <S . H' . sin. (t
t+ 3—

cp).d'ui [3266]. Integrating this, relatively to to, and observing

that y* c^TO= 2 ff [14675], it becomes — 7/ . H' . sin. {it-{-s
—

co).
Hence we

have, for the case of s = 1,

[3265^-j S.yn.d'a. sin. (9+ to)
=— '^ . B' . sin. {i t-{-2

—
9).

In like manner, we may find the value of <S.7 u . f/^. cos.
(-o+ to) ;

or we may

derive it from [3265cr|, by the following process: if we change H, H', s, cp, into

Jifj M', £— 100°, (p+100°, respectively, the value of yu [3264], changes into yv

[3265'] ;
sin.

(<p + «) becomes cos. (9 + it?) ;
and sin. {ii + £—

(?)
becomes

sin. [it -{.3
— — 200°)=— sin. {i (-{-:

—
(?); s-'bstituting diese in [326;W], we get

^3265e] S.yv.d-ui. cos. (9 + to)
= -jt . M '

. sin. {I
i -\-

2— 9)-

Multiplying [3265^] by
- « «^ rf

;.-^
.
(
1— 2

/x^), [3265e] by c n^ . rf ;^ . m- . /( I —
fx^),

and adding the products, we get

[3265/1 -S.an%.n.rf;.s.rfTO.(l-2,a9).sin.(;:+ TO)-|-,S?.«n97r.<;fA.rfTO..y,../(l-,v2).cos.((p+TO)

= o'H9c.sin.{tf-'rs-o;).&'.ci:.'.|(l-2|.-3).H'+ .a.v'(l-;.-.2).Jtf'].

The first member of this expression is the same as the second of [3263], and by substituting

it, we get [3267].
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If we multiply [3249] by ay , d ix. . dvi .sm .
(cp+ 7s), also [3250] by

a 7 . f/ fjt.
. 0^ tu . f/- . \/l

—
(^2

. COS. (9 + to), [3268]

and add the products, we shall obtain,

IVd^J

' ^^^'
(<P+ '*) + 2 ^ '"'' •

\Jj)
' COS. (9+«) ]

,jj K /J \ \ [32691
,
/ddv\ , ^ , \ /-» fdv\ , . , , N \

=
5.«,.<i..<z«.v/i^^--(*+-)-S^-(S)-S)-(|f)|;(0)

-s.»...M..^,cos.(.+.).{,.Qi)-(i£)-(5{)|. .

If we substitute for 7 w, 7 iJ, the sum of all the terms, relative to the

angle i t ; observing that i differs but very little from w, the first member [3269^

of this equation will become,*

*
(2159) From [3264—3265'], we have yu= H'.cos.{it-\-vi-{-s)', ^^sima]

yv= M'.^m.[it-\--a-\-s). la taking the differentials of these expressions, we may

neglect that of 7, on account of its smallness in comparison with the differentials of «, v

[337'", &tc.]; and as H', M', are functions of fx only [3264, Sec], we shall have

7.(^l^)
= _fl'.i.sin.(a+ «+a); r.(^) =-fl'.i^ cos. (t ^+ ^+ s).

Moreover, as i is nearly equal to n [3266], the preceding expressions become as in

[3269c] ;
and in like manner, we obtain [3269^],'

7-{^)
= -H'.n.sm.{it+ ^+ s); 7 . (^)= -.H'. n^ cos. (i< + ^+ s) ;

y.(^^^
= M'.n.cos.{it + ^ + s); y .

(^^'j
= --M'.nK sin, (it 4-^+ s).

If we substitute these in [3269], and reduce them by means of [17
—

20] Int., retaining

only the terms depending on the angle it-\-s
—

9, we may put

r-\^j^J'^'^^'{9
+ '^)=hH'.n^.s\n. {i

t -\-
s— 9) ;

^ •

\~JT)
' ^°^'

{<?+ '^)
=— iH'.n. sin. (i

^ + s— 9) ;

/ddv\
7 '

\J^)
' c°s. (9 + ©) =— ^ M'. n^. sin. (t f + s— 9) ;

7 .

("77")
• sin. (9 4" -51)

=— J M'. n . sin. {i t-\-s
—

9).

224

[32696]

[3269c]

[3209rf]

[3269c]
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[3270] a fi''^ , sm.
(i

t + s—
cp)

. S . d iJ^ .{(1 -—2 ^^) . H' -{- iJ. . v/l=il^ . M '

J ;

[3270] therefore we shall have, by noticing only the terms in which i is very

nearly equal to n,

S.an^y.dii^.d'a.ij^. \/i
—

[j? . sin.
(<? + '^)

-^.«......«.^^.cos.(.
+
.).;,.(^)-(i£)-(|/)J.

Hence we deduce,*

<ZJV'. sin.(p + ^JV".cos.(? ct J 7 / • / , X fdf\
j-^

=zS .ay .dli'.d'a . YL—t>P . sin.
(cp + zs) .(^\

— S.ccy.dii'.d'^^i. -—=-. COS. ((p 4- 'ui) .1 ^).

entangles
^^ likc manncr, We find,t

These
values
are very

[3272]

nearly
correct in

the terms
wliich

differing
but little

from

nt,

IMultiplying these by d -a, and integrating from is:? == to •sJ = 2 *, using

J .d[« = 2'tf [14675], we obtain the following expressions, which are evidently the

same as those in [3269e] , multiplied by 2 *
;

S .y .d-!^ .(
-—J- J

. sin.
{<p ~\- -a)

= nP -x . H'. sin. (it-\-s
—

9) ;

t^^^/i S. y. d vi.
f-^Ycos. {<p+ vs)

==— n'^.H'.sm. {it +s— (?);

S .y .dzi .(-—-

j
. cos. (9 -f- ts)

=— n^'n' . M'. sin. {it-\- s— 9) ;

S.y.dvi.i—— j
. sin.

(<j3 -f~ *)= — »* . Jlf'. sin. (i^ -f- ^—
<?)•

Now if we multiply these four last equations by ad[h; ad^/^ .2ni^^; a d
is.

.
11.

. [/{I
—

f/-^);

[3269g-] — afZfi . 2 n .
fjo .y/(l

—
ja^), respectively; then add the products, and prefix the sign of

integration S, relatively to (x, we shall find, that the first member of the sum is equal

to the first member of [3269] ;
and that the second member, connecting its terms, is

equal to [3270], or to the second member of [3267] j therefore the first member of [3267]

is equal to the second of [3269], as in [3271].

r3273al
*

(2160) Substituting, in [3259], the value of the last term of its second member, given

in [3271], neglecting the quantities which mutually destroy each other, we obtain [3272].

[32736]
f (2161) The formula [3273] may be computed by the method we have used

[3259
—

3272] ;
or we may more simply derive it from [3272], in the following manner.

If we review the calculation [3259
—3272], we shall find, that the process will not be altered
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dJV'. COS. cp
— dJV". sin. (? „ . , , , . /^/\ [32731

^-j-^
^S.ay. di^.d^. v/l-M"" • COS. (?+ ^) .

(^^j \-^p
depending

, CI 11 V' ' y , \ fdf\ on the

it.

[3273^1

[3274]

T/ie5e ^iro equations hold good, when we notice those angles only ivhich vary

very slowly ; and we have seen, in \S2bl, 3258], that the first term of the

second member of each of them, contains also ivhatever relates to angles

differing but very little from nt;^ therefore the formulas [3272, 3273], [3273"]

include all that relates to these two kinds of angles, which are the only ones that

can have any sensible influence on the motions of the earth about its centre of
dJV

gravity [3243]. If we connect these equations with the equation
— = 0, f [3274']

we shall have all that is necessary to determine the influence of the sea

on these motions.

We shall now observe, that these different equations are the same as if the
JquluoSf

sea form with the earth a solid mass. To prove this, we shall determine [3274"]

the values of dN, dN', dN", relatively to the sea, in this hypothesis. gam^Lif

The value of V [2966] is represented very nearly by Lm'^wiih

if we increase cp by 100°; or, in other words, change 9 into
cp'
=

cp -\- 100° . By this

means sin. 9, cos. 9, s\n.[(p-{-'a), cos. (9 -{- cj) become cos. 9,
— sin. 9, cos. (9 -|- ts),

— sin. (9 -|-'5j), respectively; and [3272] changes into [3273].

* r'^^ra\ rp. , r d J^T'. Sin. (p-\-dJV". COS.
>]?

. dJV'.cos.(p—dJ^".sm.cp ,'^

(2162) The terms of
j^

and -^ , computed

in [3257, 3258], are of the same form as the terms of [3272, 3273], depending on

(—]', therefore these last formulas must include all the terms which have a perceptible

influence on the motion of the axis of the earth, as in [3274].

f (2163) From the first of the equations [3230], we havd |>=y_ •

dJV
fpdt=ff---.dt. Now if we notice in dJV, only the terms which depend on

angles of the form nt, these expressions will not be increased by integration ; because

they will not be affected by the small divisor i or i^; and we may, therefore, neglect

them. Moreover, we have, for the terms varying with extreme slowness,
—=

[3253].

Hence this equation obtains for both these species of angles, as in [3274'].

the earth
a solid

mass.

[3273c]

[3274a]
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[3275] Y^ -+R'^a f—^S *

which gives, by the substitution of dm = R^dR.d[}^,dvi [2918],
in [2968],t

[3276] ^ _ S.aR'dR.di^.d^. \
x'. (^~f\ —y' . (^-f\ \ .

dt I \dy J \dx'J 5

*
(2164) Neglecting terms of the order r,~^ in [2990/c], we have,

[3275a] F=^+^'.P(2);

[32756]

in which P^^) is the coefficient of ——, in the development of V [2990^], and is

[32766]

evidently represented by P^2)__^^2— ^. ^g j^^ j^i(528]. In order to conform to the

present notation, we must put, in the value of 5 [2990a], (ji= cos. &, \/{\
—

fj-^)
= sin. 5

[3275c] [2128^"]; v= sin.v, s/{l—v'^) = cos.v [2989, 3246] j
X= n [2989, 3246] j

and

change ni into (p -f- '''
5 ^7 ^i^ich means cos. (^

—
X), or rather cos. (X

—
vi), becomes

cos. (n— 9— «). Hence 5= cos. ^ . sin. v-]-sin. ^ . cos. v . cos.(n
—

(p
—

zi)) substituting

[3275i] ^jjis ijj p(2) [32756], and the result in V [3275a], using [3247], it becomes as in [3275].

f (2165) Substituting the value of fZw [2918] in [2968], we get

Now r, [2964] is independent of x\ y', zf, so that we may consider r,
as constant,

in finding the partial differentials
("T~,)> (tt)' We may also consider R as constant,

because its terms destroy each other in the function ^'
'\~T~j)

—
2/'*(tt]* ^^^ ^^ ^

be a function of R, represented by (p (i?), and we put (~Tr~ )
^^

*P' (^)' ^^

shall have

il6nC6

/dR\ x' /dR\ 7/

But from 12= /(^'^+ i/'s .^z'^) [2990«], we obtain
(^,)=^, w)^^''

,^

Xherefove
w\(^-^\—y'.(^^^

.Hence it appears, that

in substituting the value of V [3275] in [3276a], we may consider / as the only variable

[3276rf] quantity; so that
(^)

==«^' •

(^)' (^')
= "^'*

(^)'
^""^ ^^^^^""^ becomes as

in [3276].

[3276c]



V. i.
<5. 11.] PRESSURE AND ATTRACTION OF THE SEA. 897

The depth of the sea being supposed very small, and the radius R very

nearly equal to unity, we have, relatively to the sea,*

S ^R'^d R=y; [3277]

consequently,

In like manner, we find,t

dJV'

^-:^=.S.ay.d.,dr..>,/.(^\^2'.(^M, [3280]

d

Transforming, by ^10 [3175, &c.], these partial differentials into others

relative to the variable quantities, R, m-, a, we shall have,t

*
(2166) This integral is found as in [3208a], and by substituting it in [3276], we [3277a]

get [3278].

f (2167) We may deduce [3279, 32S0] from [2969, 2970], in the same manner

as [3278], from [2968] ; or more simply by derivation ; for if we change y, y, z, z', [3279a]

into z, s^t y, y', respectively, the value of -—
[2968], changes into -r— [2969] ;

because the value of V^ [2966] remains unaltered. Making the same changes in [3278],

it becomes as in [3279]. In like manner, by changing a?, a/, y, y', into y, i/, x, x', [32796]

dJV . d.y
respectively, the value —-

[2969], becomes like —^ [2970] ; and the same changes

being made in [3279], it becomes as in [3280].

X (2168) If we put the two expressions of ——
[3172, 3180], equal to each other, [3281a]

after substituting in the first, the values 72=1, /=2 [3179], and then dividing the

whole by g, we shall get,

S.«y.cZ^.(^«.^./.(0)-y'.(^)|
=

S.«y.^f*.rf:..(^). [32816]

Now it is evident, that the second member of this equation is derived from the first, by

merely changing the co-ordinates, as in [3175, &;c.], and that the equation holds good
whatever be the values of y, q. Putting y^y, q= f., the first member of [32815]
becomes like the second of [3278], and the second member of [32816] gives the

equivalent expression of -—
[3281]. The same operation being performed upon the [3281<fl

225

[3281c]



898 MOTION OF THE EARTH ABOUT ITS CENTRE OF GRAVITY. [Mec. Cel.

dJV
[3281]

[3282]

dA'"
[3283]

hence we obtain,*

—
=S.ay.d,.d..(^^y,

g:=..»........5^i=^.cos...(g)+^:.(^)|,

dJV'. sm . (p-{-dJV" . COS. (p

In these

rooQ/ii "•"' • 5JI1- ip -r ^ *'» .COS.© ^ , , , . / d f\
[3284]

^1^^
^ = S.a.y,dv.,d-a, V/i=? . sin.

(9 + t.)
. f -^

j

sxpressiona
the whole
earth is

supposed
to be solid.

—
S.a.y.dl>'.d'si.——z=:^»COS.U-\-'a).l~-]'

[3286]

[3284a]

and if we notice onlj terms increasing with extreme slowness, we have,t

-J— = 0. These equations are the same as those we have found in

[3272, 3273, 3274']J Hence we get the following remarkable theorem,

equations [3173, 3181], produce the second members of the equations [3279, 3282],

which must therefore be equal to each other. In lilce manner, from [3174, 3182], we

obtain the transformation of [3280] into [3283].

*
(2169) Multiplying [3282] by sin. (p, [3283] by cos. (p; adding the products, and

substituting the expressions sin. ((?-}- t;j),
cos.

((p+ ttf) [3254c?, A], we get [3284]. Again,

multiplying [3282] by cos. (p, [3283] by
— sin.

(p ; adding the products, and making

the same substitutions, we get [3285].

t (2170) The quantity -us is connected with (p
in the function a/ [3247], it must

—
j,

as is evident from the form

of the function a/ [3247] ; therefore, if we notice those terms only, which depend on

[3285a] small angles, we shall have, as in [3252], (^ = 0. Substituting this in [3281], we

get 1^:=0[3286].

\ (2171) The expressions [3272, 3273, 3274'] correspond to 2i fluid state of the ocean;

and they are respectively equal to [3284, 3285, 3286], which correspond to the supposition
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loL Place's
theorem.

namelj ;
that the phenomena of the precession of the equinoxes^ 4nd the r^^-i

nutation of the earth^s axis, are exactly the same as if the sea form a solid The pre-
./ ' •/ v' »/ cession

mass with the spheroid which it covers. truon"'ar«
the aaraa
as if the

case.

There exists, however, a case, mathematically possible, in which this goUdmMs.

theorem does not hold good ; namely, where the nucleus of the earth,

which is covered by the ocean, is supposed to be formed of spherical strata.
^"cSli

It is evident, that there will then be no motion in the axis of rotation of

the nucleus, arising from the attractions of the sun and moon, and from the

attraction and pressure of the sea
; since the resultant of all these forces [3288']

passes through the centre of the nucleus. Let us now see what prevents

the preceding analysis from including this case.

[3288]

[3288"]

The parts of the expressions of a.
y,

a u, and « v, which have an

influence on the motions of the earth's axis, are those which depend on

sines and cosines of angles of the form it-\--a, in which i differs but [3289]

little from ri;* and we have seen, in [2240], that these parts correspond

to the oscillations of the second kind. These oscillations can be determined,

of its being solid. Hence the values of
•

H, H' [3238, 3238'], x", y" [3239], and \3286a\

—
,

——
[3233], must be the same in both cases. The value o{ d p [3230], becomes

also in both cases, dp= 0, [3274', 328G] ; therefore p is constant ;
and the motion of [32866]

the earth's axis is the same as if the ocean were considered as solid.

This theorem, discovered by La Place, appears very remarkable, when we take into

consideration the different manner in which the fluid acts in the two cases j
for the ocean,

during its oscillations in a fluid state, must operate upon the nucleus, by its pressure and its

attraction, in a very different manner from what it would if the whole mass were to become [3286cj

of a solid form, corresponding to the state of equilibrium ;
and it seems wonderful that

the whole effect on the rotatory motion of the earth, should be identically the same in

circumstances which are so dissimilar.

[3288o]

*
(2172) The object, in this place, is merely to prove, that there is a case, in which

some terms of the values of y, u, v, contain denominators of the order i^— n^, which

vanish when i= n, and by this means they become infinite ; making it necessary to

retain terms of the order i— n, instead of neglecting them, as in [3269', &;c.]. This

is proved to be the case in oscillations of the second kind [3295] ;
which is sufficient to

account for the failure of the formulas in the case mentioned in [3288'] ; and it then [32886]

becomes necessary to notice the expressions of the oscillations of the first kind [2221, &c.],

or those of the third kind [2298, &;c.].
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[3289] in this case, by the article just mentioned
;

i being very little different from

n, the expressions of y, w, and v, relative to the angle it-}- -a, are of

the forms,*

[3290] y = ^
. 3 N

• ^°^- (* ^ + ^) ;

[3291]
u =

-p

—-—^ . cos. (it + 'ss);

[3292]

[3290a]

[32906]

[3294c]

V =
7 ^-T . > . sm. u ^ + «).

[3293] The depth of the sea is Z.(l
—

^^s) [2196]; now we have, for the

condition of equilibrium [1802],

o2

[3294] 7 ^ _ 5n>

*
(2173) By altering the epoch of the time t, in [2251], we may suppose the angle

it -{- ta— j1, of that expression to be put under the form it -{-ts. Substituting

sin.^. COS. ^= 1^ .^(1— ^2^ [212S"'], we obtain the value of y [3290]. Comparing this

with the assumed value [2178], we obtain s=l, £= 0; and the corresponding values

of u, V [2irS', 2178"] become u= b .cos. (it-\-vi), «= c. sin. (i^-f-w). Substituting

the values of b, c [2258,2259], we get, [3291,3292], respectively.

f (2174) The nucleus or solid part of the earth being spherical; the ellipticity of the

surface of the ocean is equal to the difference between the depths of the sea at the pole and

equator. Now these depths are I— I q, I, respectively [3293,2128''"]; consequently

the ellipticity is Iq; and as this is represented by ah [1801'
—

1802], we shall have

[3294a] ah^^lq equal to the second member of [1802]. This expression of Iq may be

much simplified, by observing that the ellipticity of the nucleus being nothing, we have,

[32946] tth'= [ i 800^'] ;
hence —6ah'.a^= 0. We have also f^ p.d.{a^h)= 0,

because a y^= 0, in all parts of the nucleus, from the centre to the surface, corresponding

to the radius «' [1800^]. Lastly, if we suppose p to represent the uniform density of the

nucleus, we shall have J' p .d. a^= pa'^. Substituting these in the expression ah=lq

[3294^1 [1 802, 3294a], we get lq= '^"'^
,^~"A"t^°! • The depth of the sea being supposed*• * J o J 4— 10a3-}-IOpa3

very small, we have the radius of the nucleus a', very nearly equal to the radius of the

surface of the fluid, which differs from unity by terms of the order a [1775] ; and by
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which renders the preceding expressions of y, u, v, infinite
;

but as they

cannot become infinite, unless we suppose i— n = [3239], it follows,

that y, u, V, are of the order -; ;
therefore we must not put i = w, [3295]

in the equation [3270], as is done in [3269c, (/], in taking the differentials

of u and v, relatively to the time t
; but we must notice, in these [3295']

diflferentials, the factor i— n, by which these parts of u and v are

multiplied. These terms, being divided by i— w, produce quantities,

free from i— n, which render the parts of d N', dN", relatively to [3296]

the attraction and pressure of the sea on the terrestrial spheroid, equal

to nothing.*

We shall here observe, that in the preceding case, the oscillations of the [3296^

sea, depending on the angle it-\-Ts, are very great, when i differs but

very little from n, and this condition obtains in the terms depending on

the motion of the nodes of the lunar orbit. This motion is expressed

by (i
—

n) .t'^ but a very small resistance, on the part of the terrestrial

nucleus, is sufficient to decrease these oscillations considerably. The sea,

by means of this resistance, acts horizontally on the spheroid, and by this [3298]

action it has an influence on the motion of its axis. We shall see, in the

following article, that in this case, which is the case of nature, the preceding

theorem holds good.

12. In the preceding analysis, although it is very general, we have supposed

that the sea wholly covers the terrestrial spheroid or nucleus, that it is of a [3299]

neglecting terms of the preceding expression of the order a(pZ, we may put a'=l, and

then we obtain lq= ———
. The quantity a

<p represents the ratio of the centrifugal [3294e]

force to the gravity at the equator [1726'], and this is equal to —
[1594a, &c.];

substituting it in [3294e], we get [3294]. IMultiplying this by

and by substitution, in the denominators, of [3290
—

3292], they become n^— n^=
;

making y, u, v, infinite.

*
(2175) This must necessarily happen, for the reason mentioned in [3288], namely, [3295a]

that the resultant of all the forces passes through the centre of the spherical mass.

226
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Sfdof ^^§^^^^ depths and suffers no resistance from the nucleus. But as these

galfng'the suppositioos do Dot coiTesponcI with the actual state of the earth, it may be
effect of J I 1 I I

iat1o°nsof
doubted, whetner the preceduig theorem is correct, relatively to the ocean.

lupposhig As this is a vei'v important point in the theory of the motions of the
that it '. .

r3299'i 6^''th, we shall give the folloioing general demonstration, ichatever be the

does not irregularities of ihe figure, the depth of the sea, or the resistance it suffers.
wholly T"" I

•

earth?''^
ror this purpose, we shall recall to mind the principle of the preservation of

areas, which has been demonstrated in Book I, Chap. V [167"].

^^
If we project upon a fixed plane, each particle of a system of bodies

which react on each other, in any marwer ivhatever, and then draw, fiom these
r3299"i •7-- • .

^

projected positions, to a fixed point in that plane, lines which ive shall call

Jfthe^'^ the radii vectores; the sum of the products of each particle, by the area

Ireas"^
dcscribcd by its radius vector, will be proportional to the time t; so that

[3300] if we put this sum equal to A, we shall have A = ht ; h being a

constant quantity,'^

This principle has, in the present question, a great advantage, in being

[3300'] equally correct, even when the system is abruptly affected
;

as is the case

with the sea, when its oscillations are suddenly changed by the friction and

resistance of the shores.

If this system be subjected to the action of foreign bodies, A will no

longer be proportional to the time t
;

and if we suppose the element d t,

[3300"] to be constant, the value of d A will be variable. To determine its

variation, we shall consider all the particles of the system as at rest and

isolated. JVe shall then compute the sum of all the products, formed by

multiplying each particle by the area which its radius vector describes in the

[3301] time d t, by means of the foreign forces which act upon it ; and this sum

Invest!- wHl bc cqual to d^A;* for it follows, from the principle we have just

*rf2°X mentioned, that the reaction of the different bodies of the system cannot

produce any change in the value of d^ A.

*
(2176) l( dA be the variation in the value Jl, in the time dt, its change during

the next element of time will be, by the common principle of differentiation, dA-{-ddA;
d< being constant. The difference d d A, of these two values, represents the variation

arising from the action of the particles upon each other, and the action of foreign bodies.

But the effect of the first of these forces is nothing, by the principle [3300] ;
therefore

ddA represents the effect produced, in the time dt, by the action of foreign bodies only,

as is observed in [3301].

[3301a]
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This being premised, we shall suppose that a mass, of which a part is

fluid, revolves about an axis, while it is acted upon by very small forces

of the oi'der a
; its centre of gravity being at rest. If we suppose a fixed

plane, passing through this centre, to be assumed for the plane of the

projection; then draw through this point the radii vectores of the different

particles ;
the sum of the products of each particle, by the area which its

radius vector describes, is the same, neglecting quantities of the order a^,

as if the mass were wholly solid. To prove this, it is only necessary to show

that the value of d^A is the same, whether a part of the mass be supposed

fluid, or the whole of it solid. Now we may observe, that at the expiration

of any time whatever, the figure of the mass, and the manner in which it is

presented to the action of foreign forces, cannot differ in the two hypotheses,

but by quantities of the order «
;
and if we observe, also, that these forces

are only of the order «, it must be evident, that the difference of the values

of d^A, m these two cases, must be of the order a^
; therefore, by neglecting

quantities of that order, we may suppose the corresponding values of -j-

to be the same in both hypotheses.

We shall now suppose, that the mass we have just mentioned is the earth.

In the first place, we shall consider the nucleus as a spheroid of revolution,

differing but very little from a sphere, and covered by a fluid of small depth.

The attractions of the sun and moon excite oscillations in the fluid, and

motions in the nucleus
;
but these oscillations and motions, by what has

been said [3304'], are combined, in such a manner, that at the expiration

of any time, the value of — is the same as if the earth be wholly solid.

We shall now investigate the value of -r— , in this last supposition, that

the earth is wholly solid.

We shall suppose, that at the origin of the motion, & is the inclination

of the equator to a fixed plane, which we shall assume to be that of the

ecliptic at a given epoch ; 4>, the angle formed by the line of intersection

of this plane with the equator, and by an invariable line drawn on this fixed

ecliptic, through the centre of the earth
; also, n t the rotatory motion

of this body. It is evident, that all the changes which take place in the

motion of the system, at the end of the time t, depend on the variations

of &, ^^, and n. We shall suppose, that, at the end of the time t,

[3301']

[3302]

The
value of

[3302^
is the

same,
whether

[3303]
the earth
be sup-

wholly
solid or

[3303^

covered

by a fluid
of small

depth,

neglecting

[3304]
quantities
of the
order

a2.

[3304^

[3305]

Case ofthe
nucleus

being a

spheroid
of revo-

lution,
covered by
a fluid of
small

depth.

[3306]

[3307]

[3308]

Compnta.
tion of

dA,

[3309]

supposing
the whole
earth to
be solid.
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[3310] 6 changes into 6 + a 8
6, -^ into ^-\-a8-^, and n into n-]-a5n. We

have already found,* that the only terms necessary to be noticed, are,

First, Those which increase in proportion to the time ; Second. Those

[3311] which are periodical, but multiplied by sines or cosines of angles increasing

very slowly, and divided by the coefficients of the time t, in these angles.

[3312] Therefore, by noticing only these terms, we may suppose ^, 4, and n to

be constant, in taking the differential of the function A.\

[a3l2'] We shall now suppose that the fixed plane, upon which the motions of

the particles of the earth are projected, passes through its centre of gravity,

[3313] considered as at rest, and makes the angle 7 with the fixed ecliptic J

[3310a]

[33106]

[3312a]

[33126]

[3314a]

[33146]

[3314c]

[3314rf]

[3314e]

*
(2177) The most important of the variable terms of ^, 4', n, depending on the

precession, nutation, &c., have been computed in [3100,3101,3121, &c.] ;
and it has

been shown, in the computation of these quantities, in several places of the preceding articles

[3033a
—

e, 3063, &;c.], that those parts may be neglected, which depend on rapidly varying

angles, because they are not increased by integration.

f (2178) If the value of A= ht [3300], be supposed to correspond to the earth,

undisturbed, in any way whatever, by a foreign force, we shall have -— =h=
a constant quantity, which may be considered as a function of the constant quantities

^, 4^, n, 7, ^ [3316]. In the case of nature, 6, 4-, w, contain variable terms, depending

on slowly varying angles ; but the differentials of these periodical quantities are rendered

very small by the factors introduced by the differentiation ; and in finding the partial

differentials of the value of M [3321a
—

c], which takes the place of h [3312a, 3315],

we may neglect the consideration of these very small terms, always rejecting quantities

of the order o?, as in [3317'], and using the theorem [297 7A, Sic.].

X (2179) To illustrate this, we shall refer to the

annexed figure ;
in which E A CB represents the

fixed ecliptic ;
P O the line taken as the origin of

the angles ^, 4 ;
E QC the equator ;

D Q FG,
the plane of projection on which the quantity A is

computed ; also P P' P'' the poles of the great

circles EACB, EHC, DqFG, respectively.

Then, by the above notation, we have the angle

OPD= ^, OPE= ^, EPD= ^—^; and

as EPD = BPK=P'PP", we have, in the

spherical triangle P'PP", the angle P'PP"=^-4;
PP'= angle AEH=:6', P P"= ang]e FDM= y, P' P"= the distance of the poles

of the arcs Q,F G, Q C, equal to the angle G Q C, or F".
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[3314]
[3307] ; moreover, that the intersection of these two planes forms the

angle (3 with the invariable right line from which the angle 4- is counted.

We shall have, at the origin of the motion,

4f = ili, [3315]
at

M being a function of ^ 4-, w, and of the quantities 7, |3, which [3316]

determine the position of the plane of projection. At the end of the time t,

we shall obtain -—
; by changing, in M, the quantities ^, ^)^, w, into

fl-f-«<5^ •4'+ a5-|, and n-\-a^n. Putting, therefore, "•^•~i— >
^o^

the variation of —— at the end of that time, we shall have, hy neglecting

quantities of the order a^,* [3317']

«.i.—
=a.».(^-)+a.H.(,-j)+«.^«.(^).

[3318]

We shall put C for the sum of the products of each particle of the earth, [3318']

by the square of its distance from the axis of rotation
;

and V for the [3319]

inclination of the plane of projection to the terrestrial equator ;
it is evident

that we shall have,t M = \n C . cos. F. Now we have, [3320]

*
(2180) The expression [3318], is obtained by development, in the usual manner, as [3318a]

in [610
—

612], neglecting terms of the order a.^.

f (2181) The angular rotatory velocity of the earth about its axis, at the origin of the

time t, is equal to n [3309] ;
hence the velocity of the particle d m, supposing it to be

at the distance D from that axis, is n D, and the space described in the time d t,

is nD.dt. Multiplying this by half the radius vector, or | J), we get inD^dt,
which represents the area described by the particle in the first moment of time d t,

13**06]

projected upon the plane of the equator, neglecting terms of the order a^. If we project

it upon the plane D Q^G, which is inclined to the equator by the angle V [3319], it [3320c]

is evident, by the principles of the orthographic projection, that it will be decreased in the

ratio of cos. F to 1
;

so that it will become | n D^ . cos. V. d t. Multiplying this by
d m, and prefixing the sign of integration <S, it becomes ^n dt . cos. V. S .D^ dm-, [3320<f]

the sign S being supposed to include the whole mass of the earth. This is the quantity

represented by dA= Mdt [3315]. Hence M= ^ncos.V. S . D^ dm-, but by

[3319], S.D^.dm=C, therefore M= ^nC. cos. V, as in [3320].
t3320e]

227
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[^32^] COS. V= COS. 7 . cos, + sin. y . sin. ^ . cos.
(f3
—

^j.) ;

*

hence we find,
Value cor-

responding /" r . f • * ^r, , \ • 1 A
to the J J V d ^ . sm. 7 . COS. ^ . COS. ( /3— -1)

— cos. 7. sin. M/
[3322]

c? ^

^ + H • sin. 7 . sin. ^ . sin.
(/3
—

^^) C

+ ^ aC 5?i . {C0S.7. COS. ^ + sin. 7. sin. &. cos. (^
—

4)} ;

in which expression, we may, without sensible error, determine C [3318'],

as if the earth were a sphere.f We shall now investigate the expression of
the same quantity, supposing the earth to be a solid spheroid, or nucleus,

covered by a fluid of small depth,

[3324]
We shall put (U, 6-\J, 6n', for the variations of 6, ^, n, relative to

computa- the nucleus, retaining in these variations only the terms proportional to the

time, and those multiplied by sines or cosines of angles increasing very

slowly, divided by the coefficients of the time, in these angles [3311]. It

aX.id?''^ is evident, by what precedes, that there will be produced in the value of

——
,

a variation which is very nearly equal to, J'

at

*
(2182) In the spherical triangle PP'P", Fig. 64, page 904, we have, as in [63]

[3321a] Int., cos. P' P"= cos. P P' . cos. P P"+ sin. P P' . sin. P P" . cos. PP P". If we use

the symbols [3314f?, e], it becomes as in [3321]; substituting this in [3320], we get

[33216] M=lnC . f COS. 7 . cos. &+ sin. 7 . sin. a . cos. (p
—

4^) ^

The partial differentials of this expression are,

[3321c] [
j
= ^ ^ C' .

I
— COS. 7 . sin. ^ + sin. 7 . cos. & . cos. (^

—
\)] ;

[3321rf] /'— ^= lnC. sin. 7 . sin. 5 . sin. (^
—

4.) ;

[3321e] f
—^ = ^ C f cos. 7 . cos. & + sin. 7 . sin. ^ . cos. (^

—
-4) }

.

\dn /

Substituting these in [3318], it becomes as in [3322].

tion, sup
posing the

[3324']

earth to be

f (2183) For the quantities neglected in this case, are only of the order of the ellipticity

[3323a] of the earth, multiplied by the very small quantities 3^, 5
4-, or (5n, in [3322, 3325],

or by the much smaller quantities
5 d'— 5 ^, 5

4.'
—

54., 8n'— 5 n, in [3328].

X (2184) The expression [3325] is easily deduced from [3322], by merely accenting

[3326o]
^j^g quantities 5^, 54., 5n, in order to conform to the change of notation [3317, 3324].
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(
<5^'.[sin. 7 . COS. ^. COS.

(f3
—

^|.)
— cos. 7 . sin. ^} )

^a.7lC.< . . /o ,N / [3325]
V -{- ^y . Sin. 7 . Sin. d . sin. (p

—
>].)

W

+ ^ a C6 w'. {cos. 7. COS. &-{- sin. 7. sin. 6. cos.
(|3
—

^)j.

As the depth of the sea is very small, we may still suppose, as in [3318'],

that C represents the sum of the products, formed by multiplying each

particle of the earth, by the square of its distance from the axis of rotation.* [3326]

To obtain the whole variation of -—
, we must add to the preceding

expression [3325], the part depending upon the motion of the fluid, which

we shall denote by ubL. Now we have seen, in [3306], that the whole
J a

variation of -r- is equal to the expression computed in [3322], which

corresponds to the supposition, that the fluid covering the earth, forms a [3327']

solid mass with it. Hence we shall have, by putting these two expressions

a.h'L.

[3327]

Value cor-

equal to each other,t responding
to the sup-
position
that the( (h^'—

h(i) . [sin. 7. cos. ^. cos. (|3
—

4.)
— cos. 7 . sin. ^|= anC.< . >;(<?) t3328]

)+(H'— H).sin.7. ""-^.Sm. (^
—

^^) i
^^'

earthisa
^ y spheroid of

• • yxi^^r revolution,

\-a.C . \^n
—

^n) .\
cos. 7 . cos. fl + sin. 7 . sm. ^ . cos. (^

—
4^) } +2 a 5 jL. ^^^^„^/

fluid of
small

The only terms of the expression of a6 L, necessary to be noticed, are, depth.

First. Those which are proportional to the time ; Second. The terms

depending on the sines and cosines of angles increasing very slowly,

and which are also divided by the coefficients of the time in those angles

[3311, 331 0«]. In the calculation of these terms, we may neglect the ^^^^1

This computation, made for the nucleus, may be supposed also to include that part of the

effect of the motion of the particles of the ocean, which corresponds to the variations

6n', 86', 8-^'; so that C will depend, as in the former case, upon the combined mass

of the nucleus and fluid. To obtain the complete value, we must add to the expression

[3325], the quantity of aS L' [3327], which arises from the difference between the actual

velocities of the particles of the fluid, and the parts which depend on the quantities

6n', 8 6', 54.'.

[33266]

*
(2185) These neglected terms must evidently be very small, estimating C as in [33265]. [3326c]

f (2186) Adding a8L to [3325], putting the sura equal to [3322], transposing the

terms to the second member of the equation, and doubling the result, we get [3328].
' "-'
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variations of the motions of the terrestrial spheroid, because the influence

of these variations upon the value of abL, bears the same proportion to

[aiSO] the variations themselves, as the ratio of the mass of the fluid to that of

the nucleus.* We may also, in the calculation of the action of the sun and

moon upon the sea, neglect the part of these attractions, whose resultant

passes through the centre of the nucleus
;
and which would tend to keep the

earth in equilibrium about its centre, if the sea should become solid ; for it is

/J /I

[3331'] evident, that by means of this force, the variation of -r— , in the hypothesis

of the sea being solid, will vanish ;t and, by what has been said [3304'],

[3332] tJie state offluidity of the sea cannot influence this variation. This part of

the attraction produces in the ocean the oscillations of the first and of the

third kinds, t which we have considered in ^5, 6, 9, and 10, of Book IV.

As to the other part of the attractions of the sun and moon, we have seen,

[3333] in ^7, 8, of Book IV, that it produces the oscillations of the second kind,

on which depends the difference of the two tides of the same day;^

*
(2187) The variations of the motions of the nucleus affect the ocean by the friction,

by the change of action, from its different positions, he. The whole effect of these causes,

[3330a] if we suppose it to communicate a similar variation to the fluid, will be decreased in the

ratio of the mass of the fluid to the mass of the nucleus, as in [3330].

[3331a]
•j- (21SS) These forces tend, by hypothesis, towards the centre of the spheroid, which

is supposed to be at rest; therefore no motion can be produced by these forces about any

axis drawn through it.

J (2189) The forces depending on oscillations of the first kind, are derived from the

function [2193], which does not contain zs, and must therefore be the same, in particles

similarly situated, in every meridian of the earth. The forces depending on oscillations of the

third kind, arising from the function [2195], are the same, in particles similarly situated, in

opposite meridians, where the angle 2{nt-\-vi
—

4^) is increased by 360*^ or 0''; therefore,

[3332a]
.^ ^ g^j^ covering a solid spheroid of revolution [3305], the influence of particles, similarly

situated, in opposite meridians, will mutually balance each other in the variation of —
-,

depending upon these two oscillations, as in [3331, &ic.].

§ (2190) Oscillations of the second kind depend on the function [2194], in which the

[3333a] sign of the factor cos. [nt^-m— 4>), changes, in particles similarly situated, in opposite

meridians of a spheroid of revolution. This is different from what it is in the other two

oscillations [3332f/], and it is therefore separately discussed in [3333].
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now, without being able to determine these oscillations for all hypotheses of

the depth and density of the sea, we have seen, in the abovenamed articles,

that the expressions of these oscillations contain neither terms proportional

to the time, nor sines or cosines of angles increasing very slowly, divided by

the coefficients of the time in these angles.* Therefore, by putting x\ ?/', z', [3335]

for the three rectangular co-ordinates that determine the position of a

particle
of the fluid, which we shall represent by dm, relatively to the

plane of the projection ; these co-ordinates, x', y\ /, as well as their [3335^

d CD d 11 d z
differentials -;— , -r^, -r-, will not contain any similar term ;

and this
dt at at -'

X d u 1 1 If d oc

also holds good for the differential — o a f »
^^ ^^^^^ ^^ ^^^ ^^®

(x'

dr/ i/dx'\—
c^f] f )> embracing the whole fluid mass. This

d /t

integral represents the part of —
, corresponding to the fluid;! hence it

Cv b

*
(2191) It appears from [2223, &cc.], that the oscillations of the second kind depend

on the sines and cosines of angles of the form [i t -\-tz
—

4.),
in which i t differs from

n ^, by quantities of the order of the angular motions of the sun and moon [2223^'].If I- "•'

the equator, ecliptic, and plane of projection were fixed, the situation of a particle of the

fluid, referred to the plane J) Q F, fig. 64, page 904, by means of the rectangular

co-ordinates x', \/, z\ will contain the same angles, it-\--a
—

4*. Now the motions

of these planes and angles are of the same order as the precession and nutation, or of the

order (5 w, H, 54., which are much smaller than the lunar and solar motions ; therefore

we may, notwithstanding these small motions, suppose x\ y\ z', and their differentials, to

depend, as it regards this second oscillation, on the angles it-\-'a
—

4'j i" which it ^
'

differs from nt by quantities of the same order as that of the motion of the sun or

moon, in comparison with the rotatory motion of the earth ; and that these terms have no

small divisors.

f (2192) The quantity A [3300], represents the sum of the products, formed by

multiplying each particle by the area it describes ; therefore ——
is its increment in the

time dt, divided by dt. The area described by the particle dm, in the time dt [3337a]

is |(x' <f
3^
—

y' (fa;') [167fl,3335']; multiplying this by -^,
and prefixing the sign 5,

corresponding to the whole fluid mass, we obtain the part of —= ^Sdm. (
^'~y^^^\

depending upon this oscillation of the fluid, as in [3336]. Now a/, y\ dx', dy, do [33376]

228



910 MOTION OF THE EARTH ABOUT ITS CENTRE OF GRAVITY. [Mec. C61.

[3337] follows, that its variation a6L, contains no term of the nature of those

now under consideration
;
we may therefore efface 2a6 L from the

equation [3328], and then it becomes

=n . (§
&'— ^^) 'I sin. y . cos. 6 . cos. (^

—
4>)
— cos. y . sin. 6

\

[2328] -j-n .\6-\.'
— (5

4-1
. sin. 7 . sin. & . sin.

((3
—

4.)

+ (<5/i'
—

Sn) . {cos. 7 . COS. 6-\- sin. 7. sin. & . cos.
(|3
—

4)}

[3339]

This equation holds good, whatever be the values of 7 and /3 ;
we may

therefore suppose, in the first place,* ^ = -4, and 7 = 6, which gives

=Sn'— (5 7i
; then the preceding equation becomes.

[3340]

=
(^

^'— ^^) '\
sin. 7 . COS. 6 . COS.

(|3
—

^)
— cos. 7 . sin. 6

\
.

+ ((5 -4'
—

(5

4-)
• sin. 7 . sin. 6 . sin.

((3
—

4')'

Supposing, in this equation, 7 = 0, we shall get
= ^^'— 5&;

^^^^^
consequently, also, = H'— H; therefore we shall have [3339, 3341],

[3342] Sn'=6n; 5d' = 56; 64.'= ^4.

not contain terms depending on slowly varying angles, divided by the coefficients of the time

in those angles, when we restrict ourselves to the degree of approximation abovementioned.

Hence these terms may be neglected [3329] ;
and we may therefore reject 2ad L from

[3337c]
J-3328-]

. then dividing it by a C, we get [3338].

*
(2193) The plane of projection B Q^F, fig. 64, page 904, being arbitrary, we

[3339a] niay take
|3, 7, at pleasure ;

and the equation [3338] must hold good, for all these values

of (3,7. Now if we put (3
=

4^} we shall have cos. (^
— ^)=1, sin. (j3

—
4')
=

5

hence [3338] becomes

= n{S6'
—

S6) . (sin. 7 . cos. &— cos. 7 . sin. &) -{-(Sn'
—

Sn) . (cos. 7 . cos. 6+ sin. 7 . sin. &)

[33396]-
=n{6d'— Sd),s\n.{y—'6)~^{5n'—Sn).cos.{r

—
&).

Putting 7= ^ in the preceding equation, we get
= 5n'— Sn, as in [3339]; hence

[3338] becomes as in [3340] ; which must be satisfied for all values of 7 ; and by putting

7 = 0, we obtain =
{S

&'— 6
6) .{—sm&)', hence 86'— dd= 0, as in [3341].

[3339c] Lastly, substituting S &'— (U= 0, in [3340], we get (54.'
— (5 -4). sin. 7. sin. ^. sin. (^

—
4^),

which is correct for all values of 7, p; therefore S
-^f
—

8-].
= 0, as in [3341]. Having

proved, in [3342], that the values 6n', 8 6', 8^', corresponding to a solid nucleus,

covered by a fluid [3324], are respectively equal to Sn, 8 6, 8^, which correspond to a

[3339rf] gQJijj spheroid [3310], it is evident, that the variations of the motions of the earth jnust be

the same in both hypotheses.
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[3343]

Hence it follows, that the variations of the motions of the terrestrial

nucleus, covered by the fluid, are the same as if the sea form a solid

mass with it.

[3344^

Now it is easy to extend the preceding demonstration to the case of nature ;

in which the figure of the earth, as well as the depth of the sea, are very

irregular, and the oscillations of the ivaters varied by a great number of
obstacles ; for all that is required to prove, is, that a5 L contains then, [3344]

neither terms proportional to the time, nor the sines or cosines of angles

increasing very slowly, divided by the coefficients of the time in these

angles. Now if we recall to mind what has been said in ^15, Book IV

[2372, &c.], we shall see that the expressions of the co-ordinates of the

particles of the ocean do not contain similar terms. It is true that they

depend on the elements of the orbit of the attracting body ; and these

elements, increasing slowly, introduce similar terms in the expressions of

these co-ordinates, but without being divided by small coefficients.* It is [3345]

therefore generally correct, that in whatever manner the waters of the ocean

act upon the earth, either by their attraction, their pressure, their friction, or

by the various resistances ivhich they suffer, they communicate to the axis

of the earth a motion ivhich is very nearly equal to that it ivould acquire [3346]

from the action of the sun and moon upon the sea, if it form a solid mass

with the earth.

We have shown, in [31341, that the mean rotatory motion of the earth
. . [3347]

is uniform, supposing its body to be wholly solid
;
and we have just seen,

*
(2194) The expression of ay [2400], does not contain terms depending on angles

varying with extreme slowness, and divided by the coefficient of the time in those angles ;

observing that the declinations v, V, which contain such angles, are not divided by small
[3345a]

coefficients. Comparing ay [2400], with y [2372], we find that F, G, do not contain

such divisors; therefore the part of gy— V [2373], depending on y, does not

contain them. The other part of gy— V, arising from the attraction of the bodies v^^^"\

L, L', is independent of terms containing such divisors, as is evident from the forms of

these expressions [2193—2195]. Hence F', G' [2373]; consequently H, K, P, q
[2382

—2385], and u, v [2374, 2375], must be free from such terms. The co-ordinates

of the particle dm depend on the quantities ay, an, av [2128"% &;c.] ; therefore the

coefficients of these co-ordinates, in the case treated of in [2372, &;c.], must be free from

terms divisible by the small coefficients here mentioned. We may extend the method of

reasoning used in §17— 19, Book IV, to the case here treated of, and we shall finally [3345(/]

obtain the same result as in [3345, 3346].
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that the fluidity of the sea, and that of the atmosphere, cannot alter this

llndl result. The motions excited in the atmosphere by the heat of the sun,

[3348] which causes the trade winds, might be supposed to decrease the rotation

of the earth ; because these winds blow between the tropics from east to

west,^ and their continual action on the sea, on the continents and

mountains which they pass over, might have a tendency to decrease the

rotatory motion. But the principle of preservation of areas [8300], proves

[3349] that the whole effect of the atmosphere on this motion must be insensible
;

for the solar heat, dilating the air equally in every direction, cannot alter

the sum of the areas described by the radii vectores of each particle of

the earth and atmosphere, multiplied respectively by their corresponding

particles ;
hence it follows, that the rotatory motion is not altered. We

are therefore assured, that while the trade winds decrease the rotatory velocity,

the other motions, of the atrnosphcre without the tropics accelerate it by the

same qaantity. We may apply the same reasoning to earthquakes; and in

general to every thing which agitates the earth beloiv its surface. The

displacing of its parts is the only thing which can alter this motion. If, for

example, a body placed at the pole, be transported to the equator, the sum

[3351'] of the areas must always remain the same
;
hence the rotatory motion of

the earth will be decreased a little. But to render this perceptible, a great

change must be supposed to be made in the constitution of the earth.

13. We shall now compare the preceding theory with observations; and

[3351"] shall investigate the consequences which result, relatively to the constitution

of the terrestrial globe. If, in the expression of 6 [3101], we reduce

2 COS. (/^ + f3),
to a series, ascending according to the powers of t,

we shall have, by retaining only the first power,!

I c Ic
[3352] ^ •

"7"
• ^^^' C/^ + f^)

= -^ • T • ^^^' ^— It .^.c. sm. ^.

plane of
j^^ ^j^^jj ^^^^ j-^^ ji^^^ plauc, that of the ecliptic, at the beginning of the

[3353]
the eclip-

tic, Jun. 1,

1750.

[3350]

[3351]

year 1750, where we shall fix the origin of the time t. The square of

*
(2195) In the original work, this was erroneously written from west to east.

f (2196) JVIuliiplyIng the expression of COS. (/^+ ^) [311 6fl], by y,
and prefixing

[3352a]

Ic

:pression of cos. (/^+ ^) [3 11 GoJ, by

the sign 2, we obtain [3352].
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the inclination of the apparent ecliptic to this plane being, by §5,*

!
2 . c . sin. (/^ + /3) j

2
_|_ j

2 . c . COS. {ft + ^)]\ [3354]

we have,
2 . c . sin. |3

=
;

2 . c . cos. ^ = ; [3355]

which gives, by neglecting the square of ft, f

2.^
. cos. (/^+ f3)

= ^ •

7"
• COS. |3. [3356]

Subtracting this term from h, we obtain the mean inclination of the equator

to the ecliptic, at the beginning of the year 1750. Now h being arbitrary, [3357]

we may suppose that it expresses this mean inclination ;
and then we must

Ic .

increase the value of A, by 2 .
— . cos. |3, in the other terms of the expression [3358]

of ^
;

but on account of the smallness of these terms, we may dispense

with this correction. Hence we have,t

* =
'^+(rj:i:y-r-'=°^-(/'+^)+^+r)-i<="=-2^+;7-^-=°^-2'' J; [3359]

and the value of ^' [3110], becomes,

*
(2197) The sum of the squares of 7 . sin. A, 7 . cos. A [3075e], putting

sin.2A-{-cos.2A= l, is 7^= {2 . c . sin. (/<4-p)P_|- ^2 . c. cos. (/^+ ^)P j 7 being [3354o]

the inclination of the solar orbit to the fixed plane [3051]; as in [3354]. At the

commencement of the time t [3353], we have 7= 0, i=0; substituting these in

[3354a], we get = {2 . c . sin. pp + {2 . c . cos. p}^ ; and as both the terms of the [33546]

second member are square numbers, their sum cannot vanish, unless each one is separately

equal to nothing, as in [3355].

f (2198) Substituting the first equation [3355] in [3352], we get [3356]; hence the

two first terms of a [3101], become h^l..- .cos. p, which is the mean inclination [3356a]

of the equator to the ecliptic at the epoch. Both these terms may be considered as being
included in the arbitrary expression h, as is observed in [3357].

X (2199) If we change the arbitrary quantitj- A into h ]- 'Z .
—

. cos. ^^ and then

Ic
substitute the value of 2 .

-
. cos. (/^ + ^) [3356] in [3101], it becomes as in [3359]; [3359a]

neglecting the effect of this small change in the value of A, in the term tang. h.

229
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Obliquity. .
, ^

- .
, lX(/ ,^, . ,^ , l.t&ng.h (

, m >

[3360] ^=^-^-^-^/-«'"-^+(T+^-^°^-(/'^+^)+^^^:(r^^

Lastly, the values of 4> and 4^' [3100, 3107], become, by including in /

^ '
all the terms by which t is multiplied,t

*
(2200) Multiplying [3116fl] by c, and prefixing the sign 2, we get, successively,

[3360a] by using [3355], 2. c . cos. (/<+(3) =2 .c.cos. ^— ^ .2 .c/. sin.^=— t .Z .cf.s'm.p.

[33606] Substituting this in [3109], we get d'=6— < . 2 . c/. sin. ^, and then, from [3359], we

obtain [3360].

f (2201) The terms under the sign 2, in the expression of -^ [3100), are easily

reduced to the form,

[336yaJ 2 • TT • ^^°- (/^+ ^) ' *^"S- ^ + (cot. h
—

tang. A) . 2 .
—

. sin. (/ < + (3).

Now the equation
'

[3352] holds good for all values of |3, p' he.
;

so that we may write

|3
— go'' for (3, &;c.

;
and then, by using [3355], we get, successively,

[33625] ^ •

"7"
• S'°- (/^+ P)

= 2 .— . sin. ^-\-lt .I.e. cos. ^= 2 .
—

. sin. |3.

[3362c] If we decrease p by 90"^, in the equation [3116a], we get sin.(/^-|-^)
=

sin.p-f-/^'Cos.g5

multiplying this by
—

,
and prefixing the sign 2, we obtain,

t3362c ] 2 .
—

. sin. (/^+ p)
= 2 .

—
. sin. ^+ ^ . 2 .y . cos. ^.

Substituting this and [33626] in the preceding terms of 4^ [3362a], they become,

[3362(1] ^
2 .
—-

. sin. ^ -f < . 2 .
-—

. cos. p [
. tang, h -\- (cot. h

—
tang. A) . 2 .

-—
. sin. |3.

(. /^ / ) /

When these are substituted in [3100], we must put

12 c Ic

[3362e] 14-2.-—•. sin. (3. tang. A + (cot. /i— tang. A) . 2 .
-—

. sin. ^= 0,

because 4^ is supposed to commence with t. Then the two first terms of [3100], namely,

lt-{-^, being combined with these under the sign 2, become It-j-i .1 .—. cos. p . tang. A,

l^ c

[3362/*] which, by writing I— 2 .
—

. cos. ^ . tang. 7i for /, becomes simply It. Now if we

neglect the effect of this change upon the other terms of 4^ [3100], and substitute in it

[3362g-] . ^ r-= TT—^ = 2 cot. 2 /t [32, 3 1 ] ,
Int. ,

we shall get [3362]. In the equation [3360a], we may change |3
into |3

—
90"^, Sic,

[3362A] as in [33626], and we shall get 2 .c . sin. (/<+ ^) =< . 2 . c/. cos. |3 ;
hence [3106J

[3362i] becomes 4^'
=

4^
— ^ • cot. ^ . 2 . cf. cos. p. Substituting in this, for 6, its mean value A,

[3359], and then using 4. [3362], we get [3363].
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4. = lt ; r . < sin. 2 t; + -, . X . sin. 2v' I

2ZXc'
+

{i + x).f
' ''''^' ^ ^ ' '^°*

(-f'
^+ ^'^ '

7 C vyy

X'= lt— t. cot. h.i^.cf. COS. ^— ;
—

;

—
: . <sin. 2 1?+ — . ^. sin. 2 ?;'

'

[3362]

Precession.

[3363]

[3364]

T.

[3364']

The term — t.^.cf.sm.^ of the expression of &' [3360], expresses

the present secular decrease of the obliquity of the ecliptic. The exact

quantity of this diminution has not yet been accurately ascertained. By

taking a mean of the different observations, we may suppose this diminution

to be 154",3 [
= 50] in the present century ;

and if we put T for one

Julian year, we may suppose

T.^.cf. sin. |3
== 1",543 [

= 0%5]. [3365]

This equation gives, by the theory of the planets, which we shall explain in

the following book,*

r . 2 . c/. COS. |3
= 0",24794 [

= 0\08033]. [3366]

The annual precession of the equinoxes in the present century, is, by

observation, nearly equal to 154",63 [=50%1] ; therefore,t [3367]

*
(2202) Substituting for & its meaa value h, we get, from [3362i],

t . cot. h.2.cf. COS. p= 4^
—

4'' ; [3366a]

and if we use the values of 4^, 4*' [4357, 4359], we obtain, successively, by means of

the developments [3360a, 33626], neglecting i^j t^, &c.,

t.cot./i.2.c/.co3.^=42118",3.sin.(M55",542+95°,2389)-42000",9.cos.(f.l00",757)-3146",9.sin.(^.43",564) rggggj,

=
t.\ 42118",3 X 155",542 . cos. 950,2389—3146",9K 43",564 1 . sin. 1".

The factor sin. I" is introduced in the second member, to render it homogeneous,

instead of dividing by the radius, expressed in seconds. Substituting in this t= T=l,
A= 26^,0796 [33G9], and multiplying by tang, h, we get nearly the same expression as

in [3366] ; which is liable to some degree of uncertainty, from not knowing accurately the

values of the masses of the planets.

[3366c]

[3367a]
f (2203) The part of 4'' [3363], containing the factor t, is It— ^ . cot. A . 2 . c/. cos. p.

Putting t equal to one Julian year T, it becomes IT— {T.2.c/. cos. p} .cot.A=154",63

[3367] ; substituting [3366], we get [3368] ;
and then, by means of ^=26^,0796 [3369], [33676]

we obtain IT [3370].
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[3368] I T— 0",24794 . cot. h = 1 54",63.

roo«m The obliquity of the ecliptic in 1750, was observed to be 26^,0796

[=23^ 28™ 17^9], which is the value of h
;

hence we deduce,

[3370] IT=155",20 [=50^2848].

The mean inclination of the lunar orbit to the ecliptic, is 5°,7]88*
[3370']

[-

^ 5^ 3. 48.^9]^ ^yhi^h gi^es,

[3371] c'= tang. 5^7188;

[3372] /' T is the mean sideralf motion of the nodes of the lunar orbit in a

Julian year, and by observation we have,

[3373] f'T=2\506S" [=19''21'"20^4].

[3374] A sideral year being 365''"2'^256384, we get,

[3375] mT= T..r ^.rJ: = 399^,9930 [
= 359'^ 59'" 37^3^.

365da!/6- 256384

[3376]
Lastly, we have 'm = 'm! . 0,07480, and the observations of the tides,

give
?^ = 3 [2706]. This being premised, the preceding values of

^,
^' -^j 4''> become t

*
(2204) This inclination corresponds to the terms depending on the argument of

latitude in Mason's corrected lunar tables, used by La Place in [5595] ; but differs about
^ "J a sexagesimal second from the value of 7, or c' [5117].

•j- (2205) The sun's mean motion is 400° from the fixed equinox in one sideral year

[3372a] of 365<^ 6^ O'^IF= 365'^"^%25638. Hence the motion in one Julian year, or 365'^'"-'%25,

is 399°,9930, as in [3375] ; being the same as is used by the author in [4077]. He also

puts, in [4835, 5117], »i = 0,0748013 for the ratio of the mean motions of the sun

[33726] ^ ^ ^
and moon, which is represented in [337G], by

—
. Hence the moon's mean motion in am

399° 0930
[3372c] Julian year, is

^"5^oi3
"^ ^^^'^°'^^'^* Multiplying this by ^—1 = 0,00402175

[4817, 5117], we get the mean sideral motion of the moon's nodes in a Julian year /' T,

as in [3373] nearly. If we decrease this by the annual precession [3367], we shall

obtain the annual motion, counted from the moveable equinox, as in [3086'] ; if this be

used instead of [3373], it will not affect the coefficients of sin. A', cos. A' [3377
—3380],

except by insensible quantities.
[3372d]

% (2206). The coefficients of the terms of [3377—3380], depending on the angles 2 v\

[3376a] in the original work, are put equal to 0",100 — 0",231, instead of 0",301, — 0",693,
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6 = 26°,0796 + 31",036 . cos. a'+ 1",341 . cos. 2v + 0",301 . cos. 2 v'
;

[3377]

Obliquity.

^'=26°,0796— 2.1",543+ 31",036.cos.A'+l",341.cos.2?;+ 0",301.cos.2?j'; [3378]
and pre-

^=iA 55",20— 57",998 . sin. a'— 3",088 . sin. 2v— 0",693 . sin. 2 v'
; 7^793

^'= i.l54",63— 57",998 . sin. a'— 3",088 . sin. 2v— 0",693 . sin. 2 v'
; [3380]

respectively. It is probable that this mistake was occasioned by omitting to multiply these

terms by the factor X= 3, which occurs in the formulas [3359
—

3363], from which

[3377
—33S0] were computed, by using the numerical values [3370

—
3376]. These

formulas are of such great importance in most astronomical theories, that we have given

the calculation at full length, observing that from [3370, 3373, 3375], we have

I
IZL _ 155,20 _L _ ^ ^ ^^^'^^

y./ —y/y— 215063* m
~

^Tt
"

3999930'

and ft-\-^'=— A' [3086', 3078, 3052],

ZT= 155",201og. 2.1908917

f'T= 215063" log. CO. 4.6674343

c'= 5'',7188 tang. 8.9545953

5.8038801

IT= 155",20 1og. 2.1908917

mT= 3999930" log. co. 3.3979476

radius in seconds, log.

(T^= 31",0361og.

2 log.

2ft = 52°,1592 cot

2?Xc'

9.8750613

1.4918627

0.3010300

9.9705177

(l+>^)-/
.cot.2;i=57''9981og. 1,7634104

= 0,125 log.

log.

9.0969100

5.8038801

0.4896294

2.(1+X)
radius in seconds,

I

2m.(l+X)=
3",0881og

h = 26«,0796 tang. 9.6377137

I. tang. h

2m.{l-\-X)

= 1",341 log. 0.1273431

m m,
'

m'
'

m'
0,2244 log. 9.3510229.

I . tanff . h in,

jfj-. .
-

. X= 0",301 log 9.4783660

0.4896294

9.3510229

[33766]

[3376c]

[3376rf]

[3376c]

[3376/]

-—TT-—:.-.X=0",693 log. 9.8406523 [33762-]
2m.(l-f X) m'

' ^ L 6J

These coefficients being substituted in [3359
—

3363], give [3377
—3380]. On account

of the great importance of these formulas, we have reduced them to sexagesimals, as in

the following table
;

d == 23'* 2S'» 1 7%9 -\- 1 0»,0556 . cos. A' + 0^,4345 . cos. 2 « -f 0*,0975 . cos. 2 v' ; [3377a]

a'= 23'' 28™ 17%9— i . 0^,5 -}- 10%0556 . cos. A'+ 0^,4345 . cos. 2 u+ 0',0975 . cos. 2i;'; [3378fl]

4.= i . 50^2848— 18%7914 . sin. A'— P,0005 . sin. 2 v— 0*, 2245 . sin. 2 »'; [3379a]

4.'=i . 50^,1001 — 18*,7914 . sin. A'— 1%0005 . sin. 2v— 0',2245 . sin. 2 v'. [3380a]

The numerical values of the coefficients of the periodical terms of these formulas, require

some small corrections, on account of the assumed value of X= 3 [3376], which is [33806]

230
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[3381] i being the number of Julian years elapsed from the beginning of 1750,

and a' the longitude of the ascending node of the lunar orbit.

u, s. If iDe put u for the right ascension of a star, and s for its declination,

[3382] which must be supposed negative ivhen it is south; also 5
6,

6
&', 6^, 6-^', 6v, 5s,

[33806']

[3380c]

[S280d]
Poisson's
Formulas.

[3380e]

[3380e']

[3380/]

[3380g-]

Brinkley

[3380/i]
and Baily's

[3380i]
Formulas.

[3380ft]

[3380Z]
Bessel'g

Formulas.

[3380m]

found by all astronomers to be too great ;
but it is very difficult to ascertain its exact value

by the observations we now have. The author successively reduces it to X= 2,566

[4637] and to X= 2,35333 [11905]; by using this last value, the chief term of the

nutation is decreased from 10*,0556, to 9*,4 ; the other periodical terms requiring similar

reductions. Poisson, in his memoir [301 5i], adopts this last value of X, as the most

probable, and thence obtains the following expressions of these periodical parts of the

obliquity and precession, which we shall represent by 5' 6^ 6'-]., respectively, introducing

the terms depending on 2 A', formerly neglected [308 le, 3093y] ;

S'6= 9%40041 .cos. A'— 0^09167.cos.2A'+ 0',519.cos.2i; + 0%092.cos.2i;';

5'-^=— IT,56617 . sin. A' -f- 0^84445 . sin. 2 a'— r,196 . sin. 2v— 0%211 . sin. 2 v'.

This value of X= 2,35333 makes the mass of the moon equal to that of the earth

divided by 74,946 [11906]. Dr. Brinkley, Bishop of Cloyne, finds, by means of 1618

observations of ten different stars, that the chief term of the nutation is 9',25. This is

adopted by Mr. Baily, in his tables for determining the places of the fixed stars ; and he

finds the following values of 8' 6, 8'-^, in Vol. II, pp. xiv, xv, of the Memoirs of the

Astronomical Society of London
;

y &= 9^2500 . cos. A'— 0'',0903 . cos.2 a'+ 0*,5447 . cos. 2 r-|- 0%0900 . cos. 2 v';

(5'4-=— 17^2985 . cos. A'+ 0^,2082 . sin. 2 A'— P,2550 . sin. 2v— 0^2074 . sin. 2 v'.

Lindeneau, by means of several hundred observations of the right ascension of the polar

star, made by different astronomers, finds the chief term of the nutation to be only 8^,97707,

corresponding to X= 2,03745; this is used by Bessel, in his Tabula, Regiomontance,

published in 1830, page xv, where he gives,

8'&= 8^97707 . COS. A'— 0^08773 . cos. 2 A'+ 0^57990 . cos. 2 1; + 0',08738 . cos. 2 v
;

5'-^=— 16%78332 . sin. a' -|- 0%20209 . sin. 2 A'— l',33589 . sin. 2 u— 0^20128 . sin. 2v'.

These formulas will serve to show what degree of uncertainty remains in the observations

of the nutation.

The author supposes, in [3378a], that the annual decrease of the obliquity of the ecliptic

[3380n] is 0%5. This he increases to 0',521154, in [4613], by changing the estimated values

of the masses of Mars and Venus ;
and he also introduces, in the values of 6, &c., the

terms depending on the second power of i or t. Poisson, by using different values of

the masses of these planets, makes the annual decrement 0',45692, and by noticing the
[3380o]
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for the very small variations of 6, &\ ^^ 4.', v, s, we shall find, by the

differential formulas of spherical trigonometry,*

5 s = S-^. sin. & . COS. V -]- 66 . sin. u
;

iT
iu=64'. COS. ^+(3v^. sin. 5. tang. 5. sin.u— 6d. tang. 5 .cos.u— -.

—
-.2.c/.cos.(3.

second power of t, in the secular equations, he finds the following expressions, neglecting

the periodical equations [33S0fZ
—m] ;

6 =2S^28'^ 18' -{-t^. 0',00008001 ;

6'= 2S^28'^l8'— t . 0',45692— t^. 0',000002242 ;

^z=t. 50',37572— t^. 0',00010905 ;

^'= t . 50',22300 + f
2

. 0',0001 1637.

Bessel, in his Tabula Regiomontana, uses

6 =23'^ 28^^18' -\-t^. 0',00000984233 ;

^'=23''28'" IS'— < .0',48368— i2 0^,00000272295;

^= t. 50',37572— t^ . 0^0001217945 ;

4.'= t . 50',21129 -}-t^ . 0',0001221483.

J*ole of the
Equator
F

V

star

*
(2207) We shall, in the first place,

compute the values of 5 5, 5u, supposing

the ecliptic to be fixed ; and shall afterwards

calculate the correction, dependine; on the Pole of the
' t- b

Ecliptic

displacement of the ecliptic. In the annexed

figure 65, p is the pole of the fixed ecliptic

in the year 1750; P the pole of the ^P'

equator; S the place of the star; the meridian pP is continued to P', so as to

make PP'= 90'^; and the points SP' are connected by the arc SP'. Putting the

arc pS=l, we have pP= 6, pP'==90'^+ ^, PS= 90'^— s, angle Pp5^=^,
angle pP S= 90'^-}-v; and in the spherical triangle P p S, we find

sin. s= cos. 6 . cos. I -f- sin. 6 . sin. I . cos.p [1345^].

Now the pole of the ecliptic and the place of the star being supposed to be fixed, the

arc p S= 1 is constant ; hence the difierential of the preceding equation, relative to

the characteristic 5, becomes

Ss.cos.s = — 5p.sin. d.{ sin. Z. sin.pl 4"^^ -1
— sin.d . cos. Z+ cos.d. sin. Z .cos./^J.

This may be reduced, by observing that in the triangle SP p, we have

sin. I . sin. p= cos. s . cos. u [1345^^].

Moreover, in the triangle Sp P', we get

COS. SP' = — sin. & . cos. Z 4- cos. ^ . sin. Z . cos.p [1345^] ;

Motion

[3383]
in right
ascension

[3384]
and in

declina-
tion.

[3380p]

Poisson's

Formulas.

[338O5J

Bessel'g

Formulas.

[3383a]

[33836]

[3383c]

[3383rf]

[3383e]

[3383/]

[3383^]
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Bj means of these formulas, we may reduce catalogues of stars from one

epoch to another that is not far distant. For greater accuracy, it is best

[3385] to take the values of ^, u, s, to correspond with the middle of the interval

and by the same formula, we find, in the triangle SFP', where cos. P P'= 0,

sin. PP'= 1, COS. S P'=cos. s . sin. u. Putting these expressions of cos. S P' equal

to each other, and substituting the resulting expression in [3383e], we get

[3383^] Ss.cos.s = — 5p . sin. 5. {cos. 5. cos uj -f-
^^ . {cos. s . sin. u|.

Dividing this by cos. s, and substituting S p=— 5 4^, because the precession 6
],,

[3383i] decreases the angle p, we get 55= 54'. sin. 6 . cos. u -|- <5 ^ • sin u, which is the same

as in [3383]. This result may also be obtained very simply by a geometrical method,

using the differential triangles.

[3383Z] In the triangle pPS, we have cos. Z= cos. ^ . sin. s — sin ^ . cos. s . sin. u [1345^].

The differential of this expression, all being variable excepting / [3383rfJ, is

[3383m] 0=(3d.{— sin.5.sin.5—COS. d.cos.s.sin.i'^— (5u.sin.5.cos.s.cos.u-{-5«.{cos.^.cos.s+sin.^.sin.s.sin.ii|.

The term of this expression, depending on Ss, becomes, by using the value of 6 s [3383t],

[3383n] S6 .{
cos. 6 . cos. s . sin. u -f sin. ^ . sin. s . sin.2 u

| -|-5 4 • sin. 5 . cos. u .

|
cos. & . cos. s -\- sin. ^ . sin.s . sin. u

\
.

Substituting this in [33S3m], we find, that the second and third terms of the coefficient

of 5 ^ mutually destroy each other ; the first and fourth terms become

[3383o]
— sin. ^ . sin. 5.(1 — sin.^

*^)
=— sin. ^ . sin. 5 . cos.^ u .

Then putting sin. s= cos. s . tang. 5, and dividing by sin. d . cos. s . cos. u, we get,

as in [3384, 33S3wj], 5 u= 5 4^ • {cos. ^ + ^i"* ^ • tang. 5 . sin. u}
— H. tang, s . cos. u.

We shall now estimate the effect of the displacement

of the ecliptic. For illustration, we shall refer to the *'*'

^y^.
annexed figure 66, which is similar to fig. 62, page ^v Jz/^

r3383pl
^^^' ^^ ^^^ present figure, D C TH is the V^^ye
celestial equator, D CA the fixed ecliptic, U C A \^ ^^---^''^J^^ ^^

the apparent ecliptic, noticing only the effect of the
1?|\^^^^I''\^,^-^^ ^^^H

change of the plane of the ecliptic, now under jy c^^^^ m—^5?^

consideration ; ST an arc passing through the place of

[3383^] the star iS perpendicularly to the equator. Then it is evident, that the declination of the star

S T is not affected by this correction, because the plane of the equator remains unaltered
;

therefore the expression of <5 s [3383i, 3383] is complete. But the right ascension D T,

is changed into C'T; so that it is decreased by the quantity D C, which represents the

corresponding motion of the first point of Aries upon the equator. Now if we draw C C

perpendicularly to the fixed ecliptic D C, we shall have the angle C'DC= h nearly, and

DC DC
[3383r] in the differential triangle CD C, we find CD—

-^—f^
; consequently Sv=— ^^.
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[3386]
between the two epochs. The term —'-—'t-~ —

is, by what
sin. h ''

precedes, equal to* z . 0",62248 = 0',20168. These values of 6 s and

«Ju, give,

_ 8s. {cos. & 4- sin. ^ . tang, s . sin. v]—.{Sv-{-i. 0^^,62248} . sin. 6 . cos, u
^ [3387]

COS. ^ . sin. u + sin. & . tang, s
'

P\^/«
obliquity

,

Ss . tang, s . COS. u -j- \Sv4-i. 0",62248 ]
. sin. u precession.

COS. 6 . sin. u -{- sin. ^ . tang. 5 [3388]

By the observed variations of the right ascensions and declinations of the

stars, we may determine those of 6 and 4". It was thus that Bradley Nutation.

discovered the principal equations of ^, known by the name of nutation, [3389]

which depends on the longitude of the node of the lunar orbit. His

observations give 27",778 [=9'! for the coefficient of cos. a', in the
[33901

expression of & [3377]. Maskelyne, by a more exact discussion of the

To find D C, we may observe, that the precession of the equinoxes, counted on the [3383/]

fixed plane of the ecliptic, is
-v]^ [3362], and on the apparent ecliptic -^l^' [3363] ; their

difference 4.
—4^'= t.cot.h.^.cf.cos.^, represents the value of the arc CD [3106&], or

[33835]

the decrement of the j^recession in the apparent orbit, which is equivalent to a direct motion

of the equinoxes of < . cot. A . 2 . c/. cos. ^ = i T.cot. A. 2 .c/. cos. |3 [3364', 3381]. [3333^1
i T

Substituting this for DC in 5u [33S3r], we get 5u= r—;
. 2 . c/ . cos. p. [3383«]

Connecting this with 5u [3383o, &cc.], we get the complete value of 5u, as in [3384].

*
(2208) Dividing the expression [3366], by sin. ^= sin. 26^,0796 [3369], we

get 0",6225, as in [3386] nearly ; hence [3384] becomes

5 \ . {cos. d 4" sin. ^ . tang, s . sin. u}
— 5 5. tang. * . cos. t;= 5 u -j- f* . 0",62248. [3387a]

Multiplying this by — sin. 5 . cos. u, also [3383] by cos. 5
-|- sin. 5 . tang, s . sin. u

; then

adding the products, the terms depending on h^ vanish, and we get the following

expression, from which 5 4 [3387] is easily deduced ;

5a.{cos.d . sin.u+ sin.5 . tang.s . (sin.^ u ^cos.^u) }
= (5s .{cos. 5+ sin. d . tang.s . sin. u|. [33876]

—
{
5 u+ i . 0",62248 \

. sin. 5 . cos. u.

Again, multiplying [3387a] by sin. y, also [3383] by tang, s . cos. m
; then adding the

products, the terms multiplied by 5 a vanish, and we get [3387c], from which [3388] is

easily obtained ;

34..{cos.a.sin.u-fsin.fl.tang.s.(sin.2u-fcos.2u)|=5s.tang.s.cos.u+{5u-fi.0",62248|.sin.u. [3387^]

231
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same observations, estimates this coefficient to be equal to 29",321 [=9",5],
and we have found, by the theory 31",036 [3377] ;

the small difference is

within the limits of the errors of observations, which agree as well as could

be expected, with the law of universal gravitation. We may make these

quantities exactly coincide, by decreasing a little the value of x, which we

r339ri
^^^'^ supposed equal to 3 [3376], and we may determine x by these

observations;* but the phenomena of the tides appear to me to give the

value with greater accuracy, so that the coefficient in question cannot diffijr

[3392] but very little from 31 ",036 [3391a—^].

The retrograde motion of the equinoxes -I, upon the fixed ecliptic, is

[3392'] produced by the retrograde motion of the pole of the earth upon a circle

parallel to this fixed ecliptic. This last motion is represented byf

,
. , , . , I'kc' COS. 2 A .

[3393]
+.sm.A=?<.sm.A-^j-j-3^.-^^^.s,n.A,

*
(2209) The coefBcients 31",036, 57",998, computed in [3376e,/], contain the

factor ———= f , supposing X = 3
j so that they may be put under the forms

l+ X

[3391a] 31",036 X f X 7~-= 41",381 . -^, and 57",998 X # X -^= 77",331 . -^.
i-f-A 1-j-A '^ "r X l-{-X

Hence the term of ^, a' [3377, 3378], depending on cos. A', is 41",3S1 .—^ .cos. A';
1 ~|- X

[33916] X
and the term of 4., ^]>' [3379, 3380], depending on sin. A', is 77",331 .

——
. sin. A'.

1 —
[—
X

Now if we use Maskelyne's value, 29",3il . cos. A' [3391], we shall have

X 29 321 29 321

[3391c] 39",321 = 41",381.— ; hence ^^^^^^^^i=^= ^^i^-

The value X= 2,35333 was finally assumed by the author, as we have observed in

[33806']. The expressions [33916], in sexagesimals, are

[3391rf]
1 3',407 .^ . cos. A'

; 25',055 . ^^ . sm. A .

f (2210) If we neglect the secular equations depending on the change in the plane of

the ecliptic, also the small terms depending on 2 r, 2 v, and put, for a moment, for brevity,

[3393a] n =
J'^''' ,

= 31",036 = 10',0556 [3377], /'^ + 13'
=— A' [3081c),

(1T X) ./

the expressions [3359, 3362] will become

[33936] ^= A -f- w . cos. A', -^
= Z ^— 2 n . cot. 2 A . sin. A'.

The precession ^ represents the angular motion of the pole of the equator P, fig. 65,
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noticing, according to the usual method of astronomers, onlj the greatest

of the periodical equations of 4^. The term
7;. cos. a', of

the quantity ^*, indicates that the pole of the earth's axis has a motion

in the direction of the circle of latitude passing through this pole. These

two motions may be represented in the following manner. We may
conceive the pole of the equator to be moved upon the circumference of a

small ellipsis which is a tangent to the celestial sphere. The centre of this

ellipsis may be regarded as the mean pole of the equator, which describes

uniformly, in each year, 155",20 [=50^285] on the parallel to the fixed

ecliptic, upon which it is situated. The transverse axis of this ellipsis is

always a tangent to the circle of latitude, and subtends an angle of

62",1 [=20%11] [3393/] in the plane of this great circle. The transverse

axis is to the conjugate axis, as the cosine of the obliquity of the ecliptic

to the cosine of twice the obliquity [3393e] ; therefore the conjugate axis

subtends an angle of 46",2 [=:14%97] [3393A]. The apparent place of

the pole of the equator upon this ellipsis, is determined in the following

manner. Upon the plane of the ellipsis, a small circle is supposed to be

described, having the same centre as the ellipsis, and a diameter equal to its

transverse axis. A radius of this circle is supposed to revolve uniformly,

[3394]

[3395]

[3395']

[3396]

[3396']

[3397]

[3398]

Geornetri-

calmethod
of consid-

ering the
nutation.

page 919, about the pole of the ecliptic />; hence the motion of the pole P, measured on

the parallel to the ecliptic, passing through P, is evidently equal to 4/ . sin. ^, or 4/ . sin. h

nearly. Substituting the value of 4^ [33936], and putting cot.2A=

it becomes

sin. 2 A 2 sin. A. COS. ^'

1-7 7 -7 COS. 2fe .

4^ . sm. n = 1 1 . sin. h— n . . sin. A , as m [3393]. Hence the

maximum of the correction of 6 [3393&], is n, and that of 4'' sin. A [3393<Z], is n .

COS. 2^

COS. h '

which are to each other as cos. h to cos. 2 h, as in [3397]. The nutation causes the

obliquity 6 to change from h -{- n to h— n [33936], which differ from each other by
the quantity 2 » = 62",072= 20', 1 1 [3393a], as in [3396'] nearly. In like manner,

the part of 4'.sin.A [33936?], depending on w, changes from — n. —'-— to +n. —'—
;

COS. h '

COS. h

the whole variation being 2 n .
—'-—= 46",2= 14',97, as in [33981.
COS.^ I- J

[3393c]

[3393i]

[3393c]

[3393/]

[3:93g]

[3393A]

*
(221 1) This is the same as the term n . cos. A', in the value of 6 [3393J], and it

^3304^1
indicates a motion of the pole P, fig. 65, page 919, in the direction of the circle of

latitude p F.
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[3399]

[3400]

with a retrograde motion, so as to coincide with the part of the transverse

axis nearest to the ecliptic, whenever the mean ascending node of the

lunar orbit falls in the first point of Aries. Lastly, if from the extremity of

this revolving radius, we let fall a perpendicular upon the transverse axis

of the ellipsis, the first point where this perpendicular cuts the circumference

of the ellipsis, is the apparent place of the pole of the equator.*

*
(2212) This may be illustrated by referring to the annexed figure 67, in which C is

[3396a] the centre of the earth ; H P E d. spherical surface described about the centre C ; P the

pole of the fixed ecliptic ; the dotted circle, AE GH, is the parallel to this ecliptic,

described by the mean pole of the equator P', with a retrograde motion from P' towards

[33966] A; P' is the centre of the small ellipsis JVB' SF' [3395'], which is drawn separately, on

a large scale, in fig. 68, to avoid confusion. The transverse axis of this ellipsis, is

JVP'5^=62",1=20',11 [3396'], upon the circle of latitude PJVP'S; and the conjugate

axis i?'P'= 46",2=l4%97 [3398]. About the centre P', with the radius P' S,[3396c]

[3396d]

[3396e]

[3396/]

[3396-]

[3396;i]

[3396i]

[3396Jk]

[3396^1

[3396m]

[3396n]

describe the circle JVBSF; draw the radius P' K,

making with P' S the angle SP'K= A'', from K
let fall, upon P' S, the perpendicular KP" I, cutting

the ellipsis in P"
; then P' will be the wzean place

of the pole of the ecliptic, and P" its apparent place,

deduced from the formulas [33936], in which the

most important equations only are noticed. For if we

take, for a moment, the origin of the term t, at the

instant when the mean pole of the equator is at E, fig.

67, and make the angle E P q= lt==\bd",20.i

[3364', 3379, 3381], PP'= A= 26^,0796; P'

will be the mean place of the pole of the equator.

The apparent distance of the pole of the equator

from the pole of the ecliptic is represented by

6= h-j-n. COS. A' [33936], in which n= 31",036

[3393a]. Now by construction, in the triangle

KIP', we have P'K=n, IP'K^A'; hence

P' J=P' A^. cos. /P'^=n. COS. A'; so that the apparent polar distance 6 [33936] is

equal to P P' -{- P' 1= PI=P P" nearly. Again, in the right-angled triangle KIP',

we have KI= P'K , sin. IP'K= n . sin. A'; then, by a property of the ellipsis [378<],

and by construction [3397], we have.

COS. h : COS. 2 A : : P P' : F' P' : : ^/ (
= n . sin. A') : /P"

n.cos.2^

COS. ^
. sin. A'.

Hence IP" represents the correction of the nutation [3393^?], measured on the parallel
of

the ecliptic; consequently P" is the place of the pole, corrected for the chief terra

of the nutation.
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Heretofore astronomers have not noticed the inequalities depending on

the angle 2v; but on account of the precision of modern observations, [3401]

thej ought not to be neglected.

14. We shall now resume the value of / [3098], and for greater

accuracy, we shall retain the squares of the excentricities and of the

inclinations of the orbits
;
then we shall have,

» \ C J <(i_e2)j 2(1—0^. 3

/or' 4 j}\ Pdt*
(2213) Dividing [3090] by sin. ^ we get d^=^i \ ^ -). ^— . In [3402a]

\ 2n.C / sin. ^

substituting the value of Pdt [3093c], we may make several reductions. First. We

may neglect the terra depending on e in the factor 1 + e . cos. (u
—

r), for the same [34026]

reason as in [30936/
—

e] . Second. As the object of the present calculation is merely to

find the terms of Z^ [3100, 3098] to a greater degree of accuracy, we may neglect, in

Y^— Z^, YZ [3093c], the terms depending on the angles v, A, or their sums and

differences, &ic.
; then the expression [3092] becomes YZ=0, and [3091] is as in [3402c]

[3402c?, &c.], which by successive reductions, using [1, 6] Int., becomes as in [3402e] ;

Y2— Z2=Jr,2,{cos.4J7_sin.V+sin.''i7}= Jr,2.{(J-|^i.cos.y)2—sin.V+(^—|.cos.7)2} [3402rf]

=^r^^.|^+^.cos.^7
—

sin.^7}=^r^.{^.(cos.^74-sin.^7) + i^.cos.^y
—

sin.^7}

=
^r/^.\cos.^y

—
^.sin.^7|=Jr^^.{2cos.^7

—
sin.^7|.

Substituting [34026, c,e] in [3093c], we get,

[3402e]

P dt = 3 . i .
f
2 cos.^ 7

— sin.^ 7? . sin. 6 . cos. 6 :

(l-e2)7

hence d-^ [3402a] becomes

, , {2C—^—B) 3mdv {2co8.2.y— sin.27)« 4^
= —

77^-7, • J •
-A ' COS. 6. [3402/]2».C'

^_,2)f
4

Integrating this, neglecting the secular variations of m, e, 7, ^, and changing 6 into h, we get

3m
, {2C—A— B) (2c03.2y_sin.27)

^" ^
2.(1— e2p

This is the part of 4' depending on the sun, and by accenting the letters w, r, e, 7, as

in [3078], we get the similar part of 4^ depending on the moon,

1

3"^'
,/ ..„ J,

^^C-A-B) (2cos.2/-sin.2/)
^=47-^-^«^-^- C

•

o(i_e'.)f

•

[3402A]

Substituting, in [3402^, A], the mean values of v, v', in one Julian year, namely, t;=m T,

232
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[3402'] e being the excentricity of the solar orbit, e' that of the lunar orbit,

and 7 the inclination of the lunar orbit to the ecliptic. We have,

by observation,*

[3403] e = 0,016814; e' = 0,0550368 ;

m
n

[3404]

is the ratio of the sideral day to the sideral year, and this ratio is equal

to 0,00273033 ;t hence we find,

[3405] I jT _ /

2C-^-^
\

^
J
1 _^ ^ ^ 0,992010} . 7516",30.t

[3402i] v' == mf T [3059, 3078, 3364'], and adding the two expressions together, we get the mean

value of the precession in one year, represented by Z T [3100]. This sum becomes as

in [3402] ; observing, that as the solar orbit varies but little from the fixed ecliptic, we

may neglect the square of 7 [3051], and put 2cos.^7— sin.^7
= 2, in [3402^]; by

which means this part becomes like the first term of [3402]. IVIoreover, by putting

[3402A] m'^=Xm^ [3080c], and neglecting the accents on 7, it produces the second term of

[3402], depending on X.

[3403a]

*
(2214) This value of e is nearly the same as in [4080]; that of e' differs a little

from [5117].

f (2215) The rotatory velocity being n [3015], the length of a sideral day will be

2^
[3404a]

—
,

the whole circumference being 2 if. IMoreover, the mean sideral velocity of the sun

2 flT

is nearly equal to m [3059] ;
hence the length of a sideral year is nearly equal to —

;

and as this is equal to 366,25638 sideral days [3374], we shall have

[340461 —: — :: 1 : 366,25638, or m : n :: 1 : 366,25638 :: 0,00273033 : 1,
*• * n m

as in [3404].

[3405a]

J (2216) Using the value e, e' [3403],
-

[3404], h [3369], 7« T= 4000000'',

7=50,7188 [3371], we get,

?^.mT. COS. h . (1
— e2)~2-=| >< 0,00273033 X 4000000" X cos.26°,0796.(l— e2)~^=7516".30 ;

4n

[3405t]
(l=|)».(?5£!£2^Zfi^/)

= 0,9^010;

substituting these in [3402], we obtain [3405] ; and if we use ? T, X [3406], it becomes

155",20= P^~^~ -̂)
. {3,97603 + 2,97603 . ^| . 7516",30 ;

which is easily reduced to the form [3407].

[3405c]
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[3406]
By the preceding article [3370], we may suppose, without any sensible error,

that / T= 155",20 ;
therefore we shall have, by putting x = 3 . (1 + 13),

(2 C—A— B) _ 0,00519323

C
~

1 + p. 0,748493*

We have, very nearly, by §2,*

[3407]

2C— A—B 2a.{h— ^(p).S^ .p.a^d a

C S^.p.aUa
•

t340§]

It is remarkable, that the value of h"" of the same article [2958], does not [3409]

enter into this equation ; hence it follows, that the motions of the earth about

its centre of gravity, are the same as if it ivere an ellipsoid of revolution,

whose ellipticity is a.h;\ ^a tp being equal to
-j-f-g [1647a]. Comparing the

two preceding expressions of
, we get,t

[3410]

h nnniT^ni .
0>00259661 . 5^ p.g-'cZa [3411]

ah = 0,0017301 + n'7AQACi^\ gi ^T"- E"'P''"'J

(1-j-p. 0,748493). »S^ .
p .a''aa of the

earth.

In conformity to the laws of hydrostatics, we must suppose that the density

of the strata of the terrestrial spheroid decreases from the centre to the

*
(2217) Using the values of A, B, C [2960—2962] we get

2C—.^—S= |f.a^.(A— ^(p).S^p.J.a3= ^.a*.(A— J(p).5f^p.a2t^a. [3408a]

In dividing this by C [2962], and neglecting terms of the order a^ in the result,

we need only notice its first term, putting C=
-^-^

. ir . S^ . p
. a^ = ^ . it . S^ .

p
. a'^ d a.

[.34086]

Substituting these in the first member of [3408], it becomes as in the second member of

this formula.

f (2218) The radius of the ellipsoid [1503, 2958], is

and if the earth be a solid spheroid of revolution, trf must vanish, consequently h""= 0. [340901

Then putting a .{I -\- ^ ah) = a', and neglecting a^, this radius becomes

a. {I -{-^ah)
— aa.h.y?= a'— a! .ah ,^^ = a .\\

— a^ .
jx^^,

in which the ellipticity is evidently equal to a A.
•

% (2219) Putting the expressions [3407, 3408] equal to each other, and multiplying

,
SI p.a^rfa ,

, 0,00259661. 5^. p. a4rfa , . . ,

^y
2.Si.p.a2rfa'

^"Set «A-|a9=
^^^^^^^^^^^^3^^^, ^^^.^^

; substituUng the value
[3410a]

of a 9 [3410], we easily obtain [3411].
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[3412] surface; in which case Sl.p.a'^da is less than ^.Sl.^a^da;*
therefore, if we put /3

= 0, as is found by the observations on the

[3413] tides,! we shall find, that the value of ah is less than 0,0032881,

or y^j. If the earth be an ellipsoid, its ellipticity will be expressed

[3414] by a A [34096] ; therefore we cannot suppose the ellipticity to exceed
-g^-J^ 4

This fraction, and the former, -jJ-g- [3410], are the limits of the ellipticity,

ivhich result from the precession and nutation of the earthh axis.

[;3415] We have seen, in the third book, [18006], that a.h = ^acp, in the

hypothesis of the earth being homogeneous ; hence we get, by means of

the preceding equation, 3 ^ very nearly equal to —
| ; consequently

[3416] X =
-i.^ These differ too much from the value of \ deduced from the

*
(2220) Putting R= a, in [278a], to conform to the present notation, we get, when

[3412a] P is constant,
--°'

'

^
= f ; observing, that the value of R, or a, free from the sign

of integration, is represented by a= l [2947']. Now it has been shown, in [2786, 8ic.]^

that if the density of the spheroid be increased towards the centre, and decreased towards

the surface, so that the whole mass may remain the same, the first member of [3412a] will

[341261 be decreased, and we shall have -^ 77" "^Ifj ^s in [3412].

[3413a]
f (2221) Comparing [2706, 3079], we get X= 3, and as this is put equal to 3 (1 -f-^)

[3406], we get ^=0; substituting this value of p in [3411], and using [34126], we

obtain, successively, as in [3413],

[34136]
aA= 0,0017301 +0,00259661 X /i

'
'^

'

^g ^ ^< 0,0017301 + 0,00259661 X f < 0,0032881 < u^^.

{ (2222) This limit ^, corresponds to the supposition of X=3 [34 13a, 6] ;
and it will

[3414a]
be different if we use the value of X= 2,35333 [33806'], which was finally adopted by

the author; for if we substitute X= 2,35333, in [3406], we get 3 . (l+ p)= 2,35333 j

hence ^ =— 0,21556 ; and [3411], becomes, by using [34126],

[34146]
ah = 0,0017301 + 0,003096 X g'^p'^ldl

^ ^^^^^^^^ < ^^ 5

consequently the greatest ellipticity is ^^, instead of ^-j. The least ellipticity evidently

S^.p.a^da
corresponds to the case, where the second term of [3411] vanishes, or -^ a^da"^ '

then a A= 0,0017301 =-^^^, as in [3414]. Hence the limits of the ellipticity,

[3414c] corresponding to this value of X, are ah^-^}^ <C-^}g'

^ (2223) If the earth be homogeneous, we shall have, as in [18006, 3410],

aA=fa9=f.j^j= 0,0043262.
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phenomena of the tides [3414a] to be admitted. Moreover, the nutation

in this case is only | of the preceding vahie [3391«],* or 24",1 ;
and [3417]

this also varies too much from astronomical observations to be allowed
;

therefore, these observations, and those of the tides, concur in proving, that

we must reject the hypothesis of the homogeneity of the earth. We have

obtained the same result in the third book, by means of the observations [3418]

of the length of a pendulum vibrating in a second
;
from which we have

found y^Y,t for the greatest limit of the value of « h. As this fraction is [3419]

less than ^-^^ [3414], it follows, that the observations of the lengths of

pendulums may be made to agree very well with those of nutation and

precession, and with the observations of the phenomena of the tides. [3419^

To obtain, in one view, the ivhole of the phenomena, which depend upon Recapuu-

the figure of the earth, and to show the conformity ivith the theory of universal

gravitation, ive shall recapitulate the several results we have obtained, relative

to the nature of the radii and the figure of the earth.

The expression of the radius of any spheroid, differing but little from a

sphere, may be put under this form,J

1 + « .
;
y^') + Y^'^ + ¥<'' + yw+ &c.

}
.

[3420]

If xoefix the origin of the radius of the earth at its centre of gravity, we shall [3420']

find, as in the third book, that the conditions of the equilibrium of the sea

give y(') = [1734'"], which reduces the expression of the radius [3420] [3421]

to the following form,

1 + « .
{
y^^^ + y^'^ + y^'^ + &c.}. [3422]

Substituting this and [3412rt], in [3411], we get

0,0043252= 0,0017301 + /'QQ^^^Gei'
~

1 + ^.0,748493
^ ^' L'5*AOflj

hence we obtain p=— 0,534, and [3406] becomes X= 3. (1 -|-p)
= 1,398= | nearly,

as in [3416].

*
(2224) The nutation is 41''381 . j— .cos. A' [33915]; substituting X=i [3416],

it becomes 24",1 . cos. A', as in [3417]. This is nearly I of the value of 3r',036 . cos. A'

[3377], corresponding to X = 3, as is observed in [3417].

f (2225) This is computed in [2044] ; it falls between the two limits [3414] or [3414c]. [3419a]

% (2226) This agrees with [2942], putting, at the surface of the earth, a— I. [3420a]

233

[3417a]
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[3422]

[3423']

The permanent state of the equilibrium of the sea requires that the axis of

rotation of the earth should he one of its principal axes, and for this reason

it is necessary that Y^^^ should be of the form [1763],*

[3423] Y(2) = —h. {y?— i) + h"". (1
—

p-^)
. COS. 2 ^

;

h and h'"' being two arbitrary constant quantities, which can be determined

by observation only, since they depend on the constitution or form of the

terrestrial globe.

These results are the only ones which depend upon the pertnanent state

of equilihrium of the earth. They are common to all the heavenly bodies,

covered by a fluid in equilibrium. The observations on the length of a

pendulum vibrating in a second, give some light on the nature or relative

magnitudes of the radii of the earth
;

for we have found from these

observations, that the constant quantity ah is very nearly equal tof

[3424] 0,00297 J [2048'], and that the constant quantity ¥" is insensible, in

comparison with h. Moreover, the quantity, Y^^^ + Y^"*^ + &c., is very

[3425] small in comparison with Y^% and the first differential of Y^^^+^^^^+ ^c.,

is small in comparison with the first differential of Y^^^; therefore, in

calculating the radius of the earth, and that of its first differential, we may

suppose, without any sensible error, this radius to be of the form,

[3426] 1 _ 0,002978 . (fx^— i) = the radius.

The measures of the degrees of the meridian show, that this form of the

radius must not be used in finding the second differentials of this radius,

*
(2227) It appears from [28 1'% 1745'"], that the earth cannot have a permanent axis

[3423a]
of rotation, except about one of the principal axes

;
and then we shall have Y^^\ as in

[1763, 3423].

{• (2228) The ellipticity of the earth, deduced from the observations on pendulums

[3424a] in [2048'], is ———= 0,002978, supposing the earth to be an ellipsoid of revolution.

The remarks relative to the smallness of h!'" in comparison with A, of Y^^^ -\- Y^"*), he,

in comparison with Y^\ &;c., correspond with [2056', &;c.]. We may remark, that the

numerical coefficient used by the author in [3424, 3426], namely, 0,002978, is too

[34246] small ;
for by using the same observations, and correcting the errors of his calculations,

we have found it to be 0,003178 [2054^] ; other observations make it nearly equal

to ^U [2056z].
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because it has been found, that the function Y^^^ -f Y^''^+&c., acquires a

sensible value by a second differentiation [2056'"]. [3427]

The phenomena of the precession of the equinoxes, and the nutation

of the axis of the earth, depend, as we have seen, upon Y^^\* They do [3428]

not determine the value of a h, but give the limits betiveen which this value

is comprised ; these limits are -^^ and y^g- it the preceding value [3424], [3428q

deduced from the observations on the force of gravity, falls within these

limits. The same phenomena indicate also a decrease in the densities of the [3429]

strata of the terrestrial spheroid, from the centre to the surface, without

giving the precise law of the variation of density. J This decrease of the

density is also proved by the stability of the equilibrium of the sea [2356"'\

by the smallness of the action of the mountains upon a plumb-line, and,

lastly, by the principles of hydrostatics, which require that the densest

parts should be nearest the centre, if the earth at its origin w^ere in [3430]

a fluid state.

Thus every phenomenon, depending on the figure of the earth, throws

light upon the nature or magnitude of its radius
;

and we see that all

these results agree with each other. These observations are not, however, [3430']

sufficient to make known the interior constitution of the earth; but they

indicate the most probable hypothesis of a density decreasing from the centre

to the surface. Universal gravitation is therefore the true cause of all these non"ap^«

phenomena ; and if its effects are not so precisely verified in this case, as in the
pj:'^^!p^^

motions of the planets, it arises from the circumstance, that the inequalities tationr'"

of the attractive forces of the planets, depending on the small irregularities in

their surfaces, and in their internal parts, disappear at great distances; so [3431]

that ive only perceive the simple phenomenon of the mutual attractions of these

bodies toxoards their centres ofgravity.

*
[2230] The values of A, B, C [294S—2950] depend on Y^^) . ^^^ ^^ ^^^^^ [3428a\

quantities depend d [3089], I [3098], and 4- [3100], &c.

f (2231) These limits correspond to [3414] ;
the first limit, u^^, must be changed [3429a]

into 2T¥) 3s in [34 Mi].

J (2232) This follows from [3413, Sic], where it is shown, that if the gravity decrease

from the centre to the surface, the
ellipticity must fall between ^^ and -^-g [3413], or [3429a]

rather between ^^^ and ^f^ [3414c].
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Bouguer's Bougucr's lijpothesis, which we have examined in [1778, &:c.], gives
dXtive. «/t=: 0,0054717,* or

-=--1-^, which is too far from the limit -^^^, to be
[3432] .

1 « J '

^ ^

J 4 >

admitted; so that the observations of the precession and nutation concur

with the observations of the pendulum [1787"], in proving that we must

reject this hypothesis.

*
(2233) Comparing T^^)^ [^ Bouguer's hypothesis [1779], with that in [3423], we

[3432«] get h""=0, a A=a^= 0,0054717 = ^i^ [1785], as in [3432], which differs very

much from the limit ^-^^ [3414], or ^|^ [3414c].

i
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CHAPTER II.

ON THE MOTION OP THE MOON ABOUT ITS CENTRE OF GRAVIxy.

at the time of his own observations, namely, 165'. We shall now examine

into the action of the earth and sun upon the lunar spheroid, in producing

this result.

moon's

rolatory
motion is

equal to

15. The moon, in revolving about the earth, keeps very nearly the same face The

towards us ; which proves that the mean rotatory motion is exactly equal to

the motion of revolution, and that the axis of rotation is nearly perpendicular 'J*^"','"."

to the plane of the ecliptic. From observations on the motions of the spots
^"'°'

on the moon's disk, Dominic Cassini made the remarkable discovery, that

the lunar equator is inclined about 278' [= 2*^30'"] to the plane of the ecliptic,

and that the descending node of the lunar equator alivays coincides with the

ascending node of the lunar orbit, Tobias Mayer has since confirmed this [3433]

result by a great number of observations, which he made and discussed with The
descend-

all possible care, about the middle of the eighteenth century. He, however, ''^^\lf^

found the inclination to be less than Cassini had supposed it, making it only iqu"or

165' [
= P29'].* He assures us, however, that the inclination has not [3434]

decreased since the time of that great astronomer
;
because he found, by tlTlto'

the observations made in the time of Cassini, that it was the same then as nodeoi
the lunar
orbit.

[3434^

16. We shall consider, in the first place, the action of the earth, and

shall resume, for this purpose, the equations [3009
—

3011], which may
evidently be applied to the moon, observing that L then represents the

earth, r^
its radius vector, drawn from the centre of the moon, supposing [3435]

this centre to be at rest
;

and X, Y, Z, the three co-ordinates of

the earth, referred to a fixed ecliptic passing through the centre of the
[3435']

*
(2234) Nearly the same result has been obtained by later observations of Bouvard [34326]

and Nicollet, who make the inclination l** 28'" 45'.

234
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[3439]

[3440]
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moon.* As the angle 6 is very small, we shall neglect its square and its

product bj Z; we shall also neglect the product (

—-—
)

. r
q, because

C

[3437] ^p _

of the smallness of the factors

[3009—3011] become

SLdt /B—A

B—A
C , r, and q ;

then the equations

2r.
,{(Y'^X').sm.2<p+ 2XY.cos.2cp};

SLdt fC— B\ ( {Y2.^+rZ}.cos.

SLdt fA—C
)\ — {Xrj+XZ}.sin.9

fXr.^ + XZ} .COS. 9

; (GO

dr+('^ypq.dt- ^,3 .^ ^ J 'l+^YK^+ YZ]. sin.

If ive put V for the apparent motion of the earth in longitude, seenfrom the

;os. 9 ")

in. 9 >

[3433a]

[34336]

[3433g]

[3433i]

[3433e]

[3433/]

[3433a-]

[3433/1]

[3433i]

*
(2235) The formulas [3009

—
3011] will give the moon's motion about its centre of

gravity, noticing the action of the earth, by supposing A, B, C to represent the momenta

of inertia of the moon about its three principal axes
; putting also L for the mass of the

earth, and X, Y, Z for its co-ordinates, referred to the centre of gravity of the moon

as the origin ; r, being the distance of the earth from that centre. The plane of XY is

supposed to be drawn through the moon's centre of gravity, parallel to the fixed ecliptic.

The axis of X is drawn, in this plane, from that centre towards the point of the heavens

corresponding to the moveable descending node of the moon's equator [3004], or to the

ascending node of the moon's orbit [3433]. The axis of Y is drawn from the same

origin, in the same plane, in a direction towards a point of the heavens which is more

advanced, according to the order of the signs, by 90*^, than that of the axis of X The

axis of Z is perpendicular to the plane X Y, and directed towards the northern

hemisphere. The first and second of the moon's principal axes are situated in the plane

of the lunar equator; and the third principal axis is the axis of revolution. The first

principal axis, corresponding to the inertia A [2907c, 2914], forms, with the axis of X, the

angle (p [2907/] ; this principal axis is found, by observation, to be directed nearly towards

the earth [3440] ;
so that (?

is nearly equal to the angular distance v [3440] from the

same axis X
;

and cp
— v is very small. The quantity

- is of the same order as the

moon's latitude, which does not exceed 5*^ 20"*, and is generally much less
;

also 6 is the

inclination of the lunar equator to the fixed ecliptic [2907_g-],
and

^,
its inclination to the

variable ecliptic [352G]. These quantities being very small, we may neglect their squares

and products, and put cos. ^=1, sin. ^=(5; by these substitutions, the formulas

[3009—3011] become as in [3437—3439], respectively, neglecting the small quantity

depending on the factor qr, in the first of these equations,, as in [3430].
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moon, and counted from the descending node of the lunar equator ; we shall [3U(y]

have, by neglecting the square of the inclination of the lunar orbit to [3440"]

the ecliptic,*

X==r^. COS. v; Y= r. sin. v
; [3441]

hence [3437] becomes,t

, SLdt fB—Jl\ . ,^ ^ .

dp =-^ . [~^) ' sin- (2 ?^— 2 9). [3442]

To integrate this equation, we shall observe, that if we put m for the m.

mean angular velocity of the earth about the moon, its mean motion will [3443]

be fmdtf and we shall find,!

v=fmdt + 4^+ H.sm.n-^kc;
^3444^

/f. sin. n-|- &c., expressing the inequalities of v, arranged according to the

*
(2236) If we put b for the angle formed by the axis of X and the line drawn from

the moon's centre of gravity to the earth, we shall have, by the principles of orthographic r344ia-|

projection, X= r^.cos. 6. Now if we put c for the latitude of the earth, as seen from

the moon, and v the longitude [3440], we shall have, by spherics, as in [1345^^],

cos. b= cos. V . COS. c. If we neglect c^ [3440"], this becomes cos. b= cos. v
j

and by

substitution, in the preceding value of X, we get X=r^ .cos. v [3441]. In like manner, by
L-^^lo]

changing the axis of X into that of Y, we have Y=?;.cos. (90"^
—

v)=r^.sin. v [3441].

t (2237) The values X, Y [3441], give, by using [32, 31, 22], Int.,

Y^—X^=—
r/^. (cos.^i;

—
sin.^w)

=—
rj^. cos. 2 1>; 2XY=2 rf. sin. v . cos. v= r^. sin.Su. r3442a-|

(
Y^— X^) . sin. 2(^ -\- 2XY . cos. 2 cp

=
r,^

.
(
— cos. 2 v . sin. 2 (p -j- sin. 2 v . cos. 2

(p)

= r^ . sin. (2 u— 2 9).

Substituting this in [3437], we get [3442].

J (2238) The mean motion of the moon in longitude, in the time d t, is m dt,

m being variable on account of the secular variations of the moon's motion
;

then in the

time t, the angular motion is fmdt; and if the equations of this motion be represented [3444o]

by H . sin. n-(-&;c. [5551], we shall have the angular motion of the moon, counted from

ihe fixed equinox, equal to f m d t -{- H . sinll -\- &.c. ;
and this represents also the angular

motion of the earth, as seen from the moon. The retrograde motion of the nodes, in the
[34445-1

same time t, is represented by the angle 4'. Hence we have fm dt-\--^-{-H. sin. n-{- Stc,

for the motion of the earth in the time t, counted, as in [344^], from the descending node

of the lunar equator, and this is assum.ed equal to v, in [3440] ; hence we have,

v=f mdt-{- ].-{- H.s\n.Ii-\-k,c., as in [3444].
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[3445]

mean motion. Now putting

u = (p
—

4>
—fm d t,

we shall obtain,*

^3446] 2v— 2(p=^ — 2u+2H. sin. n + &c.
;

consequently,

[3447] sin. (2v
—

2(p)
= — sin. 2u + 2H. cos. 2 u . sin. n + &c.

If we neglect the square of ^, we shall have [3029] ,t

[3448] p__^__Jt.

hence,t

[3449] d_p^ddud_m^
dt dt^

^
dt

'

therefore [3437] may be put under the following form,^

ddu d,m SL /B—A\ . ^ ,

3L fB-A\ „ ^ •
. p

t=^'»' J?+J7=-^ (-^j.s,n.2«
+
-.(^-^j'./f.cos.2«.s,n.n+&c.

It has been found, by observation, that the mean rotatory motion of the

moon is equal to its mean motion of revolution about the earth
;
therefore

[3450'] u is always very small [3447^/]; so that we may suppose sin. 2w = 2w,

*
(2239) The moon's first principal axis is found, by observation, to be directed nearly

[3447a]
towards the earth [3433/] ;

therefore the angular distance of this axis from the descending

node of the moon's equator, represented by cp [2907/"], must be nearly equal to the earth's

[34476] longitude, v [3440], seen from the moon; consequently cp
— v must be a small angle.

If we substitute v [3444], in the first member of [3447c], and then u [3445], we get

[3447c]
^— 'P== — (<P

—
4-
—/^ dt) -\-H . sin. n -{- he.=— u-\-H . sin. n -\- he.

j

[3447d] consequently u must be small. Multiplying the preceding expression by 2, and then taking

its sine, we get, as in [60], Int., the expression [3447].

[3448a] t (2240) Substituting cos.(5=l [3433z'] in [3029], and dividing by dt, we get [3448].

I (224 1
)

The differential of [3445] gives d cp
— d-^ = du-\-mdt', substituting this

[3449a]
in [3448], we get p= —.-{-m', its differential, divided by dt, is the same as in [3449].

(I D

^ (2242) Dividing [3442] by dt, then substituting the value of — [3449], and

[3450a] that of sin. (2 t; --29) [3447], we get [3450].
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COS. 2 M = 1
; moreover, we have very nearly,* -^= m^ ; therefore vi^e [3451]

shall obtain,

ddu
dt''

^ o /B—A\ dm
, ^ ^ /B—A\ .^ .

,
„

[3452]

The value of — depends on the secular equation of the moon, and we

shall see, in the lunar theory, that if m' t be the mean sideral motion [3453]

of the sun, and e' the excentricity of its orbit, we shall have,t

[3454]
dm 3m'^.e'de\
dt m dt

'

therefore we shall have, very nearly, by integrating the preceding equation,

*
(2243) Rejecting terras of the order of the excentricity of the moon's orbit, we

may put r^ equal to the mean distance a of the moon from the earth, and then

— becomes —
, which may be put equal to m^, as is evident from [3060, 3435]. [3451a]

Substituting this, and sin.2M= 2M, cos. 2m=1, in [3450], we obtain [3452], by

transposing the second and third terms.

f (2244) If we retain, in the expression of the moon's mean motion [5095], the terms

depending on the secular motion, we shall have nt-{-s= v-\-^m]^.f. (e'^
—

E'^) .dv; [3452a]

in which
7/1^ represents the ratio of the mean angular velocity of the sun in its apparent

orbit, to that of the moon in her orbit [4835], this letter being accented to distinguish it

from m of the present notation [3443]. Taking the differential, and dividing by dt,

dv dv
we get n=— . {l-j-f 7»,2^ ^g'2

—
E'^)\. Dividing this by the coefficient of —

, [3452c]

neglecting the square and higher powers of f m^ . (e'^
—

E'^), on account of the smallness

of the factors m^, (e'^
—

E'^), we get -Tr=n— §n.m,^.{e'^
—

E'^). The terms of
[3452<r|

the second member of this expression, except the excentricity of the earth's orbit e', being
dv

considered as constant, and taking the differential, we obtain d. —=— Sn.mJ^ .e'def,

dv
Substituting, for —

,
its mean value m [3443], and dividing by dtf it becomes

J—=— Sn .m/^ . ——-. If we substitute, in the second member, for n, its value m [3452c]

m'

[3443,3452a], also for m,, its value —
[3443,3453], it becomes as in [3454].

235
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[3455] and neglecting the quantity
'—

fs^irjp: •>*'

m^.di^.i
j

General
value
of the ni

[3456]

~* ' """"

X V ^ *^ ^
'

'

i
'

m'.
''^—•^

= Q . Sin.

^mt. y/s (^") + F
,0 /

de'
m ^

e . —
dt

C
libralioti

in longi-

— 3 m^
( ^ )

. t;
—

^
— &c. ;

(t)-3»^r-f^)

[3456'] Q and i^ being two arbitrary constant quantities. We shall now examine

the consequences which result from this integral.

de'
m'^ e' .

[3457] We shall in the first place observe, that the term - of this
i3

{^)

integral is insensible,! although divided by the small fraction
, on

[3455a]
*

(2245) Substituting [3454] in [3452], and putting, for a moment, a^j=3wi^.
[
—I-V

we get
Tnteen ^ ddu

., „ 3m'2.e'rfe' _ __ .

[34556] =—_-f-ft^w T-.
—---z=— a^.iJ.sin.n— &;c.

dt^ '

jndt

Sm'^.e'de'
[3455c] Substituting u= y-{

~—
,

and neglecting the term depending on the second

differential of e'de', as in [3455,3457/], it becomes

This is of the same form as [865a, 870'], putting aK= — a^ H, mt -\-s
= U, or

m-=
(-77-) ; and the corresponding value of y [8656, 871], is

[3455e]

Substituting this in u [3455c], it becomes as in [3456], the constant quantities h, <p, being

changed into Q, F, respectively, and a^ into its value [3455a].

f (2246) To make a rough estimate of the value of this neglected term, we may use

the value of —-—
[3578] ; substituting in it the ratio of the mass of the earth to that of the

[3457a] moon X'= 75 [3566,3380e'] ; hence we get ^^= 0,000027. The mean angular
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account of the excessive slowness of the variation of the excentricity e';

therefore we may neglect this term. All the other terms of this value of u, [3458]

vary with much greater rapidity ;
but this expression always remains very

small, provided the coefficient Q be small. Now the equation [3449],

dp^ddu^ dm
jg^jg^

dt dt^ dt

gives

fpdt = u^-fmdtf [3460]

and since fp dt is the rotatory motion about the third principal axis [3121], [3460']

it follows, that the mean motions of rotation and revolution of the moon are
Jg^Ms^r

perfectly equal to each other ; so that the action of the earth, upon the lunar routoty

spheroid, makes the rotatory motion participate in the secular equations of ^^il^^

the inotion in the orbit. It is not necessary for this perfect equality, that [3461]

at the origin of the two motions they should be exactly equal, the probability °uuo^n°"

of ivhich is infinitely small. It is only necessary to suppose, at this origin, equal at

of the

motion.

motion of the earth in its orbit, to that of the moon in its orbit, is represented by

- =0,0748 [5117]; also e' = 0,0168 [5117]. [M57b]

Hence the term mentioned in [3457], becomes nearly equal to

f00748?
'-'^^' i!:_ix^^U,U74»; .

0^^)00027
•

m'dt
~" * ^

m'dt
'

[3457c]

de'
In this we may substitute for —

rr.j the ratio of the annual variation of de', to the

annual motion of the sun, which, by [4244], is expressed by
—^—

to S60'^, or [3457^1

1 to 14000000: hence [3457c] becomes nearly ; or —
. JVIultinlvinff tq/i-'t.i' ^ - ^

4x14000000 5G000000 ^'^"'i'PV'"5 [34o/e]

this by the radius in seconds [1970A], it becomes a small fraction of a second, which is

wholly insensible. The term neglected in [3455] must be much smaller than this, because [3457/]

the second differential of e'de', introduces, as a factor, the square of the very small

coefficient of t, which occurs in the expression of e' d e.

*
(2247) Multiplying [3449a] by dt, and integrating, we get [3460]. Now fpdt

represents the rotatory motion of the moon [3121, 3433e], fmdt the motion in the orbit [3460a]

[3443] ;
both of which increase indefinitely with the time, whilst u remains always small

[3450'], depending on periodical equations only; therefore the mean values fmdt, fpdt,
must be equal.
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[3462] where t = 0, that the rotatory velocity p of the moon should be comprised

between the limits,*

[3463] m + m Q . l/^ii^i:^ + &c., and m— m Q . l/^^^^i:^_ &c. ;

which are arbitrary, because of the arbitrary quantity Q. These limits are

[3464] indeed very narrow, on account of the smallness of Qf and iy^ n 5

but they enable us to avoid the improbable supposition, that the motions

were so arranged at the origin, that forever afterwards the mean rotatory

[3464'] motion of the moon should be equal to the mean motion of revolution.

The value of u expresses the real libration of the moon in longitude,

being the excess of the real rotatory motion above the mean motion in

the orbit. This expression contains, in the first place, the quantity

[3465] Q . sin. \ mt . K/ '^
~—' + ^ > ; the limit Q being arbitrary ; but

as this term has not been perceived by observation, it must be quite small.

[3465'] Hence it follows, that \/ r ' ^^ ^ ^^^^ number. For if it be

imaginary, the preceding argument will change into an exponential quantity,

*
(2248) Substituting, in [3460], the value of u [3456], neglecting the term [3457],

and using a^ [3455a], we get

[3463a] Sp d t =fm dt -{- Q^. sin. (m o < -f F)— /^nx's^'"'
— &ic.

di

The differential of this, divided by dt, is p= m-{-ma Q. cos. {m a 1 4- F) — &c. ;

and as the limits of cos. {mat -\-F), are 1 and — 1, the limits of p will be

[34636] mdzina Q±. &ic. ;
the greatest value being found by using the values ±, which render

all the terms positive ;
and the least, by using the opposite signs ; therefore the extreme

limits are as in [3463, 34636] ;
and if p falls between these limits, at the origin of the

motion, the equation [3463a] may always be satisfied.

f (2249) The quantity Q must be small, because the angle u [3456], which depends
n a

[3464a] upon it, has not been discovered by observation ;
and —

^— is of the order 0,000027

[3457a] J therefore the quantity m Q . I y^'^^n
"^^

[^463], must be extremely small.
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or an arc of a circle,* increasing indefinitely with the time, and augmenting
the value of u indefinitely ;

which is contrary to observation. It is true,

that if B— A be negative, and Q nothing, there will not be, in w,

either arcs of a circle or exponential quantities ;t but the slightest cause

will produce them, and render the equilibrium unstable, which cannot be

admitted. Therefore B — A is a positive quantity ;
that is to say, the

moon's momentum of inertia A, is less than that of B. The first of these [3467]

quantities, A^ corresponds to the principal axis of the equator, directed

towards the earth
;

because it relates to the first principal axis, which

forms the angle a? with the line of the lunar equinoxes [3433/*], whilst the

radius drawn from the centre of the moon to that of the earth, makes the The mo-
' mcntuiD of

angle v with the same equinox ;
and by what has been said, (p

— v is a
'"^'^''

small angle [3433 »•]. Therefore the first principal axis of the lunar spheroid [3468]

is always directed very nearly towards the earth. The radius of the lunar pmXg to

equator, in that direction, is lengthened by means of the attraction of the earth ;t ^^^^^^^
'

consequently the momentum of inertia A, is less than the momentum of Ixu'^''^
directed

inertia B, corresponding to the second principal axis, situated in the equator. [3469]
to\vnr<ls

The duration of the period of the preceding argument [3465], is equal '^'essiliau the
momentum

to a sideral month, divided by the coefficient iy^ ^ ; and as "^'

the value of this coefficient is not accurately known, it is impossible to

ascertain this time correctly. We shall hereafter show, that if the moon

be homogeneous, this duration will not exceed seven years ; ^ and in the
[3470]

[3469']

relative to

tlie second
ax is,

sitiiateJ

in the

plane
of the

equator.

*
(2250) As is explained in a similar case in note 179, Vol. I, page 187.

[3465c]

•]• (2251) Because the whole expression [3465] would then vanish, on account of Q= 0.
[3466a]

J (2252) The attraction of the earth upon the moon, supposing it to be in a fluid state
r3467al

evidently lengthens the moon's first principal axis, directed towards the earth, and shortens,

the second principal axis, situated in the plane of the equator ;
in the same manner as the [34676]

attractions of the sun and moon upon the waters of the ocean, elevate the tides at

high-water, and depress them at low-water. Hence it is evident, that the momentum of

inertia A [2914], corresponding to the longer axis, must be less than the momentum B, [3467c]

corresponding to the second principal axis.

§ (2253) While the moon, by the mean motion, describes very nearly the arc m t, in

its orbit [3443], the argument of the term u [3456], depending on Q, increases by [3469a]

236
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case of nature, the difference of the momenta of inertia of the moon,

[3470'] relative to its three principal axes, is probably greater than in the case

of homogeneity [3588, &c.]. This consideration makes ii apparent, that

rr^^ .e' de'
[3471] the term 7^—

^—
jr ,

which we have neglected [3457], must

[3471']

be insensible.*

Among the terms of the expression of u [3456], those only are sensible

which depend either on the equation of the moon^s centre, ivhich is great

in itself; or on those ivhich become great by having very small divisors,

[3472] corresponding to small values of —. The function H . sin. 11 -{- &c.,

is the sum of the periodical equations in the apparent motion of the moon

[3444] ;
and if we suppose that H. sin. n, expresses the equation of

the centre, we shall have,t H= 10005"
[6''

18™ 2']; and as n represents,

[3474] in this case, the mean anomaly of the moon, we get, J \jt) =^^' 0,98317;

[3473]

the quantity mt .

y/[
—

-);
and as these quantities are to each other as

1 to ^(
—

-j,
it follows, that the duration of the period of this term of u is equal

to the time of a sideral revolution of the moon, 27'^"''%321, divided by \/{

'

n )'

If we use the value of this divisor, deduced from [3457a], namely, 0,009 nearly, this period

[34696] ^j]j exceed 3000 days, or about 8 years. If we use the value of the divisor 0,04,

corresponding nearly to the observations of Mr. Nicollet [3483cZ], this period will be reduced

[3469c] jQ ]ggg ^j^gjj ^^Q years.

*
(2254) We have seen, that the value of ~-^) assumed in [3457c(—/], renders

" "^

[3471a] the term in question insensible ;
and it is evident, that an increase of the value of

^

[347 J], decreases its magnitude.

-{- (2255) This differs a few seconds from the calculation of La Place [5220], and

[3473a] from the tables of Mason or Burg [5554] ;
but this does not sensibly affect the result [3478].

J (2256] The moon's mean motion being represented by mf [3443], that of the

mean anomaly will be cm< [4817], using c= 0,99154801 [5117]; hence

[3474a] (^)'"= (<^»»)'= ^'- 0.98317.
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therefore we shall have, in the expression of w, the term Te.m
•* of tha

libration

rTf
/7 \ / 7? /J \ depending

:^^V 70005". sin. n ^ 3. (^—] .22682'. sin. n. on the

equation

. [34751

0,98317-3.(^1:=^)
-

0,98317-3. (^ir^j^)
-^

^m^or
/ the

moon's
orbit.

.

(^~'^)
^

0,98317— 3 . r^—
If the coefficient of sin. n [3475], be equal to i seconds, ive shall have

"[3476]

/B—A\ _ i . 0,32772 r_ i . 0,32772 "1
[-3477,

\ C )
~
r— 70005" L~~ i— 226S2J

'

Limit of

Since the term in question [3475] has not heen perceived by observation, the b—a,
derived

quantity i cannot exceed ±6000" [=±1944'], and (—-—
)

must
^jj^'"'*

\ / centre.

be less than"" 0,030721. [3478]

Among the terms of the expression of u [3456], which have very small

divisors, we find only the annual equation which can produce a sensible term

in the value of u. This equation is equal to 2064".sin.nt [=669^sin.n], [3479]

Substituting this, and H [3473], in the term of u [3456], depending on H, rejecting

the factor m^, which occurs in all the terms of the numerator and denominator, it becomes

as in [3475]. Putting the coefficient of sin. II, in this expression, equal to i seconds,

, , . , .
, 0,98317 /B-A\

and multiplymg by
—

(
——

;

—
), we get

__ C^^\ . 22682*= i . 0,32772— i . (^^) J [34746]

whence we easily get [3477].

(7?

a \ ^1 Q44» y 32772

-C~)== ±1944>-22682»
' ^^^^^^^^

T> a TO a

The lower sign gives
———= 0,025870, the upper sign

———=— 0,030721; so

that it can have no positive value greater than 0,025870, nor a negative value exceeding [34786]

0,030721, independent of its sign.

f (2258) If we examine the equations of the moon's mean longitude [5574
—

5579],

observing that c and g are nearly equal to unity [5117], we shall find that the chief term

depending on an angle of the form m v, in which m is small, is the term depending on

sin.
{c'
mv— w') [5575], whose coefficient is 2075'',71= 672',53 ;

and in Mason's tables

[5551], is 2063",58 = 668*,60 ; being nearly the same as in [3479], putting n equal to

the sun's mean anomaly. Now as the motion of the apsides of the earth's orbit is very

[3479a]

[34796]

^ small, we may put
—— = the sun's mean angular motion = 0,0748 .in [34 57J] ; [3479c]



944 MOTION OF THE MOON ABOUT ITS CENTRE OF GRAVITY. [M^c. Cel.

[3480]

Term
of the

libration

in longi-
tude de-

[3481]

pending
on the
annual
equation
of the

moon's
orbit.

[3481']

[3482]

n being in this case the sun's mean anomalj ; moreover, we have

— = m . 0,0748, consequently i -r— \ =m^ . 0,005595 ; therefore we

shall have, in the expression of u, the following term.

3.
C

.2064". sin. n

0,005595— 3.
B—A r=-

0,005595— 3.
B—,

If the coefficient of sin. n, in this expression, is equal to i seconds, we

shall have,*

'B—A\ _t. 0,001865 r_ I*.
0,001865"]~

i_ 2064" L"^ i_669' J
*

[34836]

[3483c]

[3483rf]

[3483e]

[3483/]

.[3483g]

hence f^\ = 0,005595. m^ [3480]. Substituting this, and H=669' [3479], in

n of M

of the numerator and denominator, we get £3481].

[3479i]
the term of u [3456], depending on H, rejecting m^, which occurs in all the terms

*
(2259) Putting the coefficient of sin. 11 [3481] equal to i seconds, and multiplying

r«.o« , 0,005595 /B—A\ /B—A\ ^^^ . ^^ ^^ /B—A\ .

[3482a] by -^^ \~C~}
"^^ ^^^

—
(^-^-j

. 669^ =t . 0,001865— (^-^j
. t,

which is easily reduced to the form [3482]. If we put, successively, i= 0, i=:— 1944*,

[34826] we obtain the two limits and 0,0013876 [3483]. In like manner, the values

[3483a] corresponding to i=0, t = 669% i= 1944', are 0, =Foo, +0,002843, respectively,
D a

as in [3484], Now —
^^— being positive [3467], we need use only the positive valuesNow

of these last limits, as in [3484]. We have altered the sign of i, also the signs of several

terms in this chapter, to correct the typographical mistakes, some of which were noticed

by the author in Chap. H, Book XIV
; where he has treated of the libration in a somewhat

different manner from that used in this place. He also gives the result of the calculation of

Mr. Nicollet on the coefficient of the libration in longitude, depending on the annual equation,

which he makes about — 289'. sin. (O's mean anomaly), corresponding to i= — 289',

B—A
in [3482] ; consequently this function gives

= 0,000563 nearly, as in [12326];

i being negative, as the author supposes in [3485]. Substituting this in [3475], we get the value

of this term of the Ubration of the moon in longitude equal to — 39'.(3)'s mean anomaly)?

so that by noticing only these two chief terms of the libration in longitude, we shall have

u=— 289*. sin. (©'s mean anomaly)
— 39*. sin. (j's mean anomaly). These arcs are

supposed to be viewed from the moon's centre ;
and when viewed from the earth, they fall

short of two seconds
;
but being so very small, it is difficult to ascertain the terms of the

libration with a very great degree of accuracy.



V. ii. § 17.] LIBRATION IN LATITUDE. 945

The term of u must he very small, since it has not been perceived by [3482']

observation; therefore we shall suppose that i does not exceed ±6000" Limit of

[= ± 1944*]. If i be negative, the two limits of
—-— will be [3483]

O derived

and 0,0013876; if i be positive, these limits ivill be 0,0028430 and od .

'[348*4]

We have just seen that ——— cannot exceed 0,030721 [3478]; and it is

very probable that it is less than 0,002843, in which case i will be

negative [3483^].

annual

equation.

[3485]

[3485']

17. We shall now consider the equations [3438, 3439]. The inclination &

of the lunar equator to the fixed ecliptic being supposed very small, we

shall transform the variable quantities q, r, into others that render the [-3486]

integrations easier, as we have already done in a similar case, in [284, &c.].

For this purpose, we shall put

5= d . sin. 9 ;
s'= 5 . cos. 9.

[^%T[

From these we get,
«

dt dt
^ '

dt
'

dsf d6 da
-—==-—, cos. 9— 6'T- ' sm. <p. [3489]
at dt dt

If we neglect the square of 6, we shall obtain, from ^4,t

dd-— = r . sm. <p
—

^ . cos. [3490]

p.6-\-r .COS. (p+ q. Sin. (p; [3491]

dt

d(p

*
(2260) The differentials of [3487] being divided by dt, give [3488, 3489]. [3488a]

t (226 i) Dividing [3032] by dt, we obtain [3490]. If we multiply [3029] by 6,

we get, by neglecting the square of ^, 6 .
—=p .6-{-d.

—^. Dividing [3035] by d t,
[3489o]

d 4
and putting & for sin. ^, we find ^ .

-—- = r . cos. 9 ^-a' . sin.
<p ; substituting this in the

dt

preceding equation, it becomes as in [3491].

237

k
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therefore we shall have,*

ds

Jt ^"^" '
'

' dt
[3492] '=ps' + r; -L = —ps— q',

hence we deduce,t

d ds d s'
I dp dr

[3493]
— ».- 5'.^-= T-;

dt^ ^ dt dt dt

dds' ds
, dp do

[3494] -—r 4- p . -r- + s .
~ =— --^.

• '
dt^

^ ^ dt dt dt

Substituting these values of ^7?
—

Ji' i" [3438, 3439],t observing

[3495] that we may suppose p = m, in the products of p and its differential,

*
(2262) Substituting the values of —

,
6 .-y [3490, 3491], in [3488, 3489],

they become, by reduction, observing that the coefficient of q vanishes in the first of these

equations, and the coefficient of r in the second,

// ds'

[3492o] 7^
= ^ •

(sin-^ <? + cos.^ 9) -\-p 5 . cos. <? ;

— = — g. (cos.2(p+ sin.2<p) —p 5. sin. 9;

putting cos.2(p-f sin.2(p=l, and using [3487], we get [3492].

f (2263) Transposing the terms ps',
—

ps, [3492], then taking the differentials, and

dividing by d t, we obtain [3493, 3494].

X (2264) Substituting the values of —^, ^ [3494,3493], in [3438,3439], we get,

[3495a] '^^J,p.'l^^s'-I^+(^).rp=J^.(^^

[34956] '-^^-p.'-^-s'.'^^i;^^^

[3495c] If we neglect the term s.~, on account of its smallness, and put p = m, they

become as in [3496, 3497] ; observing that this neglected term is of the order s in

[3495rf] comparison with the term depending on X, Y, Z [3496, 3497], as is evident from [3437].

If we wish to examine more minutely these neglected terms, we may do it after computing
^ '^

the approximate values of s, s' [3530, 3531], and using them and dp [3459, 3454].

We may remark, that the terms between the braces, in the second members of

[3495a, &], may be put under the forms (Yd + Z) .
(
Y. cos. 9— X.sin. 9), and

[3495/]
^Y&+Z).{X. cos. <p + y . sin. 9), respectively, as is evident by reduction.
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by the very small variable quantities 5, 5', or their differentials, we

shall have,

Now in [3492] we have,

and in [3441],

ds ,

r = ms :

dt
'

X=r. COS. V

i^-dj-"^'-^

Y =r.. sin. v
;

moreover, v— ip is always a very small angle, as we have seen in

[34476] ;
therefore we may neglect its product by the quantities 6 and

Z; then the preceding differential equations become, by the substitution

of nt" for ^ [3451],*

dds' fA^B—C\ ds
3 fB-C\ ,

.

'A-^B—C\ ds' , „ /A—C\ ^ „ /A^C\ Zdds

di' B

[3495']

Differen-
tial equa-

[3496]
tions in

S, «'.

[3497]
First form.

[3498]

[3499]

[3499']

[3500]

Differen-

tial eqna-

[3501]
tions in

[3502]
Second
form.

[3499a]

[34996]

[3499c]

*
(2265) Substituting the values of X, Y [3499], in the first members of [3499a, J],

and reducing by [22, 24], Int., we get the second members of these expressions,

Y . cos. 9— X . sin. 9 = r,
. (sin. v . cos. cp

— cos. . sin.
<p)
=

r^
. sin. {v

—
9) ;

X . cos. cf)-\-
Y . sin. 9 = r^

. (cos.t? . cos. 9 -\- sin. v . sin. 9)
=

r^
. cos. {v

—
9).

Hence the factors [3495/] become

(Fd + Z).r,. sin. (v
—

9) and (Y5 + Z) .r^.cos. («
—

9),

which are to be substituted in the second members of [3495a, 6], respectively. In making

these substitutions, the author wholly neglects sin. {v
—

9), on account of its smallness

[34476] J but Mr. Poisson has discovered, that the terms depending on v— 9, produce \si99d]

in s, s', small terms of the second order, relatively to the excentricity and inclination, and

depending on the difference of longitude of the moon's perigee and node. These are

computed by the author in Book XIV [12312, &c.], to which we shall refer for a more

minute discussion of this subject ; it being unnecessary to repeat the calculation in this place, [3499rf']

since the general results are not affected by it. In following the method of the author, we
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Z
[35031

[3504]

[3503a]

[3503c']

is the latitude of the earth seen from the moon, above the fixed plane

[3499o-], which latitude is equal to that of the moon seen from the earth,

but is of a contrary sign ;
therefore we shall have, by ^5,*

— = c' . sin. (m t +^' ^ + ^') + ^ . c . sin. {mt—gt — |3) ;

may neglect the first of the factors [3499c], on account of the smallness of v— 9 [34476],

and Y6-\-Z. The second of these factors, neglecting the square of v— cp, is

[3499c] (
Y6

-\- Z) .r^, which, by substituting Y= r . sin. v=
r^

. sin, cp nearly, becomes

(r,
^ . sin. <p -f~ ^) • ^/

=
('/

^ 4" '^) •
^/ [3487]. Hence the second member of [3495a],

vanishes, as in [3501], and the second member of [34956] becomes

Substituting these Values, and those of r, q [3498], also p==m, in [3495^,6], neglecting

dp [3495c], we get [3501, 3502]. The co-ordinate Z, is the perpendicular elevation

[3499g-]
of the earth above the fixed plane ; r^

is the distance of the moon and earth ; therefore —

must represent nearly the latitude of the earth, as seen from the moon [3503].

*
(2266) We shall suppose, in fig. 61, page 846, that M is the place of the moon, at

the time tj from the epoch ; MM' m the circle of latitude, drawn perpendicularly to Cm,
and on account of the smallness of M'm, it may be considered as perpendicular to CM'.

[3503&] Then Mm=MM' -\-M' m represents the latitude of the moon, seen from the earth,

above the fixed plane ; and by changing its sign, we get the latitude of the earth seen from

[3503e] the moon, —MM'—M'm=- [3503]. Adding the precession 4^ to m ^ [3505],

we obtain mt -{--l^, the mean longitude of the earth seen from the moon, counted from the

moveable equinox ;
hence the moon's longitude, seen from the earth, and counted from

[3503rf]
the same equinox, is mt-\--^

— 180*^= arc Fm= arci^'JW' nearly. Subtracting the arc

[3503e]
A=FC [SOSld], we get w^ + 4.

— A— ISO-^^arc Cm= arc CM' nearly. Then in

the triangle CmM', we have, by using 7 [3087(?], very nearly arc Jlf'^= 7. sin. CM' ;

substituUng the preceding value of CM', we get, by successive reductions, using [22],

Int., [3075e] and 4-
= {f—g) • t [3073c] ;

[3503/*]
arc ^' m = 7 . sin. {mt-\--^

— A— 1 SO'^)
= — 7 . sin. {mt -{-],

—
A)

= — 7 . cos. A . sin. (m ^ + 4^) + 7 . sin. A . cos. {m t -{- ^)

= — 2 . c . {sin. (m ^ + +) • cos. {ft + (s)
— cos. (m f + -1)

. sin. {ft + (3)|

[3503g] = — 2 . c . sin. {mt-\--^ —ft— /s)
=— 2 . c . sin. {mt—gt— ^).

The mean longitude of the moon seen from the earth, counted from the fixed equinox, is

mt— ISO"^ [3505], and the longitude of the ascending node, upon the variable ecliptic,
[3503/i]
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in which m t is the mean longitude of the earth, seen from the moon, relative ^^^P^]

to a fixed equinox [3443], aw<? —g t— ^' the longitude of the ascending [SSOST

node of the lunar orbit upon the moveable ecliptic, referred to the same ^^+^''

equinox. The functions 2 . c . sin. (gt-\-^), i.e. cos. (gt+ ^), depend on the [3506]

change in the plane of the moveable ecliptic [3072'
—

3074], and the coefficient

g is extremely small in comparison ivith m and g'.* We shall now putf [3507]

5 = Q . sin. (mt-{-gt + ^')',
[3508]

Assumed

s'=q. COS. (mt+g't-^^')', '"[3509-,

«, y.

— gt— ^ [3505']; subtracting this from the preceding expression, we get the moon's

distance from this node, represented by the arc D' m, or DM'; hence

DM'= mt-{-g't-{-^'— ISO-^. [3503f]

Now in the triangle D M' M, we have very nearly, by using d [3086],

arc MM'= tang. MDM' . sin. BM'= (! . sin. {mi-\-g' t-\- ^'
-^

180'^)

=— c' . sin. (m ^ 4-g' ^ + p').

Substituting this and [3503o'], in [3503c], we get [3504].

[3503A]

*
(2267) The quantity g is of the same order as the secular motion of the sun's

apparent orbit [4339, 4244], which is only a few seconds in a year ; and is therefore much

smaller than the terms depending on the moon's mean motion m t, or on the motion of the L"^^"'"!

node of the moon's orbit ^ t.

f (2268) If we take the differential of [3502], and eliminate dd^ by means of [3501],

we shall get an equation containing d^s, ds, «'; again, taking the differentia], and eliminating ro^no -i

ds' by means of [3502], we get an equation free from s', containing d^s, d^s, s, in

a linear form, together with terms depending on the angles m t -{- g' t -{- ^',
mi—g t— ^.

The integral of this equation will give s, in terras depending on the same angles, together

with an arbitrary term, depending on an angle lt-\- 1, similar to at-\-cr> [865J], and [35086]

which holds good when Z is equal to nothing. Substituting this value of s in [3502],

we shall find that dsf and s' are composed of similar terms, depending on the same

angles. The equations being linear, we may consider each of these angles separately, and

if we substitute, in [3501, 3502], the assumed values [3508, 3509], and the corresponding

term of —
[3504], we shall get, by neglecting the factor sin. {mt-^-g' t -{- ^'), or

COS. {m t -{- g' t -\- p'), which is common to all the terms ;

The first of these equations gives Q' [3510].

238
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for the parts of s and 5', corresponding to the term c . sin. ('nit-\-g' t -{-§'),

d we shall have,
z

of the expression of —
,

and we shall have,

[3510]
Value of O'=

If we suppose,

[3511] E=^m^,{m-^^)\\{A-^B—Cf—^A,{A—C)— B.{B-C)\
^'

—(m+g'y.AB— 4>m'.(A—C).(B^C);
we shall get

[3512] 32 (jj r;\ j

[3513]

p.'

If we neglect the square of — and its product by A— C, B— C, and

A — j6, in the numerator and denominator of this expression of Q, we
shall get t

*
(2269) Substituting Q' [3510], in [SSOStZ], and multiplying by B, we get,

without reduction,

Multiplying this by {m-\-^)^ 'A-^-vr^ .{B— 0), and connecting together the terms

[3512&] containing the factor m^ . (ot +^')^ in the first member, it becomes equal to £ Q [3511],

whence we easily obtain Q [3512].

•j- (2270) Developing B [3511], according to the powers of ^, neglecting the square

and higher powers of ^', also terms of the order g '{A— C), &.C., we get

-E= m\\{A^B—Cf—\A.{A— C)—B.{B—C)—AB—^.{Ji—C).{B-C)\

\-n?^.\2.{A-\-B—Cf— ^AB\.

Connecting the terms of the coefficient of m"*, which depend explicitly on A— C, it becomes

{A\B-Cf—\\A-C)\A-\-B—C)—B.{A-\rB-C)=^{A-\-B-C)\[A-\-B-C)-^.{A-C)-B\
=— ^.[A-\^B—C).{A—C).

In the term depending on ^ [3513«], we may put A= B=C, and it becomes

rn^g .{2A^—AA^) =— 2m^^.A^, or, as we may write, '-2m^g.A.{A-\-B—C)'y

substituting this and [35136], in [3513a], we get

E=— -im!^.{A-{-B^C).{A—C) — 2m^g'.A.{A-\-B--C)
==— {A-\-B—C).m^.\^m.{A—C) + 2A^].

Again, since the numerator of Q [3512] is multiplied by {A— C), we may neglect in it

the terms of the factor {m -\- g'Y . A -\- m^ . {B— C), depending on ^, by which means it

[3513a]

[35136]

[3513c]
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Sm.{A—C).c' Q.

Sm.{A—C)-\-2Ag'' [3514]
Second
funn.
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Q=-
and hy supposing g' to be very small, we shall have,* Q' = Q,

'

r35i5l

•

),f
it x^

follows, that the values of 5, 5', corresponding to —
, [3504], are

Parts of

3m.(A—C).cf.s\n.{mt-{-g'i4-^') • . ^ . on *' *'''=
3..(^-C) +2g

^"
-^.c.sm.(mt-gt-p); [35,7,

depending

s' = ^
-^

5^
' ° ^ '^^— ^.C. COS. (mt— ^t— /3). [3518

3m.(A—C)-\-2Ag
^ ^ ^^

on the
secular

. . equationg.

These expressions are not complete ;
since we must add to them the

terms corresponding to Z equal to nothing [35086] ;
now it is evident, that

becomes m^.{A-\-B— C) ; substituting this and E [3513c], in [3512]; rejecting the

factor 7r?.{A-\-B— C), which occurs in the numerator and denominator, it becomes [3513rf]

as in [3514].

*
(2271) Dividing the numerator and denominator of [3510], by m^, and neglecting

terras of the order -, it becomes Q =—:rrT,
—

:;~ = Q*

f (2272) The quantities B— A, C— A^ being nearly of the same order [3578],

—^-T- ) [3464a] to be of the order 0,00004 .m-, so that the

—rr—r- 1 will be of the order -
^^ ^, ,
—= r-rr^^^i ; and if

2A J 0,00004.m 0,00004. mi
'

we take t equal to a year, we shall have, by using [3372c],

0,00004 .mt = 0,00004 X 53474070" = 2139", [35176]

which is much greater than the values of g [4339, 4244, &c.]. Therefore we may

neglect sfj in the value of Q=— ::

—
ri.
—

^,
'

^ [35141, corresponding to the second° ^ ^
1im.{A— C)— 2Ag L J' r t>

term of Z [3504], and we shall get Q = — c= Q' [3515]; thence we shall obtain

— 2.c.sin. (m<—gt— p),
— 2.c.cos. (m^—gt— ^), for the resulting terms of 5, / [3(5171

[3508,3509]. The terms of these expressions, depending on the angle mt-\-g't-\-^\
are easily deduced from [3508, 3509], by the substitution of the values of Q = Q'

[3514,3515]. To obtain the complete values of 5, s' [3517, 3518], depending on Z, we •'

must add the terms mentioned in [3499£?], and computed in [12320],

[3517a]
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if I and V are put for the two positive values of m-\-^ in the equation

[3519] Er=zO [3511], we shall have nearly,

[3520] s = P . sin. (lt+ I) + P'. sin. (/' ^ + /') ;

*

Parts of

S, s\

[3521]
indepen-
dent of

z.

[3522]

5'=P.cos.(Z^+/) + 2P'.t/|^.cos. (r^ + /').

l = nt^^m.(^); I' = 2m .^^^E^^^EEl,

[3520c]

[3520e']

[3520a]
*

(2273) If we put s= P. sin. (Z t + /), s'= P,. cos. (Z t + /), and substitute

r3520 '1

^'^^"^ ^"^ [3501, 3502], we shall obtain two equations exactly similar to [3508c, d], changing

OT-|-^', ^, Q', into Z, P, P^, respectively. From these equations, we get, as in

[35206] [3512a, 5], E P =^^7^" . {A— C) . c . \{P A^m^ . [B— C)\ ;
E being the same as

in [3511], changing m-\-^ into Z. Now to find the values of s,s'^ when Z= 0,

we must suppose c' equal to nothing, in [3520&], and we shall get EP=0; which can

be satisfied, and leave P arbitrary, by putting E=0, as in [3519]. This is equivalent

to a quadratic equation in P, and if we put, for brevity,

[3520rf] {A+B—Cf—4A.{A— C)—B.{B— C)=AB.h^, {A—C).{B—C)=n.h\AB,
and divide the whole equation by

— AB, after putting m-\-g'=lj we shall

get Z'*— m^ h^ P -\- 4 n m'^ h^= ; whence

[3520e] P= lm^h''±\/(ini'^h^
—

4nm''h'^)
= m^h^.{ido\/{i

—
4n)}.

If we develop the radical according to the powers of n, and neglect n^, on account

of its smallness, the two values represented by Z^, Z'^, will become Z^= m^A"^(l
—

4n),

l'^= 4n . m^ h^. We shall soon see, that h is nearly equal to unity [3520A] ;
therefore

n [3520c/] must be so small, that we may neglect it, in the expression of Z^ [3520e'] ;
then

taking the square root of the values of Z^, Z'^, and retaining only the positive values, we

[3520/] get l= mh, I'= 2mh . \/n. In finding the value of h^, from the first of the equations

[3520cZ], we may neglect the second powers and products of A— C, B— C, &c. ;

then we shall have, successively,

{Ai-B—C\''=A^ + 2A.{B—C) = {AB + A^—AB)-i-2A.{B—C)
^AB+ A.{A—B)+2A.{B — C).

Substituting this in the first equation [3520<Z], and dividing by A B, we get the first

expression of h^ [3520A] ;
the second form is easily deduced from the first, by changing

B into Af in the denominator of the terms

[3520i] the square root of this expression, gives h= l — f.f ,.

j.
As h differs so little

[3520^]
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P, P', / and r being four arbitrary constant quantities. Connecting these

values of s and s\ with the preceding [3517, 3518], we shall have the [3523]

complete values of s and s'.*

To prevent these values from increasing indefinitely, and to render the

inclination of the lunar equator to the ecliptic nearly constant, as it is found The pro-
duct of

to be by observation, it is necessary that the product (A
— C) . (B— C), [3524]

should be positive.^ Now this condition is naturally satisfied ; because the by

momentum of inertia C, of the moon, about the third principal axis, is must be'

^ , positive.

greater than either of the momenta of inertia A, B, corresponding to the [3525]

other two principal axes ; as is evident from the consideration that the moon

from unity, we may put h= l, in the second of the equations [3520^?], and then dividing

^ r. (.4-C).B-C) {A—C).[B-C) . ,••,•,
by A B, we get n= — = —

nearly ; substituting this value
[3520Jt]

of n, and that of h [3520i], in [3520/], we get I, V [3522]. With eaoh of these

values Z, V, we have a term of s, as in [3520].

The corresponding terra of sf [352J], may be obtained from [3510], by changing

m-\-g', Q, Q', into I, P^, P/, as in [3520a'], by which means we get

_ ml.{A+B—C).P
_ _ml'.{A^\B—C).P'

Substituting l= mh [3520/] and A=l [3520i], in this value of P^, we get very ro-on ^

nearly, P,= P. In like manner, by the substitution of V= 2mh. \/n [3520/*] in

P/ [3520/], and neglecting terms of the order Z'^, we obtain

P'= 2m^hy^n.{A-\-B—C).P'_2h^n.{A+B—C).P'
nfi.{B—C)

~
[B—C) [3520n]

now A-\- B— C is nearly equal to A, and h nearly equal to unity ; hence we

obtain P; = ^^-^^^'
= 2 P '. \/(^z^ [3720A;]. These values of P, PJ correspond [3520o]

to the expression of s' [3520a, 3521].

*
(2274) To each of the quantities s, s', we must also add the term computed by r3523a-|

Mr. Poisson [3499J], and by the author in the fourteenth book [12320].

t (2275) If {A— C) . (B— C) be negative, the value of l' [3522] will be imaginary,

and the expressions of sin. (Z'^-|-P)) cos. (Z'j; -|-P)j which occur in s, s' [3520,3521], r3524al

will change into arcs of circle, or exponential quantities [3465a]. In this case s, s', will

increase indefinitely with the time, and the inclination 6=
^/(^8^-1^-3'^) [3487], will suffer [35246]

similar variations
;
but this is found by observation not to be the case ; therefore it must [3524c]

necessarily follow, that {A— C) .[B— C) is positive.

239
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correspond

[3526]
to the

variable

ecliptic.

[3527]

[3528]

[3526a]

[3526a']

[35266]

[3526c]

[3526(1]

[3526e]

[3526/]

[3526g-]

[3526/i]

[3526i]

[3526^]

[3526Z]

must be more flattened in the direction of the axis of rotation, than in any
other direction.

To refer the quantities s and s' to the variable ecliptic, we shall put

6^ for the inclination of the lunar equator to the variable
ecliptic, and (? for

the angular distance of the first principal axis from the descending node of
the lunar equator upon the same ecliptic; then it is evident that we shall have,*

6^
. sin.

9^
— 2 . c . sin. (mt—gt— /3)

^6 . sin. 9 ;

^^.cos.9^— 2 . c . COS. (mt— gt— /3)
= 6. COS. tp;

*
(2276) We shall suppose, in

the annexed figure 69, that FCqm
is the arc of the celestial sphere,

corresponding to the fixed ecliptic,

F'CqM'M" the variable ecliptic,

5 Q Jkf the lunar equator; q oy (^ ^
the ascending node of the lunar

""^

equator, corresponding respectively

to the fixed or to the variable ecliptic ;
M is the place in the celestial sphere, corresponding

to the line drawn from the centre of the moon towards the earth, in the direction of the

first principal axis [3447«]. From M let fall perpendicularly upon Cm, CM", the

arcs M m, MM" ; then, as the angle of inclination of the equator and ecliptic is small,

we shall have very nearly MM" = MM', M'm=^Mm—M M". Now we have

the angle Mqm= 6, the angle M Q^M'= 6^ [3433A] ;
and as 9 [3447^/] represents

the angular distance of the moon's first principal axis from the descending node of the lunar

equator upon the fixed ecliptic, we shall have its distance from the ascending node equal

to (p
— 180'^ = avcM q ;

in like manner 9,
— 1 80"^ = arc Jkf Q [3526J. In the

spherical triangle MM" Q, we have very nearly,

MM"=MqM". sin. Mq= d,. sin. (9,
—

180'^)
=—

6^
sin. 9, ;

and in the triangle M q m,

Mm = M q m . sin. M q =6 . sin. (9
—

180'^)
=— d.sin.<p j

substituting these in the value of M' m [3526c], we get

M'm=Mm—MM" == — 6. sin.(?-{-&^.sm. cp^,
or 6^.sm.(p^—M'm= 6 .sin. (p.

Now we have shown, in [3503^], that the latitude of the point M', fig. 61, page 846, of

the variable ecliptic, referred to the true ecliptic, and corresponding to the place M of the

moon, as seen from the earth, is — 2 . c . sin. (mt
—

gt
—

(b) ;
and by changing the sign,

we get the latitude M' m= ^ . c. sin. (mt
—gt— ^), of the point M' of the variable

ecliptic,
in the annexed fig. 69, corresponding to the place M [3526a], of the earth, seen
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therefore, by putting *,
^

^,
• sin.

!p^,
s' =

d^
. cos.

(p^,
we shall obtain/

3m.{A—C).c'.sin.{mt-{^t-\-^')
s,=P.sm.{lt-{-I)+F.sm.{Tt-{-r)

s!=P.cos.{lt+I)+2F.x/^'<^os.il't+I')

3m.(A—C)+2A.g'
'

Sm.{A—C).c'.co3.{mt-\-g't-{-^')

3m.{A—C)-\-2A.g'

Hence tve see, that the motion of the lunar equator upon the plane of the

apparent or variable ecliptic, is independent of the motion of this plane, so that

the mean inclination of the lunar equator to this ecliptic, is always the same,

notwithstanding the motion of the plane,f because the attraction of the earth

upon the spheroidal figure of the moon tends always to reduce the equator

of this spheroid to the same degree of inclination.

from the moon, in the direction of the first principal axis. Substituting this in [3526i], we

get [3527]. In like manner, we may proceed with the second principal axis ; or we may
obtain [3528] from [3527], by supposing the angles (p, (p,, mt, to be increased by 90*^;

since it is evident from [34476], that the moon's second principal axis is nearly 90'* more

advanced than the earth, in its apparent orbit about the moon.

*
(2277) Substituting s, s' [3487] and

s^, sj [3529], in [3527, 3528], we get

5^
= 5-1-2 .c.sin. {mt— gt — p) ; s^'

= 5' -f- 2 . c.cos. {mt—g t— ^).

If we substitute, in the first of these equations, the terms of s [3517, 3520], we shall obtain

[3530] ;
also in the second equation, if we substitute the terms of s [3518, 3521], we shall

get [3531]. To each of the quantities s, sf [3530, 3531], we must add the term

mentioned in [3523a]. It deserves particular notice, that in making these substitutions, the

terms depending on 2. c.sin. (mi— gt— p), 2 . c . cos. (tm <— gt— ^), or, in other

words, the terms depending on the secular equations in the values of
s^, s/ [3530rt], are

destroyed by the similar terms of s, s' [3517, 3518], produced by the attraction upon the

lunar spheroid, and having a contraiy sign, so that s, s/ [3530, 3531], are independent of

the terms depending on the secular motion of the ecliptic.

gf

f (2278) Dividing the first of the equations [3529] by the second, we get tang.(p^=- ;

substituting s^, s/ [3530, 3531], we get [3534]. The sum of the squares of the equations

[3529], gives d^=y^ {sj^ -{-sl^). Neither of these values of s,, sf, contains the terms

2 . c . sin. {m t—g t— p), 2 . c . cos. {mt—g t— p), depending on the secular motions

of the ecliptic ; hence it is evident, that the inclination
6^ of the equator to the variable

ecliptic and the motion
(p^, of the moon*s first principal axis, counted from the intersection

of the equator with the variable ecliptic, are independent of its secular motion, as is observed

in [3532].

[3529]

Values of

[3530]
referred

tu the

[3531]
variable

ecliptic.

[3532]
The in-

clination
of the

moon's

equalor
to the

variable

ecliptic,
is nut

[3533]
affected

by the

secular
motioa
of the

plane
of the

ecliptic.

[3526ni]

[3526n]

[3530a]

[35306]

The
values of

«,»»/.
are inde-

pendent
ot the

[3530c]
secular
motion
of I he

ecliptic.

[3533o]

[3533i]

[3533c]
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The values of s and s' give

S;T C 3 m.{J-C).c'.sm. {mt-j-g't-^^')
^

J'' )-{3m.{A-C)+2Ag'}.{P.s\n.{ltJrI) + P'-sh.{l't + r)] (

[3534] tang, ffi =4^ 4-

{Sm.{A— C).c'.cos.{mt-\-g't^^') >*

^_|3m.(.^-q+2^^'^{P.cos.(^^^-i)4-2P^t/£5g.cos.(Z7+^)}^

[3534'] ff we suppose, in the first place, that P and P' are nothing, we shall have,*

[3535] tang. 9^
= tang. (mt-{-g't-{- |3') ;

from which we get the two following values of
(p^,

[3536] 9^= nit+g't + ^';

[3537]
^^
= ^J^mt+g't + (5';

If being the semi-circumference, or two right angles. To determine

which of these two values really obtains in nature, we shall observe, that

[3538]
—

g' t— |3' [3505'] is the longitude of the ascending node of the lunar

orbit upon the apparent ecliptic ;
and we know bj observation [3433], that

this longitude is the same as that of the descending node of the lunar

equator upon the same ecliptic. Now the rotatory motion of the moon

being equal to its mean motion of revolution [3460'], and its first principal

axis being directed nearly towards the earth [3468], we have, cp^,
increased

by the longitude of the descending node of the lunar equator, equal

[3539] to mt; hence we get,t

[3540] cp^=mt-}-g't-i-^'.

*
(2279) If, in the first approximation, we neglect the terms multiplied by P, P'

[3534], also those mentioned in [35306], and then divide the numerator and denominator

[3535a] by Sm .{A— C).c' . cos. {mt-{- g' t-\- ^'),
we shall get [3535] ;

from which we may

easily obtain [3536, 3537].

f (2280) The mean longitude of the earth, seen from the moon, is mt [3505]}

[35356] and —
g't
—

ip' is the longitude of the ascending node of the lunar orbit, upon the

apparent ecliptic [3505']; subtracting this from the preceding, we get mt -\-g' t -{- ^',

for the distance of the earth, seen from the moon, and counted from the ascending node

[3535c]
qJ-

fjiQ lunar orbit, or from the descending node of the lunar equator [3433]. Now this

represents very nearly the mean distance of the moon's first principal
axis from the same

[3535J] descending node [3468], which is equal to 9, [3526] ;
hence we get [3540].
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Therefore the first of the two preceding values [3336], is the only one Approxi-

which can be used
;
hence the equation s^

==
^^. sin.?^ [3529], gives*

^''"'°'

from which we deduce, Approxi-

A 3 W . (c -|- &) value of

C—A.

Mayer found, by his observations, ^^
= 165' = 1"^ 29'" [3434]; we also [3543]

have [3371],

c = tang. 5^,71 88 = tang. 5' 8« 49*
; ^ = m . 0,004019 ; f [3544]

therefore

^~ = 0,000599. [3545]

The preceding results hold good only when the arbitrary quantities P and P'

vanish. We shall now examine the case in which these constant quantities^ [3546]

without being actually nothing, are extremely small. AVe have, from [30] Int.,

tang. (,
- m ^ -^' ^- ^')

=
tang.,.-tang.(m^H-g-^

+ ,-)

Substituting, in the second member of this equation, the complete value of
9^, J

*
(2281) Substituting [3540], in

5^ [3529], we get s,
= &^.sm.{mt -\- g' t-\- ^) ; [3541a]

putting this equal to the expression [3530], and then supposing P= 0, P'= [3534'],

we find, that the whole will become divisible by s\n. {mt-\-g t-^ ^'),
and we shall

(~< ji
t J

obtain [3541] ; from which we easily deduce the first approximate value of —
j—

[3542, 3545]. This value of
^, [3541] is affected by the small periodical equations [3541c]

depending on the terms [3523a].

f (2282) This is nearly the same as in [3372c]. Substituting these values of c', g',

and putting &^
==

tang. 1*^ 29™ [3543], the expression [3542] becomes

C—A 2X 0,004019 X tang. I'i29'» ^^^ tokak-^= —^^^—^ == 000599. [3545«]A 3tang.5'i8'M9^+3taDff.l'i29'»
' '

as in [3545].
b -r s

X (2283) Dividing the numerator and denominator of [3534], by 'im.{A—C)-{-2Ag', or

hs equal 2.^^— 3m. (C—^) j substituting Q [3548], and putting P=2-v/(f^).
we get

\.^^^^^'\

_ Q.sin.(mf+g'f+ 30-P.sin.(^f+i)- P'.sm.{l't-\-l')
^3548^-,^' ^'

q.cos.[mt-\-g't-{-^')
—

P.cos.{lt-\-l)—pP'.cos.[l't-\-l'y

which is to be substituted in [3547].

240
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and putting, for brevity,

[3548] Q ^ —Sm.{C—A).c' ^

we shall have,*

Important
equation.

[3549] tang.(cp,
—mi—g't—^')= .

P.sin.{mt-{-g't-]-^'
— lt— I) >.

q— P.cos.{mt-{-g't + ^'
— lt— I)

-P''l\/^-i]:-oos.{mt+g't-^^'+l't+r)

*
(2284) In making the substitution of tang. 9^ [35485], it will be convenient to put,

for a moment, the following abridged expressions of the numerator JV, and denominator D ;

.[3549a] M=mt^g't+^'', L=lt-\-I', L'^l't+F;
[35496] JV=Q.sin.j¥— P.sin.L— P'.sin.L'; i)= Q. cos.JH— P. cos. L—pP'. cos. L';

[3549c] by which means we shall have tang. (p^=— . Substituting this in [3547], then multiplying

the numerator and denominator by D . cos. M, we get

[3549rf]

^ tang,M JV". COS.M—D.sm.M
tan^. (cp.

— mi— sf t— b') = jr ~=
° ^^' ^ ^^

1 + 1-
. tang. JV/ J^.sin.M-\-D.cos.M

in which we may compute, successively, the terms depending on Q, P, P', in the values

[3549e]
of JV, D [35495]. First. Putting JV= Q . sin.JH, D=(^.cqs.M, the numerator

vanishes, and the denominator becomes Q . (sin.^ Jli-j- cos.^ Jf)= Q, as in [3549].

(Secon<?. Putting N= — P. sin.L, D =— P. cos. L [35495], we get, in the numerator,

the term P.(— sin. Z< . cos. J)f-|-cos. jL . sin. ^^)= P. sin. (JW
— L) -,

and in the

denominator, the term -^ P. (sin.
L . sin. M+ cos. L . cos. M) = — P . cos. [M— L)

as in [3549]. Third. Putting JV=— P'. sin. L', 7)=— ;7P'. cos. i.' [35495], and

reducing, by means of [17
—

20] Int., we get, in the numerator, the term

[3549/t] P\\-~mn.L\coBM-\-p.cos.L'.sin.M\=P\{{hp+ h)'Sin.[M—L')-\'{lp
—

h)-sin.{M-{-L')\-,

and in the denominator, the term

— P'.
j

sin. i'. sin. j»f
-j-p . COS. i'. COS.^

]
=— P'.

{ (^p+ i) . COS. (JV/
—

i')+ (^;>
-

2-) . COS. (.M -|- 2/') I .

as in [3549]. We may remark, that in the last expression of [3549<?], we may deduce

[3549i] the terms of the numerator depending on P, P', from those of the denominator, by

writing M-{- 90*^, for M-, and the same process may be used in abridging the calculation

of [3549].
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ff the denominator of this expression be always of the same sign as Q, and

never vanish, the angle 9^
— mt— g' t—

|3', ivill always he less than a

right angle, taken -positively
or negatively ; for it is evident, since the tangent

^^^

of a right angle is infinite, that the denominator will vanish, if the angle

(p^

— mt— g't
—

^' become a right angle. On the contrary, we see, that
[355(rj

if the sign of the denominator changes in passing through zero, the tangent

of the proposed angle will become infinite, and the angle equal to a right

angle. Now it is found by observation, that this never takes place ;* hence it [3551]

folloivs, that the preceding denominator is always of the same sign as Q ;

/a ~
7^

therefore Q is greater than P -\-2.P'.\X
-=^ ^.f Moreover, the angle [3552]

(p,
— mt— g't

—
|3' being found by observation [3551a], to be always [3553]

very small, it follows, that the quantities P and P' are very small, in [3554]

comparison with Q ;
and since the laclmation of the lunar equator to the

„o"'„?J'^®

apparent ecliptic is equal to J ^Jsqr^^ it follows, that this inclination must ITt^ut
have a

be very nearly constant, and equal to Q. Thus we see, that the phenomenon [3555]
mutual
dependence
upon each
other.

*
(22S5) We have seen, in [35356, d], that 9^ is very nearly equal to mt -\-^i-\-^ ;

therefore their difference
9^
— mt—^ t—

(s', or its tangent, must always be very small. ' "'

f (2286) The greatest possible values of the terms of the denominator of [3549],

depending on P, P', are evidently found by putting the cosines of the angles, by which

they are multiplied, equal to unity, and then they become,

-^-^'•lv/Cl5f)+il-^'-lv/(fE-^)-*H-^-^''V(f^^);
so that if this quantity be less than Q, the denominator will always have the same sign as Q.

This result will not be affected by taking into consideration the additional terms of s, s'

[3523a]. It will merely introduce an additional term in the numerator and denominator

of [3534, 35486], also terms in the numerator and denominator of [3549] ; but this will

merely require a small increase in the limit of Q [3552], which must exceed the sum of all

the other coefficients of the denominator of [3549], taken with the same sign.

[3552a]

[35526]

f (2287) The inclination of the lunar orbit to the apparent ecliptic, is
&,
= \/(s^ -f" s/^) [3554c]

[3526, 35336]. Now if we substitute in [3530, 3531], the abridged symbols [3548,

3548a, 3549a], we shall get

s,
= P. sin. L+ P'. sin. L'—Q. sin ./li; sj

= P. cos. L-^-p P'. cos.L'^ q.cos.M. [35545]

If we neglect P, P', on account of their smallness in comparison with Q, we shall have

s^
=—q. sin. M, sl

= —q. COS.M
; hence

6,
=

\/{s,^+ s,'^)
= Q [3554a], so that [3554c]

6^
is nearly equal to the constant quantity Q.
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of the coincidence of the nodes of the lunar equator and orbit, and the

constancy of the inclination of these two planes to each other, have a mutual

relatio7i to each other, depending on the theory ofgravity; and the observations,

which show that they take place simultaneously, confirm this theory in an

admirable manner.

We have observed in [3048], relatively to the earth, that the arbitrary

constant terms, depending on the initial state of its rotatory motion, are

nothing, or at least that they are insensible, by the most accurate observations.

[3557] We see, also, from what precedes, and from ^15, that \\\& same obtains in

We dig- the moon,^ and it is natural to suppose, that it extends to all the heavenly
cover by

tolV""' bodies ; for it is evident, that if the attractions of foreign bodies be excluded,

effec/of^ the friction and resistance of the particles of the body, upon each other,

^^"^l";'
must finally reduce it to a permanent form of equilibrium, which cannot

[3557'] subsist, except with a uniform rotatory motion about an invariable axis

[3558] [281'"]. Therefore we shall perceive, by observation, nothing more than

the effect arising from foreign attractions.

Limhs of
I g^ j;^g shall now examine into the results of the preceding investigation,

•rl^ jDj O.

[3559] ivhen applied to the figure of the moon. Now A and B are less than

B A
C [3525] ; moreover, B exceeds A [3467], and —-— is comprised

between the limits of and 0,0013876 [3483] ; lastly, we have found,

[3560] that is very nearly equal to 0,000599 [3545] These are the results
•fJL

of observation, relative to the momenta of inertia A, B, C. We shall now

compare them ivith the results of the theory of the figure of the lunar spheroid.

Substituting for J, B, C, their values [2948—2950], we obtain f

[3557a]

*
(22SS) This appears in [3554], where it is shown that the terms F, P', depending

on the initial state of the moon, are very small or insensible, in comparison with Q, in the

values of s, s, s^, sj [3520, &c., 3530, &c.].

f (2289) Subtracting A [2948] from B, C [2949, 2950], and using

cos.^'sJ— sin.^'rtf= cos. 2^ [32] Int.,

we get

[3561a] B— A==a.Sl.p.d.{a^ F^^)) . d i^^ . d ^ . {I
—

(jP)
. cos. 2 w ;

C—A= a.S'^.p.d.{a'Y^^^).dix..dzi.{{l—iJ-^).cos.^^
—

lJ^^].

Dividing these by -^^'rt . S] . p. d . a^
,
which represents very nearly the value of c^ or C

[2948, 2950], we get [3561, 3562].
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General

C— A _ 15 a. Si. p. d. {a\ r^>) .diM.dzi.{{l
—

fx2)
. cos.^ttf— M.2)f ^5Q2]

to be com-
posed of

[3563]
striita

varying in

form and

The attraction of the earth upon the moon, has an influence on the moon's

figure, and lengthens the axis directed towards the earth [3467a]. If ive

suppose the moon to be covered by a fluid in equilibrium, and the earth to be
J!«£"7

situated in the plane of the lunar equator; then take the meridian which ?o"he^
surface.

passes through the first and third principal axes of the moon, for the first [3564]

meridian, or origin of the angle «, and put for unity, the first semi-axis ; [3564']

we shall find, as in [1705],* suppVsu*- -
tion that
the moon

'
a'^.Sl.?.d.{a\ Y^^O = !«'='. Y^'^ .Sl.p.d,a^

'" '=°^'^'^''

i

SL
[3565]

by a fluid

in equili-

g is the centrifugal force of a point of the lunar equator ; this force, at the g.

distance
r^

from the centre of the moon, is equal to gr^ [1616^] ;
and [sses^

*
(2290) Putting i= 2 in [1705], then taking the integrals to correspond to the

moon's surface, where a=l [1702", 3564'], the first integral will vanish ;
and we shall

get, by substituting a= I in all the terms, without the sign of integration,

=— f*. r(2).Si.p.^.a3 + |'r.Sfi.6?.(a5. r^)) + Z(2). [35656]

To obtain a Z® from [1632], we must change S, s, into L, r^, respectively, to

conform to the present notation; and we shall get aZ'^^=—-.P^^— 2 5"*(M'^
—

i) 5 [3565c]

substituting this in [35656], multiplied by a, we obtain

^a':t.Sl.p.d.{a'.Y(-^)= ^a',^.Y^^\Sl.p.d.a^i-ig.{l,^— h)
—

-^.P(^K [S565d]

Putting i=2, in [1628], and using 5 [1629], we get

P(2)= 3
, ^^2
_

j| ^ 3
. ^[cos. V . COS. & + sin. v . sin. ^ . cos. (^

—
•^)]^— J}. [3565c]

Now the line s, or r^, of the present notation, drawn from the moon to the earth [3435], rqtr/jc^-,

being situated very nearly in the plane of the lunar equator, we shall have nearly v= 90*^

[1620""] ; moreover, as the earth is situated very nearly in the direction of the moon's first

principal axis, from which 4' is counted [3564], we may also put \>
= Q m the preceding

expression, and we shall obtain

p(2)=3.^sin.2^.cos.2a— ^} = f .{(1
—

fx2).cos.2z3
—

^} [1616'=^']. [3565g]

Substituting this in [3565<i], we get [3565].
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since the rotatory motion of the moon is equal to its mean motion of

[3566]
L

revolution, we shall have very nearly,* gr^ = —. We shall put x' for

[3566'] tJie ratio of the mass L of the earth to that of the moon, and we shall obtain,!

[3567] m L = i'^.->^'.Sl.p.d.a\
Mass of
the earth .

*
[2291] The attractive force of the earth upon the moon, at the distance r, is

—
.

,

[3566a] and this is equal to the centrifugal force the moon will have, supposing it to revolve about

the earth in the same time, in a circular orbit, whose radius is r^ j neglecting the mass of the

moon, in comparison with that of the earth. Now the times of rotation and revolution

being nearly equal, this must be nearly equal to the centrifugal force gr^, corresponding to

[35666] the rotatory motion ;
and from this we get —= g, as in [356G]. Substituting this, and

P^^^ [35650-], in [3565c], we get the following value of aZ^^\ which is used hereafter,

observing that the second form of this expression is easily deduced from the first, by the

substitution of cos.^ * == i+ 2-
cos. 2 w,

aZ^2)=— ^^.(,.2_i)_|_3^.|(l_(,2).eos.2^— il
[3566c] = f5--K^-M-')+l-(l-M'')-cos.2«|.

-{• (2292) The mass of the moon, supposing it to be composed of concentrical strata

[3567a] of variable densities, is represented by ^'^ .S^.p.d.a^ [1811']; multiplying this by X'

[3566'], we get L, the mass of the earth [3567] ;
hence the value of g [35666], becomes

[35676] g= -^Y ' S^.? .d .a^. Substituting these values of L, g, in [3565], we get

[3567c] f«^.S^p.rf.(a^r(2))=U„^.y(2)4_2^^'.(f,2_j)_.^'.[(l_^).cos.2^-i](.^^p.d.a3.

Dividing this by f *, and using Y (^)
[3567'], we obtain

a.5'5.p.<;.(a5.r(2))=f.faA.(^
—

M.2) + aA"".(l
— M.2^.cos.2*^,S^p.^.a3

^^^^'^^

--3.{f.a-f^^)+f.[(l-f^^).COS.«:.-i]}..Sl.p.C^.«3.
'/

Substituting, in the last line of this expression, cos.^ ts= | -f ^ • cos. 2 zs [6] Int., we

shall get for the factor of —.S^p .d.a^, the first of the following expressions [3567e],

which, by successive reductions, becomes as in [3567/] ; hence [3567c?] becomes

as in [3568] ;

[3567c] -|.a-f.2)-f.(l-~M-2}.(l4-cos.2^)+|= -M+ff.M'^-f.(l-f^').cos.2«

[3567/] =f.l-f.a-f^«)-|.(l~f^^).cos.2«}.
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This being premised, and observing that Y^^ [1763] is of the form

F^^ = h,(i
—

iJ.')+ h"", (1
—

fx^)
. COS. 2 «

; [35671

we shall have,

hence we shall find,*

[3568]

*
(2293) If we substitute [3568] in [3561,3562], the integrals relative to f*,*, will

become of the form of the first member of [1548e], and we may make use of this formula [3569a]

in finding these integrals. In this case, the terms depending on sin. n zi, vanish, so that we

may neglect ^<"\ ^'^"^ and as i= 2, we shall have Xo=fj,2_|^ X^_l__^2 [35696]

[1548A], n= f [1521], r,=| [1520]; hence
^-^^^A__,,, -_L__^. ^3,^^^

substituting these in [1548/, g, e], they become, respectively,

Y(2) = 5 (0)
. (^2
_ 1

) -[_ 5(2) .
(
1_ ^2) . COS. 2 w ; [3569d]

loteeral

Z(2)= 5'W.(m.2
— ^)+-B'®).(l_^2),cos.2ztf; [3569^1It) 1fi«r td formulas.

/_ y^* Y^\Z^^Kdi,..dzi= ^.Bm,B'(^^ +^ .5^2). J5'(2>. [3569e]

In applying this to the integral, in the second member of [3561], we may put 5'(°)= 0, rosgo/.-,

B'(2) = l, Z(2) = (l
—

H'2).cos.2irf [3569^']; then Y^^) will be represented by the

second member of [3561], divided by this value of Z^^, using [3568]. Hence we get

B»>— — — x^Aah——} S^ d «3 . [3569fi-]

In this case, the integral [3569e] is reduced, by means of [3569/], to the single term

—
.5(2), which, by the substitution of B^^^ [3569^'], is easily reduced to the form [3569]. [3569A]

In finding the integral [3562], we must substitute cos.^-cf= J+ 2 • cos. 2 -a [6] Int., in

the last factor of the expression, after putting it equal to Z^\ and we shall get

Z®>=(l — fx2).C0S.2«— ,.2^1.(1— M.2)+ 1.(1— M,2^.C0S.2«
—

fiL2
^2569i]

= — f •
(t^'
-

i) + I • (1
-

M-')
• COS. 2 ^.

Comparing this with [3569d'], we get 5'®>=— |, 5'^>=J. Hence the integral

[3569e] , becomes equal to —^ . B''^+^ . 5^2)^ ?^
.

^
_ 5 (O)

_|_ 5 (S)
|

. a^d as
^g^gg^j

the values of 5(**>, B'-^^, are the same as in the former case [3569^, g'], we shall get, by

substitution, and a slight reduction, the same expression as in [3570].
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Values

pondini C ^
I 4r,= 5 Si.p.rf.O^'

to the sup-

that the Jl i rf ) b^.p.d.a^
moon is

i.yafluid fn case the moon is homogeneous, the equation [3568] gives,*

t.3571]

,Y^^^=i.{ah-'—ya-^^)
+

i.{ah''''^'—^
Calcula-

ioJinrthe comparing this with the following value, deduced from [3567'],
moon to

[3572] ^Y^'''>=ah.(i
—

f^^) 4- « h"". (1
— f) . COS. 2 ^

;

be homo-
^^.^ ^^^^J^^geneous.

^35^3] -h = ?^; « /r = —3- = f « A.
8 r,3 8 r,3

^

[3573'] "VVe may here observe, that ah -{-a h"" expresses the excess of the first

of the
principal axis, directed towards the earth, above the polar semi-axis ;t and

principal that o-h— « hi'" dcnotcs the excess of the second principal semi-axis above the
leiiii-axes ,^ ,

of the . . , , ^ . . . ,.rv. 40 X'
moon.

[3575]

polar semi-axis. In the case of homogeneity, these differences are —
-^ and

1 X.'

v^,^^^ ,

_
; therefore the first isfour times the second. In the same case we have,t

supposing
the moon

[3576]
to be hc-

mogenecus.

First form.

B—A _ 15 x\ C—A 5\'

*
(2294) When p

= l, we have S^ .
p

. d . {a\Y^^^) = Y(^\ S^. p
. d . a^ = I

;

'

hence [3568] becomes as in [3571]. If we compare, respectively, the coefficients of

\
—

^^, (1
—

M-^)
. COS. 2 «, in [3571, 3572], we get

[3572.]
„^=..(„A-^); ar'=f.(ar'-f^);

which are easily reduced to the form [3573].

f (2295) The general expression of the moon's radius [1724,1720"], putting a—\,

and supposing a F^°' to be included in a, is

[3573a] 1 _|-
a Y(2) ^ 1 _j_ „ ^ . (i

_
f;^2) _j_ ^ ^'//'. (1

_
^2j . cos. 2 ts [3572].

The polar semi-axis corresponds to
fJ^
= 1

,
and is 1 — | « A. The equatorial semi-axis,

[35735] directed towards the earth, corresponds to fi
= 0, -5^= [3564'], and is 1 + ^a/i-}-a A"".

[3573c] Lastly, the other equatorial semi-axis, corresponding to m-
= 0, to=90'^, is 1 +i«^ —"^ •

The differences of these semi-axes are as in [3573', 3574] ;
and if we substitute the values

[3573], they become as in [3575].

X (2296) The density being constant, or p
= 1

, we have f ^9-^-
^—^

'> 7 q P
• ^ • «^= '

»

^^^^^"^
substituting these, and [3573], in [3569, 3570], we get [3576].
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- is the apparent semi-diameter of the moon
;

its actual length being taken
**/

for unity [3564'] ;
and since by observations, this semi-diameter is equal

to 2912" [= 15"' 43%5], we may suppose
- = sin. 2912"; hence we get* [3577]
^/

^=^ = 0,000000361 8.x';
^=^ = 0,0000004824 . x'

;
Jc^P^

G t/^ form.

the conditions [3559] that A and B are less than C, also B greater

than A, are therefore satisfied. We have seen, in the fourth book, that

the phenomena of the tides give nearljf x' == 59, and then the condition [3579]

that ^=^ is less than 0,0013876 [3560], is fulfilled
;
but the condition .w""""

neous, nor

fy JJ
of the

that -^=^r^ is nearly equal to 0,000599 [3560], is very far from being ^nf"
^ were fluid.

so; and even by supposing x'=1000, it will not be satisfied. Hence it

follows, that the moon is not homogeneous, and that it is of a different figure [3580]

from what it would assume if the mass ivcre wholly fi,uid. [ion^iSp-
posing the

niooa to be

If the moon he formed of strata of different densities, originally fi^uid, and [3580]

retaining the figures of equilibrium which they must then have assumed, it c»nTentr°-

will follow, from § 30, Book III, that the radius of the lunar spheroid will
jeniiuesr

be, as in the case of homogeneity, of the form,! ^"dhig

original

1 + a A . (^
—

fi^) + f « A . (1
—

f;,2-)
. COS. 2 IS

; [3581]
state of

equili-
brium.

*
(2297) The value - = sin. 2920", is used in computing [3578] from [3576] ; so

that the numbers [3578] ought to be decreased a little, to conform to the value sin. 2912", [3578a]

assumed in [3577] ; but this difference is not of much importance.

f (2298) The calculation of X' is made in [4321], from the expression [2706], derived [3579o]

from the observations of the tides.

I (2299) If we substitute the value of Z® [17241 in [1725], and put, for brevity,

the coefficient of V^^ equal to — a^ H~^, H being a function of a, we shall get

—
i'KaKslp.dh-^^'xan.SQP.d.(^—^',r.Slp.d.{a'h)=:a^H-^; U(^^=HZ^^^', [3581a]

therefore r^»= A fZZ<2) [1716]. Hence the expression of the radius [1724] becomes,

by including aaY^®) in the value of a, and neglecting a^, a-{-aahHZ'^\ This result [35816]

242
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Excess and then, as in the case of homogeneity, the excess of the principal semi-axis,

equatorial dircctcd towttrds the earth, above the semi-polar axis, is four times as o-reat as

[3582] that of the excess of the second principal semi-axis, above the polar semi-axis

[3575]. The equation [3568] gives,*

[3583] a ^— 3 «"So P-^-(«'^) _ 5 X'

We have seen, in [1717", &c.], that the values of h increase from the

centre to the surface, while the densities [1709""] diminish, so that we may

suppose at the surface,!

[3584] Slp.d.(a'h) = (l—q).h.Slp.d.a'',

[3584]
^ being positive ; hence we shall obtain,J

of the calculation [1709'"
—

1731] for the earth, will correspond to the moon, by substituting

the value of aZ'-^\ relative to the moon [3566c], by which means the radius becomes

[3581c] a + |aa^AiJ.f(i— M'^)+f.(l— f;-2).cos.2ra} ;

and by changing the arbitrary symbol, ^ agh H, into a h, it becomes

[3581rf] a .
{
1 + a A . (^

—
fjo2) -f f a A . (1

—
M-^)

. cos. 2
to} ;

being of the same form as in [3581], when a= 1.

*
(2300) If we substitute, in the first member of [3568], the value

[3583a] aY'-^^=^ah.\{i-i.^)-Jr^.{l-lsP). €05.2-^1 [3581];

[358361
^"^ '"^ ^^^ second member h""= ^h [3581fZ, 3572], the whole will become divisible by

the factor (^
— M'^)+|'(l

—
M-^)

. cos. 2 to, which is not affected with the sign of

integration S, because this sign refers to a, and the quantities depending upon it. The

[3583c] quotient of the divisor is a . S] p
. d . {a^h)

= | .

j
a h——

-^
> . S^^ p

. J . a^. Dividing

this by ^.Slp.d.a^, we get [3583].

f (2301) The value of h in the second member of [3584] corresponds to the surface,

and for distinction, we may denote it by hi, as in [1721c?]. Then we shall have

[3584a] h<^hi', a^h<^\.a^ ', d.{a^h) <^hi. d . a^, and S^ p
. {a^ h)<^hi.Sl p

.d .a^,

which is satisfied by the equation [3584], supposing q to be a positive quantity.

J (2302) Substituting [3584] in [3583], we get aA^— f. ^^"^^gi^p'f"J'"^'"' =^-
[3585a] Dividing this by the coefficient of ah^, we get the value of ah^ [3585], corresponding

to the surface.
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X'
5.
4 • „3

ah =

Now we have h""=fh [35836]; therefore we shall find,*

Values,
X corres-

to the

S',p.d.a'-i.(l-g).Slf.d.a'
'

.".p-;

C-A ^^.(i-g).Slf.d.a'

tion that
the strata

are of the
game form

[3587]
as if the

•^ Si P. d . a^ 4 • (1 q) . Si. p . d . a^
'

moon were

the origin.

*
(2303) The investigation of these equations will serve as another example of the use

of the formula [3569e]. Substituting the value of a Y^'^ [3583a], in Sl.p.d.{a^ T®),
we may bring the terms depending on |x, -a, from under the sign S, and it will become as

in [35866] ; then, by using successively the values of ^^®, B"'^^ [3586a], it changes

into the value of Z^^) [3569rf', 35866'] ;

l?'(o)=_a . Slp.d.ia'h); B"^'''>=%.a. S^ p . d . {a^ h) ; [3586a]

a. Si p. d. {a' r(2))
= a . Ki" H''') + f • (1 —f^^) • cos. 2 -a] . S^ p .d .

(a'^ h) [35866]

= J5'M .
(m,2
—

^) -f- J5'^2) . (I
_

^2) . COS. 2zi= Z(2). [35866^

Substituting, in [3569e], these values of 5'^°\ B'^^\ Z^\] we get the following expression,

f\^fl'"Y^^lZ^^\di»..dzi==^^-^.B^'\a.Slp.d.{a^h)+ ^-^.B(^Ka.Slp.d.{a'h);
[3586c]

which may be used in finding the integrals of [3561, 3562], relatively to fx, zs. If we

15

put, for brevity, F= ——-—
-, and use the expression [35S6&'], the equations [3586cri

[3561,3562] will become,

^=
F.f\^fl''\{l-i.^).cos.2zi].Z^^\di..d^;

[3586e]

^^= i^./^j /^"^ 1(1
—

M-'')
• cos.^Ttf—

M-^}. Z^\dii.dzi. [3586/]

Comparing the second member of [3586e] with the first of [3586c], we get

r(2)=F.(l— fx2).cos.2^;

hence we have, from the equation [35690, 5^°^= 0, B^^^=F; and the integral [3586e,c], [35865-]

becomes as in the first expression [35S6A] ;
which is easily reduced to the third form

[3586A], by the substitution of F [3586d], and the integral [3584] ;
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[3588] It is evident, that the case of homogeneity is that in which the value of
—-—

is the greatest, since the densities decrease from the centre to the surface,

[3589] and Si p . d . a^ is greater than Si p. d . a^.* Now we have just

has^nouhe sccu [3580], that the moon, being homogeneous, the value of
which cnr-

toXe"'^* is considerably less than by observation ; therefore the moon has not
original

[3590] the figure of ei

stale of • • 11 J] ' 1

equiii-, originally Jiuid.

[3590] the figure of equilibrium, which it would have assumed, if it had been

[3586i]

[3586?]

Now, substituting the value of ah^ [3585] ;
also multiplying the numerator and denominator

by Slp.d.a^, we get [3586]. In like manner, we may Snd the integral of [3586/] ;

for by substituting cos.^ w= | -f- ^ . cos. 2 xrf,
in the factor F.\{1 — m-^) . cos.^w— [>?],

it becomes —^F.{ii?—:^)-^^F.{\— \i^^).cos.2-us', comparing this with Y^^) [-3569^-jj

[3586/t.] we get B^^^=— |F, 5®= ^ F; hence the integral [35S6c,/] becomes as in the first

expression [3586Z], which is reduced, successively, by the substitution of F [S586d] and

of the integral [3584] ;

^^l^.F.a.Slp.d.{a^h) + ^^.F.a.Slp.d.{an)

=—
.F.«.S;p.<?.(an)=-j|^^=|. (!-?).»*,.

Substituting the value of ah^ [3585], also multiplying the numerator and denominator

by Sl.p.d. a^, we get [3587].

*
(2304) If the moon be homogeneous, and the density p= Ij the integral

[3589a] SI p . d . {a^ h) will become Aj, and S^p.d.a^ will be equal to unity. Substituting

these in [3584], we get A^
=

(1
—

g) • h^i or 1 = 1 — q ;
hence we have for the case

of homogeneity q= 0. If the densities increase towards the centre, we shall have, by

substituting S^ p
. a"^ da = ^. S^ p . d . a^

; Si p. a^da = ^ . Sid . a^ in [34126];

1'
° ' '

3 <| ;
so that we may put Si p

. d . a^= {I
—

q')
. Si p .d . a^, g' being

a positive quantity. Substituting this in [3587], then dividing the numerator and denominator

by (1
—

q) . Si p.d .a^, developing also the fraction, whose denominator is 1 — q, in

an infinite series, according to the powers of q, we get

C—A 2X' 1 1

[35895]

[3589c]
1— q

"^
'
^ ^ ^

All the terms of the denominator of this last expression are positive, therefore the greatest

[3589(fl , ^ C—A
, . ,

value of —-z
— must correspond with q=0, or the case of homogeneity.
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fVe may imagine an infinite number of hypotheses, in which the momenta

of inertia A, B, C, satisfy the preceding conditions. There is no doubt [3591]

that the high mountains, and the other inequalities, ivhich we perceive on the

moon^s surface, have a great influence in the differences of these momenta

of inertia, because the oblateness of the lunar spheroid is very minute, and [3591']

the whole mass is but of small magnitude.

19. It now remains to consider the influence of the sun^s action upon the

motions of the lunar equator ; but without entering upon a minute discussion

of this action, it is easy to prove that it is insensible. For as S denotes the [3592]

mass of the sun, and r" its mean distance from the moon, or from the earth, The sun's

influence

this action is of the order —
[2192] ; therefore this force is to that of moon's

figure is

insensible.

S L
the earth upon the moon, as — to —

. Now the theory of central [3592']

forces gives this ratio equal to that of the square of the time of the sideral

revolution of the moon, to the square of the time of the sideral revolution

of the earth,* which is nearly equal to -y^y' Hence we see that the sun's

action on the lunar spheroid, may be neglected, in comparison with the action [3593]

of the earth upon the same body.

*
(2305) If in [709], we change M, m', a, h, into S, L, r", r^, respectively, and

neglect the mass of the moon p, in comparison with that of the earth m', it will become

L r^ T^ S L
x=

p7^
•
—

, from which we easily get
—

:
—

: : T^ : T^ T being the time of the [3592a]

sun*s sideral revolution, and T that of the moon's, as in [3592', &c.].

^AS
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CHAPTER III.

ON THE MOTIONS OP SATURN'S RINGS ABOUT THEIR CENTRES OF GRAVITY.

20. In treating of the figure of Saturn's rings [2070
—

2116], we have

[3593'] seen, that each ring is a solid body, whose centre of figure coincides nearly
The solid with the centre of Saturn ; but that the centre of gravity of the ring can be,

Mvowe and must be, at some distance from the centre of Saturn [2116""]. This

Saturn ccutrc of gravity revolves about the planet in the same time as the ring ; and

havff
''

it is evident, that the ring revolves about its centre of gravity in the same time
motion

[3594]

[3594"]

sfon.'""'^'"
^^ about Saturn [2116"'']. The action of the sun and the satellites upon
these rings, 7nust produce in their planes, a motion ofprecession similar to that

of the equator of the earth. This action being different for each of the rings,

it ivould seem that their motions must be different, and that finally the rings

[3594'] would cease to be in nearly the same plane ; ivhich appears to be contrary to

observation. For, although two centuries have not jet elapsed since the

discovery of the rings, yet if they were not compelled to move in the same

plane, we must suppose that they were discovered precisely at the epoch

when their planes coincided, which is very improbable. Therefore it is

probable, that there is a cause which retains them all in one fixed or moveable

plane. But what is this cause? To investigate it, is the object of the

following analysis.

21. We may here use the equations [2905
—

2907], and for this purpose,

[3594'"] we must ascertain the values of d N, dN', dN", relative to the action

of Saturn on the rinff, and the action of a distant body L. We shall j
r3594""l 9
F, r', fx.

first consider the action of Saturn, and shall put V for the sum of all Jl

the 'particles of this planet, divided by their respective distances from any
"

[3595]
particle d m of the ring ; r' for the radius drawn from this particle to the

[3596] centre of Saturn, and f* for the cosine of the angle, which this radius makes
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with the axis of rotation of this planet. We shall represent the radius of the

spheroid of Saturn by the following expression ;*

1 + a Y<2) + « Y<=') + « r(^) + &c. = radius of Saturn ;
[3597]

Eadius.

and shall put «
9', for the ratio of the centrifugal force to gravity, at its

\.^^^]

equator ; the mass of Saturn being taken for unity. Then we shall have, [3598']

as in [IBll, &c.],t*
Value of

/ T FT corres-

ponding
to Saturn.

This value of V will be reduced to nearly its two first terms, if / be First form.

somewhat large in comparison with the radius of the spheroid of Saturn, [3600]

taken for the unit of distance. Moreover, if this planet be a spheroid of

revolution,! as is natural to suppose, we shall have Y^^^ = 0, Y^"*^ = 0, &c.
; [3601]

which renders the reduction of V to its two first terms correct ; therefore

we may suppose,

[3602]
Second
furm.

*
(2306) This is of the same general form as in [3422], Y^% Y^^ being neglected,

as in [1498', 1498"] ; upon the supposition, that Y^") is included in the constant term of the [3597a]

radius [1480', 1704'']; and that the origin of the radius is at the centre of gravity of

the spheroid [1483"', 1745].

f (2307) The general expression of the mass M of Saturn, may be put, as in [1811'],

M= ^-jr . S^p .d . a^
; the densities of the strata of which it is composed being variable.

This is talcen for unity [3598']; hence M= ^-r .S^ p . d . a^= I ; substituting this [3599a]

in [1811], and neglecting Z^^\ Z^^\ he, as in [1720"], we get

V=--\--.\ Y(2) + l!?+I^ + &c.l— ^.Z(2>. [35996]

Now if we substitute the preceding value of JIf in a Z^^^ [1793], we shall get

aZ(2) ==_la9.(^2_^). [3599c]

hence V [35996] becomes as in [3599], the quantities 9, r, being accented, to conform

to the present notation [1726', 3595, &:c.].

{ (2308) The author here supposes the planet to be an ellipsoid of revolution, as in the

case mentioned in [1787'"
—

1792]; where the planet is composed of elliptical strata, of

different densities. For then we shall have Y(3)=0, Y^^) = 0, he. [1792], 'as in t3600a]

[3601], and the function [3599] will be reduced to the form [3602].
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[3603]

[3604]

[3605]

[3606]
Third
form of

F.

Oblateiiess

of Saturn.

a-', y, 2'.

[3607]

General
values of

[3608]

[3609]

d^r',

[3610]

dJV",

The function Y^^^ is reduced, as we have seen in [2958], to the

following form,

Y(2) = A . (i
_

f,2>) _|_ f^..^ ^1
_

^2J , COS. 2v^.

If Saturn be a solid of revolution, h"" will vanish.* Moreover, in case

the quantity h"" is comparable with h, it is easy to prove, that its influence

on the motions of the ring is insensible
; because of the rapidity of the

earth's rotatory motion. Therefore we shall sujDpose /i""==0, consequently

[3606'] a A being evidently the oblatcness of Saturn [3604^].

Now x\ y', z\ being the co-ordinates of the particle dm, relative to the

centre of gravity of the ring, we have, as in [2968—2970],t .

dJV

dt

dJV'

dt

dJV"

dt

= S . d m .

= S . dm

= S . dm

Ax'.

dV
dy

dV
d z

dV

-y
dV
dx

dV
dx

dV
V

y

[3604a]

[36046]

[3604c]

[3604(?]

*
(2309) If Saturn be a solid of revolution, ttf will not occur in the radius of the

spheroid 1 +a Y^'-^ [3597,3603]; therefore we must have A""=:0; and this radius

will become 1 -j-
a A. (i

—
//-^). INIoreover, if Ji!"' be finite, its effect on the rings will be

very much decreased, in consequence of the rapid motion of Saturn about its axis, by which

means any protuberant part of the planet, corresponding to h"", is made to act in every

different direction upon the ring, during the revolutions of the planet about its axis; and its

effect in one situation, is nearly balanced by the contrary effect in another position ; so that,

on the whole, the effect must be nearly insensible, and we may put h""= 0. In this case,

the expression of tlie radius [3604rt] becomes 1 — f « A, at the pole, where jx
= 1

;

and at the equator, where M'=0> it becomes \-\-^a.hf the difference of these two

expressions is a h, representing the oblateness of Saturn, as in [3G06'].

f (2310) For the purpose of illustrating the notation here used, we shall refer to the

annexed figure 70. The plane of the figure represents the equator of Saturn, taken as

[3608a] the plane of a/, if [3614] ;
C is the centre of gravity of Saturn ;

CA is the axis of cr',

or X', "parallel to the direction of the line of intersection of the equator and the plane of the

ring [3637]; CD, perpendicular to C A, is the axis of i/, or F'; CJV, perpendicular

to the plane of the figure, is the axis of revolution of Saturn, or the axis of z'^ or Z'.[3608a']
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To determine F, ive shall neglect the thickness of the ring, and shall [3611]

consider it as a circular arc of unequal density, in the different parts of its

circumference, its centre being near to the centre of Saturn. Putting X,Y,z.

X, Y, Z, for the co-ordinates of the centre of gravity of the ring, referred
''^^^^^

to the centre of Saturn; X-j-x', Y-\-]j, Z-\-z', ivill be the co-ordinates ^. />2'.

of the particle d m, referred to the same centre. If we take the equator of
^

These axes are similarly situated to those in figure 58, page 803, supposing the parts A, B,

to coincide, as in [3006/]. The axes of X", Y", Z'\ [3G31], are parallel to the

three principal axes of the ring, corresponding to C G, C H, CJV*, respectively, in

figure 58 [2907c
—

e].

R" is the centre of figure

of the ring ; G" its centre

of gravity ;
P" the place

of the attracted particle

dm; JL" the place of

the attracting body L.

The dotted lines L' L",

R'R", G'G", P'P",
C JV, are perpendicular

to the plane of the figure, ^
or parallel to the axis

of revolution of Saturn,

taken as the axis of Z.

LL', RR', GG', PP',

notation, we have,

CR = x^,

CG=X,
CP= X-\-x',

CL= X+X',
CP"=r\

~ N

S^



974 MOTIONS OF SATURN'S RINGS. [Mec. Cel.

[3614] Saturn for the plane of x', i/, which we shall at first suppose to be

Distance invariable, we shall have,*
of ii point

'

of tiie ring

[3615] r' = ^\(X+ xy + (Y+ y7 + (Z+zyi ; (.
=

We shall put x^, y^, z^, for the co-ordinates of the centre of the circumference

[3616] ^f ^^^ ring, referred to the centre of Saturn; these co-ordinates being

supposed so small, that we maj neglect the squares and their products bj a;

we shall have,t

from
Saturn's
centre.

[3617] <+ a^^.{X-{-af)-{-y,,{Y+ y') + z,.{Z-\-z') ^

[3615a]

[36156]

[3617c]

[3617cf]

[3617e]

[3617/]

*
(2311) From the principles of the orthographic projection, we have

C P" =^s/{C P^-{- P P'^ -^ F' P"^,

and by using the symbols [360Se, g\ we get / [3615]. From [3596], we have,

P'P" Z-\-z'
COS. JVCP"= sin. P"CP'= —^ = [360Se,^].

f (2312) Subtracting the rectangular co-ordinates of the centre of the ring R" [3608c],

from the corresponding co-ordinates of the attracted point P" [3608e], C being the origin

of these co-ordinates ; we get the rectangular co-ordinates of the attracted point P",

[3617a] referred to the centre of the ring, as their origin, namely, X-^x'— x^, Y-\-y'
—

y^,

Z -j- z'— z^. The square root of the sum of the squares of these co-ordinates, gives, in

like manner as in [3615a], the distance between the points R" P", or the radius of the

ring r/ [3608^] ;
hence we get the first value of r/ [3617c]. Developing this expression

[36176] according to the powers of x^, y^, z^, neglecting terms of the second and higher orders of

these quantities, it becomes as in [3617rf]; substituting / [3615], we finally obtain [36l7e],

which is the same as in [3617] ;

=l^X+x'-x^Y + (Y-{-y'-yf + {Z-{-z'-zf]h

=\{X+xy-^{Y+yr+{ZJrzr-^^AX+^')-^yriY+y')-2z,{Z-{-z')\^;

={r'^-^2x,.{X+ x')-2y,.{Y+ y')-2 2/,{Z + z')]^;

= r' -^.\x,{X+ x') -f y, . (r-f y')+ ^/ • {Z+z'].

Now as r' differs from r/ only by quantities of the order x^, we may change the

divisor / into r/, in the terras of the second member, and then, by transposition, we get

/ [3617]. Substituting this in [3606], neglecting x^, y,% zf, ax^, ay,, az,, we obtain

r; I r/a
r/3 V
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r/ being the radius of the circumference of the ring. If we then observe, [3618]

that hy the nature of the centre of gravity of the ring, we have

fx'dm = 0; fy'dm = 0; fz'dm = [3126']; [3619]

we shall obtain,*

dJSr ^ Value,= W ; [3620]dt

dt rj^
^

=
ZT, '-./'!/ 2!. dm.

dt

produced
by Iho

[3621]
action of
Saturn.

[3622]

First fonn.

We shall now suppose that the inclination ^, of the plane of the ring to the
[3623]

plane of the equator, is very small ; so that we may neglect its square, which ^•

[36190]

*
(2313) The partial differentials of the value of /x [3615], give, by neglecting terms

of the order 2', in [36 19aJ, or az'^, in [36196];

In finding the values of
(tt)? (tt)' (tT')'

^^°™ [3617/], we must consider r/

as a constant quantity, because, by hypothesis, the ring is a circle, whose radius is r/ ;

hence we obtain.

In substituting these values in the formulas [3608
—

3610], we may bring the terms

^n Vii ^,i ^/> h, <?', from under the sign S, because they are the same for all the

particles d m ; and we shall get,

j^=— ^^.Sx'dm + ^^.Sy'dm', [3619c]

-J^
—

--~rz 'Sx'dm-{--r^.Sz'dm
^^

^i
. So/ fj'.dm-, [3619rf]

rf.Y" z, c* 7 7 I .V/ 077 2.(afe
—

Jafp') „ ,
, rocio i——=—~ .Sy' dm4- -^^.Ssfdm —— ,Sy' [k.dm. [3619c]

at rl^ r/3 r ^ •'

All the terms of these expressions vanish, except those containing f*, by using the equations

[3619]. In substituting the value |x [3615], in Sx'[u.dm, Syf^.dm, we may bring [3619/*]

the term Z from under the sign S, and then this term Z will be multiplied by So/dm,

Sy'dm, which are equal to nothing [3619]; therefore we may neglect Z in this value

of fA, and put simply /x^— , in [36l9c^
—

e], neglecting all the other terms; by this
[3619g]

means we obtain [3620
—

3622]
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[3624] is the same as to suppose sin. 6 =
(>,

cos. ^ = 1
;

we shall then take

for the axis of x', the intersection of the plane of the ring with the equator

of Saturn. This being premised, the values of x', y\ 2', Book I, ^26

[227], will become,*

[3625]
a/ = a;" . cos. ?

—
?/". sin. 9 ;

[3626] 'i/
= x" . sin. 9 + y . COS. (p + 2:" . ^

;

[3627] 2! = z"— y".& . COS. 9— a;" . 5 . sin. 9.

Hence we obtain, from the same article,f

*
(2314) We may, for the sake of Illuslration, refer, as in [3G086], to figure 58,

page 803, supposing AD P to be the plane of Saturn's equator, BOP the plane of the

[3625a] ring ;
C G the first principal axis of the ring, or the axis of x''

5
CH the second principal

axis, or axis of y" ;
C JV the third principal axis, or axis of z''. The general values

of x, y', z', in terms of x", 3/', z", are given in [227] ;
but they are much simplified

[3625c] in the present case, by putting sin 6^6, cos. ^ = 1 [3624] ; observing, moreover, that

[3625rf]
the angle A CB= \^=:0, sin.

v]^
= 0, cos. •4/=l; because C A, the axis of x', is

supposed, in [3624'], to coincide with C B, parallel to the line of intersection of the ring

[3625e]
and equator. These values of 6, 4'> being substituted in [227], we get [3625

—3627].

[36256]

f (2315) Substituting the values of x', y',
z' [3625

—3627], in fx'z'.din, fijz'.dmy

r3628a] ^^ '^^y neglect the products x" y", x" z", y" z", as is evident from [228] ;
and we shall

get, by means of the values of A, B, C, 2 s [246c, 6], the following expressions ;

[36286]
S x' z' .dm=— & . sin. 9 . cos. 9 . S x"^.'d m-{- 6 . sin. 9 . cos. 9 . S y"^. d m

= 6 . sin. 9 . COS. cp .^Sy"^.dm
— S x'^.dm]

= ^ . sin. 9 . COS. 9 .f (5
— B) — {s

—
A)l :^ 6 . sin

cp
. cos. (p. {A— B]

[3628c]
= l6.s\n.2(p.{A—B);

[S628d]
S y' z' .dm=— 6 . sin.^9 . Sx"^.dm— 6 . cos.^ cp. Sy"^. dm-\-& . Sz'^.dm

=— 5. sin.2 9.(5
— ^)—^.cos.2 9.(5

— i?)+^.(s—C)

= 5^.(— sin.29— cos.29 + ])-l-^a. sin.2 9 + jB^.cos.29— Cd

= ^.{^.sin.2 9-f B.cos.29— C|

== 6.\^A.{1— cos. 2 9) + I S .

(
I + cos. 2 9)

—
C)

[3628e]
= ^.\^.{A^B-2C)-\-^.{B-A).cos.2^\.

Substituting [3628c, e] in [3620—3622], we get [3628—3630], respectively.
We may

observe, as in [2914], that A, B, C, represent the momenta of inertia of the ring, relative

'
to its first, second, and third principal axes, respectively.
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dJV

dt

dJV'

dt

=

= "-^'~^^^ (^-^).^.sm.2,;

a t Tf T^

dJV"
We shall now investimte the values of

——
,

—-

dt di relatively to the

We

't
'

dt

action of any body situated at a considerable distance from the ring,

shall put X", Y", Z", for the three co-ordinates of the attracting body,

referred to the centre of gravity of the ring, and drawn parallel to its three

principal axes
;

r" for the distance of the body from this centre ; then we

shall have, as in [2982—2984], by referring d N, dN', dN" to the

same co-ordinates,*

''•^=|^.(B-^).X"y";dt

dJV

dt

dJV"

dt r"

We may, without any sensible error, in these expressions, suppose the origin

of the co-ordinates X", Y", Z", and of the radius r", to be in the centre of

Saturn. Putting X\ Y', Z', for the co-ordinates of the body L, referred

to the plane of the equator of Saturn, the axis of X' being the line of
intersection of the plane of the equator and that of the ring [3608a] ; we
shall have, between X', Y', Z', X'\ Y", Z", the same relations as we
have found between x', i/, z', x!\ y", z" [235]. Hence we deduce,t

X"= X'. COS. ip + Y'. sin. ?
— d . Z'. sin. 9 ;

Y"= Y'. COS. cp
— X!. sin. ?— 4 . Z'. cos. 9 ;

Z"=Z' ^^,Y'\

Values

[3628]

E
reduced

y the

[3629]

action of
Saturn.

[3630]

Second
form.

[3631]

X", F",

Z".

[3632]

[3632T

General
values

[3633]
depending
on the

action of a

[3634]
distant

body.

First form

[3635]

[3636]

X', Y\
Z'.

[3637]

[3638]

[3639]

[3640]

*
(2316) These are the same as the formulas [2982—2984], changing the co-ordinates

a?, y, z, of the attracting body, referred to the centre of gravity of the earth and its three

principal axes [2964, 2978, Stc], into the co-ordinates X", Y", Z" [3632], referred to

the centre of gravity and the three principal axes of the ring.

t (2317) Changing, in [235], a/, y', ;r', into X', Y', Z'; also a:", y", z", into

X", Y", Z", respectively; and using the values of 5, 4. [3625c, fTj, we get [3638—3640].

243

[3633a]

[3638aJ
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[3641]

[3642]

[3643]

[3644]

[3645]

[3646]

[3647]

[3648]

[3649]

consequently,*

Z"F'=i.(F^—X'^).sin.2(p+Z'F.cos.2(p—^Z'.;F.sin.2(p+X.cos.2?|;
X" Z"=Y' Z'. sm.<p + X' Z', COS.CP+ & .{(T^— Z") . sm.<p + X'T. cos.<p] ;

Y" Z"= Y'Z'. cos.cp—X'Z'. sin. <p+ ^ . {(F^— Z'^) . cos.?— Z'F. sin. ^],

We shall put v for the angle which the radius r" makes with the line

of intersection of the orbit of L, and the equator of Saturn ; -^ for the

angle which this intersection forms with the intersection of the plane of the

ring and the equator; also 6' for the inclination of the orbit of L, to the

plane of the equator of Saturn ; then we shall have,t

X' = r". COS. V . COS.
•j'
— ^"' sin. v . cos. &'. sin. 4- ;

F' = r". sin. v . cos. &'. cos. 4^ -\- r". cos. v . sin. 4^ ;

Z' = r". sin. v . sin. d'.

[3641a]

[3647a]

*
(2318) IMuliiplying the values of X", Y" [3638], and reducing, by means of

[31, 32] Int., we get, successively, the expressions [3641a], as in [3641]; ahvays

neglecting terms of the order ^^;

X"F=(y'2—X'2).sin.cp.cos.(p+X'F.(cos.2;p-sin2cp)_^Z'.{2F.sin.<p.cos.(p+X.(co3 2(p-sm.2^)J
= i .

(
F2— X'2) . sin. 2

(p 4- X' y. COS. 2 (p
— 5 Z'.

{
F. sin. 2 <p -f- X'. COS. 2 9 }

.

]VIultiplying X", Y" [3633, 3639] by Z" [3640], neglecting &\ we get [3642, 3643].

f (2319) About the centre C, figure 70, page 973, with a radius equal to unity,

describe, as in the annexed figure 71, a

spherical surface YEB X Z L^ intersecting

the axes of X, Y, Z, in the points X, Y, Z,

respectively; the line C L", in the point i>;

and the orbit of the body L, in the arc B L.

The arc ZL being continued, intersects XY
perpendicularly in E

;
then we have, in the

[36476] present notation, arcXB=^, BY=90<^—^,
zrcBL=v [3644, &c.]; angle LSr=^',

angle i.i?X==180'^—^'. In the oblique-angled

triangles XB L, YB L, and in the

right-angled triangle 3EL, we have, from [1345^, 1345^8], the following expressions;

[3647c] cos. XL = cos. XB . cos. 5 L -f sin. X^ . sin. B L . cos. XB L;

[^i7d] COS. YL= cos. YB . cos. BL-\- sin. YB . sin. B L . cos. YB L ;

[3647e] cos. ZL= sin. LE= sin. B L . sin. YB L ;

^-

X A
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If we neglect the terms depending on the sines and cosines of the angle v
m/n-^.,

and its multiples,* also those which depend on the angle 2 9, because all

these terms become insensible by these integrations, we shall have,t

[3647/]
in which we must substitute the symbols [3647J}, and we shall get the values of cos. XL,
COS. YL, COS. Z L, to be substituted in X', Y', Z' [3647o-], which are easily derived

from the common principles of the orthographic projection ; observing that the origin of these

co-ordinates may be considered as in the centre of Saturn [3636, &ic.], or that we may

neglect X, Y, Z, in comparison with X', Y', Z'
;

X'= r". cos. XL; Y'= r". cos. YL; Z'=r". cos. ZL . [3647g]

This substitution having been made, these values become as in [3647
—

3649], respectively.

*
(2320) The values [3647—3649] are to be substituted in [3641—3643], to obtain

X"Y", X"Z", Y"Z"; from which we get dJV, djY\ dN" [3633—3635] ;
and thence [3650o]

the corresponding terms of the second members of [2905
—

2907], or of [3660
—

3662] ;

finally, these terms of [3660
—

3662], reappear in the second members of [3670, 3671].

These last equations are linear in s, /, and are solved as in [87 1 ] ; for if we put,
Q r

for brevity, a Z'= —
-^^

. sin. 5'. cos. ^', and substitute, in [3670, 3671], the value of [36506]

<P
—

-^f, [3673] ;
we shall get for the terms of s, s', depending on this value of K, the

same expressions as in [871] ; namely,

as in [3674, 3675]. These terms are expressly given by the author, because they are very

much increased, by reason of the smallness of the divisor p^
— s^ [3668, &;c.] ; and terms,

which have not this small divisor, are neglected. Thus, if the angle depend on 2 <p, instead
[3650rf]

of (p
—

•vj')
the coefficient p [3673] will change into 2p nearly; and the divisor will

become 4p'^
— s^ nearly; which is so large, that the resulting term, depending on the

angle 2 9, will be insensible. In like manner, if the motion of the body L be slow, in

comparison with the angular motion of the ring, the angle v, or 2 », will be of the

form p't -{-!', p being small
;
hence the divisor p'^

—
s^, will be nearly equal to — s^; [3650/*]

and as this is not small, the term will not be increased by the integration ; therefore we may
neglect the terms containing v and 2v, as in [3650].

f (2321) Since sin. u.cos.v= |.sin.2i;, sin.^t;= |
—J.cos.2v, cos.^w=J-}-^ .cos.2»,

we may, by neglecting 2v, as in [3650], put sin. v . cos. u= 0, sin.2v= J, cos.^tJ==|, [3651o]

cos.^y— sin.2t;= 0, in the products of the co-ordinates [3647
—

3649]; hence we get,

by using [1, 6, 31, 32] Int.,

X' F=— I r"2. C0S.2 d'. sin. 4. . cos.
-^^ + J r"2. sin. -^ . cos. 4.

= I r"2. sin. 4. . COS. 4'.{ 1— cos.^ &'}
= J r"^. sin. 2 -^ . sin.^ d' ; [3651i]

[3650e]
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[3652]

[3653]

[3651] X" F' =
;

Z"Z" = ir"^sm.O'. cos.d'. sin. (9— ^^) + K"-^-{cos.^^'—
i

sin.^^'}. sin. ?

— i r"^. & . sin.' ^'. sin. (9
— 2 4.) ;

Y" Z"= I r"\ sin. ^'. cos. 6'. cos.
(<p
—

4.) + 1 r"\ & . {cos.'^'—
1

sin.'^'} . cos. 9

— 1 r"^ a . sin.'^'. COS. (9— 2v}.).

Therefore we shall have, by the action of the body L,*

[3651c] r'Z'= |/'2_sin. 6'. COS. 5'. COS.4.;

[3651J] X'Z'=— i r"2. sin. d'. cos. 6'. sin. 4. ;

r'2—.Z'2= ir"2.{cos.24'.cos.2 4.+ sin.2 4.
—

sin.^a'}

= Jr"2.{cos.2d'. (1+ COS. 2
4.) + (1

— C0S.2 4.)
— 2 sin.^d'l

= J r"2.{cos.2^' + 1 —2 sin.2^'} -\-
a
/'^.^cos.^ d'— 1

1. cos. 24.

[3651e] =|r"2.fcos.2^'
—

|sin.2d'|— i7-"2.sin.2^'.cos.2 4.;

r'2— ^'2= ir"2.{cos.2fl'.(cos.2 4.
—

sin.24-)
—

(cos.24.
—

sin.2^)}

[3651/] = I r"2. cos. 2 4. . {cos.^ a'— 1
1
=— | r"2. cos. 2 4. . sin.^ d'.

These values being substituted in [3641
—3643], produce the expressions [3651

—
3653].

For every term of [3641] contains 29, which is to be neglected [3650], and then it

[3651g'] becomes as in [3651]. Again, the two first terms of [3642] are found by taking the sum

of the products, formed by multiplying [3651c, </], by sin. 9, cos. 9, respectively, and

substituting sin. 9 . cos. 4^
— cos. 9 . sin. 4^

= sin. (9
—

4^), by which means it becomes

ir"2. sin.^'. cos. ^'. sin. (9
—

4.),
as in the first term of [3652]. The third term of [3642]

is d.(Y'^— Z'').sin.9; and if we substitute in this the value [3651e], we shall obtain,

for the part independent of 2 4^, the expression \ r"^.){cos.' ^'— \ sin.^ &']
. sin. 9, as in the

[3651i] second term of [3652]. Moreover, the part of this last expression depending on 24^,

is —
:^

7-"'. ^ . sin.^^'. sin.9 . cos. 24^; adding this to the last term of [3642], namely,

& . X' Y'. COS. 9 = ^ r"2. ^ . sin.
2
&'. cos. 9 . sin. 2 4. [3651 J], and putting

[^^1^1 — sin. 9 . COS. 24.+ COS. 9 . sin. 24. = — sin. (9
— 2 4.),

it becomes as in the last term of [3652].

In like manner, we may find Y"Z"; or more simply by derivation from [3652]; for

if we write 9 -{- 90*^, for 9, in [3642], it changes this expression of X" Z", into

[3651Z] Y" Z" [3643] ; observing that this does not alter the values of X', Y', Z' [3647—3649],

which do not contain 9 ; and by making the same change in [3652], we get [3653].

[3654a]
*
(2322) Substituting the values [3651—3653] in [3633—3635], we get [3654-3656],
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J \i'
Values

-— =
; [3654]" ^

depending
on the

dJV^_3L ^r,_A\ J sin.a'.cos.^.sin.((p—|)+{cos.2d'
—

^siii.V}.a.sin.(p)
»<=ti°°°f»

-jr~27~^'^ ^'[ —
i^.sin.2d'.sin.(o-2^) (' ^3655]

^ ' -^
distant

body.

dJ^" 3Z/
.^ „. C sin. ^'. COS. ^'. COS. (9

—
\^) -{- \cos.^

d'— | sin.^^'|.^.cos.(p >
[36561

~jr^27^'^
~"

)'\ —
^d.sin.2^'.COS.(9

—
2v^) \' Second

form.

We may here observe, that the values of -—
,
——

, correspond to the

plane of the ring, and to its principal axes ;* whereas the preceding values [3657]

[3628
—3630], relative to the action of Saturn, correspond to the plane of the

equator of Saturn. Therefore, when substituting the preceding expressions

*
(232.3) In the values [3628

—3630], depending on the action of Saturn, the equator

of the planet is taken as the plane of x'
y' [3614], corresponding to JV [226]. The " '

plane of the ring is also supposed to be inclined to the plane of a/ y, by an angle ^, as

in [2907_g-], whose square is neglected [3623] ;
and the first principal axis of the ring forms

the angle 9, with the line of intersection of the equator and ring, as in [3625a, d, 2907/]. [36576]

Hence it appears, that if we substitute sin. ^ = ^, cos. ^ = 1,
—— =

[3620], in [3657c]

the second members of the three equations [2905
—

2907], and then divide them by d t,

we shall obtain the following expressions, corresponding to these equations, respectively ;

in which we must substitute the values of dJV\ dJV" [3629, 3630], to obtain the [3657c]

corresponding terms of [3660, 3662], depending on the action of Saturn
; observing, that

these last equations are equivalent to [2905
—2907], divided by dt.

In computing the action of the planet L, we have taken the plane of the ring [3632]
for the plane of X" Y", which corresponds to dJV [3633]; X", or a;", being the first

principal axis of the ring [3632, 3625a]. Then, by proceeding in the same manner as we [3657/]

have done for the earth, in [2977'
—2979], we shall have, for this case, ^= 0, 9 = 0, [3657fi-]

as in [3659]. These values are to be substituted in the second members of [2905
—

2907],
after dividing by d t, to obtain the corresponding expressions of [3660

—
3662]; which

will become, respectively,

djy" dM'
°' JIT' -bJ,' ['«'''*1

observing, that dJY=^0 [3654]. Substituting, in [3657A], the values of dJV', dJV" [3657t]

[3655, 3656], we shall get the corresponding terms of the second members of [3660
—

3662],

depending on the action of the body L.

246



982 MOTIONS OF SATURN'S RINGS. [Mec. Cel

[3658]

[3628—3630], relative to the action of Saturn, in [2905—2907], we

may suppose, in these equations, sin. & = ^, cos. (5=1; because of the

smallness of ^, whose square we shall neglect. But when substituting, in

the same equations [2905—2907], the preceding values of —
,
—

(It dt

\SQ66, SQ^QI, relative to the action of the body L; we must first suppose,

[3659] in those equations, sin. ^ = 0, cos. ^=1, sin. 9 = 0, and cos.
(p
= l.

Hence we shall have, by connecting all these terms,*

2a.{h— ^<p') fC—B
,5

'
\ ^ I

-^.cos. 9

General
differen- / n Tf\
tialequa- do

,
/C ±t\

l^'^ + 1^3
.(^) . (cos.^ 6'-i sin.= 6'). 6. COS. ,

J
.
{
sin.6'. cos.^'. COS. (9—^^)—^ 6 . sin.V. 003.(9—2 -1) I ;

2r"3 V A
C—B^

dr
, fA—C\ 2a.(h— i(?') fA—C\ ^ .

[3662]
3L /A—C\

—
){ sin J'. COS. ^'. sin. (9-4)—2 ^ • sin.^^'. sin. (9—2 \^)\.

SL /A—
2r"3'V B

[3660a]
*

(2324) The first members of [3660
—

3662] are evidently the same as those of

[2905
—2907], divided by dt. The second members are obtained by the substitution

of the values [3651d, K]. We shall first compute the values [3657c?], which admit of several

[36606]

reductions. First. As d JV' [3629], is of the order ^, the term —
cJi'^ [3657rf],

corresponding to the first equation, becomes of the order 6^, which may be neglected

[3658] ;
therefore this term vanishes from the second member of [3660], and as the

similar term of [3657A] is equal to nothing, the second member. of [3660] will wholly

[3660c] vanish. Second. If we suppose, for brevity, that e=——
j^

' {B— A) . 6, we

shall have, by neglecting, for a moment, the first term of [3630], and noticing only the

L3660(fl terms of [3629, 3630], depending on 2 9,
— == e . sin. 2 9 ; 77~

= ~" ^ ' ^°^- ^ *?•
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xTO /1\

r and q being very small,* we may neglect the product (
—

y^

—
)

• **
7»

(XT)

and we shall get
—^= 0, ov p constant. We shall then put, as in [3487],
Cv Z

s = 6 . sin. ip ;
s'= 6 . cos. ? ;

hence we shall get, as in [3492],

ds
,

d^

Substituting these in the second and third of the expressions [3657<r|, and then reducing,

by means of [24, 32] Int., we get, respectively,

dJV . dJV" e

r-j- . sin. 9 -f- -T-TT . cos. 9= j . {sin. cp
. sin. 2 9 -f" cos. 9 . cos. 2 9IMat Jidt ^

= ___.cos.9=-
^,, .[^-j-y&.cos.^

— -—— .cos. 9— ———
. sm. 9 =——

. jcos. 9.sin.2 9— sm. 9. cos. 29JBat Bat B ^

— ~
. sin. 9=— a.(A— i<P') /B—^

The first term of [3630], depending on the factor (^-f-^— 2 C), which was neglected

in dJV" [3660J], produces in these expressions the following terms, respectively;

7i^\-^ ).«.oos.9; -^^'\ __.j.«.s,n.,.

[3663]

[3664]

[3665]

[3660e]

(—^\.d.sin.(p. [3660/]

[3660g]

Connecting the first of these expressions with that in [3660e], we get the terms in the first

line of the second member of [3661] ; and by connecting the second term of [3660^] rofji-ni-i

with [3660/"], we get the first line of the second member of [3662]. Lastly, if we

substitute, in ——
[3657A], its value, deduced from [3656], we shall get, without any

reduction, the second or third lines of the second member of [3661] ;
and in like manner,

by substituting [3655] in — ~r [3657A], we get the second and third lines of [3662]. [3660i]

*
(2325) This may be proved as in a similar case [3013a, &tc.]. If we neglect, in the

equation [3660], the term (—
j^—j-rq, on account of its smallness, we shall get

dp t3663a]—- =
; or dp= ; whose integral is ;?

= constant.
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Substituting these values in the preceding differential equations 1366} , 3662],

they become,*

dt^
'

\ B J^ dt '

\ B
Differen-

tial equa- 3 2;, /Jl Q
tions in

'

S, S.'

=
27^3-(-^-)-{sin.^'.cosJ'.sin.C9—

4^)
—

^^.sin.2^'.sin.(9"-2i)};

ddd /C'-B—A\ ds
, fC—B .2 „'

First form.

"'2?^3-(^--;;j—j-{smJ^cosJ'.cos.(9---s^)—
-i^.sin.V.cos.fcp— 2v^)},

^ being equal to the following expression ;

The preceding equations become more simple, by observing, that in the

[3669] present case, we have,t A-\- B ^ C [229], which reduces these equations

^
(2326) The differentials of [3665], supposing p to be constant, as in [3663], give

dr dds ds' dq dds' ds
^ "^ d~s'^'dt^~^' dt' Jt^'~~dt^~^ 'Tt'

The two first lines of the second member of [3661], are equal to s^— p^, [3668],

——
j

. d . cos. 9 ;
or f

j
. s' [3664] ;

so that they may be

[36656] represented by {f
—

p^) .

(

——
).s' ',

in like manner, the two first lines of the second

[3665c] member of [3662], are equal to {f
—

p^) i
—-—

j.5j substituting these expressions,

and [3665a, 3665], in [3661, 3662] ; putting also T, T, for the third lines of the second

members of these last equations, respectively, we shall get, without any reduction,

dds' ds . fC-B \ (ds ,-) /'
C-B \ ,.rp

The terms of these equations, multiplied by p^, destroy each other ; then transposing the

terms depending on s^, and making some slight reductions, we shall find, that [3665e] is

the same as [3666] ;
and [3665^?], changing its signs, is the same as [3667].

f (2327) The ring is supposed to be void of thickness [3611], therefore z:"= 0;

[3669a] hence we get, from [229], S.y"^dm=A; S.x"^.dm=B; S .{oi/'^-^y"^).dm=C^,

[3665tZ]

[3665e]

[3665/]
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to the forms [3670, 3671], neglecting, in their second members, the terms

multiplied by 6;

_1 4_ ^2 5 __
|__

, sin. 6'. cos. 6'. sin. (9
—

^); [3670]

Second
form.

^-^i
+ ^s'=-

|i^3
. sin. /. COS. /. COS. (,-+). [36^1]

If we consider the orbit of L as invariable, we shall obtain, from [3029],* [3671']

d(p— d^=pdt; [3672]

consequently,

9— 4.=j9^ + /, [3673]

/ being an arbitrary constant quantity. The differential equations in 5, 5',

will then give, by integration,!

3L . . .

—73 . sm. e. cos. e

s = M. sin.
(s

t + E)—^—^ ^
. sin. (9

—
4>) ;

[3674]

Values of

—
-^7-3

. sm. . cos. ff

5'= iW'. cos.
(e

t + E')
— ^^

^,_ , . cos. C?
—

+) ;
^3675]

consequently the sum of the two first is equal to the last, or A-{-B=C. From tills equation,

. C-B-A C-A A-C
^

C-B B-C . .._„..
weobtam ~ =0; -__= 1; ___= _.l; ___ = 1

j
__= __]. [36696]

Substituting these in [3666, 3667], and neglecting ^, on account of its smallness, we

obtain [3670, 3671].

*
(2328) Neglecting 6^, we may put [3029] under the form [3672], and as p is [3672a]

nearly constant, its integral will be as in [3673] .

f (2329) The orbit of L being considered as invariable [3671'], and the angle 6' [3646]
3L
2^3

^ F^i s 4- rt tr <'in f rt 1 J- T\ O

3 L
as constant, we shall have, from [3670], by putting

-—
. sin. ^'. cos. 6'= a K, and [3674a]

using [3673], —^+s^s-}-aK.sm.{pt-\-I) = 0. This is of the form [865a]

aK
and its integral [871, 865&], gives s= h . sin. (s < + ?)

—
"^ ^

• sin. {pt-\- 1), as in
[36746]

[3674], changing the arbitrary constant quantities J, (p, into M, E, respectively. In

like manner, from [3671], we get [3675].
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M, jEJ, M'j E', being four arbitrary constant quantities. The inclination

of the plane of the ring to that of the equator of Saturn, is equal to

[3676] }/s^-\-s'^ ;* it is therefore necessary, in order that this inclination should

always be small, that M and M' should be small; moreover, the

2r'//3
. sin. ((. COS. 5'.

[3677] coefficient ^ 3 must also be small. Now this cannot be

the case, if Saturn be perfectly spherical ;
for then we shall have,t

3Z«

[3678]
^'— P' = ^3 •

1
cos.^ ^'— \ sin.^

&'] ;

[3679] and the preceding coefficient will become
' '

,
.'

—-rx ,
which will ber &

COS. 6^— ^sin. d^

very sensible.

If Saturn be flattened, by means of its rotatory motion, this coefficient

will become,!
3L . ,

,——
. sm. & . COS. tf

[3680]

[3681] Supposing L to be the sun ; r
^
the distance from the centre of Saturn to

[3682] its outer satellite
;
T the time of a sideral revolution of Saturn

;
T' the

[3683] time of a sideral revolution of this satellite ; then the mass of Saturn

[3676a]

[3677a]

*
(2330) From [36G4], we get ^=\/{s^ -\- s''^), representing the inclination of the

plane of the ring to the plane of the equator [3623].

f (2331) Saturn being supposed spherical, its radius [3597
—

3G01] must be constantj

and we shall have )rc^)= 0; hence the ellipiicily [3603
—

3606'], is equal to nothing,

and the centrifugal force a(p'=0 [3598, 1731], consequently the factor (A
— ^ 9')

= 0.

3 Li

[3 776] Hence the value of s^ [3668], becomes s^ =p2_^ __ . {cos.^d'— ^ sin.^^'}, from

which we get s^— p^ as in [3678], and by substituting this in the coefficient [3677],

which occurs in [3674, 3675], it becomes as in [3679]. This may be of considerable

magnitude because a'= 33° [3686].

r3680a] t (2332) This is found by substituting, in the coefficient [3677], the value of t^—f,
deduced from [3668].
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being taken for unity, we shall have, as in [709],*

L 1 /T'\2

Hence the coefficient of ["3680], becomes

-= I . sin. e. cos. o

4 7-3 \T

u.(h-i,') +g .

(^J. 5cos.^a'-isin.^^l

Taking the semi-diameter of Saturn for unity, we have, by observation,t

T = 10759''''y%08 ;

r,
= 59,154;

ef = 33<^.

We shall then suppose r
' = 2, f which differs but little from the true

value
;
then we shall have the proposed coefficient, reduced to seconds,

equal to§
0",001727

a . (A
— J ?') + 0,0000000039824

'

[3685]

[3686]

[3687]

[3688]

*
(2333) Neglecting the mass of the satellite p [709], and then changing m','M, h, a, T,

into 1, L, r„ r", T', respectively, we get
— =

-^J—j , which gives for —
, the [3685a]

value [3684]. Substituting this in [3680], and then multiplying the numerator and

denominator by ^ rj\ it becomes as in [3685].

f (2334) These values correspond nearly with those in §36, Book VIII [7669, 7670,7676].
The values r^, ^, being there called a. A, respectively, A being put, in [7638], equal to [3666a]

the inclination of the equator of Saturn to the orbit, and in [7682], A = 33°,3333.

Also T, T'i of that article, are here called T', T, respectively.

X (2335) This corresponds with [2109], ;|
= 2, R being, by [2104], the radius [3687o]

of Saturn, which is here taken for unity, and a [2073^ the radius of the ring, here called r/.

§ (2336) Substituting the values [3686, 3687] in [3685], and multiplying it by the [3688c]

radius in seconds, 636620", it becomes as in [3688] nearly.



988 MOTIONS OF SATURN'S RINGS. [Mec. Cel.

The action
of Satura
retains
the rings

[3689]
in the

plane nf its

equator.

[3690]

The dis-

turbing

[3690']

forces of

the satel-

lites can-
not pre-
vent the

rings from

remaining

[36yi]
in the
game
plane.

[3689a]

[36896]

[3689c]

[3689d]

13691o]

[36916]

Hence we see, that this coefficient will be very great, if a. (h
—

^ 9')

vanish,* and that it will become very small and insensible, if this quantity

have a sensible value. Thus the action of Saturn, arisingfrom the oblateness

of itsform, constantly retains the rings, so as to keep them nearly in the plane

of its equator ; and the different rings of Saturn are by this cause retained in

the same plane. This is therefore the cause of the phenomena in question ;

from which the author inferred, that Saturn revolved about its axis, before it

had been discovered by observation of the spots upon its surface.

22. It is evident, from the preceding analysis, that the action of the fifth

satellite of Saturn cannot, in a perceptible manner, prevent the different

rings of this planet from being in the same plane. f As it regards the

mutual attraction of the rings, and the attraction of the other satellites

of Saturn, which move nearly in the plane of the rings, it is evident,

that their mutual action upon each other cannot alter the coincidence

of the rings.

*
(2337) Putting a. (A

—
^cp') equal to nothing, the coefficient [368S] becomes

about 43°. Now in Book VIII, §1 [6044], the ellipticity of Saturn is put
=

p,
and its

centrifugal force at the equator <p ; which quantities are here called ah, a 9' [360G', 3598].

U we also put, as in Book VIII, <§.36 [7676], ^=0^''y%428 = the time of rotation of

Saturn, and change the distance of the outer satellite from a into
r^,

also T into T',

to conform to the present notation, the value of p
—

| (p [7680], will be

243 2"2

which, by using the above values of T, r, , t, becomes a .
(
A— 2 <P )

= 0,0602.

Substituting this in the coefficient [3688], it becomes 0",029 ;
so that the attraction of

Saturn's equator reduces this coefficient from 43 degrees to about -^j of a second.

f (2338) To estimate the effect of the attraction of the fifth satellite of Saturn, we

shall suppose its mass to bear the same proportion to that of Saturn, as Jupiter's outer

satellite does to Jupiter, so that we may put L equal to the value of m'", Book VIII, <§.21

[6831], or nearly L = 0,00006. Substituting this, and the valtjes of r,, r/ [3686, 3687],

in the coefficient [3677], which occurs in the values of s, s' [3674, 3675], it becomes

,
3X0,00006 . ^ ^,

.... ,, 2a.(h-h(?') . 3X0,00006 gy i •
2./A

nearly i^-t^^^K:, • sin. 6' . cos. 6
,

divided by I-ITT^^FTT^I^ •(^°^'^-^^'"-^)5

[3691c]

2.(59,154)3
' •' 32

and if we suppose 6'= 33°, this will become nearly

2.(59,154)3

0,000000003
which is

a.(h— hcp)-{- 0,000000004
'

insensible ; consequently the inclination 6 [3676rt], will not be affected sensibly by terms

of this order in s, s.
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A ring may be considered as a mass of satellites collected in that form.

We can easily imagine, that the action of the equator of Saturn, which

retains the different rings in the same plane, must, for the same reason, i^?8db,

retain in this plane the orbits of the satellites, which were primitively

situated in the plane. Reciprocally, if the different satellites of a planet [3692]

move in the same plane, tohich is considerably inclined to the plane of the

orbit of the planet ; we may conclude, that they are retained in this plane by

the action of its equator ; consequently the planet must have a rotatory motion

about an axis, which is nearly perpendicular to the plane of the orbits of the [3693]

satellites. Therefore we may affirm, that the planet Uranus, whose satellites

move in a plane nearly perpendicular to the ecliptic, revolves about an axis, [3693^

which is very slightly inclined to the ecliptic.

The terms of the expression of &, which depend on the actions of the [3694]

sun and the outer satellite of Saturn, being insensible,* and the dimensions

of the ring not entering into the other terms
;

it is evident, that if several

concentrical rings are firmly attached together, and move nearly in the [3695]

equator of Saturn, the action of the sun and the outer satellite will not

draw them sensibly from it
;

thus the result which we have found for one

ring, neglecting its ividlh, is equally truefor a ring of any width whatever, [3696]

[3695']

The only part of the expression of ^, which could be perceptible,

depends on the arbitrary coefficients, and this part is independent of the [3697]

position of the equator of Saturn, relatively to its orbit, or to the orbit

of its outer satellite. Hence it follows, that this equator, while in motion,

by means of the small action impressed on it by the sun, and that satellite,
'

draws with it the planes of the rings, and the planes of the orbits of the [3698]

satellites which were primitively situated in the plane of the equator. In

the same manner, we have seen, in ^17, that the plane of the ecliptic, by

*
(2339) This is shown in the preceding note, and by neglecting the terms depending

on the sun and satellites, in [3674, 3675], they become

s = M.sm.{st-{-E);''^^ s'= M' . sm. {s t -\- E') ', [3694a]

in which M, M', E, E', are arbitrary constant quantities, and s [3668] is independent

of the dimensions of the rings ; so that they will be the same for another ring contiguous to

that one we have just considered
; hence we perceive the correctness of the remarks of the [36946]

author in [3695'].
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its secular motion, draws with it the planes of the lunar equator and orbit,

so as to render the mutual inclinations of these three planes constant, and

make their mutual intersections coincide with each other.*

*
(2340) We have seen, in the preceding note, that the only sensible terms of the values

[3697o] of s, s', are s :^M . sm. {s
t -\- E), s'= M'. sin.

(s
^
-}- _E'). These expressions are

independent of the elements &', -^y which determine the position of the orbit of the body

L [3646] ; whether this body be the sun or the outer satellite ; therefore 6=^[s^-\-s'^)

[3676a], must be independent of the position of the orbit of Saturn, or of its outer satellite,

as is observed in [3697]. Now the equator of Saturn has a motion corresponding to the

precession and nutation of the earth's equator, and this motion must depend on the situation

[3697c] of the orbits of Saturn, and of its satellite, relatively to the equator of Saturn j but the

effect of these motions is not perceived in the value of 6
;

therefore we must infer, as

in [3698], that the protuberant matter in Saturn's equator [draws with it the planes of

the rings, and the planes of the orbits of the satellites which were originally situated in the

plane of the equator.

[36976]

[SG97d]

Ira Berry and Robert W. Macnair, compositors.



ERRATA IN VOLUME I.

Page 215, lines 11, 14 [327rf, e], for J^
,

read ^ .

Page 253, line 17, for relative, read relative oirbit
;
line 3 from the bottom, for a'3, read 2o'3.

Page 270, lines 1, 8 from the bottom, dx is to be changed into dy, in the first term.

Page 271, line 2 from the bottom, for x, read y.

Page 286, line 11, /or {,i^-\-}f^-{-x^\ read (x2_^t,2-j_z2).

Page 292, line 4 from the bottom, for 63, read 62.

Page 296, [480a]. The signs of «, in the first, third, and fourth terms, are to be changed,

IN VOLUME II.

Page 233, line 6 from the bottom, for of gravity, read of the centrifugal force.
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